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Chapter 6 Series Solutions of Linear Equations

% DE % linear * coefficients

polynomials

— B3k DE ¢ solutions = polynomial 73] i

(4= Cauchy-Euler Method 12 2 Taylor Series &% 4 4p i7)

o0

frdr (x) =2 ¢, (r=x)

n=0

# A 1T = power series centered at x,,

— Power series B4 748 ¥ (Sec. 6-1)

— gz +
)LF =

— X, 1s a singular point—

cserles solutlong

—— X, 1s a non-singular point (Sec. 6-2)

— regular singular point
(Sec. 6-3)

— Examples (Sec. 6-4) 2 4 7%

— 1rregular singular point

(Comuo{ be <olved
by sevies sdaﬁoﬂs}



Section 6-1 Reviews of Power Series
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6-1-1 =%

1. Power series

2

ch (x_xo)n :CO"'Cl(x_xo)"'Cz(x_xo) T

n=0

N
. n .
2. Convergence:  lim ) ¢,(x—x,)" exists
N—©

)

JBl32 > J2 1 Ratio test (test for convergence)

im Coil (X — X )n+1 _ L <1: converge L >1: diverge
e Cn(x_xo)n L=1: % - =
&. (ROC)

3. Radius of Convergence R

L<Tif|x—x) <R L>1 if|x —x)| >R
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Example 1 (text page 238)

For the Power series i (x=3)
~ 2"n
(x_3)n+1 ) "
M eee = h vy
12" (n+1) - on_x-3 l:mo h .),..i”w ’
lim 1 =|x=3|lim =
n—>00 (X—3) n—)ooz(l’l‘l‘l) 2 - l
2” - >
g _2<A-3K2 7°21R2—
@ <1 forl<x<5 Interval of convergence: (1, 5)
However, since when x = 1, the power series becomes : ,77“ i'l v X>5
> (—1) 14370 4527 < |
Z(—l) / n, ""z. °4 F5—¢ o”VGV3e

n=1 (,oh\/erzen{
which 1s also convergent, the interval of convergence is modified as:

(
I¢ #- 5 "ﬁ‘-ﬁ s H--; -I-§+~'~“ Interval of convergence: [1, 5)
diverge 1< x5
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6-1-2 Maclaurin Series (Taylor Series)

y(x)z y(x0)+ y,(l)'c())(x—xo)+%)fo)(x—xo)2 +%j%)(x—x0)3 -+
_|_y(4)4(!x0)(x_x0)4_|_ ......
o0 (n)
y(x)= 32 Py
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Maclaurin Series (Taylor Series) Interval of Convergence
X, X, x
Y — AgA LA e -00, 00
e —1+1!+2!+3!+ (-00, 0)
. 305
Slnx:x_%+%_ ......... (—O0,00)
2 4 6
Cosx:1_§'+ﬁ'_é' ......... (—O0,00)
x>, x  x
In(1+x)=x— I IR (-1, 1]
1%:1+x+x2+x3_|_ ......... (_1’ 1)
Y fust term=|, vatto = A
' Ao A
o 2 In(4x) = L
¥ =9 cos3x =12 \=v ob" ( H-X
» 2]~ - 3 Aew S

hz=0 n

In(H ) = f (| ar4pt e Yo
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Example 2 (text page 240)

Find a power series representation of e"sinx_.{zzs
¥; s —L?jﬁ\s ;

4 2
x ° — x x x o o o _x x — 0 ® O
e smx_(i+x+ 5 + 6 +24+ ?x J6 +120 )

' — _/
_ 2 (1 1Y\ 3 (1 1ya (1 1T 1 \.5... ...
‘(l)x+(l)f-+( 6+2)x +( 6+6)x +(120 12*24)x "
:x+x2+lx3_ix5+ ......

3 30



Section 6-2 Solutions about Ordinary Points ~"

Suppose that the solution is Zc x=x,) e

n=0

6-2-1 = i3 ¥ 25

(1) Linear A"
a,(x)y" +a,, (x)y" " 4ot (x) '+ ay (x) y = g(x)
PARE il Sty ", 9_12_07 fl aom

(2) x, 1s not a singular point )’
(3) Tt is better that a,(x), @,(x), ...., a (x), g(x) are all polynomials. %"7‘3)

(or can be expressed by Taylor series)
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6-2-2 fRixnie A%

Step 1 #- y(x Zc (x—x,)" ~»> (x, % F & ordinary point)

n=0 \

For simplification, we usually set x, = 0 1f oo .
0 is not a singular point. 4 n\vsmgu.llar p01n.t 2L
T % ordinary point

Step 2 ¥ (- E% = (x-x)")
Step 3 & &
Step 4 +* fi falic > ¢, 2 B P (235 4 %

Step 5 Obtained independent solutions and general solution



6-2-3 B+ PO

no stngular poiut
Example 5 (text page 246) - R— a0 wn‘; page293D

Convergence nt v voul

4 . — O )
roY chooge 7o=0 17"7(°)< k . the solutvon
- Ts converg cn-(' fov any X
Set (y(x)= chx” since P(x) =0 and QO(x) = x are analytic at 0
n=0
Stepl  Y'+xy= ? cn(n—1)x"" —ch x" =
Nete) . =0

o0

icnn(n ~Dx"2=> ¢, x"" =0

n=2 n=0
W3 seth=n —2%4&?_ \et k=n+1
n: k"l

Step 2 ¥/ ch+2 k+2)(k+1)x" ch Xt =
Nﬂe.‘.?}. *z
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ch+2( 2)(k+1)x" —ch X =
¥, /o'-f \ k21

Step 3 2¢, + ch+2 k+2) (k+1) ¢, x'=0

Step 4 | 2¢,=0 ¢ (k+2)(k+1)—c, =0
S A i B
=0 & |G (k+2)(k+1) Ie 2o 3,

recurrence relation

Cp» C1 & T2 8

%
k=1 C3:—.O3
k=2 ci=il

- +73.4

k:3 6‘5:46—2:0
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C_|_: - ll’tk\Pg‘,MTFmC ml
: (k+2)(k+1) oy k(1 cy & ) % 1’\',13‘)
k=4 c = G _ %
- 6 5.6 2-3-56
— _ C4 _ Cl
k= “ 6-7 3-4-6-7
— :C—SZ
k= Cq =g 0 .
k= C. = Ce — Cy C;k: ;3;63"")‘3&)
> 89 2-3.5-6-8-9 F
k= P ¢ group 1 ¢,,¢5,¢4,Cq0
10 96-10 3.4.6-7-9.10 GIOUP 2 C;5CyrCyyCry """
k=

c..=—3 =
con @T ......
| S/

-

. ¢ B
Bert 34757 BeBRH)
Caty = 0




groovt grosp2 7 Youp 3

Step 5 ZC x" = ZCSkx +chk+1x3k+l +Z 3k+2

283

1 x3 x6 9
S A } )

i 4 7 10
X X X i|

+C, x+3'4+3°4'6'7+3-4~6-7-9-10+ ......

Y \X)=Cpy +cy
() 01() lz‘EZ*"t{“fsps‘cml (e e o'(‘kl)

*‘41/:"1;22 3 (3k YEaRE

YMG T— , . = AT Mo{ the GP:kiIoul (ase of k=0
(%) 5 ;’f__%z;g 4. (3k)(3k+1)

4

'For 7’2

-0
£ov any)f

3
ratio test (|<+\)+ © Y, is convergent  lw | — X
fLov 7, 5 ferm \ for My ‘Xge k-m\ (3L +2) (3k14)

= | L vs convergent
k-rv‘{‘sk'\z)kk)\ ?;iv overy g(

t 0 for Gy %




stngu‘a' points & + ¢

Imlx), _ ) _ ~ 184
Example 6 (text page 248) Re\Ze=cl=] Ix-%I<R , Ak

RC"O set 70"0
(x2+1)y +xy'—y=0 Zcx (analytic at x = 0)
vol N -
Radius of convergence? Sﬁ?:’“ Ao (_,: {:a sTagalar
PO (a
- ! ﬁ'y 7(+'y O
Step | (x2+1)2n(n—l)cnx +xch x’”—zcx -
2 5 = »
D> n(n=1)c,x"+> n(n- 1 )e,x" +chx —Zcx =
n=2 n=2
k=n-—2 k=n k=n
Step 2 ﬁ} \k:n \ N leta, \

Zk 1), x" + (k+2)(k+1)ck+2xk + > kex =) e xt =0
@ ¥ k=1 k=0
2
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Z (k—1)c,x +Z k+2)(k+1) ck+2x +chkx > cx" =0
St€p3 ‘/ /
—CO+(6C3+01 cl)x
k 0

#Lt +> [k(k-1) ck+(k+2)(k+1)ck+2+kck—ck]x =0
=2

2¢, — ¢y + 6+ [(k+1)(k—1)c, +(k+2)(k+1)¢,, X" =0
k=2

Step 4
2¢, —c,=0 6c,=0




&5 262—6’0:0 6c3:O Ck+2:1_kc
€, =Cy/2 c;=0 k2 < ker
3
CO) C] 2\/'—:' "J,L—L %’;
C2:CO/2 )‘_5 C7=—éc —0 2:4.6- 8
c;=0 g 5 :24("2'}4):)44l-
k;‘c =—=C, =— 3-5 — 3-5 )
- 1 8 6 . C, = —
le=2 c4_—102=_2_%400:_ 1 oo 8 2-4-6-8°07 54 g 0
: 22210 ¥ =—60 =0
'(:S C5:—§C3:O 9 !
o =3 3
c =—2p = _ 3
'('a 6 6C4 2°4-6CO_23.3'C0 :
group | group 2
CO/ C)_’ (4ks.u.\ C. ’(3/ (5,‘.“---
Co - (-1 '2-5-*~(2k-3) C, 2 free 4o chooge

286

2
ko Sk k! — (o

CZK-H :0  for "Z l



. Qroupl  group< oe
Step 5 y Zcx —Z:czkxz"f+Z:c2k+1x2k+1

32 4 10
X 3x° _3°5x 3-5-Tx" ...
‘CO[” 2 2. 2 24 2s }

y(x)=coyl(x)+cly2(x) V1

78 XA
ﬁ’{, /I, J-‘,( ove not the SP(c«al CtSes of n=0, )

na1:3:5---(2n-3) ,,
y(x) =14 0t 4+ 3 (=) 2n('n V<1 (Why?)
n=2
yy(x)=x
: '1
ratio test: .y, y When 17%1Z), ¥ ,a—|7{¢'<l
)’2_ 3 (ohwrgclv\'( ..' \(h+‘)-ﬂ'+f'm (ohuey,eh-t

(Since there Ts)

{
I ¥h €erm
oni7 one term n¥" h

< Jim ((RN<1) %2
h>a9 2(n+|7

= |im \IV\ I . '7(2-‘

ny &
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Example 8 (text page 250) no'  singular pemnt

V" +(cosx)y =0 - . soluttous ave convergent

7%8 N 'Taﬂor sertes for ahy X

x
cosx=1-— 4' 6! .........

y(X)—Z(;cnx 2(,+ 6%+ 120 X420 (574~

o0

Z:cnn(n—l)x"2 (1 §'+ﬁ'—)é6! --------- )chxnzO

n=2

& )PV I
B ko C°“s7{+?r;)x‘+(€;~z)x +

2¢c, +¢, + (6c3+cl)x+(1264+02—%jx +(2Oc5+c3 Czljx3



262+CQ+(6C3 +Cl)X+(1204+Cz_%jx2+(2oc5+c3_%jx3+ """ =
2c,+¢c,=0=>c,=—¢,/2
6c,+c,=0=>c,=—¢ /6
12¢,+¢c,—¢,/12=0=>12¢,~c,=0=>c¢, =¢, /12
20c;+c,—¢;/2=0=20c; —2¢, /3=0=c¢, =¢, /30

S R T e P -1l s
y(x)=1 AR y,(x)=x X t30%

y(x) = Co (x)+clJ’2 (x)



6-2-4 T_&

1. Analytic at x,: If a function can be expressed as a power series
and the radius of convergence of the power series is nonzero

*7%? H %7 flv) x, _F 5 analytic > jZ
(1) f(x,) should be neither co nor —oo
(2) f™™(x,) should be neither o nor —oo

m — 1,2, 3, .......... a ‘t I 'f _( O
| o A~ Ts hot analyTic a
14 & I'C ‘F(?‘)- 7(\‘ | T‘F o T.S Mo‘t an 7\!\1’99?V
-P'h‘):-;' A2
£'(0 <

SN s not aha|7‘f'l( at 0



2. Ordinary Point and Singular Point: 291

e For the 279 order linear DE
s tandovd
a,(x)y"+a,(x)y' +a,(x)y=0 E«;\ V'+P(x)y'+0(x)y=0

- Q, -
Definition 6.2.1 2 re & @ %.92_
*to x, 1s an|ordinary point|of the 2" order linear DE if both P(x) and
(O(x) are analytic at x, 4,
2

Otherwise, x, 1s a|singular point].

Theorem 6.2.1 howogeneous

o \4

“If X, is an ordinary point of the 2" order linear DE, then we can

find|two linearly independent solutions in the form of a power series

centered at x, , 1.e.,
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e For the k& order linear DE

(k_l)_|_ ...... _|_a1(x)y'-|-a0(x)y:0

a, (x)y(k) +ak—1(x)y
N y(k)+Pk_1(X)y(k_l)+ ...... +Pl(x)y’+PO(x)y=0

Extension of Definition 6.2.1

___________________________

W X, 1s an ordinary point of the k" order linear DE if P(x), P,(x),
Pyx), ceennn... , P,_, (x), are analytic at x,

Otherwise, x,, 1s a singular point .

Extension of Theorem 6.2.1 homo7 eneous

ﬁ'l

find £ linearly independent solutions in the form of a power series

If x, is an ordinary point of the " order linear DE, then we can

centered at x, , 1.e.,

o0

y(x)=2 ¢, (x=x)"

n=0



6-2-5 Interval of Convergence 2| %73 ;X

rotio tesd

25 k- ¢ 4541 fim S x)"" <1 thig
nowl o (X —Xx,)"
H| BT =
(Fp-ig > (e a3 4 18
P AT acenfE B PF 6 g e ack )
¥, ‘x—x0‘<R

H ¢ R H_x, frkiT e singular point sfE 4R

Singular point can be a complex number , see Example 6

AZiE iz B 4 [l A % 3 5 convergence



6-2-6 2%

(1) ¥>* nonhomogeneous =535 ....

@, (x) )" (x)+a,, (x) 3" (x) +--+a (x) ' (x) +a, (x) y(x)

)iz BT ¥ AH A D
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6-2-7 & & F ;i g e

()& 728 RBE R 2 % ¢ (a) convergence, (b) radius of convergence,
(c) analytic at x,,, (d) singular point, (¢) ordinary point
(2) 48 ¥ — ™ Taylor (Maclaurin) series (4 page 276)
(3) Index e = 2+ 5 & |
(Lt X xF g &2 > D) FHAET &Pk
(c) Index #8258 & /]
(4) n'" order linear DE & 3 n i# linearly independent %

(5) 7 F¥ & < Jg interval of convergence
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Section 6-3 Solutions about Singular Points

o P (x)y(”_l) Loeennn, +P (x)y' +P, (x)y = (| (standard form)
— W 7o X a .dhgqlav po?n‘[

—— _N (x—x, = Cer b2 Sec 63 4y
Y @) HZ_(;C (x—x, )= @ (v(')('7o)n-‘->(-h(7f~7f—>r

—————

6-3-1 = ;%37 2

(1) Linear ®, ﬂ

(2) (x =x)P,_; (), (x =x0)*P, 5 (X)y cevvrnrnnnnn, , (x —x)" 1P (x),
(x —x,)"P,(x) are analytic at x,
(+“ $#2 : Section 6-2 & .‘]"»__I_’n_\I(M), ............. :

P,(x), Py(x) are analytic at x,)

(3) It 1s better that Py(x), P,(x), ...., P, ,(x) are all polynomials.
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6-3-2 T_&
*zSingular Points & = = & A4
e [f x, 1s a singular point but (x —x,)P,_; (x), (x xoﬁf (x),

............. , (x =x)" 1P (x), (x —x,)"Py(x) are analytic at x,

X, : regular singular point /g,

o If (x —x)P,_; (X), (x =x)*P, 5 (X)y cevvenrnnnnn, , (X —x)" 1P (x),

(x —x,)"P,(x) are not analytic at x,

X, : 1rregular singular point %
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Example | (text page 253) Y4 P Y '+ Py 0

(x* - 4)2y” +3(x=2)y'+5y=0

5
R = 2
smqn':(rozwt( _2)(i-+ 2)? (%) (x—2)"(x+2)
2 (7(‘2) P,.-, T?‘Tz—-y (f'Z)zPOS (57‘_-;—27

xX=2 1sa re gular sing alay point

x=-21sa hvegmlar sMgu'ﬂV point (#42)P ‘: (X )

(At)°p, =&
d O -3)*
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6 3 3 ﬁ#;z:

Zx bl 4
o0

Bakfzs y(x)= ch (x—x,)""

n=0

4537‘#3

Theorem 6.3.1 Frobenius’ Theorem

% x, 4_linear DE § ¢ - i regular singular point

B :& % linear DE@ s ﬁ”i{)y(x)zz% (x—x,)"" 03 &
333 "

&>

e=g




&9 _—> Section 63 f2 5 -

(Process of the Frobeniug Method) et 8 page 219
Step 1 #- y(x ic (x- xO ’W:
RA— Nhon4r
Step 2 Power 7% (14 4p ficdie | e 5 )
Step 3 & &

Step4 & 4! r 21 XAz
Step 5 ** fi fhdic » #c, 2 B el R4 1 K

& "
Step 6 %"Step 4 1 ]—: ,,‘ Iy N a Step 5 Y| p ‘l_r %0(“ ('X‘x’)
Y>

1 #13 ¢ independent solutions % general solution

Step 7 (L s )



301
(Step 7)Y, XX[El2

¥ (Drj £

B QQ)ralz Benid 5 BF#c 2 8 Step 6 17 kenfz 2 %
independent P

- j P(x)dx

e
* yz(x) :yl(x)jyz—(x)dx ’f\f’-m "/f =354 yz(X)
1
(%% Section 6-3 &7 Examples 4, 5)

2 ¥ e 5 FE#c > fe % _Step 6 17 4! k ehf2 % independent PE >

¥ v
*FRFE R
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6-3-4 §= b
P =% 3;( Po = -"-
Example 2 (text page 255) AP+ 7@‘7/,/,’)‘5 2
3xy"+y —y=0 Standard %0 : g
),u 4L 7 2 7.’ W a smaulaw P.“‘.L
- A regulﬂw s?ugu[qr po?vr{_
Step 1 #  y(x)= chx"” EIPN
n=0
& 32 c,(n+r)(n+r-x"""+ Z ¢, (n+r)x"™" - ch ¥ =
& =0 = =0
A= o )
Step 2 Power ¥ ¥, ‘»L?E‘iig’i']‘i"g n=k—1
n==k 2 n==xrk = —
—— k=n+1
ﬁ5 0 v v

32 c,(k+r)(k+r—1)x"""+ ch (k+r)x" chr X =0

hote : £ V,_\ \‘ ’Vo'(el
Z

==t



0 0 - 303
32 c,(k+r)k+r—1x"""+ Z c, (k+r)x""" Z c, . x =0

k=0 =
SCor(r 1)+c0 x" +Z 3, (k+r)k+r=1)+c,(k+r)—c,]x""" =0

Step4 & 1 r Co(3r(v)+1) =0 B2 1% (c#0
A"'3r(r Dt+r=0  3;2_2/=0 rGr—2)=0

(np‘ o (O\I
&4_ equertiogn r=0 or 2/3
Step 5
3c,(k+r)k+r—-1)+c (k+7r)—c, =0
Cc, = I

(k + )3k + 37— 2)
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I
c, = C,_
k+r)3k+3r-2) *!
Step 6 s (k+7)( r—2)
~E :0 C, = Ck_l ~k — — 1 -
7 120 9Tk (Bk-2) =23 5T Br e
c ) <
k= 6121—.01 ,‘" 61—5—.01
2 L _ c G
R PR T E2 &= 05
Co . c C
AR T E k3 =115 =381
o - C C
4 c=g 10 411-4-7-10 i B VT T
C =~ o
(nv)l 4. 7 (3n 2) " (n)5-8-11--+-(3n+2)|
V ) ‘5
‘Q vowm \ Sv owm 3““2 Lromk from 3 l‘*’z



Solution of Example 2 (%] & 7 #-& {6 0f2 g 1))

cnxn+r — xr cnxn
=Gy + G, . °§(h v & ; ;
ﬁ y-0 X 2 nd set o=
9

(Setc,=1)

1 n
'COV O{tq:?rﬂ,f(y) "‘,\|:l+zn'l 4-7- (371 2) i| *lo

ve 2'/5 \—/ (age ‘F°Y ne o,hc{ (4} $Pecm| BSe O'c Sum{gou

2/3 1 "
y(x)=x" {”vas 8-11------ (3n+2)x } X % n
ZWWEE%*D L -g L’V\--O %o Y22 AP %(«0(
(;:(—y) ovge‘f (‘(’J XE(ODOO_ (#:Q ¢ ‘},,v |°>€‘f &
(W% 7 B N x e )

(onvergenie * rotto tect
ov ¥, lrwe }_(!H—l)’“‘ Yeven

h-2001 th '('evw

Yo, e | Ttz | =0

[ |2

no>os (V\-H)BW‘H) for all 7
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Examples 4, 5 (text pages 258, 259) °
g{ahdwd y +Z‘O 7("? :x xP':

xy"+y=0
S T L 4620 ¢ a regular
Step 1 #- —Zc X RIPN $7h9alav bo twf
(Fvo beatfas me‘ﬂtod
Zc (n+r)(n+r-Dx""" 1+Z:cx = Can be app hied )
*4' Z= Note |

Step2 & | n=k %ﬁﬁi*n:kq
€ ! - Xi

ch(k+r)(k+r 1)x< 1+Zék )
k=0
Step3 & @ \’\‘Zl Aﬁs Note |
L0 c,r(r— l)xr 1+Z [c,(k+7)k+r—1)+c,  ]x""" =0
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c,r(r=1x"" + Z[ck (k+r)k+r—1D)+c,, X =0

k=1
Step4  r(r-1)=0_ (B2 3% (10 /

1 r=0 or 1

Step 5 ¢, =— St L/k‘z ‘
(k+r)k+r—1)
Case | ;
Step6 % p=1 ¢, =——*'— -1)": from -1
*g — (k+ 1)k (n+12' from k+1 k= 1~n
. C fromk k= 1~n
c, =(—
* IV i n+1)!n!
n

] In!
7'__7('2:(0‘7( > 1 |
nzd yl(x):x{l_i_zn'((n-l)—l)' :|—x|: n'((n-)kl)vj

_EOO: (-1)" s ol:\ ﬁl<> *© ?'5 .

— o L]

n=on¥n+1)! (G :, Special cage
ol 1) of +the

™ 144 Summat foun



y o hos o308
Step 6 % r=0 Ck__(kf—ll)k k> ) bat k=| onuez:.l

B %199 Step 3 0 o
! ck(k+r)(k+7'—1)—|—ck_l:cl.()_|_cO:O

(k=1,r=0 1% »)

i E EN0,c,FVRIEIRE ;
Lo G k3 6 g
[(‘-2 2 1.2 3 23‘ 1.2.2.3  ceeeeeeennn
(—l)n_lc (-V"* s from - 1k 3 g L e
. (n—1) !-1;! M s femkel g

nl ag Lrom W
0 = (=) 1" | o
x>:x[x+nzz(lg_;)!n, } S I
XYECn’XM m=n-=— 1
) n=o

r=0 ’ CD:O
Ci x|

y2(x):y1 X



309
Fl 5w E B Ak iy, (x) £ (x)

F4FF b Sec. 4-2 “reduction of order” 1 2 Ff%

‘ku REL
_— stomclavol forw 7'47/9«2 ?,{
e—IP(x)dx P=0
X)) =y (x)| 5 dx
¥, (x) =3 (x) | V2 (x)

?I- : %’ & ey, (x) F3 oy (x) k2 - B constant, B y,(x) fr y,(x) 17
A Fe linearly dependent » 7 % & * 1 = “reduction of order” = =

% fF - i R



-0 é-jou A o
J‘ e—dex j Sct C: gx
yz(x):y1(x) z—dx:yl(x)
: Teale iy
¥ (%) [x‘ 23x +1'2x '144x +‘ ]
=5 ()] _dx_ 2 A7) i x
- 52x4 —772x5 o] long division
_ 1 ,1,7 .19 Eoh
_yl(x)—“_x2+x+ﬁ+72x+ ...... :|dx
:y1(x)|:_i+1nx—|—172x+11494x2—|— ...... :| 'HUJI; L% {IH‘X‘?
= _l 7 19 2 oooooo
_yl(x)lnx+yl(x)[ L J
= S G TR
_yl(x)lnx+[ N }

ENRTR I
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R
Sy 5 : : XM A 4 l+,7-'—-2-7f
x _.x +12X _72X +(1) (.)'_, .....
2Y (-1 X
" ERCRIRY
1272
1 -1 2 -7 .../ 1 0 o 9
12 72 .1 5 7
() () () () 12 72
(D (x ) (ef)
1 e
12 72
1 -1 2 L
’XL 127‘3 72
T _23
12 72

7 71 35 _49
12 12.,,144 364

19
72
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6-3-6 Ingii;'cial Equation

21 order case y"+ P(x)y' +O(x)y=0

If x, 1s a regular singular point J

2 .

(x =%)"Y'+ (x=x)p(x) ¥ +q(x)y=0
where p(x)=(x-x)P(x) q(x)=(x-x,)"0(x)

d 3t p(x) fr g(x) '# 5 analytic
Z)(?x) ::(10-+¢g1(;[-—;xo)-+-6kz(;[__;xo)z R

q(x)=by+b (x—x))+b, (x=x,) +--eeen--

ch x—x,)", y’(x)=ch(n+r)(x—x0)n+r_l,
n=0 n=0 _

= icn(n +r)(n+r—1)(x—x0)n+r_2,

n=0

312
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= y(x), '(x), ¥ (%), p(x), g(x) & »
(x—x,)"y"+(x=x)p(x)y +q(x)y=0

icn(n+r)(n+r—1)(x_xo)n+r

+(a()+al(X—x0)+a2(x—x0)z+ ......... )ch(n+r)(x_xo)n+r
+(b0+b1(X—x0)+b2(x—x0)z+ ......... )icn(x_xo)nwzo

H P (x—x,)" 7 coefficient %

c,v(r=1)+cya,r +cyb,

r(r—1)+ay+b,=0—— indicial equation
2 ovdev
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y(x)= ch (x—x, )W
n=0

¥ linear DE % 20 order P& » r ¥ 11 d [r(r—1)+a,r+b, =0| &
H ¢

V)

T

ay=pxy) | p(x)=(x-x)P(x) Y'+P(x)y+0(x)y=0
bo=4q(x)) | q(x)=(x=x)"0(x)




For the 2" order case

r(r=)+a,r+b,=0 tworoots: 7, r,

#(Case 1) r, #r, and r|, r, are real, r, —r, # integer

\4-! -

T e e y(x)=)c(x—x)" $fz
—

n=0

(Case 2) r, #r, and r, 1, are real, r, —r, = integer
ﬁ\‘(’ = = n+r

s ET S DA e y(x)=)c (x-x)"  fE

0

S
Il

$pE- By (x)=Dc(x—x)""

n=0

v - BEE yz(x)szl(x)lnx+an (x—x,)""

n=0

315



(Case 3) r, =r, P&

'4'3 = n+rn
Y (x) = ch (x—xo)

¥, (x)=Cy,(x) lnx+Zb (x— xo)'w2

&Sy, (x) x)Inx+ Z x—x,)""

n=0

(Case 4) r, # r, and r,, r, are complex

£ L X =212
ERUL RS

316
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6-3-7 Indicial Equation for Higher Order Case (% >

% linear DE 5 n' order P&
y(n) _I_})n_l (x)y(n—l) Foeeennn _I_Pl(x)yr_l_P()(x)y:O

y(x)zzcn(x_xo)IW FPoehr¥ ud
n=0

7! 7|
——ta :
(r—=n)! " (r—n+1)!

fo
- [ |

7|

I/'! _f e
T 21!

20 (r—n+2)!

+a

+a,,=0

B9 g, =p(x), ) =(x—x)"" P(x)

k=0,1,2,.....,n—1
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6-3-8 K & F & 1R, ch

(1) Index "4t | a3t 5 & )

((Z:x ¥ e power fi | endA > R € VIR E k)

B4e B page 302 e Step 2 0 — EHIE S xk 1@ 2 xR
(2) # x=0 5 regular singular point, X x,=0 ¥
(3) 4% E_c, fr ¢, (2 ¢y fr ¢;) T recursive relation

B4 BT A, SRR Y R

(e £~ 727 %5 0)

(4) Recursive relation 3 ¢ /] & # % 0 &35 (4 page 308)

(5) - s B Ky, (x) Fry(x) 48 e 05 (4 pages 308, 309)
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(6)%] 2 1 #-d (s R
Bt eDfR 5 ) 4% ks

(7) Interval of solution i* X & ¥+ & >
¥ interval 7 ¢ 3£ ix i@ singular point >
I i¢ &_regular singular point

(8) 4 ¥ £ 4
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Section 6-4 Special Functions

(A a e F 7 Gy i de M)

Special cases of Sections 6-2 and 6-3 A '33“'“"' cin “‘z_v'{ potay
11 3 f '+ Lt S
e Bessel’s equation of order v ctandar P, Py = M2l

Sec 63 Xy +xy'+ (x> =v?)y =0 Solution: ¢, (x)+c,Y,(x)

S | 2 A PRl i
J (x)zzn'r (—) - 15t kind Bessel function

v = n (1+V+n) 2 r—(‘){): 90“% -Pund?om
Y, (x)= cosvzJ, (x) A C) : 2nd kind Bessel function
,{§ iy ' SIN V7T
e Legendre’s equation of order n % =0 T¢ an oraﬁno.v; polnt

Sec b=2(1-x%)y"—2x)' +n(n+1)y=0
One of the solution: Legendre polynomials
(See page 338)




321

i n

a s (1))

e Gamma function I'(x)= Jj e dt

e modified Bessel equation of order v
XY +xy = (x* +v)y=0 fE 2ol (x) + K (x)

e modified Bessel equation of the 1stkind 7, (x)=i"J, (ix)

):72.]—\/ (x)_]v(x)

e modified Bessel equation of the 2" kind g ( _
Y 2 SIN V7T

e Bessel (% — fd % 7
X’y +(1-2a)xy' +(b’c’x* +a’> — p°c’)y =0
2 y=x"| ¢/, (bx)+cY, (bx) |

-



6.4.1 Bessel’s Equation

6.4.1.1 Solving for Bessel’s equation of order v

XY +xy +(x* =v)y=0

StepS 1N3 %y(X):ZC xn+r flq PN

n
n=0

ST iE - 42+ B (See text pages 262, 263) 1

——

c,(r* =v)x" +c (1+7) —v*)x'™ + Z[ck (k+7)" =v)+c, X" =0

k=2
Step4 > —v* =0 two roots; v and —v
C_
Step 5 (A4 =v?)=0 o=

¢, =0

322



Cr—2 323

v _ G - Cr—
Sep 6 TV AT TGy ¥r=y %= kk2)

d 3% CIZO’ C3=C53=C7=Cy= R

¢y, = (=1)" -

2n = DhGennnne 2n-(24+2v)(4+2v)(6+2v)---- - (2n+2v)

_ (_l)nco h _
27 nl1+v)2+v)B3+V)- -+ (n+v) when ey
&y, = (1)’ -
o D Gerennn 2n-(2=2v)(4=2v)(6—2V)----- (2n—2v)
(=D"¢,

when r=—v

= 22”n!(1—v)(2—V)(3_V) ...... (n_v)
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6.4.1.2 Gamma function: a generalization of 7!

- (Note 1)
['(x)= jo e dt

properties of Gamma function

(1) T'(n+1)=n! when n is a positive integer
r(1)=0!=1

(2) T(x+1)=x(x)

% P 2%k * Appendix 1
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3) T'(n) > whennisa negative integer or n =0

@l r()a

re U

2

r(1) F@2)=11=|
ol:|




6.4.1.1 v 3| Solving for Bessel function 326

P (=1)"¢,
72 (1) 2+ V)3 + ) (nty)  Whenr=y
_ 1
St 0T (1)
. (=D"
2 14+ V)2 +V)B+ V) (n+ D1+ V)
_ (=D"
T 2By a2 4y LY =D (1Y)
_ (=D"
27" (34 V) e (n+v)I'B+v) F(3+v)=Q2+v)[(2+v)

_ D"

2" nD(n+v+1)




FIZ> % r=—v set ¢ = 1 327
27T (1-v)
(=D’

C =
MMV ID(n—v+1)

Two independent solutions of the Bessel’s equation

0
n+r
ADN chx
n=0

o0 _1 n 2n+v
When »=v JV(X):Z_(;n!F(( +)v+n)(%)

o - _1 n 2n—v
When » = —v JV(X)ZZ(;H!F((I—)V-FVI)(%)

n

7};’_ iT Bessel functions of the first kind of order v and —v



6.4.1.3 Bessel function of the second kind 328

IR, 0 @ IF roots (A & 2v
(1) § 2v * & B #pF > Bessel’s equation =73f# =
¢ (x) e ((x) (+ F & = oy (x) + 6, Y (%))
(2) % 2v 5 B> e v=m+1/2(m 24— 1 F#) = > Bessel’s
equation {27 5 ¢ J (x) T ¢, J_(x) (» ¥ %51 = ¢ J (x) T, Y (X))
3) % 2v 5 Bic> ¥ v~ b FHFF > Bessel’s equation e77f# 5
¢ J,(x) + ¢, Y (x)
Y (x): Bessel function of the second kind of order v

(LiF ) (Note 2)



: . )
Y (x): Bessel function of the second kind of order v 329

_cosvzJ, (x)=J_, (x)

d (x) 3 110%/4

¥ om s R Y (x) Tk S

() OE)0(8
v—m SINvr

* L’Hopital’s rule * &

- 0
—zrsmvrJ (x)+cosvre = J (x)— 5 J_ (x
v—om 7T COSVIT




6.4.1.4 Bessel function of the 15 kind (order m = % #cpe) e &

(1) Jo(0) = 1,

J (0)=0 form=0

330

(2) Zero crossing s ¥ 0 K§F m M Sv @ A% Kk A%:g (R Table 6.4.1)

0.8~

0.6+

0.4

0.2

Jo

J1

-0.2

-0.4}F
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3) J,(—x)==D"J,, (x) when m is an integer

@ J.(x)==D"J,(x) when m is an integer

5) 0] =)
. Example 6, text pages 268, 269

© Lxsm]=x7,@




6.4.1.5 Bessel function of the 27 kind (order m & & #cp& )l 5 332

(1) limY, (x)=—

x—0

(2) Zero crossing s ¥ > S§F m 3 Av @ AR K AXR
Y 1

0.5

0

-0.5
1+
-1.5
ol

‘@@@@\ 2 ‘

5
3
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6.4.1.6 Bessel’s equation 1% &

XY +x)+(x*=v)y=0 f£ 1 cJ(x) oY (x)

7y

(A) XY +x) +(@’x*—v)y=0 f&:cJ(ax)t oY (ax)

Proof: Set?= ax
dy _dtdy _ 4y
dx dxdt a’t
- d’y _drd(dv\_ _d(. dv)_ .d’y
Sumilarly & = dvarldx )" % ai\ Y ar )T a4t
2 d dy ;2
\ = _ _t 24y ¢t 4
R 5 xy +xy+(ax v)y > 2 +aadt+(a . v)y

| 2 : ,
:5;2Q+t_y+(t2 _Vz)y:() —> ¥t m = &_Bessel equation

y=cJ (1) T o, Y () =cJ(ax)+c,Y(ax)
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(B) modified Bessel equation of order v
Xy +xy' = (x*+v)y =0 i 0 el (x)+ K (%)
#e I (x)=i"J, (ix) F-1F &_modified Bessel function of the
first kind of order v

<

K, (x)= zl,(x)-1,(x) # 17 &_modified Bessel function of the

2 SIN V7T second kind of order v

¥y L B gepE 0 o 5~ limit




O) x*y"+(1-2a)xy" + (b

2.2
X +a’—p

2C2)y:O

2 y=x e, (bx)+ Y, (bx) |

“
4y
=i
”

Example 4 (text page 266)

xy"+3y'+9y

l

§§< s B WL R R

=0

x*y"+3x3"+9xy =0

33F S f 10

RRCTR )

335



6.4.2 Legendre’s Equation

6.4.2.1 Legendre’s Equation

(1-x*)y"=2x)'+n(n+1)y =0

o0

y(x)=> cx" & x84 (1B 4% Ltext pages 270, 271)

k=0

Two linearly independent solutions are

y(x)=¢, [1_”(”2—‘!"1))62 N (n—Z)n(iz—!k (n+3) 4

_(n=H(n-n(n+D(n+3)(n+5 6, }

6!

¥, (%) :co[x_m‘l)(””) o, (1=3) =D (n+2)(n+4)

3! 5!
(n=5)(n-3)n—-1)(n+2)(n+4)(n+6) N

(1t Dt O oy ... }

336
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(a) When 7 1s not an integer, both the two solutions have infinite number

of terms.

(b) When 7 1s an even integer, y,(x) has finite number of terms.
In y,(x), the coefficient of x* is zero when k > n.

(c) When 7 1s an odd integer, y,(x) has finite number of terms.

In y,(x), the coefficient of x* is zero when k > n.

¥,(x) when n 1s an even integer and y,(x) when #z is an odd integer are

called the Legendre polynomials (denoted by P, (x)).



¥ 338

ni2 1-3eeeees (n—1) _(_\D2 123 n
¢ =(~1) Dhennnn. n ¢ =(-1) 2.4 (n—1)

G P(1) - =32 1)

- When 7 is a non-negative integer, one of the solutions is the n' order |
. polynomial. '

P, (x)=73(3x" —1) Py (x)=5(5x" =3x)
% %(63x ~70x" +15x)



Legendre polynomials 339

Po | Interval:

P1
x e [—1,1]

0.5
P2

W x
05¢ |

| : :
0.5 0 0.5 1

\@@@é



6.4.2.2 Properties of Legendre Polynomials

(1) P(—x)=(-1)"P,(x) even/odd symmetry
2) P(1)=1 P, (=1)=(-1)"
(3) P(0)=0  when nisodd

(4) P, (0)=0  when 7 is even

(5) (n+1)P,, (x)—2n+DxP,(x)+nP_ (x)=0 recursive relation

6) P.(x)= I d” (xz—l)n Rodrigues’ formula

2" nldx”

340



(7) J- (x)dx=0 Ifm#n orthogonality property
(Note 4)

) F=E® axe[-1,1] ®%F % continuous #7335 fx)

b1 = ¥
B ¥ & IT @

=3 4,h, (¥
jf(x) Xx)dx = Za IP X)dx = ajP P, (x)dx

341

245 orthogonality property

J-P x (x)a’x

Orthogonality property 71 %_Legendre polynomials # & & &4 &



Review of Chapter 6 342

f#iz i * & F * Linear DE » ¥ coefficients s 4+ & polynomials

Y4B (1) e B ()Y B () =0

% P,(x) =x=x, FF 5 analytic
XO 7"3» Ordinary pOiIlt y(x) — ch (X — xO )n BB ]l\ﬁ”q’:

n=0

% P,(x) e x=x,FF % % analytic

e f_(x—x, )" "P, (x) £ x=x, FF % analytic

x, = regular singular point y(x)= ch (x—x, )W o R
n=0

ﬂ)g o ¥ - BfRi Cyl(x)ln)H—Z:bn(x—xo)lw2
n=0
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Exercise for practice

Sec. 6-1: 4,9,12, 20, 22, 24, 30, 32, 34

Sec. 6-2: 2,10, 13, 18, 20, 22, 24, 26, 27

Sec. 6-3: 4,9, 13, 16, 22, 24, 26, 28, 30, 32, 33, 36
Review 6 6,7,10, 14, 19, 20



