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Question:

Fourier transform: X — [~ x(t)e " dt
rransform: (/)= | x(0

Why should we use the Fourier transform?

(1) spectrum ahl‘\'jsis
advontag e T
of the FT | (2) convolution —> wul-L1plTcortion Y(£) = X(£) HH:)

VO AR Come - Tnwviant (LTT) systeme
:jf(t'.t)“t)ah: ?A\Z lbz'eg;Pwsmgal b/ (ouvolthu.

Is the Fourier transform the best choice in any condition?
Ag) eI = A() ((OSRNPHY~F MnFY))

| complex mp|. = 4 veal muls .
(Zwrz\p)(H (A): o =bd +( ad+bc)
o{; ration a) humber Mu"

n
“L Comp(e)( mu"‘“.



Outline

12

I. Introduction

Introduction (1.3W)

1. Filter Design

——FIR 2W)

__[IR, Others (1.7W)

2. Homomorphic Signal Processing (1W)

3. Applications

4. Fast Algorithms

5. Orthogonal Transforms

— Acoustics (1W)

— Compression, Image (2 W)
—— Basic (1W)

FFT and Convolution (2W)

Others (0.5W)

— Walsh Transform (0.8 W)

Number Theory (1 W)
— OFDM, CDMA (0.7 W)




N

(1) %t Digital Signal Processing ¥ { 7 /& sL2 iF » e37 f2

(2) 4% 31 Digital Signal Processing 7 *

(3) & ¥ Digital Signal Processing & i & & 3 Af 38 e jl # Sk
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Part 1: Filter

e Filter e 4 5§

X+ input

T tmpulse reLhonge
Y oudput

filter —

— digital —

IIR

ITR: mfintte Tmruke Y €spouse l'\ ﬁ ﬂig 14
FIR: finite Tmpulse recpohse h/qMR-E.
YOl = 4wl * W]
= A[n-1 W]

—Dbilinear transform

impulse invariant

(% g aliasing)

——analog

(B pri & B

FIR

step invariant

—— MSE (mean square error)

minimax

)

frequency sampling

lengthly)= lengthi%) + lengthl h) !
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IR filter i 8L : (1) easy to design
| (t‘g-“ ke 48 §4)

(2) (sometimes) easy to implement ( see page [4)
#8600 uswally havel +o Tmplemert

(2) out Pq-l- has (.h'Pth"l’Q '&9'6‘)
(3) may not be stable

FIR filter thipgs : 0 “uly easler do nmplement
(2) output has frmrte lengh

3) stable

4% 2L An FIR filter is impossible to have the ideal frequency

response of i
| 1ET Agnc (2h%)
Wverse E
‘ = - 2P, sin(anh 1)

BAPVIVAVAVS e
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An IIR Filter May Not be Hard to Implement
IIR
Ex: h[n]=(0.9)" | forn=0, h[n]=0, otherwise

yln] =x{n] * iz T

Z transform (page 29) 20 20 "
Y@):K(@®HE) HE@» Zhede?” =2 0927
- X(2) "° ‘
Y(Z) <) c
\‘042 l" o‘ﬁz_-'

Y(2)-092'Y(2) =X @)
Thverge < l fransform

y[1-9.9 y Tn-1] = ALh)
701 =09 Y =11+ 7ATn)



Part 2: Homomorphic Signal Processing

e #£ 4 3} convolution % = addition

yOn = ] *hin] = >.

JFT N\ e

Y(P) - >§(4‘)H(9)
190Xy~ ag (XD Iva(HE)

Part 3: Applications of DSP

CepsStrum

17

filter design, data compression (image, video, text), acoustics (speech, music),
1mage analysis (structural similarity, sharpness), 3D accelerometer
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e Part 4: Fast Algorithms

¢ Basic Implementation Techniques

Example: one complex number multiplication

= ? Real number multiplication.

Trade-off: “Multiplication” takes longer than “addition”




e FFT and Convolution

Due to the Cooley-Tukey algorithm (butterflies),
the complexity of the FFT is:

NN

The complexity of the convolution is: 3% DFTs, O(N log, N)

19



e Part 5: Orthogonal Transforms
DFT chd B3 & % 4

Zﬁmn

Question: DFT &4 28+ & 2  DFT(x Zx[n]e

Z@ P
e Walsh Transform
(CDMA)

[
[—
[E—
[
[—
[E—
[
Q

1

1

Example: 1
8-point Walsh transform 1 1 =1 =1 1 1 =1 -1

1

1

1

1 1 -1 -1 1 -1 1
Je 11 e—1alo—121e-1




e Number Theoretic Transform

e Orthogonal Frequency-Division Multiplexing (OFDM)

e Code Division Multiple Access (CDMA)

21



Review 1: Four Types of the Fourier Transform

o = f& Fourier transforms £+t &

time domain . frequency domain

___________________________________________________________________________________________________________________________

(2) Fourier series . continuous,(periodic)” t 1screte? aperiodic

. (or continuous, only the Value:
" in a finite duration is known) |

__________________________________________________________________________________________________________________________

(3) discrete-time — ~ . . | . }
. :Edlscrete), aperiodic . continuous,(p
Fourier transform | ~—— p | @

(etf®» i
B .
(4) discrete Fourier | discrete, periodic - discheriodic
transform (P ¥ T) ; —

. (or discrete, only the value
' in a finite duration is known)

22
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(1) Fourier Transform e——; anf+4

X(f) _ J‘_°° x(t)e‘””ftdl‘ , x(t) = j_oo X(f)ejZﬂf-tdf
Alternative definitions w =27

X(o)=[ (e a | x(0)= [ X(0)edo
(2) Fourier series (suitable for period function)

0 2rm
_2Em - Jot
X[m]zgx(t)e v x(t)=T" ZX[m]e !
T: ¥ x(t)=x(t+T) Possible frequencies are to satisfy:

o2 St — Q27 (4T - ex anff e} Y B4 T

: R 4T
I F fom 22 B enbd 7 1 og it e? = |
T 2T = 2am

L LF
=

1\



W X(F) = [on A €L Y

(3) Discrete-time Fourler transform (DSP ¥ 1) (PTET)
- s
X(f)= Z x[n]e_jzﬂf'm’ , x[n]=A, X(f)eﬂ”f'm’df
Al xa( M"’l L1=rs inA " A, : sampling interval
K£45)= SRS T, S0 edmnast TANSK oy (£)
Note: X(f)=X(f+1.)
where f = 1/A, (sampling frequency)
It can be rewritten as: AcdP: aF
x[n]zj;X(F) o/ 2 F Jp — J‘l/z ) o/ 27 g
X(F):X(F+1)

F=--=fA, (normalized frequency, see page 26)

(e 0]

X (w)= ) x[n]e’"" x|n]= ﬁJ‘zﬁ/AtX(a))ej”"’mfa’a)

Heo 27 Jo



(WX(0) = (2 7,(4) 9Pt

25
(4) Discrete Fourier transform (DFT) (DSP ¥ #*)
X[n)=3lale L alnl= L 3T
= nd+ ~ - /4 N nm -

F{ 33mn *—' 2'7" At dt-D¢d 2y

fnarem €S MJ;:‘ AL

N xtme Samle % b S A

Note: x[n] =x[n+N], X[m] =X[m+N] _e-azmm

X v

If x[n] was sampled from x(?), x[n] = x_(nA,), then

xc(nAt) = xc (nAt +NA¢ !

W fom 2 B ol % < F
NA

Le., » f = mA where A

NAt



Review 2: Normalized Frequency

(1) Definition of normalized frequency F:

F:i:fAt :a)At
/. 27z

where f = 1/A, (sampling frequency)

A, : sampling interval

(2) folding frequency £,
_J

Jo= 9 % 14 normalized frequency % % 7 >
folding frequency = 1/2

re?(ﬁ'(
H(f): ; H($: H (-P-\--P,)
| |
!

|
| [
f==2f 5 o & r=2
2>

F:—’ -

26
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For the discrete time Fourier transform

(1) G() = G(f + 1) »ie., G(F) = G(F + 1).

(2) If g[n] 1s real ] G(F) = G*(—F) (* means conjugation)

2 g ariE GUF) for0SF <% (F 0<f<fy)
j‘jﬁ,? L arsg > IR G(F)

(3) If g[n] = g[-n] (even) > G(F) = G(=F),
g[n] =—gl-n] (odd) > G(F) =-G(=F)
low pass band pas s high pass
BP: HP:
Analog LP: — B
filter: H(p) | | |



¢ Discrete time Fourier transform of the lowpass, highpass, and band pass filters

low pass filter ( pass band % fs 7% 8 1T )

ey - e~ e -

:
| : | |
, (F=-1) | 0 (F=0) S F=1)
high pass filter i f
_ , | -
|
l
| | | | |
—f. (F=-1) F=-(0.5 0(F=0) F+0.5 f.(F=1)
. £ £/
) J G J§=
? |
band pass filter ; ;
) 1
’ I
| | | ‘| |
— (F=-1) F=10.5 0 (F=0) F=0.5 f.(F=1)
: I
/2 o/



Review 3: Z Transform and Laplace Transform

o Z-Transform

suitable for discrete signals

o0

G(Z) = Z g[n]z‘”

n=—oo

Compared with the discrete time Fourier transform:

(e 0]

G(f)= Z g[n]e—jzfrfmt - = 27

n=—o0

29



e Laplace Transform

suitable for continuous signals

One-sided form G(S) = IOOO g(t)e dt

Two-sided form  G(s)=[ g()e™dt

Compared with the Fourier transform:

G(f)= j_fo g(t)e " dt s=j271f

pure (m 097h ar7

30
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Review 4: IIR Filter Design

Two types of digital filter:
(1) IIR filter (infinite impulse response filter)

(2) FIR fder (finite impulse response filer)

Iter

filte — bilinear transform

There are 3 popular methods to design the IIR filter ——— impulse invariant
step invariant

Advantage:

Disadvantage:



Method 1: Impulse Invariance

5 L— gL ,T}l;z? ? +% v sampling

analog filter 4 (7) digital filter A[n]

h[n]=h,(nA,)

Advantage : Simple

Disadvantage : (1) infinite

(2) ﬂ\(‘a\;‘ng eftect

£, -g<B
£ €2

32

hy(0)
| |
|
I .
T
At
H()
- Jps H—
< {33
-5 0 P ¥S*B
f.<2B



Method 2: Step Invariance

¥+ step function 7 response it sampling

33

analog filter 4 (¢) digital filter A[n]

step function (continuous form)

1
u(?)

t=0

step function (discrete form)
1 1 1L 1 1

cese | [ 1]

n=0

Laplace transform of u(%):
1

S
Fourier transform of u(?):

1
2z f

Z transform of u[n]:
1

1-z

-1



ult-1)=| «'-_0(_ . 34
Step 1 Calculate the convolution of 7 (¢) and u(?) T <4

b () =h, () xu(t) =" h (2)u(t-7)dr=[ h,(r)dr

—00 o0

(2% fj‘viﬂ:‘a‘ h, (1) & Ff %)
_n
0
Step 2 Perform samphng for a, (2) /‘\l\ A

o0

u

hn]=h,,(
Step 3 Calculate A[n] from h[n] h, [”] h, [n 1]

Note: Since 4, [n]=h[n]*u[n] H, (z)= lz H(z)

0 hn]=h,[n)=h,[n-1]



Advantage of the step invariance method:

* 2 & Advantage:

Disadvantage of the step invariance method:

Fh R R O s

35
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Method 3: Bilinear Transform

Suppose that we have known an analog filter £ (#) whose frequency response
1s H (f).

To design the digital filter 4[n] with the frequency response H(f),

H(fneW):Ha (fold) fold € (_Ooa OO)

ﬁiew € (_fs/29 fs/z)
J, = 1/A, (sampling frequency)

e The relation between f,

new

and f ;, 1s determined by the mapping function

s: index of the Laplace transform

-z
s=c — z: index of the Z transform
: some constant
S“'QP \ ’ I S'tfp 3
_1 nverse
ha (t) Laplace >Ha (S)_)H(Z):Ha (Ci_zl) Z—transform >h[n]
+Zz

Step2
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S:CI_Z S:jZﬁ]FOld Z:ejzﬂfnewAt f);)\
1+z" —
%+ page 29 ~ page 30 7. I

l—e_jzﬂ-fneWAt ej”fnewAt _e_j”fnewAt /\‘\

]27Z'fold = Cl_|_e_12”f"ewAt = CejﬁfnewAt _|_e_j”fnewAt L efzﬂfAz kJ
_ ISz o A)

cos(7 f,,,, A,) Laplace: If

27 f,,, =ctan(z f,,, A,)
s=j2r f ,

ﬂew :Latan(z—ﬂ.‘]poldj :fs'atan(zﬂ..jpoldj
7Z-A C i C

¢

e Suppose that the Laplace transform of the analog filter 7,(¢) 1s H ;(s)
The Z transform of the digital filter 4[n] is H (z)

e
Hz (Z) = Ha,L (Cﬁ)




_J. (2_”f j £ (_E-") { Fnew < %‘—(-’5’) 38

. TR fnew < £

fu | : . 1

Jrew ~-fs/> 0 s/ % atan(ZY)
05

Jrewfs /j
\ noultnear

dTS‘['OV‘h ov)

0.5 ‘ ‘ ‘ : ‘ | ! ]Fold
) ] ] ) 8



analog filter 39
H a(fold)

\ : O -
b S A LR P
mapping mapping
after mapping . i

H(f, ) ‘o : 5

/2 _fc,l O fc 1 1J2

/, 2
I oo —atan » —f o
Advantage of the bilinear transform
B f¢,

’05 728 :Z-GC) )

Disadvantage of the bilinear transform
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- ¢ F Y DSP il ek g

(1) Concepts: iz > i Pr g ~ A A4 ¢

(2) Comparison: i ZfeH s 3 22 B » 3 AR g 3 7
7O RAR R e

(3) Advantages: iz /2 (i gL+ B

(3-1) Why? i & 2t fsben® 5.8 0 B
(4) Applications: & > 2 & % K@ AR 4E > 3 H AR

N

(5) Disadvantages: sg = % ek L s

(6) Innovations: iz ™ 2 § © AT riTik g



2. Digital Filter Design (A)

FRe ur kI3 “,f noise ¥ * &7 operation » 'y A & filter

H 3 5 3% dhoperation 0 BEFR A B 24 FF L4 lj noise > e §_
# 2% FT + multiplication + IFT % % 7+ » + A& 4L 1F & filter

[
convolution, LTI system

N |inear time Tuvaytant

Reference
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® 2-A Classification for Filters

42

— bilinear transform

i__nmmmm %
digital | impulse response) IE
filter |
filter — L FIR (finite ——+—
impulse response)
analog
filter

d i A

impulse invariant

—— step invariant

—— others o
BE oo T ¥ i

—— (1) MSE (mean square error)

I SN 1
| (2) Minimax (minimize the
maximal error)

(3) frequency sampling

—— (4) others

4R A



Classification for filters (i& 3] 5 4")

| o

Fa.{..‘."n ye(oghﬂ’%h
—— matched filter

heisc rewo \m\
—— Wiener filter

multt P“'“"
—— equalizer filter

_____ pass-stop filter —

high pass filt

all pass filter

—— Notch filter
= bamldo[’ Prilte
with very Nnarrow

stop band

low pass filter

band pass filter
band stop filter

HEO): H(-£)

 odd differentiation Wi sand

o d d Integration

—others

smoother

Kalman filter

particle filter

H(f) 43
L IR I
er 1o
| ¥
— L
|
| | 1
| L1 o
| |
| — 1
| Il o
| | AM] =
: : I % Cn-ho )
| 1 X(F) -
I |l e‘- Fno
v 1 X(¥)
)2 52 H(F)=
F:2 = e+ Fns
lH(F)‘:\

HY: 15
Hilbert transform ¢} - —2-]_._.3_

edge detection

) Fvcol?c{-a‘an



@ 2-B FIR Filter Design

FIR filter: impulse response 1s nonzero at finite number of points

hln|=0forn<0andn >N

(h[n] has N points, N is a finite number)
h[n]iscausal  h[h]: 0 for n <O

N1 2 ... @

e FIR 1s more popular because its impulse response is finite.

44



(BE =) 0 hiw) = W) 45
Specially, when A[n] i even|symmetric A[n] = A[N—1 —n] thas H(#)= H(¢)

< N-l - - HAE) -
and N is an odd number| ¥* A’—z’! (5 Gu ““{“?"" )< FT(he)
(3K Z) ®
® [
B[-1] h[O] A[1] h[k-2] h[k-11 R[k] A[k+1] A[k+2] K[N-2] h[N-1] h[N] h[N+1]
r[-k-1] r{-k] r{-k+1] r[-2] -11 0] 1] 2] rlk-17 rlk] rlk+1] rlk+2]
s[0] s[11/2  s[2]2 s[k-11/2 s[k]/2

T ERASl| -
(a) r[n]=h[n+k], wherek=(N-1)/2. R(F): e*m“FH(F)

(b) s[0]=7[0], s[n]=2r[n]for0<n<k.
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Impulse Response of the FIR Filter:

h[n] (h[n]#0 for 0 <n < N-1)
r[n]=hln+ k], k= (N-1)/2 (r[n] # 0 for -k <n <k, see page 45)

Suppose that the filter 1s even, r[n] = r[-n].
—m T —

Set s[0]=r[0], s[n]=2r[n]forn=+0.
Then, the discrete-time Fourier transform of the filter is

H(F)= ) h[n]e’?™™  (F=fA,is the normalized frequency)

T L See page 26
R(F):ejZEFkH(F) _ r[n]e—]27an
" | .
= > r[n]e” " +r[0] +Zr n]e /7"
n=—=k
T BT . .
*K R(F) = Zs[n]cos(2ﬂnF)§ _ Z [—n]e’> " +r[0] + Zr e
| n=0 ' n=l1

____________________________________________

F . h
2yn) (°>(z”th\ B ,:. M“C Jan ) xrlo]
\/




® 2-C Least MSE Form and Minimax Form FIR Filters

(1) least MSE (mean square error) form -
e wsmipy) MR et by B
no = S A

1/2
MSE= [ |H(F)-H,(F) dF
R(F)
H(F): the spectrum of the filter we obtain

H (F): the spectrum of the desired filter

L 3—horm PtoLICM

F =f/f:normalized frequency;  f.: sampling frequency

(2) mini-max (minimize the maximal error) form

(N S A
(P lé%;)) L»..norw\ YIDL‘CM

maximal error: A{glx‘ﬁ/ﬁ’) ~H,(F)
< F L V R Y
The transition band 1s always ignored

47



1.5 ‘ ‘ ‘ ‘ 48
Example: desired output H (F) : \ |

0.5}

0F

0.5
0

0.1 0.2 0.3 0.4 0.5 F

(A) larger MSE, but smaller maximal error

1.5 0.5

1 H(F) | H(F) - Ha(F)
|, MalH () Ha(FID

A~
0 ‘LM,"M" Il il eh ) Wb |L.“ = 0' 2
AR e

-0.5 ‘ ‘ ‘ ‘ -0.5 ‘ ‘ ‘ ‘

0 0.1 0.2 0.3 04 0 0.1 0.2 0.3 04

(B) smaller MSE, but larger maximal error

1.5 0.5
H(F) - Ha(F)
il O d Max (| H ) H(P)
0.5 f 0 204
0 v MHWWWW%
05 S — 0.5

0 041 02 03 04 0 041 02 03 04
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@ 2-D Review: FIR Filter Design in the MSE Sense

R(F)= Zk:s[n]cos(ZﬂnF)

-fs/z‘
J-r.12

\F
~ F=f/f

= V2| sln n _ 2 ZS[T] (%(MhF)(OS(UCTF)AF
.[—1/2 Z [ ]COS(272' F) H, (F)| ar f —[Va. (Oqth)Hd(f')O‘F

=[ l/z(jzk(;)s[v Jcos(2zvF)—H,( )](is[f]cos(%F)—H( )jdp

Jv=n
6MSE /ITCOS 27rnF (Zs[r]cos 27z2'F) H, ( )]dF

R(S)=H, (1) df = JR(F)-H, (F

Va

S sv] os(lnht)rospm)

T:wn V:° A
"[ Hal t')l"féln:),(,:

_____________________________________________________________________________________________________________________
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| k 1/2 12 |
aajk\f[fﬁ = ZTZ:(;S[T]J._UZcos(27rnF)c0s(27m'F)dF 2| H, (F)cos(2znF)dF =0
. \ wsaces b = (os(ath)+ (og(o-b)
From the facts that ov thegona ;( )
r1/2
cos(2znF)cos(277F)dF =0  whenn # T,
J-1/2
..ji/zzcos(27rnF)cos(27sz)dF =1/2 whenn=17 n20
.li/zzcos(27an)cos(27rrF)dF—1 whenn=1, n=0.
o v
[ () oseATE) o - L s @rlntTFMAE 43 f co(an(mT)E)dF
Therefore, 3

A

il WO)F SMM("*UQ

43 (n+0) SM(M( ))l g 4T (h—T) %
2s(01-2["" H,(F)dF=0 = e ) (M#T

s[0] L/z . (F) O (- sin(rmF)=0 s aﬁn(‘egcv)

S[n] 2_[ cos(2znF)H,(F)dF=0 forn # 0.

Hn=T f(os(mnF)(os(zntF)AF

40 <o+ zf._v,_lo“'- 172
Ifn=T=0, f (o$(ZWFIIO ST TF) oAF
< |/z H)= =)




Minimize MSE — Make

L sto1=[ " H,(F)dF

-1/2

Finally, set A[k] = s[0],

0 MSE
0s[n]

=0 forall n’s

,  |sln]

2-.‘—1/2

1/2

COS

(

2znF)H,(F)dF|.

hlk+tn] =s[n]/2, hlk—n]=s[n]/2

hln]=0forn<0andn > N.

forn=1,2,3,.....k,

Then, A[n] 1s the impulse response of the designed filter.
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@ 2-E FIR Filter Design in the Mini-Max Sense

It is also called “Remez-exchange algorithm”

or “Parks-McClellan algorithm”
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Two constraints

Suppose that: /
@ Filter length =N, Nisodd, N=2k+1._ \

@ Frequency response of the desired filter: / (F) is an even function

0

(F 1s the normalized frequency)

® The weighting function is W(F)




* Mini-Max™ ;2 #73k 3 i efofilters » — L €7 & T - B >4

If err(F)=W(F)(R(F)-H,(F)) Error = local maximal
(1) err(F)F k+21 12} Hextremerpoints local minimum
(2) fextreme points_t > 'err | ‘W )(R(E,)-H,(F,)) ‘q—\i\zﬁ

__transition (.(.[,e etvor N 'Hac)
TN TR " 2~ “ band tvongttion baund g
_’Q_l}s./'\f_-'i——\—\af——ﬁ 73h3ved
Vg
Ortreme potnts
err (F)| =W (F)(R(F)~H,(F))

\i/"\/‘
W(F)=1 chijF=; N

= -
TR

T. W. Parks and J. H. McClellan, “Chebychev approximation for nonrecursive
digital filter with linear phase”, IEEE Trans. Circuit Theory, vol. 19, no. 2, pp.

189-194, March 1972.
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e Generalization for Mini-Max Sense by weight function

maximal error: Max  |R(F)-H,(F)|
F,Fgtransition band

weighted maximal error:  Max
F, Fgtransition band

w(F)R(F)-H,(F)]
where W(F) 1s the weight function.

The weight function 1s designed according to which band is more important.

4

' H (F) _— transition band

passband
stopband

v

Q: How do we choose W(F) when SNR T ?



Example: If we treat the passband the same important as the stopband.
W(F) =1 in the passband, W(F) =1 in the stopband

Q1: W(F) =1 in the passband, W(F) <1 in the stopband * # * /& ?

Q2: W(F) <1 in the passband, W(F)= 1 in the stopband * % i+ & ?

Q3: 4rie * RRHFHF L F & (4 transition band *}+iT) £ error ?

Q4: Weighting function s7#2 4 ¥ % * # MSE sense ?

56



Step1

Step2 «—

|
Step3

|

Step4
}
StepS

l 0 S. E .‘Eo SA
Step6
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@ 2-F Mini-Max Design Process

(Step 1): Choose arbitrary k12 extreme frequencies
(denoted by F,, F'|, F,, ....., )
Note: (1) 0<F<0.5,
(2) Exclude the transition band.

(3) The extreme points cannot be all in the stop band.

Set £, (error) — o
Extreme frequencies:

The locations where the error 1s maximal.
[R(F)~H (F)IW(F)=—e  [R(F)~H, (F)IW(F)=e
[R(F,)—H (F)IW(F,)=—e R —H,(F)W(F)=e

[R(Fy) = Hy (F DI (Fy) = (1) e (%5 page 54)

58



59
(Step 2): From page 46, [R(F,) — H(F,)]W(F,) = (—1)""le (where m =

0,1, 2, ....., kt1) can be written as

Zs n]cos(2x F,n)+(-1)" W™ (F,)e=H,(F,)

where m=0, 1,2, ....., k+1. (kT2 equartiong)

Expressed by the matrix form: kta unkmowns ST (w=0-L), €
Sin) cLange with iteyation
n:0 nel n:2 hele e < X i
m:=0 |1 cos(2zF,) cos(4rxF)) --- cosQrkF)) ¢ 1/W(F,) s[0] H,[F]
m2| |1 cos2rF) cos(4rE) - cosrkE) | —l/W(F) s[1] H [H]
m=2 |1 cos(2zF)) cos(4rzF)) --- cos2rkE]) /l 1/W(E) s(2]| | H,£]
: : : : . : Pl :
m:l¢ |1 cos(2zF) cos(4xk,) -+ cos(2rkE) “ D) /W(E) || s[k] H,[F]

A S H
Solve s[0], s[1], s[2], ....., s[k] from the above matrix .

Square matrix

Vﬂ:ll‘n _1 COS(27Z' Ec—H) 008(472. E{—I—l) T 008(271- kF;c+1) \ (_1)k+1 / W(EcH) € _Hd [Ecﬂ ]_

(performing the matrix inversion). AssH

s*A™H



(Step 3): Compute err(F) for 0 < F £0.5, exclude the transition band. 60

err(F)=[R(F)-H ,(F)W(F)= {Zk:s[n]cos(ZﬂnF)—Hd (F)QW (F)

n=0

Set W(F) = 0 at the transition band. F=10:0. o)ot] ;Mf;i a.:,I 77:?»'{-;

(Step 4): Find 412 local maximal (or minimal) points of err(f )

local maximal point: 1f g(7) > g(7+ Ap) and g(7) > g(7— Ap),
then 71s a local maximal of g(x).

local minimal point: if ¢(7) < g(z+ Ay) and q(7) < g(7— A),

then 71s a local minimal of g(x).
Other rules: Pages 63 and 64 0, 05

Denote the local maximal (or minimal) points by F, F,...... JF L F

(new extreme points)

These k+2 extreme points could include the boundary points of the transition band
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(Step 5): E, : BI{EHIMax | err(F)]|
Set E, = Max(|err(£))). E, : gij—iterationf) Max | err(F)|
(Casea)If E, = E,> A, or £, — E, <0 (or the first iteration) —
set . =P, and E, = E, return to Step 2.

(Caseb) Ift0<E, — E, <A — continue to Step 6.

)

(Step 6): \/\/
Set A[k] = s[0],

hlk+tn] =s[n]/2, hlk—n]=s[n]/2 forn=1,2,3,.....k
(referred to page 45)

Then A[n] 1s the impulse response of the designed filter.
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i

® 2-G Mini-Max FIR Filter X+ % 2 &

(1) Extreme points # & £ % transition band
Initial guess=hextreme points = £ ;1 &, W] P~ & transition band42 » T 5y %
g p

# converge ° 7 [r iiguess € > Zconvergesig & e F BB %

(2) E, (error of the previous iteration) < E,, (present error) f¥ > 7% % 5 T &g

(3) Remember to update W(F,) and H (F’,) according to the locations of F,.
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(4) Extreme points 2| &7 p|

(a) The local peaks or local dips that are not at boundaries must be extreme points.

Local peaks: err(F) > err(F + Ap) and err(F) > err(F' — Ap)
Local dips: err(F) < err(F' + Ag) and err(F) < err(F — Ap)

(b) For boundary points (F'=0, F'= 0.5)

(P j\‘/ X \/A X
NG

. / I —/f
0 F=0.5 :
Z Add a zeroyto the outside and conclude whether the point is a local maximum

F=05
or a local minimum.




(5) 7 BF > €35 7] 520 k+2 B extreme points, %4 iE  H, A, P ,P_,

(a) B ALE & 7 1 boundaries =77 extreme points bownddries : 0, 0.5

(b) H = £ # boundary extreme points & ¥ |err(F)| #* &1
B I|/5 X_k+2 1 extreme points 3 i

() 35 4+ extreme points 2_ 78 » B F L iR FE~ | # & N

-
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® 2-H Examples for Mini-Max FIR Filter Design

e Example 1: Design a 9-length highpass filter in the mini-max sense

H,(F)

ideal filter: H (F) =0 for 0 < F<0.25,
H(F)=1for 0.25<F<0.5,
transition band: 0.22 < F'<0.28 A=0.001
weighting function: W(F) = ’_()__2._5_ for 0 < F<0.22,
W(F)=11or0.28 < F<0.5,

0 0.25 0.5

0.22~0.28

(Step 1) Since N=9, k= (N-1)2=4, k+2 =6,
— Choose 6 extreme frequencies
(e.g.,Fy=0,F,=0.1,F,=02,F;=0.3,F,=0.4, F;=0.5)

[R(F,) —HF)]W(F,)=(-1y"e, n=0,1,2,3,4,5.



(os (27 Faa M) _L'_"_):'_

N0 pel n:4 Wy Ho(Fw) 06
11 1 1 1 47s[01] [o

1 0.809 0309 -0.309 —0.809 -4 s[1]| |0

1 0309 -0.809 -0.809 0.309 , 4 |[s[2]| |0

1 -0.309 -0.809 0.809 0.309 , -1 s[3]| |1

1 —0.809 0.309 0309 -—0.809' 1 ||s[4]| |1

1 -1 1 -1 L 1] e | [1]

1T M1 1 1 1 47707 [ 05120
]| [1 0809 0309 -0.309 —0.809 —4| |0| |-0.6472
211 |1 0309 -0.809 —0.809 0309 4| |0| |-0.0297
310 |1 —0309 —0.809 0809 0309 —1| |1| | 0.2472
411 |1 -0.809 0309 0309 -0.809 1| |1]| | 0.0777
|11 - 1 -1 1 —1] |1] | —0.040 |




s [0] s [1]

s [2] s [3]

R(F)=0.5120 - 0.6472cos(27F) — 0.0297cos(4 nF’) + 0.2472cos(6 zF)

1.5

1

0.5

0

-0.5

(Step 3) err(F) = [R(F) Hd(F)] W(F)

0.15
0.1

+ 0. O777COS(87Z'F) R(F): S snjtos(2anF)
s T4 | | . | |
i Hda(F) i
N -
— *
0 005 041 0415 02 025 03 035 04 045 05

0.22 1

err(F)

\ l
0.25 0.3

W(F) =0 for 0.22 < F < 0.28



(Step 4) Extreme points:
Fy=0,F =0.125,F,=0.22, F;=0.28, F,= 0.356, F; = 0.5

(Step 5) £, = Max[|err(#)|] = 0.1501, return to Step 2.

Second iteration

(Step 2) Using F, =0, F, = 0.125, F, = 0.22, F, = 0.28, F, = 0.356, F = 0.5

— 5[0] = 0.5018, s[1] = —0.6341, s[2] = —0.0194, s[3] = 0.3355,
s[4]=0.1385

(Step 3) ert(F) = [R(F) — HAF)IW(F),
(Step 4) extreme points : 0, 0.132, 0.22, 0.28, 0.336, 0.5

“

(Step 5) E,= Max([|err(F)|] = 0.0951, return to Step 2.

68



Third iteration
(Step 2), (Step 3), (Step 4), peaks : 0, 0.132, 0.22, 0.28, 0.334, 0.5
(Step 5) £, = 0.0821, return to Step 2.

Fourth iteration
(Step 2), (Step 3) , (Step 4), peaks : 0, 0.132, 0.22, 0.28, 0.334, 0.5
(Step 5) £,=0.0820, £, — E,=0.0001 < A, continues to Step 6.
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(Step 6) From s[0] = 0.4990, s[1] = —0.6267, s[2] = —0.0203, s[3] = 0.3316,

s[4] = 0.1442

k:4
h[4] = s[0] = 0.4990, h[3] = h[5] = s[1]/2 =—0.3134,
h[2] = h[6] = s[2]/2=-0.0101,  A[1]=A[7]=s[3]/2=0.1658,
h[0] = h[8] = s[4]/2 = 0.0721.

1 5O 0.132 0.22 0.28 0.334 0.5
1 s S
Ml P
0.5 R e
T : \\\\\7/
0 1 1
\ ‘ :
xhﬁi_J/
0.5+ |

! L 1 ! 1 L \
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 04 0.45 0.5




e Example 2: Design a 7-length digital filter in the mini-max sense

H(F)

ideal filter: H(F)=1 for 0 < F<0.24,

H/(F)=0for 0.24<F<0.5,
transition band: 0.21 < F<0.27

71

weighting function: W(F)=1 for 0 < F < 0.21, 0 0.2:10 :24:0.27
W(F)=0.5for0.27 < F<0.5, '
A=0.001

(Step 1) Since N=7, k=(N-1)/2=3, k2 =35,
— Choose 5 extreme frequencies
(e.g.,Fy=0,F=02,F,=03,F;,=04, F,=0.5)

0.5



()W

meo "0 mfo;(znf:-;-“) n3 WR) 72
(Step 2) 1 1 1 121 | s[0] 1
w1 0309 -0.809 -0.809 : -1 1| s[1] 1
1 -0.309 -0.809 0.809 | 2 ||s[2]|=|0
1 -0.809 0.309 0.309 : =2 || s[3] 0
m=4 1 —1 1 -1 2] e ]| [0

— 5[0] = 0.5486, s[1]=0.7215, s[2]=0.0284, s[3]=-0.2472, e=-0.0514

1Nt

0.6 -

0.4

0.2 -

O_

0.2 | | | 1 | 1 |
0 0.05 0.1 0.15 02! 025 1 03 0.35 0.4 0.45 05



After Step 2,

(Step 3) err(F) =[0.5486+0.7215cos(27 F)+0.0284cos (47 F)
—0.2472cos(67 F)—H ,(F )W (F)

(Step 4) extreme points: 0.1217, 0.21, 0.27, 0.3698, 0.5.

(Step 5) £, = Max[|err(F)|] = 0.2341, return to Step 2.

[teration 1 2 3 4 5 6
Max|[|err(F)|]] 0.2341 0.3848 0.1685 0.1496 0.1493 0.1493
E ) (Eb

It hae $o be con Yinved
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6
After /7 times of iteration

1.5 T ‘ I I
o |
1 — ] N
IS
05" | | R(F) |
s
/ H (F)
1 s e
e —
| | o
0.5} \ \ \ L \ \ \ \ \ i
0 0.05 0.1 0.15 0.2| 025 03 0.35 0.4 0.45 0.5

s[0] = 0.4243, s[1]=0.7559, s[2]=-0.0676, s[3]=-0.2619, e=0.1493

(Step 6):
h[3]=0.4243, h[2]=h[4]=s[1]/2 =0.3780,
h[1]=h[5]=s[2]/2=-0.0338,
h[0] = h[6] =s[3]/2=-0.1309, h[n]=0forn<0Oandn>6
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4% = : Spectrum Analysis for Sampled Signals

(8 7 5 el m/"i‘ggmltkﬁﬁb )
¢ 4 x[n] .4 — % continuous signal y(7) P~tk m ¥

x[n] = y(nA)

=

DFT: X[m]: _x[n]e—jZEnm/N FT: Y( ):j e—janty(t)dt

S ——
n

Il
.
"
>
o

'-‘-.

____________________________________________________________________________________________________________________

(Very important)
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- /s _ 2020000
(1) X[m]At ~ Y(mﬁ) f.=1/A, for m < N/2 £>2B- 400°§
(2) X[m]At;Y((m—N)%sz(m%—fs for m > N/2
. £ —_— :&
+= m: £=% £=s
g 2’ m=M

MO

FT frequency @ fs/2 fs
(1) (2)
DFT m: 0 N/2 N

If the sampling frequency is £, the FT output has the period of /,
Ew {‘} 240000 NZ200,000

“ £:262 m=7
m*Z(,),/ m=13|9

The DFT output has the period of N
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Proof - Y(f):J’OO e 7y (¢)dt

—00

* t=nA, f=mAf ADN
Y(mAf) ~ Ze—jZﬁmAanty(nAt)At :Atze—jZﬂmAantx[n]

r AA, =L I
B ie., Af_NA =2

j 0000 O
( j AZe Nx[n Ec3: f<=4 N+= 600,00
16 f=500Hz , m=72

= ADFT )
Ex2: f 40000 ,N: Zooooo{ Ll ® If wm=6000, £ 7 Hsz

X ('°°°°> covvespw(,c +o

200000 Hz?

X UG 0,000) (ovw.«,ponds —fo
£-7 |coooox4°°°° =32000

32_000 4.0000 © - §00Q (Hz)




Example : & &
y(@) = 2t)> for0<t< 1 y(t) = (4—21)?

IR D A =01
x[n]=y(nA)for0<n< 20 N=2I

dofe * DFT & & rxend ) p(f) g 3% 9

for1 <r< 2
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x[n] = y(n

A)for0<n< 20

4

3F

=
=11

N-1
(Step 1) Perform the DFT for x[n] X[m]=> x[n]e>™"  N=21

" D, |, = N-|
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(Step 2-1) Y(mij ~ X
N

(Step 2-2) Y((m YA

N

In this example,

t for m < N/2

j;X[m]At for m > N/2

fo 1 1

N~ NA, ~21-0.1

=0.4762
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