2-4 Exact Equations
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2-4-1 # jZ g &

® @ first order DE ¥ ¥ ¢ @
Y

M (x,y)dx+ N(x,

(1) %

2) %

b

<4

=V

VoY) 42 4 M(y)=0

)dy=0 3]

T A

¥ 1 F A g Exact Equation €07 j* K f%

8, 8,

— M (x,y)—— N|(x,
o (x,7) o (%)
M(x,y)

8, 0

— M (x,y)—— N|(x,

o (%) o (x,7)
N(x,y)

-2

is independent of x

1s independent of y

¥ 12 * Modified Exact Equation Method * & (2L # & 2-4-5)
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2-4-2 * % ek R

* Review the concept of partial differentiation

df (x, y)_afdx+af; # >

« Specially, when f(x, y) = ¢ where ¢ 1s some constant,

fdx+ fdy 0
ox oy
N

M

e

155%
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7%3"36&, .
df (x,y,z) = fdx+ fdy+ I i
oy 82
df(xl,x2,x3’...,xk):@dxl+gdx2+de3_|_ ...... +idxk
X, Ox, ox, ox,
LR R B s LA AL A
’igf%“a?“wl*“awal < BREH DD
Bz A M T} €0, O) Q’KF':E‘,A Fd A B
P, q) > > BREW (0,003 57
a><p—|—bxq
df (x,y) = I (x.7) dx+8f(x,y) dy
ox 8)/
p q
a b



[Definition 2.4.1] We can express any 1% order DE as 104

M (x,y)dx+N(x,y)dy =0
e If there exists some function f(x, y) that satisfies

af(xay):M(x,y) and af(xoy):N(x’y) ‘&3
Ox oy ’

then we call the 1%t order DE the exact equation.

e The method for checking whether the DE 1s an exact equation:
oM (x,y) ON(x,y) *'_‘

oy Ox




For the exact equation,

M (x,y)dx+N(x,y)dy =0

|

ﬁf(x,y)dx+@f(x,y)dy20
Ox oy
l—?vovo\ page o

Fieg S df(x,y)=0,
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2-4-3 %% @"A’\ 3 fer 07 check whether
mdx+NAyzo  Step 2y -l

The Method for Solving the Exact Equation (A): °F ~

2(y) 1s a constantifor x

3)

jM(x,y)dx+g(y):

further (4)

computation - m double N

Solution

N (x,»)

Ox

D (0) Check %M (x.»)=



| OM(x,y) _ON(x,y)| . .
Previous Step: Check whether o = A is satisfied.
0
Step 1: Solve f(;,y) =M (x,y) — f(x,») :IM(x,y)dx+g(y)
X

Step 2: #-flx, y) * » af(x’y):N(x,y) YR D g(y)

oy
Step 3: Substitute g(y) into

f(x,y)sz(x,y)dx+g(y)=c

Step 4: Further computation and obtain the solution

Extra Steps: (a) Consider the initial value problem



The Method for Solving the Exact Equation (B):

of (x,
f(a);y)=M(x,y)
(@
g_0o
ox  Ox |
(2)
# (x) =M(xay)-'a—ifN(x,y)dy
{(2)

h(x)= jh’(x)dx

0

(0) Check %M (x,y)=—N(x,»)

Ox

(2)

jN(x,y)dy—kh'(x) =M (x,y) F(x,y)=

108

of (x,y)

oy

=N(x,y)

(D)

3)

.
N (x,y)dy@ c

h(x) 1s a constant for y

jN(x,y)dy+h(x)=c £=c

4)

VL

Xy
further
computation

Solution
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[Example 1] (text page 67)R can be Solved by Sectios 2-2,2-

V4 . a7 %S

M(x_, Y) =2xy N(x,y) =x" =] Step 0: check whether it 1s_exact

l l oM ON
f df —=2x=—
ox ! oy Ox
5 5f
£0) o T rEW) irgulor piTints: % |
S \ lgtep 2
tep 3
) Step\3 £ "(yi=-1
rYmry=C l Step 2
Step 4J g(y)=-y LY RF G

') “I 00), 0"(‘00,"])
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=7 -1e —los7<7+7‘75‘“7‘)’ 110
[Example 2] (text page 67) _togAy4 Ay SinA
Y N % / )’Emt £l
(e’ —ycosxy)dx +(2xe”” —xcosxy+2y)dy =0
v N\
M(x,y)=¢e""—ycosxy N(x,y)=2xe” —xcosxy+2y
Step O:
0 i o _ 5 }
6—£ =e”’ — ycosxy oy 2xe” xcosxly +2y check for exact
Step'N l Step oM
f(x,y)zxezy—sinxy+y2+h!xi oy
s S
e’ —ycosxy+h'(x) Step 3 5 2 y. oS
2 cosy +Xxy sin xy
yl Y Step ! _ON
h'(x) — f(x,py)= xe>” —sin Xy + y2 Ox
Step 2 | & Step 4
h(x):/e/1 0 4’c=xezy—sinxy+y2

xe¥ —sinxy+ 1 +c=0 mphci solution
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>

AR
(@) p 7d ¥- B> mw f(x,y)=_.‘M(x,y)a’x+g(y)'j’;:@ﬁaj',g3 ;
FEFANRHEOEE -

2 % 57 2 : 2 _ v . o e .
(b) ¥ 1 enfz xe” —sinxy+y° +c=0 % implicit solution

)L+ tmpEr  f(xy) :M(x,y)derg(y)
PR f(xy)=[N(xy)dy+h(x)




(%Y > osxsInX ) oA T+ Y (7)) ,(), -9

[Example 3] (text page 68) AAM T T 112
dy _ xy” —(cos xzs)inx (0)=2 QL’! =27 %N; 2AY
dx yil—x a{l Ay 2 osxcTnsk e My = Ny Exact )
Bz o g AY4h' (%)= Y i(X"‘)
(a)initial value problem, W (#)= - _7$;7;;$)MX £ = Z(2*) thiv)

(b) i P& ® f(x,p) =M (x,y)dx+g(y) hsll;"}zr{):s:;:losx

)
o P f(x,y)sz(X y)dy+h(x) {- Lz(x ~)tZ ’°$(7—7‘) C

(c) # Ji e implicit solution % Y (1 X ) cos’ x =3, gjv[’ﬂ tx e (-1,1)
> £vom 1'-0 ) )2

. L 3+cos” x| .
M explicit solution 3 y=\/ , 37k - xe (-1, 1) n
Singulow polirts ’X"H 2 (Dt 1 *C, (= -3

%) 4, D M :l‘:k;__\/3+cos X 329 Y (7(-—\)-} (os(zyi)\.']'
(. ylo):2) 1—x 2)’)'(7 -l)-})(os ._\-__l]

©Os|ZA)z (05 x-gm—;( 2
m-_Z(ogl%_( Y 1D £ o2 A=~3

1—x*




113

2-4-5 Modified Exact Equation Method

Technique: Use the integrating factor w(x, y) to convert the 15 order
DE into the exact equation.

M (x,y)dx+N(x,y)dy =0

l

w(x, )M (x,y)dx+ p(x,y) N (x,y)dy =0

such that ou(x,y)M(x,y) _ Op(x,y)N(x,y)
oy ox

UM+ uM =p N+ uN,
UN—-uM=M, —-N)u

It 1s hard to find . 0 o
Simplification: To make g, = 0 or £, = 0.
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MUN—-puM=M, -N)u

0,

(1) If we want 1= 0, 1.e, 1 1s dependent on y alone, then
uM=(M,~N,)u

Y | uo‘enk
(ska\ﬂd be Tndependewt O'PX)
=== (M, —-N,)/M| should be a function of y alone.

=2
M —N
LCZ,J 57— " separable variable 7 2
N.-M Nx-M
8 - Na-M
[ty M= }( Q‘("—/W!a')’
/’l(y):e M ##z C:ieC|

(LR §5)
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MN—-puM=(M, —-N)u

(1) If we want 12, = 0, 1.e, g 18 dependent on x alone, then
MN = (My —-N,)u
(.,\Aq:ebdewk

1t
‘ha‘ePCMde"r(' O‘P/
(M,-N,)/N iould be a function of x alone.
-3

M —-N
if{f =2 & = % geparable variable 17 ;&
M —-N
du _M, ~dx
Y7, N

ux)=e * ey




4
# 5 2-4-3 (pages 106~108) 22 i ALL 4r— % : 16

Step 0: Case 1 & @%’é%"’f’éﬁ Hix
e, Use page 106 or 108 e (] s A4
ase _
Whether VN Yes ] (NXMMy)dy * *}.
M =N M,-N.| = —u(y)=e
Y g Whether 1
> ] M —N
No |. . Whether “» "'«
is independent of x| | No N
1s independent of y
E @ YRR
Case 3w, w, )
In Cases 2 and 3, Yes [
u(x)=e « yo
M (x,y)dx+N(x,y)dy=0 Case 4 3
l _No , Use other methods

UM (x,y)dx+ uN(x,y)dy =0

Use the process of page 106 or 108 but M(x, y) 1s modified as pM(x, y)
N(x, y) 1s modified as uN(x, y)



[Example 4] (text page 69)
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xydx+(2x> +3y° =20)dy =0] aMm :,A_./.
N\ a7 .
Step 0: M 2xy  N=22+3y°—20 My #Nax .. not exact]
M, —N, =x—-4x=-3x
My_Nx: ‘/—3x M, —-N, (independent of x)
N 2x* +3y° =20 M __; (Case 2)
not satisfy (ase3 _3 43 l V
4 7 de Q:zW®PcMZ
u(y)=e’ ==y’ £V g7
i M:7(7'4 3 4 2 3J’ 5 3
N= )7(273+?75~20‘/ xy'dx+(2x"y +3y° =20y )dy =0
M7=4‘X>13 . exoct ) doubleNl
Nx - 44y3 ~ -
a1 Steps 1~4: %x2y4+%y6—5y4:c




2-4-6 > & F R LF chp

(1) ¢ A& 3 2 pF » 8 L#DE o 40T 97 iy
M (x,y)dx+N(x,y)dy =0

£ 2R

0 _
a%f(x,y):M(X,y), @f(x,y)—N(x,y)
Q)% xmz o gy) A BFE Hymn 3 o hx) B ¥ ¥

(3) » a-{%’> 3 singular solution =7R* 4% >

e £ ¥ #v 7 singular point 1% 48

~
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2-5 Solutions by Substitutions
| 52 3 BRI

Question: w 3 # > ¢f 1storder DE # ;2 * Sections 2-2~2-4 ¢ j2
k[
TR D g IR R E X W gh e

F Xrenglicu KRBy

[ \—

HETF
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2-5-1 F7xf%;2 1: Homogeneous Equations

If g(tx, ty) = t°g(x, y), % 2§ (FR Sec2-3)
then g(x, y) is a homogeneous function of degree a.
deq wee =3
Which one 1s homogeneous? homogcwous 1

g y)=x+y  lady) T R+ -t mmy)

glr,y)=x3 + )1 J(IR47)= £3x5+t3y 3
not homegeneous
(key: The sum of powers should be the same).

Note : ## ¢ > homogeneous 3 = & % &
— #8&_Section 2-3 tha & (¥ *)
- A PR

w‘h—'ﬁjﬂ;i%;}ppa
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B Fora 1%t order DE:

M (x,y)dx+N(x, y)dy 0 )
(7
If M(x, y) and N(x, y) areﬁlomogeneous functlons‘lo same degreq)

then the 1%t order DE 1s homogeneous. \
ERES qu’;}; E i *2. |

e )

It can by solved by setting = 17-( W

|
y = XU, dy = udx + xdu, (from page 103)

and use the separable value method.  y=%U"
_ o + )

= Udy + Adu
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If M(x,y)dx+N(x,y)dy=0 is homogeneous

M(tx, ty) = t“M(x,y) N(tx,ty) = t“N(x,y)

A = 1/x 84
W I |
then M(1, u);{ x“M(x,y) N(l,u)=x“"N(x,y)

M(x,y):x“M(l,u) N(x,y):x“N(l,u)

where u =y/x, y=xu

dy = udx + xdu

;/“M(l,u)dx+%N(1,u)(udx+xdu) =0
[M (Lu)+uN (1,u)ldx+xN(Lu)du=0

@__ N(l,u)du o
x M(l,u)+uN(l,u) (separable)
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Procedure for solving the homogeneous 1t order DE

Previous Step: Conclude whether the DE 1s homogeneous
(P& %772 © 5 powers (4p #c) 2 frAl T - IX)

Step 1: Setu =y/x (y=ux), dy= udx+ xdu

£y

Step 2: Convert into the separable 1% order DE

Step 3: Solve the separable 1%t order DE (* Sec. 2-2 77 ;=

Step 4: Substitute(u = y/x|(%] X 7 i& B 5 F)

¥




[Example 1] (text page 73) _#, s4" of powers 1t D) 124

V)
(x2+y2)dx+(x2—xy dy=0 7y
v v
M(x, y) N(x, y) Previous Step:
Conclude whether the
) .,
M(tx, ty) = M(x, y)  N(tx, &) = N(x, ) DE is homogeneous
homogeneous DE Je9 ree = 2
Step 1: Sety =ux, dy= udx+ xdu
23S
| (% g}ﬁuw‘-y}i")o{x
(x° +1/12x2)a’x+(x2 —uxz)(udx+xdu) =0 + (2= UP)dA

(1+u2)dx+(l%)(udx+xdu) =0

1—u dx
— =0— || — |du+—=0
(1+u)dx+(1—u)xdu=0 LHJ u .

Step 2: Convert into the separable 1% order DE




F—“}dw@:() 125

l+u X
l Step 3: Solve the separable 15t order DE

j[—l+%}da+!%=0

—u+2Inl+u/+Injx/+¢ =0

!

ln[‘(l + u)‘2 ‘x‘] =u-—c

l

(1+u)’ ‘x‘ =e"

l

(1+u)’x=c,e" (¢, =%e™)
Step4 *w u=ylx l .‘les‘c~‘{
ﬁ; (1+y/x)x=ce’ " — (x+y)" =cxe”” Solution
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2-5-2 #7xf%% 2: Bernoulli’s Equations

R
Wa->

[ #.% )] Bernoulli’s equation:

When n=0 —> ltmear

so V" dy+P( )
X

h
U “W%“— =3
, and the metho of solvi

d
S P(x)y=/(x)y
W ﬁﬂlt}_ N v _ 1 o du
e can set(u =y 7 1—n 7
the 1% order linear DE,xfb solve the Bernoulli’s equation.
Y U
L
dy dydu du"™du 1 ulfn@
dx dudx du dx 1-n dx
N \—;

(Chain rule)
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Procedure for solving the Bernoulli’s equation

Previous Step : Conclude whether the DE 1s a Bernoulli’s equation

dy 1 u:n@
> ldx 1—-n dx

Step 2: Convert the Bernoulli’s equation into the 1st order linear DE

1
Step 1: Setu = '™, 1) =y

Step 3: Solve the 1st order linear DE (use the method in Sec. 2-3)

Step 4: Substitute u =y (%] % 7))



[Example 2] (text page 74) 128
dy
— 4
g dx )I Y
Previous Step: /%t  (Bernoulli, n = 22
a’y dy du 7 du

Step 1:setu=y ! (y=ul)

dx dudx dx
=ykFN_ -
u ] =Y (Chain rule)
Step 2: Convert into the 1%t order linear DE (standard form)
» du -1 2. 2 du 1 Sec 2%
> . —» — e = — U =—X
B3 xXu~ » +u =x"u Sl dr \
Plx)="%
Step 3: Obtain the solution of the 1% or(f( r DE x
eSPm . ~lupr |
u=-x"+cx =
) S Gl
Step4: Ew y=y! y = 21 (f|u):’|
—x" +cx N1
Xs A uz-a+C



If the 1%t order DE has the fog,
3

we can set

Since

dy

ng(Ax+By+C) (B #0)

(8% P20

/‘kﬁB

u = Ax + By + C|to solve it.

dy ldu A

/ﬁ;z

du = Adx + Bdy

du= %—Ax -(-

(T3 3+ » FRIF o)

"7

129
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Procedure for solving ? = f(Ax+By+C)

X

Previous Step: Conclude

Step 1: Set (u=Ax+By+C —> du=Adx+Bdy — —=———"——

Step 2: Converting (& i* = * H s = ;2 ¥ 2 2 1 k eh DE
A & — F_H_#% b = separable variable DE)

Step 3: Solving

Step 4: Substitute 4= Ax+By+C (B 7)




[Example 3] (text page 74) 131

Y_(oxryy -7 ¥(0)=0
’ pag € o
Previous Step: 2] %7 du = au ”‘7‘ + °‘7
Step 1: Set | u=-2x+y du=—2a’x+dy @:@+2
dx dx
Step 2: Converting
BN — @+2 u’—7—-» du — dx 5<,|mmlo|e,
dx u’> -9

Step 3: Obtain the solution (%] % 7 A& B iEARY > % u=Ax+ By)

11 1 _
6@k3 u+3ym da

Inju—3|-Inju+3/=6x+c¢,

M_3_ 6x c
ur3 ¢ o=t




u—3 _ ., 6x 132

________________________

3c,e™ +3 3c,e® +3
—2 = 2 — Zx 2
X+Yy ]_0286’“ Y 1_C2€6x
Extra: From y(0)=0 0:0+31(22+3 c,=—1
3(1—e™)

y=2x+

6x

l+e
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2-5-4 *HF R T 3

() $tp™% > LY%DE # & HAaHEmiER Lz 8 LA
3 KR (8L O DE ¥ 1 F A B oeht 2 KR

Q)BT o BNFEER BByt oy, i B Ax+ By +C
RN

B) A& kG T A

Previous Step: Z|%7#* i+ -3 /%
Step I: Setu= ..., du/dx= ...
Step 2: Converting >

Step 3: Solving >

Step4: #-u * x,y X
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ke EI2 ¢ Methods of solving the 1 order DE

(1)Direct integral Bz L EERMAA
d
e ' = f(x) y:J.f(x)dx+c
dx
(2) Separable variable S ERENE x y & W - § s Ff 4
e p . AY Bhecamp
5D g (h() o e
53 > (x)dx
(3) Linear DE BLfEE e
s 2, dy '
% = I =—P(x)y+f(x) (ef”(x)"xy(x)) _ efp(x)dxf(x)
(4) Exact equation #Lf2;% t pages 106, 108 (double N)
o Ay M(x,y)
R A= == af
de  N(x,y) L@ ——=M(x, y)

&  ox
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(4-1) Exact equation % % PLIRE p(y)=e M
s Q:_M(x’y)
T A N(xy) u(p)M (%, y)de+ p(y)N (. )dy =0
(M, —N_)/ M independent of x 15 exact
J'(MJ;—NX)dx
(4-2) Exact equation % 7 izt opu(x)=e
e @:_M(x,y) w(x)M (x,y)dx+ p(x)N(x,y)dy =0
de N(xy) is exact
(M,—N,)/N independent of y
(5) Homogeneous equation BziE u=yk, (y=xu)
P Q:_M(x,y) dy = udx + xdu

de  N(x,»)
M (tx,tp)=t"M (x,y)
N(tx,ty)=t"N(x,y)

f * separable variable method
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(6) Bernoulli’s Equation izt L ou=yl
dy dy 1 " du

/l/ /; . —_ n — u _
# e " dx P(x)y+ 1 (x)y dc l1-n  dx

£ * linear DE &7 ;£

(7)Ax+ By +C i3 P u=Ax+ By +c
ERE :@:f(Ax+By+C) ay_ladu 4
dx dx Bdx B

R (a) # R R
(b) Exercises in Review 2 7 3 ¥

(c) 73 44 » BL% singular solution fr singular point
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Y AR
Sec. 2-4: 3,8, 13,17, 20, 25, 29, 32, 34, 35, 38, 42
Sec. 2-5: 3,5, 10, 13, 14,17, 20, 22, 24, 25, 29, 31
Chap. 2 Review: 2,13 ,16,17, 18,19, 22, 23, 24, 26, 33



