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Chapter 1 Introduction to Differential Equations

[£%wonalsdrz /
1.1 Definitions and Terminology (#3%)

(1)Differential Equation (DE): any equation containing derivation
(text page 3, definition 1.1)

(2)
dy(x) _1 x: independent variable p % #c
dx y(x): dependent variable J& % ¥«
d’ f (x)

jxsin(t)f(x—t)dH =~ = cos(x)
0 dx



 Note: In the text book, f(x) is often simplified as f

» notations of differentiation

a d*f df d'f

dx , dx*, dx>, dx* , ...

VAN A
fof

fx 2 fxx b fxxx ° fxxxx 9 s e e

Leibniz notation

prime notation
dot notation

subscript notation
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(3) Ordinary Differential Equation (ODE):

differentiation with respect to one independent variable

3 2
dl;l+dzl+du+cos(6x)u20 dx+dy+dZ:2xy+z
dx> dx° dx vl dt dt dt
37 order PE 151 oder PG
{6 157

(4) Partial Differential Equation (PDE):

differentiation with respect to two or more independent variables

82u+82u20 Ox 0y
ox* oy’ nd ot or
\ / 2 o\rAeV - -

Ai{fer ent 15€ o dev



(5) Order of a Differentiation Equation: the order of the highest
derivative in the equation

7 6 5 4
Z?+22Z+ZZ—?+4Z?:O 7t order
X X X X
2
flJz’+4Z_J’_5y:ex 2nd order
X X

11
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(6) Linear Differentiation Equation:
dn dn -1 d
a,(x)° T ra,, ()" Tra () ay (x)y=g(x)

dy d"'y d"y

(1) For y, only the terms Y, dx’ g g appear.
(1) All of the coefficient terms a,(x) m = 1, 2, ..., n are independent of y.
Property of linear differentiation equations:
dny dn—ly dy
If a Lt+a Lpvvitra (x) L +a =g (x
. (X )dx e )dxn—l (x )dx o( )y =g (x)

n n—l1
0,(0)% 24, (1) y2+---+al<x>%+ao<x>yz=g2(x>

k2ol . by, (s
and y; = by, + cy,, then ’ ““‘“)g;ys “""’&‘T( )ty \
. *bonb) 4y, + C a0 2%
d y3 dy3 d
T +a( )dx+a( ) bgl( )""ng( )

an(x)d Btva L(x)
dx"
(if y(x) 1s treated as the input and g(x) is the output)

dx”
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(7) Non-Linear Differentiation Equation

d’y dy

(y+3)=2+Z42y=x  hot [tmear (1) is net satisfral
_ ax X
dzy dy = >

dX2 +dx -I-‘)—/’ =¢e" n0+ l?ﬂ?our (t) T "O{ sa"hS'P('eo‘

Dl oy — not |?meow (c> ¢ not satistred



[Example 1.1.2] Linear and Nonlinear ODEs

(a) The equations 47{% +y~A=0

ds{ +xd—y—5y:ex

dx dx [ineayr

are, in turn, /inear first-, second-, and third-order ordinary
differential equations. We have just demonstrated that the first
equation is linear in the variable y by writing it in the alternative
form 4xy’ +y = x.

(yv—x)dx+4xdy =0, y"-2y+y =0, x>
[inear linear

(b) The equations
nonlinear term: nonlinear term: nonlinear term:
coefficient depends on y nonlinear function of y power not 1
. d’ d*
(l—ly)y'+2y:e, );+smy=0, and i/+y2=O
. X |4 dx
nonlinear honlinear non | Theev

are examples of nonlinear first-, second-, and fourth-order ordinary
differential equations, respectively.
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(8) Explicit Solution (text page 8)

The solution 1s expressed ag y¥= @(x)

(9) Implicit Solution (text page 8)

el A%
2. _ X2
Example: dL:—x , = Y 5 t¢
dx /
Solution: % +y'=c (implicit solution)
c—x>/2
or (exphclt solution)

y=—C— x*/2 Y: .

15
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1.2 Initial Value Problem (IVP)

A differentiation equation always has more than one solution.

dy -
Y -x+¢ ( s any (onstant

y=x, y=xt+1,y=x+2 ... are all the solutions of the above
differentiation equation.

General form of the solution: y = x+ ¢, where ¢ 1s any constant.

The initial value (& % % x = 0) is helpful for obtain the unique solution.
y:/x.(.(’ 7(30,)':2 A~ )\ 2: O+C

d
& y=xt2 c:2

dx
@ =1 and y(2) =3.5
dx

=1 and y(0)=2

v

v

— y=x+1.5

3521t =%
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The k™ order linear differential equation usually requires k independent
initial conditions (or k& independent boundary conditions) to obtain the

unique solugion > uhkhowhg noed AL 2 (ov\s‘hfa‘m{ <
d’y
d—_l k wnkhowns need a+ 'PAS(-: [& tonstra inds
btc=1.5 solution: y=x%2+bx +c,
- b:z-0.5,Cc=2
_|+L+ 2btc = ) /b d b tant
23 ( 322 12b4¢ A a,§1 C can be¢ any constan

o s e

2
p(1)=2 and y2)=3  '(bofindary conditions * % F Bk L) (1)
1(0)=1 and »'(0) =5 (@tlal conditions » = 4p F B) (1)

¥(0)=1 and y'(3) =2 (boundary conditions » 7 [ Bk)

from y(o): : C _ X2
RN y: X4 5%+ )
Y'(0) =5 A+b 5:b
For the &t order dlflferentlal equation, the initial conditions can be 0t ~
(k—1)™ derivatives at some points.
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1.3 Differential Equations as Mathematical

Model differentiation

s amount o{: vay totion
Physical meaning of differentiation: withtn o pnt¢ of ndependant

o o ~ vavTable
the variation at certain time or certain place

[Example 1]: v(t)zd);(tt), a(t):d‘;(tt):d;gt)

F-pv=ma =——) F_ ﬂdx(t)_ dzx(f) Z"A oroler DE
dt’ lineav 24 ordle

PE

x(?): location, v(¢): velocity, a(?): acceleration
F: force, p: coefficient of friction, m: mass
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[Example 2]: A T S F PF R @ 3 Se i d [°C oider |inesy DE

A: ulation
dA(t) :kA(f) pOp
_at R Rk R A
gl)= k k(A)-:_A—
Sqmm\,\c Cec 2-3
Sec 2-2 A'k A-O y
O < ledt ef-::o\{':F
\MlA\ zkt+c, (e'"tA) : 0
IA| = ek-bem e""‘/s. C
A: C ek{ At ¢ eK‘L‘

(C=4 e(')



15t ordlev linesw PE 20
[Example 3]: B-REEEFFEET ¢ 4 3
J ‘ Ev: T(0) =100 Tm 330
—T:k(T_Tm) T: %%F#’}(/E}i, T(]):eo)-{-hen
di 2O T.mupwn )40, T6)30,Tlk)25

Ce 2-2 t PER

AT . }d¢ Sec 23

\TTM e ¢ T'-kT:-kTm
T-Twm|= K / ' ~lc

| T-Tw) ef-kd‘l: ! t

T=Tm = 1 et (T €4) '+ kT, ™

T= cekt4T . _
T Te“t. Tme)‘t+c

T-= Tim "’Cek-&'
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[f()de e Bl j%df:mmw
PO~ 10y 40)=[ () ve
_______ Co
Example: dA(1) 1 A(t)=1Inlt|+c

dt A

dA(t) 1 1 I Y.
P —t2+4:A(t)_jt2+4dt+c_? 1 tau T +c

Problems

(1) % % 5.5 #8913 dependent variable (4r pages 19, 20 i+ )

(2) % order of DE + ** | (4 page 18 |3 )



Review

 dependent variable and independent variable
* DE

* PDE and ODE

* Order of DE

e linear DE and nonlinear DE

« explicit solution and implicit solution

e initial value; boundary value

*[VP

22
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Chapter 2 First Order Differential Equation

2-1 Solution Curves without a Solution

Bl A81%

Instead of using analytic methods, the DE can be solved by graphs (8] f#)

slopes and the field directions: % = f(x,»)

. X
t y-axis

./ the slope is f(x,, y,)

e
he

(X0, ¥o) /i‘l ¥

»

" x-axis




p (9,2 4
@(7(‘/) 2) 027‘);:_0

Exampl 1 dyldx = 0.2xy (#¥):(0.2) Wi':f 7‘0 0.

1 . —
Sc?;gv:“'\ y i YO=2 " youu be S
sy W\ v v A7 7T P Y“’")’%‘W""O‘e
K Y(9)
1 ) pY .}2‘37‘!;012,)@(7{,7) (0., 2)
3RV N\Y ¢lope = 0.2x04x2:0.04-
2By VY OV N 0 (01?-0047-' Al When #=0.2
1IN N N S S Db 2 A A Y(0-2): 1%-’0 1X0.04-32, 004
S>> —H X  )IOW) slope
A 2 2 2B S SN \r®'(7‘/)’) 2(0:2, 2004
oL - | Slope =0.2X0.0x 2:004
/A ORI MY
- ™ N \ \I & \! LD‘S) 2004--,.0 ‘XO o&né
AT T2 A2 DN N V)N 22.p1201¢
SHEA T 2 2 5NNy ) VESES
-5 -4 -3 -2 -1 I 2 4 5

From : Fig. 2-1-3(a) in “Differential Equations-with Boundary-Value
Problem”, 9t ed., Dennis G. Zill and Michael R. Cullen.



Example 2

dy/dx = sin(y),
Y

y(0) =-3/2

LN N NN N NN NN
N NYNYYNYNYYY
SN N NN N NN N NN

SIS
| AAAAAAAAAAA

AAAAAAAAAA
| AAAAAA2AAAA
AAAAADAAAAA
| ADA AR DA A7
AAAAAAAAAA

— N W B

TN YNV Y YYNY
NSNS NN NN
N N
NN N NN NNNNYNN

I N T B B
AAAAA 22222

AV A2A2A2A 222227
AAAAAA AN
d—zﬁazaﬂqzqz

NN NN N NN NN
MYYNYMYYYVWNY

NN NN NN Y NN N
SUIIVIIIIISS
AAaar3a33222]

AAAAAAAAAA
AAAAAAAAA A
AADADA DA A7
AADAPA DA AN
AAAAAAAAAA

NN NN NN
MY YWYV YNYNY
NNNNNNNNNN
NN N NNNNNNA
NN N NN NNNY
" - T T B
AAAAAAAAAA
AAAAD2A2AA A7
AAAAAAAA2A7
AAAAAAAAA A

5 4 -3 2 -1

1 2 3 45

25

From : Fig. 2-1-4 in “Differential Equations-with Boundary-Value Problem”,

oth ed., Dennis G. Zill and Michael

R. Cullen.

With initial conditions, one curve can be obtained



Advantage:

It can solve some 1%t order DEs that cannot be solved by
mathematics.

Disadvantage:
It can only be used for the case of the 1st order DE.

It requires a lot of time

26



Section 2-6 A Numerical Method
% 16 % it

* Another way to solve the DE without analytic methods

* independent variable x

* Find the solution of

Since dyd(x) = 1(
x

)C,_)/)

sampling(P~ #)

dy(x)
dx

approximation

»
»

> Xoo X15 X5 -

lcm 7(h *‘Xh

= f(x,y) dx 7‘»4‘7""

(%) =¥ (%,) = f(x,,9(x,))

X X

n+l n

.\

27



recavsive

Wlx)_ £ (%) Y(x,0) =p(x,)+ (%, 0(x,)) (%, —x,)

dx

If y(xq) is known Samphug peints (Ao, A1, X, X3

no y(x)=y(x )+ f(xy(x))(x —x,)

N2 y(x3):y(x2)+f(xzaY(x2))(x3 _xz)

28

L]
- o w =



dy(x) 29

=T () y(%,0)=(x,)+ f (%, 0()) (%, —x,)
Example:
.« dy(x)/dx = 0.2xy () = P5,) + 0.2, 10, V(0 ).
* dyldx = sin(x) (X,0) = Y(x,) +sin(x,)*(x, ) —x,,).
/(#) = =tesx+C Y (%):=cosX

i€ yo)=-|, ~l=-l+¢, ¢=0
s P & dyldx=sin(x), y(0)=-1,
(a) x,; —, = 0.01, (b) X,y —x, = 0.1,
(c)x, . —x,=1, (d)x,., —x,=0.1, dy/dx = 10sin(10x) 25|+
if o) -l , Y(7 )=z - (OSUDX)
Constraint for obtaining accurate results:
(1) small sampling interval (2) small variation of f(x, y)



Blue line: analytic solution; pink line: numerical solution
(95 %
()" 7 (b)?

0.5 : 0.5

0 : 0
-0.5 : -0.5

-1 1 -1

1 H
0.5 ] ]
H‘\H\‘\“ “\‘\‘\\‘\\‘“‘\H‘\M\\“
\“‘HHH‘H‘\“““\\“\“‘H““‘\\H“‘\
O T
| ‘\‘H\\“‘\“‘\‘\\\C\‘H‘H“‘\
o5 4D
| BT T
| FIARARARERR N ’
@ . Q0
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Advantages
-- It can solve some st order DEs that cannot be solved by mathematics.

-- can be used for solving a complicated DE (not constrained for the 1%
order case)

-- suitable for computer simulation

Disadvantages

-- numerical error (#ciE > 2 FALF L G FwIF )



*+4%— Table of Integration ,fgg

1/x Injx| + ¢
cos(x) sin(x) + ¢
sin(x) —cos(x) + ¢
tan(x) —In|cos(x)| + ¢
cot(x) In|sin(x)| + ¢
a* a/In(a) + ¢

2 Jlraz étan‘1§+c

sin"' (x/a)+c

cos '(x/a)+c

eax( lj
xX——|+c
a a

X2 eax

e‘”(z 2x 2}
X ——+— |+cC

2
a a a

32



Exercises for Practicing

(not homework, but are encouraged to practice)
1-1: 1,13,19, 23,37

1-2: 3,13,21, 33

1-3: 2,7,28

2-1: 1,13,25,33

2-6: 1,3



*t4%= Methods of Solving the First Order Differential Equation

34

graphic method See¢ 24
numerical method $€c2-§

analytic methods—

series solution Chap 6

matrix solution Chap 8

transform methods —

direct integral ( caleulus)

separable variable Sec2-2

method for linear equation Sec2+3
method for exact equation Se¢ 2-4
homogeneous equation method

Sec 25

Bernoulli’s equation method

method for Ax + By + ¢

Laplace transform Chap']

Fourier series Cl,.q? N

Fourier transform Chay |4..



35

Direct Integral

It 1s the simplest method for solving the 15 order DE:
constraint 3 Y(#) canngt appear ti both stoles-

dy(x)/dx = f(x)

= F(x) 4:@ where dl; ch) - £(x)




Something about Calculating the Integral
(1) Integration s Z_%; : J-: f(t)dt
I jx cos(?)dt =sinx+c

(2) & = integration 2_ {& % & X 7 4v constant ¢
G | f@di=g(x)+c

then %g(x) = f(x)

j f(at)dt = ég(ax) +¢
Xo
c, 1s also some constant

%g(ax) =a f(ax)

36
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2-2 Separable Variables

2-2-1 & % chrd g g i

18t order DE #— 457 Ak dy(x)/dx = f(x, y)

[Definition 2.2.1] (text page 47)
If dy(x)/dx = f(x, y) and f(x, y) can be separate as

Int
fiv) =g e 17" et

1.e., dy(x)/dx = g(x)h(y)

then the 1t order DE is separable (or have separable variable).




- 2
+

7
e
=3

dy
dx
dy
dx

- dy(x)/dx = g(x)h(y)

gx) =cosxe?  hly) = &7

= cos(x)e*™ sepamHe Sec 2-2.

“~=Xx+y  not sepnm'o’e Sec- 2-3

bt [thear

38
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If

Step 1

dy

X

=g()h(y)| ,

dy

l

m = g(x)dx

W

ol

then

/o B 5% B
| Z ply)dy = Sgt0dx
p(y)dy = g(x)dx

where

4 /”ﬂxﬁa;ﬁg/ﬁ

Step 2 jp(y)dy = jg(x)dx B w4 A

Lo

P(y)+c =G(x)+c,

l

P(y)=G(x)+c

where

Extra Step: (a) Initial conditions #4

p(y)=

1/h(y)

dP(y)

dy

=p(y)

dG(x)
dx

= g(x)

(b) Check the _;n.glﬂ.aLS.Qlumn. (i.e. the(c’ornstant solution)>

©

T H




Extra Step (b) Check the singular solution (% #cf#):

?s
Suppose that y 1s a constant
d
= g(0h(y)
X

|

0=g(h(r) o any A

h(r)=0

l

solution for r

l

See whether the solution 1s a special case of the general solution.

40



2-2-3 Examples

(1+x)dy—ydx=0

dy .
> g2y Extra Step (b)

l

\ dy y  check the singular

Step 1 dy  dx dx 1+x solution
- =L :
)1 1+fc \ ?(1) H-X»My) 4 sety—r,
Inltyl & Ca =ln|\ x|+ 5
Step2 ln‘y‘zln‘1+x‘+cl C\I Cg“C:, O—I"/(l‘l'X)
M= e —yf= et 14 y=0
/ (a special case of the
y == |1+x|=+e (1+x) general solution)
=0
y=c(l+x)

c=te"
L RY g

41



Example 3R ¥ | F 37

EAfREfrLe s pFEAE - =

(EPfrf2i3g s B odeor % QL)

Practice more and Learn better.

(59 R= )

42
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[Example 2] (with initial condition and implicit solution, text page 49)

dy  x 03+ -;’{\ Zox4, Yo=-3
az—; ) J/(4):—3 25'5 :?x /'-bqf_"el'ls aveq‘cowf‘/yl;ou_s
Xo= o=
| m\Extra tep (b) (.4 ‘(‘ZS'OP('ﬁ) Y ooge 48>
Step 1 ydy = —xdx M7937 check the singular solution
)Y
Stepz y2/2:—x2/2—|—c Or-Z_
Yz x4 Extra Step (a) r "
Y4):-3 ('3)1'5 ‘4}-+C% 45=-8+c, ¢=12.5 (ho selutlon)

x* +y* =25 (implicit solution)

A RIGE Y=-3
* y=+25—x ivalid
3

y=—+25-x% valid

(explicit solution)




[Example 3] (with singular solution, text page 49) 44

d_i: — y2 —4 hiy) - 7’3-4- Extra Step (b)
l MI\ check the singular solution_
d R N d
Step 1~ i %-’4' (y=2) (y+2) d—y=y2 -4 #S
y l _ + B X
yx tyra sety=r,
lﬂ_ld_y:dx A(Y4) t B(y-2)z| 0=2_4
qenn P2 Y2 A1B:0, 2A-28* | :
_ *x, B:-2Z
Zln‘y—Z‘—Zln‘y+2‘—x+cl 4, 4 y==42
In|2 === 4x +4c, (y =|: €Mt
y+2 l
y—=2 Ax+4 4 1+ ce*™ ’
— X+ 6] — X Ce
yra e T YT ] O =2
4c —

When C:0, 7’:1
y-2s Ce‘”‘()""”\ C—-740/7:-7.



Sin2x
casx 45

. (X)=
[Example 4] (text page 50) oa'; -9 hly) g0

Wiy . oY o
Scparabl e »-e e
(ezy —y)cosx% = e’ sin2x y(0)=0 ey-y “"‘777) cY

l \13)@f&1 Step (b)

y -y — sin 2x — ; Ssetv=r

Step 1 (e ye )dy cos < dx = 2sin xdx Y

J Note: sin2x =2sin xcos x 0=¢" sin2x

- T no solution for

Step2 e’ +(y+1)e” =-2cosx+c /..7 9'7017 = (ay+h) ™
Note: i V=_—ye
ote dy(ay+b)e ye

Extra Step (a)
from y(()) -0 (—ay+a—-b)e” =—ye™”
a=b=1
2=-2+c

e’ +ye” +e?=4-2cosx| (implicit solution)
— N ———




4
Example 1n the top of text page 51 LGy AY 2 %20, y,:0%

!
Q—x 1/2 0) =0 %’; :-}':7{>Ia. e not contimuoug
a’x_ Y, W )\ ( ta-( 7[:;0) Yo=0O
not <atistr
l Extra Step (b) AT Paae‘t&)

-l
Step1 Y z2dy=xdx
Check the singular solution n

L ¥ 5
Step 2 2)"5:7_:3_'4.(, g-.?ﬂ"k
Y":l. :%"__._ C C-.‘%f =0
V(R4 =L laacy  y:0 satisfes y(9=0

(0):Q
Extra Step (a) gt‘: ,_f C:0

- %4
! 1
Solution: )’:%xél or |y

I
S




sfiite number of sofutions

Aot 2R - ARy L P R —-(7{)')9")
@_ 172 B )
dx_xy ) y(O)—O /

0 a
solutions: (1) y= 16x 2) y=0
SRS
16(x b) for x<b h<0<g
(3) y=+<0 forb<x<a

2 2\2
_X—a) forx>a



48
2-2-4 IVP 8.2 % vie— 29

LG

dy
d_:f(x’y) y(%) =¥,
x
i B PR G rE— f2cnif i ¢ (Theorem 1.2.1, text page 17)
(M (‘8
iod fix, ), 6—f(x’y) X=Xy, V=), e > & continuous
— y
ple 233 - B A @ F IVP ixyh<x<x,theh%m E g *
§ v

A

J. Ratzkin, Existence and Uniqueness of Solutions to First Order
Ordinary Differential Equations, 2007.

The Existence and Uniqueness Theorem for First-Order Differential
Equations, www.math.uiuc.edu/~tyson/existence.pdf
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2-2-5 Solutions Defined by Integral

M) L1 o (1)dr=g(x)

dx ¥ %o
(2) If
dyldx = g(x) and  y(x) =y,
h o
then </7 - Y(Ae): Yot f'xo 3[-&)0‘1'
yix)=y,+| glt)dt _ iy
R U e

¥f 4zt B 4 4 (integral, antiderivative) £ function »

# - 1T 4_nonelementary function

2

—-X . o)
4o e, sinx

$ P+ solution 7 11 % & y(x) =y, +_[x g(t)dr 3§
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[Example 5] (text page 51)

dy _p
= 3)=5
dx © y()

0o > o _—f
Solution y(x)=5+j3 e dt < 04 fs e‘t At -fx e dt

2 ¥ 14 4 77 = complementary error function

y(x)=5 +@(erfc(3) —erfc(x))



e crror function (useful in probability)
erf (x e dt
)= =)
e complementary error function

erfc(x) = e dt = 1—erf(x)

ﬂ

* th» R xR S

See text page 60 in Section 2.3

51



2-2-6 A H & F i S

AT EFRSBER DN o A

(2) B2 7 4 c

52



= McA AR A

http://integrals.wolfram.com/index.jsp

ﬁ?] N2 ,T};,? 1H PIAE A %

B o

(a) L T 1ntegrals wolfram.com/index.jsp 3% i & =

~

b) ft e ¢ i A HH S blde

Wolfram Mathematica
ONLINE INTEGRATOR

s The world's only full-power integration solver

HOW TO ENTER INPUT | RANDOM EXAMPLE

f<l::n5{ax}+l:: )

Compute Online Wit

UG

Aa

matica

:.::fx

53



(c) # ¥ #% “Compute Online with Mathematica” 54

2 =7 55 N 22
T}up " E :'iﬁé i 5

Wolfram Mathematica
ONLINE INTEGRATOR

The world's only ful--power integration solver

;JE%‘ HOW TO ENTER INPUT | RANDOM EXAMPLE

cus{ax}+b dx

Traditional Form | Input Form | Cutput Form

=

4k
#<

fh +coslax)dx=

sin{a x)

bx+

i

L i

Time to compute: < 0,01 secona



(d) F BF > $30 - G e N > T 2R

J
-
-
(i
i
%E
(7
e
5
|
W
O

g DA B iR

Wolfram Mathematica
ONLINE INTEGRATOR

The world’s only full-power integration solver

HOW TO ENTER INPUT | RANDOM EXAMPLE
I‘|exp{—a*x*‘~2} dx

ompute Online With- Mathematica

Traditional Form | Input Form | Qutput Form
ra i

‘an:-"""'2 dzx=

v'?ﬂrf[vg.r)
2vVa

e : /
i 5

Time to compute: = 0,01 second

erf(x): Erf[x]: error function [properties]




His 5 * chiext

http://mathworld.wolfram.com/
i s > A2 e B e L3R E 4 ey Lt
http://www.sosmath.com/tables/tables.html
B % #H ;' v mathematical table (7 33> jic A > #2)
http://www.seminaire-sherbrooke.qc.ca/math/Pierre/Tables.pdf

R % #ic® ;% v mathematical table » ¢ 3% convolution, Fourier
transform, Laplace transform, Z transform

=

$ ’ Maple Mathematica, Matlab, Python & 7 ficff 4+ % %
_,l
97 ¥

\EN' >~3

56



Python #&c#% 4+ % 34

from sympy import *
x = symbols('x")

integrate(1/(4+x**2), x) # Find the integral of 44 52

diff(cos(x**3), x) # Find the differentiation of cos(x?)

integrate(1/(x**2), (x, 1,2)) #Find [ Lax
X

57



2-3 Linear Equations
“friendly” form of DEs

2-3-1 = j& chig ¥ % 12

[Definition 2.3.1] The first-order DE i1s a linear equation if 1t has
the following form:

dy

@ (%) +@(¥)y=2)\ 1p 4l 1545 &,

£ 9(x)0
g(x) = 0: homogeneous S~ 4,37,,, I¥ 9

Ay . -a.ly)
g(x) # 0: nonhomogeneous e Al 7
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W,
Standard form: dy +P(x)y=f(x) Pix) = %Z‘x})
RAPLH f’&m; o NS
dy _ o dy a(x)  glx A% )
a, (X)£+a0 (x)y=g(x) o n o (x) y o o)

F5 R ARRGIEA > ¥ T 144 7 & linear first order DE



2-3-2 f2ik i
%+P(x)y=f(x)
N o
ENLE S T2
D (x)y.=0 dyp(x)+P(X)yp(X>=f(x)

Find the{ general solution y .(x) Find ény?solution A

(homogeneous solutlon) (particular solution)
complemeyrtor V/XHM /
Solution of the DE

y(x)=y.(x)+,(x)

60
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*y.ty,1s asolution of the linear first order DE, since

d(yc+yp)+P(x)

o (v.+y,)
d d
:( dJ;; +P(x)ycj+(%+P(x)yp]

=O+f(x):f(x)

e All solutions of the linear first order DE should have the form y. +y, .

S s

Its proof is as follows. If y 1s a solution of the DE, then

Y ()= B Py, |- (-1 ()0

X
d(y—yp)+P(x)(y_yp):O
X

Thus, y — y, should be the solution of Zyc +P(x)y,=0
X

y should have the formof y =y + v,



Solving the homogeneous solution y (x) (& ¥ 38— )

dy,

=0
dx I(x)yc
l separable variable
ay. _ —P(x)dx
T
In —P(x)dx+c¢,
)
-ﬂ ' )2' [ Pix d)‘e (
- 4 G _[-PnAvy
_IP(x)dx YC - e e
Yy, =ce
—jP(x)dx

62



Solving the particular solution y (x) (= F &=

dy ,(x)
dx

+P(x)yp(x) = f(x)

)

wul#) e to be So’VCJ
Set y,(x) = u(x) y,(x) (iRl particular solution f= homogeneous

solution 7 #g it e1hf %)

u(x) y clz’)(CX)

N

du(x)

X

N (x)

equal to zero

/()

du(x) _

N (x) Jx

duln= (¥) Jy ignore ‘+c’

) P01 p )y |- f (o

S(.nce y‘ TS ohe D'P "(T'AC
hoheacueous So’br("low

+y1(x)%+P(x)”(x)yl(x):f(x)

)

du(x) _ f(x) )

dx 7 (x)

y,(0) = 3|

f(x) dx
N (x)

— u(x) = j%dx—»




)/':e"SPIW)oIK Yo YJ.E—((}’)-O'?(

Y CY,

l

Y. =ce

P(x)dx yp (.X) — e_,[P(x)dxJ’[ejP(x)dxf(x)]dx

NS

solution of the linear 15t order DE:

y(x) _ Ce—jp(x)dx N e—jp(x)dxj[ejp(x)dxf(x)]dx

ejP(x)dx

where c 1s any constant

: : |
P(x)dx - - —
ej : integrating factor 7

.

IP(x)dx

y(x)=c+j[e f(x)]dx

dx

d [ejp(x)dxy} IECTI

64



2-3-3 fzi2 iy 65
pag € 59, =)

(Step 1) Obtain the standard form and find P(x) ( (oD "
20
(Step 2) Calculate ef P(x)dx e‘ P Y 't p0 e P ) ef i)

= 7
(Step 3a) The standard form of the lin/élr 15t order DE can be rewritten as:

d |: J.P(x)dx :| J.P(x)dx
AT lreose T ot
dx remember it ‘&’%’

(Step 3b) Integrate both sides of the above equation
ejp(x)dxy _ jejP(X)dxf(x)dx+ c.
)= ejP(x)de‘eIP(x)dxf(x)dx N Ce—jp(x)dx . ‘»ﬁ ‘ﬁz

or remember it, skip Step 3a

(Extra Step) (a) Initial value

(c) Check the Singul‘eg‘-Point N 5 (X A g‘maukv Sdu‘(‘?aj
%9
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(g raly=sl) Gy ()
‘7:. u-. .r: %"'

Singular points: the locations where a,(x) =0 # f
1.e., P(x) > too

More generally, even if a,(x) # 0 but P(x) — Zoo or f{x) — *oo, then
the location 1s also treated as a singular point.

(a) Sometimes, the solution may not be defined on the interval
including the singular points. (such as Example 4)

(b) Sometimes the solution can be defined at the singular points,
such as Example 3
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More generally, even if a,(x) # 0 but P(x) — o or f(x) — oo, then the
location is also treated as a singular point.

Exercise 33

DD sy =tn|x
dx
g‘mgulav Yo‘m-('s . (-‘) O)
Since 'hO - =090
solution tterverls
A€ (0,00) or (2,9) o\ (-20,4)



2-3-4 G|+ 68

[Example 2] (text page 57)

dx !
Step1 P(x)=-3 \ Extra Step (¢)
check the singular point

Le At Y s

J —3x+c @ it —3x? ¢4 .
~3x “3x d (- - wf
Step 3 —63)/}:663 5'7(921%7? =6¢€ ad

BV ¥ o BeuE Step3 o B EN

jP(x)dx J~ j P(x)dx j P(x)dx

dx+ce




[Example 3] (text page 58) 69

dy 6 _x
x——-4y=x’e
dx | g \
¥ l gtandord Extra Step (¢)
SteIz) 1 dy 47 — 8 ¢, P(x)=- 4 check the singular point
dx X . x=0 since Plo)=> -0

Step 2 eI Peode_ 4l _ | x\_4

SR >0 by, JIOw B x <0
“’l")dx_ (‘.7)‘4
| page 65(1) e = “
dr 4.7« note fA):=%%¥ 2 AH(A)
Step 3 g[x y]—xe ) c c x4

Step4  x7'y=(x—1)e" +c

y=(x"-x"e" +cx’

#: (0 Cow, gy both o uet Tncluele 20
e [fl: (0, 0 00,0 ‘
x g fl: (0,00) Jov A & z;]-rg N (0, 00) and (-%,0)




[Example 4] (text page 58) 70

ldx \ Extra Step (c)

' check the singular point
Step 7Yy X =0 A= 43
dx x" -9 ) \ -
P(x)= " 1—29,,,, = w960
57(:.4,0'1( h\7>"q\

|x*=9|-y=c /
c defined for x € (-0, —3), (-3, 3), or (3, ©)

|x* =9 not includes the points of x = -3, 3




[Example 6] (text, page 59) 71

ot Dav=r(0) s0)=0 f(x)={j;,

\ .
9'{??2 eIP(X)dx = exl \ 6 , ‘I ,

check the singular point

Step3 —(e y)=e'f(x
s
Case | (ase
0<x< 1( ;ﬁ
—(e y)=e —(e y)=0 -
dx l l C&§e | ¢ Y(X) ‘_e x -1
o ) yi)=|—-€
eyzel + ¢, e)’lzcz (ase 2 pA Cz -e"x,)’(‘) (ae
‘o“" = =C -
cons y= 1+01€ - (% y=ce I~eTr e, Gren
Y0)=0" o31tc, £ K y(x) fox=1 s 2
from 1n1t1a1 condition Y ONNUOUS n —
; S K-

y=(e—-1e"

¢tale : O transcicnt (e -1) e"’



2-3-5 & E\‘?"fr TR

Za N ‘éa -]
(1) transient term, stable term

Example 5 (text page 59) 1§22 y=x—1+5¢"
5S¢ :transient term ¥ x {% = A

x —1: stable term

10

8 L
6 ,,////
4| e
, V
x—1

O L
-2 |

0 2 4 6 8 10

X-axis




(2) piecewise continuous

A function g(x) 1s piecewise continuous in the region of [x,, x,] 1f
g(x) exists for any x € [x,, x,].

In Example 6, f(x) 1s piecewise continuous in the region of [0, 1)

or (1, o) Ri2 B g 4

(4) error function

erf (x

2 ex
):ﬁjoe dt

complementary error function

erfe(x) = % [“edr=1-erf(x)
7z- X

73



(5) sine integral function

Si(x)= [ 20 g

0 ¢

Fresnel integral function

S(x)= | sin(me* /2)ds

(©) L P(x)y=1(x)

X

fx) ¥ A F 1T input 2 driving function

Solution y(x) # 4% f- (¥ output

£\ response

74
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2-3-6 /| FH I3
When % is not easy to calculate:
X
Try to calculate dx
dy ﬁ']
Example: Z’y — l - (not linear, not separable)
X X+
| g 37 X xzy* POD=-]
{-d =)
@=x+y2 (linear) for K e_y /=€ -y
dy (e”#)'=y%
l e % = (ay¥byydye”

<
x=—y"—=2y—2+ce’ (implicit solution) 9_{ = (- 7 ")-7"7—)@7



2-3-7 A5 B3R chp 3

(1) & L #-linear 1t order DE % = standard form

(2) w| % 7 singular point

76

;2 & * singular point = Section 2-2 # 3| £77 singular solution % ¢

(3) o3 = 5t

% [ejpmdxy} IECTI

)= e—jp(x)dxjejp(x)dxf(x)dx N Ce—jp(x)dx

(4) 3-8 i > ejP(x)dx G BIE T L v



. s 2
S dey iz o EAPE?

>

)
-

B ' % realize + remember it

realize 1t

P ¥ ¢ remember it

read 1t without realization and remembrance

BT X . rest ZiiZo T,
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Chapter 3®With First-Order

Differﬁntial Equations
B AL

(1) Convert a question into a 1% order DE.
BB A B

(2) Many of the DEs can be solved by
Separable variable method  or
Linear equation method

(with integration table remembrance)



3-1 Linear Models

Growth and Decay (Examples 1~3)
Change the Temperature (Example 4)
Mixtures (Example 5)

Series Circuit (Example 6)

¥ 1% Section 2-3 77 jE K fF

79



[Example 1] (an example of growth and decay, text page 85) 80

Initial: A culture (32 % x ) initially has P, number of bacteria.

Wi —> 4(0) =P,
The other initial condition: At ¢= 1 h, the number of bacteria 1s
measured to be 3P/2.

E3F > A(1)=3P,)2

M 4L o7 : If the rate of growth is proportional to the number of
bacteria A(¢) presented at time ¢,

dA
dt
Question: determine the time necessary for the number of bacteria to
triple

kA k 1s a constant

[t

3 — find 7 such that A(r) =3P,
TAT KA e P(F) 2 s A(F)



%ﬂm A0) =Py, A(1)=3Py/2 T 1% B E[E? 81
! \ Extra Step (b)
Step 1 a4 — kdt check singular solution
A | more one unlen owm
<
Step 2 In|d|=kt+c, "
. 4two Constreints
‘A‘ :ekt—l—cl ave vequwyed .

ki
A=ce" c¢==e°

Extra (1) B =c-1 c=P
Step (a) )5 = ’
(2)3P, /2 =ce" k=1n(3/2) = 0.4055

A — PeO.4055t
0
F-4tin— AR AT

3P, =PFe™™  [1=1In(3)/0.4055~2.71h




FA * linear (Section 2.3) 07 j% X fZ Example 1

2 e

ARE DL PR Z &S B initial values 4 ¥ 1L E

82



[Example 4] (an example of temperature change, text page 88) 83

Initial: When a cake 1s removed from an oven, its temperature 1s measured at

149° C.
3% - T(0) = 149

The other initial condition: Three minutes later its temperature 1s 85 ° C.
W > 1(3) = 85

question: Suppose that the room temperature is 21° C. How long will it take
for the cake to cool off to 22° C? (3L : ZAL ¥ A 1R 38— i 12 2X)

#:#% — find ¢ such that 7(¢) = 22.

Fobo 15 RER 0 0 R E - BRMERICE BIRBERRII FY
YRR > rd T(F) AT R HDE F R A

%:k(T—Zl) k is a constant
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%: k(T -21) Constraints: 7(0) =149  T(3) =85
Ser 223 # ™~ * separable variable 17 j* {2
T“kT =4 4oi@ * linear 7 ;& X ﬁ”

Lo P If 2|+ n§ (-—)3 =22

e P - e .-\« ( 3 _ __L + ) 7
(e™7) = -ke 2] /7T ™y =T

Kt Pkt t=2l

e T e 20+

T 214 (et

T(0): 149 — 149 211 C, (= 128
T(3):§5 — 85:2 14128 ¥
e3k, 1 oz =2
! &
T=214R3 et ¢ o 4ng[2)3



85
[Example 5] (an example for mixture, text page 88)

Concentration:
0.25 kg/L
o 1000 L (liters) >
10 L/min 10 L/min
. rﬁ*g’
A: the amount of salt in the tank A(0)=25

.
dA—(' t rate of salt) — (output rate of salt) A:ZBO-,—Cf n
5 input rate of sa outpu r?e(,)b\sil A=Z5O‘2?_5el%'b

10 A {- o0 - 2.5

=10-0.25- A o§Pt_  wot

P: o | I
(Ae #ot)': 2507
AT = 250 et 1
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Wy

.

LR series circuit

From Kirchhoff’s second law

L Ri=E()
dt

J/ 2
L2

87



R(C series circuit
q .
—+Ri=E(t
C ( )

1+R@=E(t)
c = at

!

=

e

i\

88



Wy

(OO0 R
How about an LRC series circuit?

2
1+R@+Ld—f:E(r)
c a dt

89



[Example 7] (text page 90) LR series circuit

e E(7): 12 volt, e inductance: 1/2 henry,
t(9)=V

e resistance: 10 ohms, o initia‘l('cunl*ent: 0
; . Step
Ll 10i=121 94201 =24 o P(1) =20 el "% — 20

2 di dt S e, T A

: 6 _
z(t)=§+ce 200 2Ozl-_6 201 . G 200 _ g2

i(O) — (,),/,/,///




Circuit problem for ¢ issmall and ¢——

For the LR circuit: L R

transient stable

For the RC circuit: R C

transient stable

91
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3-2 Nonlinear Models

¥ 1% geparable variable & 2

! = ”‘ \‘ &S =2
T«b o S ) /él': j\ﬁ*

Sec 2-3 canno+
be awhfd

3-2-1 Lofgistic Equation

log 7 ¢

used for describing the growth of population

dP

dt

4 = P(a-bP) = bP(g - P)

% } upper b ound

The solution of a logistic equation is called the logistic function.

Two stable conditions:

P

0

and

pP=

S Q
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Logistic curves for differential initial conditions
lo g )

logTstic
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Solving the logistic equation

P
%:P(a—bP)
t i Sec-2-2
Jp separable
= dt variable
P(a—bP) ) __ . A B
l/a bl pebp) © T Tobp
P tacep) =Y Aa-AbPRP-|
| A%, Bz
. _b 4 (a—bP)
Linlpl=Limla—ppi=gee 30 [, ndP=[" " CdP=Inla=bPl+c,
a a
!
i
In =at+ac
a—bP (with initial condition P(0) = P,)
o ” P
—eet L P(1)= % ()=
a—bP be, +e™* bE, +(a—bF))e ™

=+ P 3
¢, ==*€ logistic function



[Example 1] (text page 99) There are 1000 students. 95

e Suppose a student carrying a flu virus returns to an isolate college
campus of 1000 students.

B> x(0) =1

e If 1t 1s assumed that the rate at which the virus spreads 1s proportional
not only to the number x of infected students but also to the number of
students not infected,

J 00 =X

-

dx(t)
dt

= fox (1000 — x)

k 1s a constant

e determine the number of infected students after 6 days
F3 — find x(6)
e if 1t 1s further observed that after 4 days x(4) = 50



B K AR
de(t) _ ke (1000 — x)
dt
find x(6)

Constraints: x(0) =1, x(4) =50

¥ 11 * gseparable variable =7 j*

(The solution is on the next page)

96



1

dx

1000

|

+
X 1000 —x

v

-

dx

dx

X

x—1000

=1000kdt

In|x| ~ In|x —1000| = 1000kt + ¢,

v
X

x—1000

‘ __1000kt+c,
=e

1000kt

(c, =te)

10004 10004
> (ce " —1)x =¢,1000e ™"

1000

—1000 k¢

_x:
1—ce

v
1000
l-c

1

¢ =-999

v
1000

X = 1+ 9996—1000kt .-

10007
+999¢ “000%

/ =1000k =—0.9906

1000 |
1+9998—0.9906t

97

(c=c,)

—»x(6) ~ 276



Logistic equation 7% A

(1) %ngﬁr%ﬁOih

2) ‘Z_’;:p(a-bp)_cp

(3) Cclz’—]t) = P(a—bP)+ce™

4) %gzpm—bmp)

=bP(a/b—InP)

/\\_”é‘ﬁ’g ,:‘gg\)xg"f"}/\ \f’{")

Gompertz DE
fé;é’g L '; ea/b

AN
RPN \=
% i

98



322 (B 5 i B 7

A+B o> C ZH,+ 0. 2H.0
H. 4 "'5 0,2 H20
* Use compounds A and B to for compound C

* x(¢): the amount of C \

I <

2
* To form a unit of C requires s, units of A and s, units of B
e a: the original amount of A
e b: the original amount of B

 The rate of generating C 1s proportional to the product of the

amount of A and the amount of B
A =S, ( ) b— S: /A
dx(t
Jf = k(a _Slx)(b _Szx) Sec¢- 2-2 $€|mmblc
variables

See Example 2
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Y AR
(not homework, but are encouraged to practice)
Section 2-2: 4,6, 8,10, 12, 14, 16, 21, 25, 28, 30, 36, 46, 48, 50, 54(a)
Section 2-3: 7,9, 14, 18, 21, 29, 30, 33, 36, 40, 45, 47, 48, 58
Section 3-1: 5, 6, 10, 15, 20, 29, 32
Section 3-2: 2,5, 14, 15
Review 3:  3,4,13, 14



