XIV. Number Theoretic Transform (NTT) .
@ 14-A Definition

€ Number Theoretic Transform and Its Inverse

N-1
F(k)y=> f(n)a™ (mod M), k=0,1,2---, N -1
n=0

f(n)=N" Nz‘j Fk)a™ (mod M) ,n=0,1,2--.N—-1  f(n) <> F(k)

INTT

Note -
(1) Mis aprime number, (mod M): &_3p x/% ™M e i
(2) N is a factor of M—1
(Note: when N # 1, N must be prime to M)
(3) N1 is an integer that satisfies (N-1)N mod M = 1
(When N=M-1,N'1=M-1)
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(4) o 1s a root of unity of order N

a” =1(mod M)
a*#1(mod M) ,k=1,2,---, N -1

When a satisfies the above equations and N =M —1, we call a the
“primitive root”.

La" #1(mod M) for k=1,2,-,M~2

ra™ ™ =1(mod M)

-1 ., 1 . - .
o fgEe Nlap iy
. . . -1
o' 1s an integer that satisfies (a )a mod M =1
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Example I:

3 (mod 5) & = 1 (mod 5)

2 (mod5) =4 (mod5) &=

5 a=2 o

M

=4

When N

1 4 1 4| 712

2

When N
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Example 2:

M=7 ,N=6: acannot be 2 but can be 3.
a=2: a'=2 (mod7) a>?=4 (mod7) & =1 (mod7)
a=3: a'=3 (mod7) &*=2(mod7) & =6 (mod?7)

=4 (mod7) & =5(mod7) a®=1 (mod?7)
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Advantages of the NTT:

Disadvantages of the NTT:



© 14-B 4Adceit &

(1) x (mod M) ¢hig » & %% 0~ M—1 2. FF

(2) a + b (mod M) = {a (mod M) + b (mod M)} (mod M)
B 0 78+ 123 (mod 5)=3+3 (mod 5) =1

(Proof): Ifa=a,M+ a, and b=b,M + b, , then
atb=(@,+b)M+a,+b,

(3) a x b (mod M) = {a (mod M) x b (mod M)} (mod M)
] ¢ 78 x 123 (mod 5)=3 x3 (mod 5) =4

(Proof): Ifa=a,M+ a, and b=b,M + b, , then

469
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% Number Theory % *

R 3 M BV R et o MR G kR

TR AL R oRE L E S ARy

,%, g EE‘FL “LUT”
LUT : lookup table




471

@ 14-C Properties of Number Theoretic Transforms

P.1) Orthogonality Principle

N-1 h , N-1 )
n —-n n{K—
Sy=) aa" = Z a =N-9,,
n=0 n=0
N-1
proof : fork=¢, S,=> a’=N
n=0

N-1
fork=0, (@“"-1)S,=("-1) Z o' =" _1=1-1=0
cat 2l S, =0

P.2) The NTT and INTT are exact inverse

=
2

- QY s0atya™

M1

1 & 1
roof : —— N F(Ha™ =—
p g(n) N kZ? (k) o N

0

7?
(e

b
p— |

%ZMZ o = Z £(0)-NS,, = f(n)
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P.3) Symmetry

NTT
fn)=AN-n) <  Fk)=FN-%)

fin)=AN-n) & F(k)=—-F(N-k)

P.4) INNT from NTT

N-1

f(n)= Z Fkya™ = Z F(-k)a™ = NTT of ZIVF(—k)

( k)=0
Algorithm for calculating the INNT from the NTT
(1) F(-k) : time reverse
F,F,F,,...Fy, MM _F F.. .. F,F,

reverse
(2) NTT[ F(+) ]

(3) 5 %zM—l
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P.5) Shift Theorem

f(n+ ) > Fk)ya™
f(n)a" < F(k+10)

P.6) Circular Convolution (the same as that of the DFT)
If f(n)< F(k)
g(n) & G(k)
then f(n)® g(n) < F(k)G(k)
ie., f(n)®g(n)=INTT{NTT[f(n)|NTT[g(n)]}

1
f(n)-g(n) < NF(k) ® G(k)
P.7) Parseval’s Theorem

NZ £(n) f(=n) =Z F2(k)

NZ £ (n) =Z F(k)F(=k)
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P.8) Linearity

a f(n)+bgn) < akF(k)+bG(k)

P.9) Reflection
If f(myeFk) then f(=n) o F(=k)
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® 14-D Efficient FFT-Like Structures for Calculating NTTs

e If N (transform length) is a power of 2, then the radix-2 FFT butterfly
algorithm can be used for efficient calculation for NTT.

Decimation-in-time NTT

Decimation-in-frequency NTT

e The prime factor algorithm can also be applied for NTTs.
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F(k):NZ_i f(n) o = 22: £2r) a2 4 22: f@2r+1) o 2Dk

= 22 @2r) (@) +a" 22 f@r+1)(a*)”

-

G(k)+a" H(k) ,ngsg—l
=<
G(k—E)Jra" H(k—ﬁ) ,Eﬁk <N
y 2 27 72
N/2-1 N/2-1
where G(k)= > f@r)(@)* H(k)= > [fQr+D)(a®)"
r=0 r=0
One N-point NTT > Two (N/2)-point NTTs

plus twiddle factors



Original sequence fin)=(1,2,0,0) N=4, M=5
Permutation (1,0, 2,0)
After the 1% stage (1,1,2,2)
After the 2™ stage F(k)= (3,0, 4, 2)
(1] | 1] e 1+0-a‘2’:1 g 1+2-0" =3
>|  Bit : 0 e 1+0-o° =1 Mﬂ 1+2-a' =5
0| reversal 2 M 2+40-a" =2 /\az\:4 1+2-a* =9
0] 0 == 240-0° =2 < 1+2-a’ =17 =
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Inverse NTT by Forward NTT :

1
1) 1N FERx
2) Time reversal
3) permutation
4) After first stage

5) After 2n stage

Permutation

[1me

reversal

o O W
ijN
S =~ W N
S W =N

Ca

4)
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2+1-0°=3 3+3-0° =1

SR %’f{ 1+3-0' =2

o =4

(12

310.0' =3 X %2 3.3.42 -0

=4
3+0-a’ =3 /\ 1+3-a’ =0

a’=3




@ 14-E Convolution by NTT

B3k x[n]=0forn<0andn =K, hn]=0forn<Oandn>H

#5 x[n] * hln] =z[n]

2 z[n] EF s hde FIE_0<z[n] <A (more general, 4, <

(1) £ #% M (the prime number for the modulus operator), & &_

(a) M 1s a prime number, (b) M > max(H+K, A)
(2) 4 N (NTT egh40), 3% &
(a) N1s a factor of M—1, (b) N> H+K -1

3) /,9]‘ 0: x,[n]=x[n]
x,n]=0

forn=0,1, ...... ,K—-1,
forn=K,K+1, ....... , N—1
forn=0,1, ...... , H—1,
forn=H H+1, ....... , N —1
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z[n] <A4,+17)
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(4) Xi[m] = NTTN,M{xl[n]}a H[m]= NTTN,M th[n]}

NTT,,, 4p N-point =17 DFT (mod M)
(5) Z\[m] = X|[m]H\[m],  z,[n] =INTTy,, {Z,[m]},
(6) z[n] =zn] forn=0,1,...., HFK -1
(# 3 n=H+K, H+K+1, ...... N -1 e78)

(More general, if we have estimated the range of z[n] should be
A, <z[n] <A, +T,then

z[n] = ((z([n] — A))y + 4,
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ig %2 (D x[n] > Aln]e 5 F ¥

(2) Max(z[n]) — min(z[n]) < M 525 -

Consider the convolution of (1, 2, 3, 0) * (1, 2, 3, 4)

Choose M=17,N=8 > %% 5 :



e Max(z[n]) — min(z[n]) iz B > =

B3k x; <x[n]<x,,  z[n]=x[n]*h[n]=>_ hm]x{n—m]

(Proof):  Max(z[n]) = h[mlx, + ) hm]x,
where /,[m] = h[m] when h[m] >0, h,[m]=0 otherwise
h,[m] = h[m] when h[m] <0, h,[m]=0 otherwise
min(z[n]) = T h[m]x, + ILIZ_:Ihz[m]x2
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® 14-F Special Numbers

Fermat Number : M =2 +1
P=0,1,2,3,4,5, .....
M=3,5 17,257, 65537, ...

Mersenne Number : M =27 +1
P=1,2,3,57,13,17,19
M=1,3,7,31,127, 8191, .....

If M =27 —1 is a prime number, p must be a prime number.

However, if p 1s a prime number, M = 27 — 1 may not be a prime number.
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The modulus operations for Mersenne and Fermat prime numbers are very
easy for implementation.

2k+ 1
Example: 25 mod 7

11

100411001

100a a=—1
1011

100a
12

|

100




® 14-G Complex Number Theoretic Transform (CNT)

The integer field Z,, can be extended to complex integer field
If the following equation does not have a sol. in Z,,
x*=-1(modM) & %

This means (-1) does not have a square root

When M = 4k +1, there is a solution for x> = —1 (mod M).
When M = 4k +3, there is no solution for x> = —1 (mod M).

For example, when M = 13, 8 =—1 (mod 13).
21=2, 22=4,6 23=8,6 24=3, 2°=6, 20=12=-1,
27=11, 28=9, 2°=5 210=10,211=7 212=1
When M = 11, there is no solution for x> = —1 (mod M).
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If there is no solution for x> = —1 (mod M), we can define an imaginary
number i such that

> =—1 (mod M)

Then, “i” will play a similar role over finite field Z,, such that plays over
the complex field.

(a+ib)x(c+id)=(axc)+i(btd)
(a+ib)-(c+id)=ac+i’bd +ibc+iad
=(ac—bd)+i(bc+ad)

486
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® 14-H Applications of the NTT

NTT i & i convolution

e 24 A b T

FTeOE* 1 encryption (%5 F)
CDMA
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XIV. Orthogonal Transform and Multiplexing

® 14-A Orthogonal and Dual Orthogonal

Any M x N discrete linear transform can be expressed as the matrix form:

IR R (U A L 1 P #IN-1 [ 0] -
V] 101 (1 4712] - ¢ [N -1] x[1]
21 |=| 410 ¢, |1 ¢2* 2 9, N-1 x[2]

- A X
y[m]=(xinl.g,[n]) = ¥ x{nlg: [n]

inner product
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N-1

Orthogonal:  (¢[n].¢,[n])=> ¢ [nlg[n1=0 when k= h
n=0

orthogonal transforms 5]+

e discrete Fourier transform

e discrete cosine, sine, Hartley transforms

e Walsh Transform, Haar Transform

e discrete Legendre transform
e discrete orthogonal polynomial transforms

Hahn, Meixner, Krawtchouk, Charlier
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PR AR R IR o AP F % orthogonal transform?

Orthogonal transform # * &4F e & ?



e, and e, are orthogonal 492
v=(2,2)

e, = (0,1) v =2e, +2e,

e; and e, are not orthogonal
v=(2,2)

V= 2\/§e3 +4e,

€; = [19_1] /\/5
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e [f partial terms are used for reconstruction

for orthogonal case,
N-1

perfect reconstruction: X[7]= > .C.'ymg,[n]

m=0
K-1
partial reconstruction: x, [n]=> C,'y[mlg,[n] K<N

m=0

reconstruction error of partial reconstruction
2

x[n] = [n]] = NZ NZK C, yiml,[n]
= Nol :Z;,: C;ly[m]cém[n]m]i C,,v'[m 14, [n]
- N NZ C;ymIC;'y [m, ]N ¢, [n)g, [n]
= :; mNz; C,'y[m]C, y'[m]C,6[m—m,]= :ZI:: C.y[m]

- Z_H_r o ¥ OriERZE K 4% % | reconstruction error 4% -]




For non-orthogonal case,

N-1
perfect reconstruction:  x[n]=">» B[n,m]y[m] B=A"1
"
partial reconstruction:  x, [n]=) B[n,m]y[m] K<N
m=0

2

N-1
d > y[m]y*[ml]ZB[n,m]B*[n,ml] F— R
n=0

# % %2 K 4% % | reconstruction error 4% -
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® 14-B Frequency and Time Division Multiplexing

@ % Digital Modulation and Multiplexing : # * Fourier transform

¢ Frequency-Division Multiplexing (FDM)

N-1
z(1)=) X, exp(j2x f,1) X =0orl
n=0

X, can also be set tobe —1 or 1

When (1)t € [0, T] (2)f,=n/T

N-1
z(1)=) X, exp(j—zg,”t)
n=0

it becomes the orthogonal frequency-division multiplexing (OFDM).



Furthermore, 1f the time-axis 1s also sampled

t=mT/N, m=0,1,2,......, N—1

z(ml) = f)( exp(jznnm)
N ~ " N

then the OFDM i1s equivalent to the transform matrix of the inverse discrete

Fourier transform (IDFT), which is one of the discrete orthogonal transform.

Alm.n)x,

Modulation: Y, =z (m%)

1 1
1 ej%z
4
A = 1 ef N
2(N-)z
_1 e N e

N-1

m=0

A(N-D)7x
N

e

t € [0,T]

sampling for t-axis

j2(N—1)(N—1)7r

N
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Modulation: Y = N A[m,n]X,
m=0
) 1 N-1
Demodulation: N’;} A" [m,n]Y,

Example: N=38
X =[1,0,1,1,0,0,1, 1]

(m=0~7)
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e Time-Division Multiplexing (TDM)

z(0)= X,, z(%)z)(l, z(z%)—Xz, ------ : z((N—l) =Xy,
N-1
y(m)=z(mL)=3 almnlx,
m=0
(1 0 0 0
0 0 0
A={0 0 I --- 0 (also a discrete orthogonal transform)
000 - 1

498
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q P -
5.

N

F X time-division multiplexing 7% /& fj ¥

7RG P& i * frequency-division multiplexing
fe orthogonal frequency-division multiplexing (OFDM)?
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® 14-C Code Division Multiple Access (CDMA)

",f frequency-division multiplexing = time-division multiplexing > &_F

7
£ H # multiplexing #17 ;¢ ?

i# * H i e orthogonal transforms
T code division multiple access (CDMA)

CDMA 1s an important topic in spread spectrum communication

\\\?’;r

[1] M. A. Abu-Rgheft, Introduction to CDMA Wireless Communications,
Academic, London, 2007

2] 58 ME, > 3 “CDMA B4 2R, T &, 54,2002,
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CDMA & % # * ¢ orthogonal transform = Walsh transform

channel 1
Vo Vl\ 1 1 1 1 1 1 1__x1_/channel2
1yt -1 -1 -1 -ljx ?channew
Vs 41 1 -1 -1 -1 -1 1 1| x /channe14
V4 1y1r -1 -1 1 1 -1 —1|x,
N i T T T T R T I DU
¥, ( If-1 -1 1 -1 1 1 -1|x .—channel 6
V- 1[-1 1 -1 -1 1 -1 1 ||x |« channel 7
| Vg _ W -1 1 -1 1 -1 1 =1/ x|« channel38

channel 1
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PR EA AR - BSFAEIHE AfBLH) (CHD2H) >
S T < I SU S 2 Rl s

(1) Different Time
(2) Different Tone

(3) Different Language
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CDMA & % :
(1) Orthogonal Type  (2) Pseudorandom Sequence Type

Orthogonal Type eht|+ @ & 234 [1,0, 1] [1,1, 0]

(1) # 0% 5 —1 [1,-1, 1] [1,1,—1]

(2) 1,-1,1 modulated byl[l, 1,1,1,1, 1,1, 1] (channel 1)
—>[1,1,1,1,1,1,1, 1,;-1, -1,-1,-1,-1, -1, -1, -1,51, 1,1,1,1,1,1, 1]
1,1,—-1 modulated by [1, 1,1, I, -1, -1, -1, -1] (clhannel 2)

- [1,1,1,1,-1, -1, -1, —1,51, 1,1,1,-1,-1, -1, —1,5—1, -1,-1,-1,1,1, 1, 1]

(3) 40 & |

2,2,2,2,0,0,0,0,0,0,0,0,-2,-2,-2,-2,0,0,0,0, 2, 2, 2, 2]
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demodulation
[29 27 29 29 07 O) 09 07 O) 09 Oa Oa _27 _27 _27 _27 O: O) 07 Oa 29 27 29 2]
11, L1, 1,1, 1,1, 1] 11, L1, 1,1, 1, 1,1]

L L1, L0, 1T

N
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AR
(1) # * N-point Walsh transform p¥ » 3, & ¥ 145 N i channels
(2) “,f 7 Walsh transform 12 ¢t » H i &7 orthogonal transform » ¥ 12 i #

(3) i# * Walsh transform =74F e



e Orthogonal Transform * if enR¥ 48: Z & ¢ % synchronization

R=[1, 1, 1, 1, 1, 1, 1, 1]

R,=[1, 1, 1, 1,-1,-1,-1,-1]
R.,=[1,-1,-1, 1, 1,-1,-1, 1]
Ry=[1,-1, 1,-1, 1,1, 1,-1]

e §_ X I basis, i*u_,ﬁlr 7 F 5 & 2T 02 orthogonal
<R1[n]9 Rl[n]> - 89 <R1[n]7 Rk[n]> =0ifk#1
<R,[n], R [n—-1]>=20r0 ifk=1.

1T 42 ershift & circular shift
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Pseudorandom Sequence Type

7 % orthogonal > capacity iz >

e g 7% F & F ¥ (asynchronous)

Pseudorandom Sequence Z_ ¥ 73 correlation

()

] \ | \

7-ax1s
bip(t+ 7)) + byp(t + 1,)
recovered: j(blp(t +7)+b,p(t+7,)) p(t+71,)dt =bC(0)+b,C(7, —7,) = b,
(% C0)=1,C(z, — 1) = 0)

T, T, A% - XK
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CDMA m:ﬁm@ :

(1) & & & 4p $>* frequency division multiplexing & > % %
(2) ¥ r2 > noise % interferencesi 7@, 58

) ¥ T A l-ﬁ'—%{r’—q i @,J

4) ,T*u-% ERETINA Rl » 3 F oaede r K0 5L recover F K

(5) 17 W 3 et 3% R RE W 1Rt
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AR 0 # Y LEER A TET ) 0 BT ER

s

B3k A % i¢ * ehorthogonal basis 5 ¢[n],k=0,1,2, ..., N—1

B % i¢ * ¢ orthogonal basis 5 x[n],h=0,1,2, ..., N-1
nl, u[n y
<¢k[ |97 ]>) Tl

(4[], 4,[n])
k=0,1,2, .., N-1,h=0,1,2,..., N-1

BN max(



510

‘4L = 3-D Accelerometer 7§ 4

VLR RN - A nE %lb’fr‘g‘r% 3

X! Gyrator (FedR i) v 2 % R P2 > v > ¥4 3-D

Accelerometer 2. % &_» 3F 5 R B (¢ {2 EAN ) » p i

&2 % ¥ > 3-D Accelerometer Signal Processing §= gyrator signal
processing (& ¥ I #
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z-ax1s

/ y-axis

X-axIs

135 X, p,z = Bhended R DT > RAUTE Firds iF

T b pF o zeaxis v R L —g=-9.8



A Z-axl1s
' y: 0
z: -9.8
__________________________ >
y-axis
tilted by 6
[N Z-ax1s .
" ~7)-axis y: -9.8sin 0

z: -9.8cos 0

TR e RIA R 0 k2 R e i
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o+

1P - et R R

n

15

10
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B 1 BTN
8 (5 7 )
P? i > de Parkinson & AR > § RAL R )

H oy (dods Jp cds (7 > % B i@ i 525 il )

3-D Accelerometer Signal Processing &_31 55 J2 e & 25A8 2 -

- 64 FAREFE /Y 50 ¥ - > @ > 3-D Accelerometer Signal

5 % %X noise ZZ F 4 > R 4@ 7%%' d 3-D Accelerometer Signal X :&
Fode (800 2 Bdesg oo T BB PR

¥
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Zj’c)'l lakg%]ac }i.'

LR E g 1 ivt 5 3 i® P {e digital signal processing 2 time
frequency analys1s R =l %\ By Ak - 42243 o



