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4-6 Variation of Parameters

Solved by Matvrceg
v V4 /
4-6-1 = ;F ')

X,

The method can solve the particular solution for any linear DE

|

(1) May not have constant coefficients the 0“‘/ (onctre int

(2) g(x) may not be of the special forms

a,(x) " (x)+a,,(x)y"7 (x) +-+a (x) y'(x) +a,(x) y = g (x)
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4-6-2 Case of the 2" order linear DE

a,(x)y"(x)+a,(x)y(x)+a,(x)y=g(x)

associated homogeneous equation: a, (x)y"(x)+4a, (x)y'(x)+a,(x)y=0

Suppose that the solution of the associated homogeneous equation is

oy (x)+c,p,(x)

Then the particular solution is assumed as:

YV, = U (X)), (%) +u, (%) y,(x)

(F 2R AR

.
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Yo =u ()Y, () +u, ()Y, (X)] &~ p SN Fofe o BE F o

4 / ! ! 4
YV, =Wy, Ty Ty, Tu,y,

y; =y, + 2wy +u Y Huyy, +2uyy; +uyy;
‘ (standard
mor ")+ P(x))y (x)+Q( )y = form) <

P(x)= 4 | )= B G g(x)l

a,(x) a,(x ) \——y\ ,(x)

y; "‘P(X)J’;) +Q(x)yp =uy, +2uy +u Y +uyy, +2uyy; +uyy;
+P(uy, +uy) + 1y, +1,, )+ Oy, +u,,)

”
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-

~ -
S~ -

-

-~

S~-s __—’

— / FE? lL‘ :
| (29 yl“f"')@“é =0 -
[ r 7 ’ o
v+ vy = f(x) [U ] ); Z,i] '('(70]
2 2 ¥ | A
df{([ %) Yz]

{yltuzu;:O {yl yz}{ul’}:{ 0 } dd(Ly' y¢]
v + yyuy = f (x) A ARG M([ Y\j)

Yi' £60)

(G

~
S —— ———

U,



{ylul’ + yzu;
yiuy + ysus = f (x)

2 |
—>

=0

e

where W =

Vi W
Y Vs

: determinant «4

v, (¥) = (%), (x)

¥ 14 4e 15t order case (page 63) 4p V- &




4-6-3 Process for the 2" Order Case M

Step 2-1 % = standard form ﬂ’ 3
" Y'(x)+P(x)y'(x)+Q(x)y = f(x)

Vi
i

J(x)

Step 2-2 - yl, y? W = 0 y?
V1 W S(x) ¥,

4 , W,

Step 2-3 U = W U, = W

Step 2-4 u, :ju{(x)dx U, = .u;(x)dx QS

Step 2-5  y (x)=u,(x)y,(x)+u, (x)y,(x)
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4-6-4 Examples

Example 1 (text page 162)

V' =4y +4y=(x+1)e>

2 )
Step 1: solution of y"—4y'+4y=0: ™ ~4m+4-0

N . m32,2 I e
y. =ce”* +c,xe’ W= Cﬁl 2 2‘5;" %%
x x = o
Step 2-2: Y, =y, i, y,, )ﬁzez > Y2:xe2 =€ 62 '>_ ?.X‘("?
2x 2x
e xe X 0 xe™
W: 264 — — _ 4x
Zezx 2xe2x _|_er Wvl (x+1)62x zxe2x +62x (x+1)xe
2x
0
w,= < = (x+D)e”
27 (x+1)e™
Step 2-3: ul’:K:—xz—x u;:%:x+1
W w



Step 2-35:

Step 3:

X5

u, = . u/dx = j( x —x)dx———x =

uzz.udx j(x+1)dx——x +x+/ ?Bq{ﬂ

_ _l 3 2x | )
y, =( 3 2 x*)e +( xu-l—x)x
2

U. 7'

7

_ 2x 2x 1.3
y=ce" +c,xe +(6x +

2

lx2)ex

b e

|
= (g +

238



It cahmet be colved

. b Sec. 4..4 239
Example 2 (text page 163) 4y"+36y =csc3x
4m*y3p0 w=3T3
Step 1: solution of  4y"+36y=0: y, =c cos3x+c,sin3x

Step 2-1: s@ndard form: »"+9y=csc3x/4 S (x) :\cw%

3
Step 2-2: cos3x  sin3x 0 sin3x
— =3 — — _
—3sin3x 3cos3x d %csc3x 3cos3x 14
cos3x 0
W — _ lcos3x
> |—sin3x %csc3x 4 s 3x %
S3xX
Step2-3: u= L= w=r2=hoosdr s 4
W 12 w12 sin3x 36 sin3#A
Step 2-4: “1:_% uzzﬁln\sin% 374
(h = FH) I AL CLLEA M Y

127 sin3x



Step 2-5: Y, = —Ecos3x+%sm3xln\sm3x\
Uy Y Y U2 1

Step3: y=y.+y, =¢cos3x+c, sin3x—%cos3x+%sin3xln\sin3x\

Note: ## Interval (0, 7/6) &3% < 5 (0, 77/3)

;p\?L n s an
cec3x—> 100 1F 37;” r mteger

3

=

C(hg uloy pe Tnt¢



tannot be <olved A1
Example 3 (text page 164) |y"—y=1/x by Sec 44

y.,=ce +ce” f(x)=1/x

- -
W_ex e—x - 2 W‘~ O e ) —gx
et et l/x -7 A
” X e
Wy ® e: © l: —e-— U\:W' . € Uz':w‘ o
et Irx % W T 24 V4 X

Note: j € & L7 analytic fhfz

t
’. 7 ~ L -~ —_— N xe N
LB fEdon S | —dr (4 Y page 49)
t

X0
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4-6-5 Case of the Higher Order Linear DE

a,(x)y" (x)+a,, (x) "7 (x)++a(x)y(x)+a,(x) y =g (x)
Solution of the associated homogeneous equation:

V. =y (X)+ 6,0, (x)+ ey (x) e +c,y,(x)

The particular solution is assumed as:

Y, = ()3 (%) + 1, (X) Y, () + 3 (x) 3 (X) + -+ +u,(x)y,(x)

u (x) = % ——>u, (x) = J-”/’c (x)dx

s s



Process of the Higher Order Case M
Step 2-1 % = standard form ¥ Va i

P O e

Step 2-2 Calculate W, W, W,, ...., W, (see page 244)

Step 2-3 u{:% u;:% ......... u' _W, *#
/4 /4 W
Step 2-4 |, = jul’(x)dx u, = |ub(x)dx|....... u, = ju; (x)dx *5

Step 2-5 V), (x) = U (x))ﬁ (x)+u2 (x)y2 (x)+ """ Tu, (x)yn (x)



4

U

(x)

SIS

M
»
y

(n-1)
Vi

M

!

M

(n-2)
Vi

(n-1)
Vi

Vi page \4?
’ y? Y ’ Wv ov\.ck (anm
: y3 n
yz 14
: : s ? ’4
(n-1) (n-1) y}(l
Y oo y
Vi-1 0 Viesl y;,a
fe— ’ n
. Y ] 0 Vit
’ o 0o o k_ . .
%) . : |
| . . (n-2)
. B o B
Y 2 0 - Vi Y -
yén— e yk—l1 5 y(n—l) L
SR J’Jfr]:) f(x) - Vi
Vo . |

QR

244
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0
W,: replace the k™ column of W by O (x)= g(x)
' a,(x)
0
| f(x) ]
For example, when n =3,
i Vo W
W= ¥ ¥
WOy, o»
0 ¥ ¥ N 0 IS 0

f(x) »yi » v f(x) ¥ woy, f(x)




Exercise 30

y"+4y =sec2x

246

auxihmf/ W3 44m:D
w0, TT2
Complementary function: y =c¢, +c¢,cos2x+c,sin2x
y Y2 7 N =28 200X
1" cos2x s1n}2x w: ~4txdX ~4gin
W=|0 -2sin2x 2co0s2x|=28 = g
0 —4cos2x —4sin2x
: . (0QX STy
0 cos2x sin 2x W, = seQx _ e
W= 0 —2sin2x 2cos2x |=2sec? A 2 (o
= sin2x 2cos2x|=2sec2x = e
sec2x —4cos2x —4sin2x
1 0 sin2x 1 cos2x 0
w,=0 /70 2cos2x |32 W;=\0 (—2s1n2x 0 \=-2tan2x
0 Qec 2x —4sin2x 0 \—4cos2x sec 2x\

e

\

-
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W, sec2x , W, -1 , W, —tan2x
l/ll — = M2 —_—— = u3 = =

W 4 W 4 W 4

1 —X 1
u, =—Injsec2x + tan 2x Uy =" Uy = gln\cos 2x|

jscc(c. 7047:' Jo_; v sec(as) -l-fau(ax)) 2 4
y(x)=¢, +c,c082x+c,sin2x
+éln\sec2x+ tan 2x +_7xcos 2x+é(ln\cos 2x|)sin 2x

for -77/4 < x < 7/4

Sec 2 X
S’nﬂulay om-fs

Note: -7/4 , 7/4 are singular points
gn
At A

N teew

+ 3
1%,



4-6-7 ~ -2 /.__,E_‘mf""

(1) % = 5L j# associated homogeneous equation 7% |§
Q) RABLELE N

(3) &4 | | 4 e A_ determinant

@ E DN u/ @) fru,(x) 8T FHFLS Frulk oo

(5) flx) = g(x)/a,(x)|(F= 15 order 2§25 — 4% - i¢ * standard form)

(6) 3 5 ) (x) fr u)(x) e A B+ +0 7 vk
F] & 2P ehp ehE B particular solution y,

ERERN R R g

(7)ie> Z2fFade Rl > 3 ¢ 7 a,(x)=0 a1 >

<
fim
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4-7 Cauchy-Euler Equation

4-7-1 7253 "H) 05 2

anx”y(”) (x) + an_lx”_ly(”_l) (x) +otaxy'(x)+a,y=g (x)

- RMf R,

not constant coefficients / \

but the coefficients of y¥(x) have the form of a,x"

a, 1s some constant
associated homogeneous particular solution
equation

0,6y (x)+ a, 0 (x) ¢

ce+axy (x)+a,y=0
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4-7 2 ﬁ*/z:

Associated homogeneous equation of the Cauchy-Euler equation

a x"y(")( )+a X" Lyt 1)( )+-'-+a1xy'(x)+aoy=0
AR ttdk Secs3 y= ¥
Guess the solution as@(x) xmg then
AT T —_—
k=P am(m—1)m—2) - (m 1) D+
e
k=h- a . n-1 (m_l)(,,,?,’_z) ...... m nﬁ@

=het a _,x""mm—1)(m—2)-- (m—n+3)x"""+

k:O~AWn
) m—1 m
k-l +Cl1x7:;lx ﬁa‘mx 7: ’xm ,{.&\}\ ak,xk y“‘)()()
k-0  +a,x" =0 K 4
oK (ma) o (w ) AR
A M)~ (m-k+) )7‘m



: 251
Delete x™ on the previous page

am(m—1)(m—2)--- (m—n+1)
+a,_m(m—1)(m—2)--- (m—-n+2) | .ﬁz |
ra_m(m—1)(m—2)-- (m—n+3) —— > auxiliary function

vb g e constant coefficient

s @3 P Secéd3 pqg(lgb
+a, =0 d ¥

a_ =)lMK
ik o

i !
WA e ‘xk% S (mnjk)! m(m—1)---(m—k+1)

+a,m

mlz 1.2-2. - M)y m



P52

4-7-3 For the 2" Order Case

2.

a,x"y"(x) + a,xy'(x) + a,y =0 A:0 s a singalr

pe % 2
auxiliary function: (’%%5_)1 = ()
a,m(m—1)+am+a, =0 aym’ +(a,—a,)m+a, =0
roots -
e - +\/(a21; az) —h m, = “Lo4 _\/(aé; d, )2 —4a,a,
2

W 3 2
[Case 1]: m; # m, and m,, m, are real

two independent solution of the homogeneous part:

m

X and x™

— m m;




[Case 2]' m1 =m, (“a"az,)t'- 4a,Q0< O

Use the method of w Cecd-2

e e 2
” [Payas ; | ac:lxdx
(%) =y (x)[ ) dr=x" | oy
Notel}%r\—>y()a2x . ~0,

Note 2: }* pF mlzmzz;

253
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—J.ﬂdx 4 Inx] a
ayx

e e X
— ™ — '™ — '
y,(x)=x j 3 X =X j = dx =x j m

X X 2a,
—( _ a; m _a; 1“_2 : — '™ -1 —
()<x jx x 2 dx=x jx dx =x"In|x
If y,(x) 1s a solution of a homogeneous DE
then ¢ y,(x) 1s also a solution of the homogeneous DE
If we constrain that x > 0, then », =x"" Inx . A=O0 s a
if <0 Yoz x™ Ih(""’f"‘m Stngalav point
sduftan interee
%5"’ y,=cx" +c,x" Inx )7{6 (o, oo)
The formulag Tn Sec 4-" Sec 4-3 : é:l%_ ;ﬁ 7]
ove similar o those ™M Sec4-3 Sec 41 §#B_ j’i Py

but ® s replecec bj Inx
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[Case 3]: m, # m, and m,, m, are the form of { -4,)" ~4 M 20C QO

WS cavip m=a-ip
two independent solution of the homogeneous part:
X7 and x*7’
y =Cx“ "’ + Cx*

a+jp _ (elnx)a—i—j,b’ _ e(a+jﬂ)lnx _ ealnxej,[)’lnx

= x”(cos(BInx) + jsin(BInx))

12 x“/F =x%(cos(Blnx)— jsin(Slnx))

v, =x[(C, +CZ)COS(,BIIDC)—I—]'(C1 —Cz)sin(ﬂlnx)]
C,= CH+ ()_
C. :JCCP’Cz)

X

y. =x"[¢,cos(fInx)+c,sin(flnx)]
¥y 3 Pege 1§35 , % = |nx




Example | (text page 167)

2

Xy

" (x) —2xy'(x)—

4y =0

mma) 2w -4 =0

Example 2 (text page 168)

VV')'—'3Vn_4:O 7V :4/"’

Con¥+ Cox™!

4x

2. m

y

(x) +8x)'(x)+y=0

4m(ma) +8wm +1=0

=L
C‘.?{z ‘+ ()_

¢
~

x [hK

!
ms=-3 -~

Aw‘-+4m+'l‘-°

>

256
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Example 3 (text page 169)

4x’y"(x)+17y=0  »y(1)=-1 y'(l):‘%

dm(m~) +17:0
4 m*—=4m 11730

@m-D%: -1t
2m~\ = 1 4
wm: 1=¢t4

D(:‘,i ) B=2
x> (G eos(20nx)t G $Ta(2lnx)

N



4-7-4 For the Higher Order Case

Process: auxiliary lfmnction
roots Step 1-1
n independent solutions Step 1-2

|

solution of the ntt order associated

homogeneous equation Step 1-3

258



Yo 259
(1) % auxiliary function fm, &b > © 5 — B9

n/lo

X
#_associated homogeneous equation snH ¢ — B iz

K

(2) %’. auXiliary function = m ke v}; k& 42

X" x™Inx, x™(lnx)’, - X" (Inx)t!

% = associated homogeneous equation 7%
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e

(3) # auxiliary function % a+jffv a—jf e =

x*cos(flnx), x“sin(flnx)

#_associated homogeneous equation 7 ¢ = i %
a4
(4) % auxiliary function &+ o+ jfic a—jf > ¢ 3 k i €49
x“cos(Blnx), x*cos(BInx)lnx, x*cos(Blnx)(nx)*, -
x“cos(Blnx)(Inx)"
x“sin(BIlnx), x“sin(Blnx)lnx, x“sin(Blnx)(nx)’, -
x“sin(Blnx)(Inx)*"

#_associated homogeneous equation 7 ¥ 2k i f%
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Example 4 (text page 169)

xX*y"(x)+5xy"(x)+7x'(x)+8y =0

auxiliary function
m(m—1)(m—-2)+5m(m—-1)+7m+8=0
m’ —=3m’ +2m~+5m’ —5m+Tm+8=0
m’ +2m’ +4m+8=0
(m+2)(m*+4)=0 =9 B=2

\>
m=-2 , t452

Y = c‘»x') +(,_(0$(2|h)() +(3s7m(2.ln70
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4-7-5 Nonhomogeneous Case

To solve the nonhomogeneous Cauchy-Euler equation:

Method 1: (See Example 5) A’ <

(1) Find the complementary function (general solutions of the associated
homogeneous equation) from the rules on pages 252-255, 259-260.

(2) Use the method in Sec. 4-6 (Variation of Parameters) to find the
particular solution.

(3) Solution = complementary function + particular solution

R

Method 2: See Example 6 > %<& &

Setx=¢!, t=Inx




Example 5 (text page 169, illustration for method 1) 263

2.m

xX*y"(x)=3x)'(x)+3y =2x"¢"

Step 1 solution of the associated homogeneous equation

auxiliary function
m(m-1)-3m+3=0  m —4m+3=0 m=1

m, =3
Y, =cx+cx standard

3 V= 3y 3y o
Step 2-2 Particular solution W = o 2x° 7) 7" 7(‘\/‘ 27{—_—5‘
Sec 4-b 1 3x" [
page 3zs(: ) 1479
0 X X 3
W = =2y’ W, = =2x'e
bolxZet 3x? e 1 2x%
L Note )
Step 2-3 U :%:—xzex u; :%:ex



Step 2-4 u, = ju{dx = —x’e" +2xe" —2¢" K

Step 2-5

Step 3

U, = ju;dx =e" +}X

Y, =wy tuyy, = 2x’e" —2xe"

y=cx+c,x’ +2x’e" —2xe*

264



Example 6 (text page 170, illustration for method 2) 205

2 m

xy"(x)—xy'(x)+ y=1Inx

Setx=¢el, t=Inx (Step 1)

dy _ d
dy didv 1d Ar =2Y - p
Y _ y_ & (chain rule) dx 4 t/

dx dxdt xdt \—\,

d’ Y _ d dy) (ldy)
dx’ (dxj t(dx xdt\ x dt 7{"& : _o_l_‘y~d7_

2 X
L)1)
xzdt dt x )\ dt dt

Therefore, the orlgmal equatlon 1s changed into

jiy() 24 y(t)+ y(1) =1
f dt
[tneor ; (On stion{ (o€ “‘uﬁ«sﬁp 2)

This process can be simplified using the auxiliary function.




Se(.4*3, Cec-4-4

e ) p me—2m +|:0 wm=|, | 260
Coy(t)-2Ly@O)+y@t)=t Jpl)=At+B ) .
di dt 2A+A1+B:t ATl B2
= Y(t)=ce +cte’ +t+2 (Step 3)
=> y(xX)=cx+c,xInx+Inx+?2 (B0 t=Inx & A% k)
*"’ (Step 4)
o[k
Note 1: 17t &5 4 auxifiary for IR
k v d
x"%:(q—kﬂ)---(Dt—l)Dty D, means .
x
‘ﬁb"l (Step 2)

(Step 2) Determine the auxiliary function, then replace m by D,

Note 2: f§ i* 2+ & -] $37: i * Cauchy-Euler equation 7 auxiliary
function



£k . s ) 267
4-7-6 * & & 3 R chp

(1) & & 23\ fia
3o Section 4-3 e e* sx A x 0 x A In(x)

# auxiliary function o m” 22 m(m—1)(m—2)------ (m—n+1)

(2) 4rie % particular solution?

Variation of Parameters =~

(3) fa e Fl#-7 & 45 x=0 e > (Why?)
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Extra Problems:

How do we solve

1) 0'()+y(x)=0 = Ay AyUx)=0

1~
Rz
() =Dy +r(0)=0 oot lrewy W(m-)y +| <D
7" s veploged l,,), Wiy 4 | =0
(7‘_\3”\ W g
2
- i K
Re, B:C

ViTivl-

1
(Z=1)%(¢ (T n 17(4))4&;%[ ‘ln(y-l)\)
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B3 %% linear DE X 5 7%z f& > EA7%

(1) numerical approach (Section 4-9-3)

(2) using special function (Chap. 6)

(3) Laplace transform and Fourier transform (Chaps. 7, 11, 14)
(4) & # (table lookup)
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(1) & * 7 Section4-7 e1> ;£ » % WA HDER L 5 #42 f3

(2) #1% > p AR E e * 5 enb|F & _linear DE

H 3 &_constant coefficient linear DE
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Exercises for practicing

Section4-6 4,5,8, 13, 14,17, 18, 21, 25, 28, 29, 34
Section 4-7 11,17, 18, 20, 21, 24, 32, 35, 36, 37, 40, 42
Review 4 27,28, 29, 30, 32,42



