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Chapter 11 Orthogonal Functions and
E %

cownp lete and

FO}] ier Series ¢~ oy-H.ozono\)
'&
48 % ¢ linear algebra R > ogonal (I =) basis 714 5

. , Cyy 2, 11
i linear algebra § * wdT 2,2 ,-2]

Ove or'('laogoha]
(1) inner product (flafz)zzf1[”]fz[”] TE Atsanorthegonal watyy,

TX =
Zfl[”]fz[”l]zo A '2‘\ -D

D ATA:]
(3) # fl, fz, e fN Y complete orthogonal set, A“‘:D‘*AT

mner 2 f[n]f, [1]

de“d fln Zam nl where  @n =%
Yt Mﬂ) > a~(<—‘...tm1 £,00) Z £ 2]
= (e (o] ,‘QQ [V'j\

(2) orthogonal
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4o &8 F = B entry eFA5T

f=[1,0,0] f£,=[0,1,0] f,=[0,0, 1]

f,011 £,[2] £,[3] £,01] £,[2] £,[3] £,01] £5[2] £5[3]

H_— = complete orthogonal set

A

f3 a

v

[glosle)

Y %E ¢ {4 continuous § ¥ i%4rim T_& orthogonal?
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Section 11.1 Orthogonal Functions

11.1.1 & :REASBLE &

(1) mner product (page 347) (7)normalize (page 354)

(2) orthogonal (page 349) (8) complete (page 356)

(3) orthogonal set (page 351) (9) orthogonal series expansion (page 358)

(4) square norm  (page 353) (10) generalized Fourier series (page 358)

(5) norm (page 353) (11) weight function (page 360)

(6) orthonormal set (page 353)  With weighting functions, many
definitions are changed.

B3 238 1 (1) ¥ 12 % dr linear algebra § 7 ez & § v ik

(2) 4F % = & I3V e 35 (see page 363-364)




11.1.2 2%

(1) inner product on an interval [a, b]

A, h5)=[H) L@ (s 3 real )

L o discrete case (f).1,) = Zf1 [n]t, [n]

4 “v : more standard definition for inner product

(5 1) =] Hi(x)F (x)ax

A 1=\ with conjugation
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Inner product £ 5

(a) (f;, ) = (1, £)* *: conjugation (£ ,('F;) ] k—w (€, /‘Fa-)
(b) (kf, £,) =k (f}, f,), k = scalar (2§ % constant)

(c)(f,f)=0 ifandonlyif f=0, (f,f)>0 ifand onlyif f= 0,

R

d(f+1,g9=(,2 (1, 2

discrete case 7* F izt [



(2) orthogonal on an interval [a, b]

> () =] KL @) d=0 (. f; % real p5)
& (fi,fy)= j fi(x) £ (x)dx=0 (more standard definition)

L ¢ discrete case Zfl[n]fz [n]=0

b+ % [a, 0] =[-1, 1],

1 e xk(k % % #) 7 % orthogonal
V?j\ ogld F =

1 kX
Ll xdx-—k+1

e

k+1 1 :1k+1_(_1)k+1 _ 1_1 :O
0 k+1 k+1

349



_____________________________________________________________________________________________________________________

L% ¢ iE® even function frix i@ odd function % [-b, b] 2. FF & &
_______________ orthogonal, ___(e=-b) |
¢ 3% Example 1 (text page 426) =7 x> fv x* & [-1, 1] 2 F» &_
orthogonal em's °,d°‘ | _g
(7%, £): f‘—x’-r;@d;r: {_‘ A 2elx
b - 6y I
[ 1501 () =0 G
/‘ \ Qeven - odadl = ododf
even  odd : b ¥ion ol x =
-W- f.—b oJol ‘F(IV‘C 0{7(
NS N
4 0 b

(oS (%%  ton(%3) ave o'ﬂogohal at [-5, 5]
f -Z s (7)tom () dx =0
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(3) orthogonal set s

‘)ﬁ - QE‘ functions ¢O(x)a ¢1(X), ¢2(X), ¢3(X), -----------

E Ib¢m(x)¢:(x)dx=0 for any m # n

a

B @y(x), @,(X), §(x), A(X), «evenn..... # 1% orthogonal set on
an interval [a, b]
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Example 2 (text page 426)

Show that the set {1, cosx, cos2x, cos3x, .....} 1s an orthogonal set
on the interval [—, 7] pge361, p=1v
Cage | : .
W<hen one of the functions is 1
" 1.cosnxdx=1sinnx =0
Case 2777 n T R W AN
when both the two functions are not 1 (pages 363-364)
(m # n)
I_ COS 1MX COS nxdx = I_ %(cos(m +n)x + cos(m —n)x)dx
_sin(m+n)x|"  sin(m—n)x|"
- 2(m+n) | 2(m-n) |__

_sin((m+n)z) sim(—(m+n)x) N sin((m—n)z) sm(—(m—n)x) _ 0
-~ 2(m+n) 2(m+n) 2(m—n) 2m—n)
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(4) square norm *4,

|/ (x H _[ f(x X=ﬁ\f(x)\2 dx

‘s discrete case Y f[n]f"[n]

Hf(X)H:\/(f(X),f(x)) Z\/J-jf(x)f*(x)dx :ﬂ: [ﬂx)l"ob(

(6) orthonormal set ﬁ(,
¥ — B orthogonal set, & { i&— # % &_

I¢ x)dx=1 foralln

RIAL AL 5 orthonormal set



norw ——> NOorm = )

£

(7) normalize

ﬁ nor ma[Tae 354
I'T

#-norm ¥ 5 1
) normalize ;&(x) hovwo\\Tg e
/sax/ L)
I NN 2=
_v(x) v, 1
D= oy ) T ¢ YL

B d normalization, #- orthogonal set % = orthonormal set

"7

vormal Tz €
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Example 3 (text page 427)

Calculate the norms of {1, cosx, cos2x, cos3x, .....}

Il *= J‘_ﬂ 1-1a’x:x‘7_:Z =2r

N - 2 - >\

—_—
—

P X T T
" (ogn(" :J‘_” COS 11X COS nxdx = LZ % (cos2nx +1)dx (pages 363-364)

_sin2nx | x| _sin2nx 7 _ sin(=2nz) _(=7) _ -
4n 2, 4n 2 4n 2
1|=+27 |cos nx| = /7
{1, cosx, cos2x, cos3x, .....} can be normalized as an orthonormal set

{ 1 COSX COS2x COS3x

2z’ Nr Nz T Nr
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(8) complete ﬁg

F tinterval [a, b] 2. ¥ » = i® - 1 function f{x) -‘I’;K? 2

T @Gy(X), (%), dy(x), P3(X), oen....... 77 linear combination
f(x):Co¢o (x)+cl¢1(x)+cz¢2 (x)+ """"" :icn¢n (x)
B @y(x), @,(x), §(x), A3(X), ..n....... # A 1F complete

L o % linear algebra ¥ ¢ > % 3-D vector @ =
“1 [1’ O’ O]’ €= [0’ 1’ O]’ C3 = [Oa Oa 1] ;3* Complete

Any 3-D vector [a, b, c] can be expressed as ae, + be, + ce,



In $he (ountinaous case, 357
Complete: tu€finite nuwber of Hunctious ave ve Q uivedd <o

form o (o
For ¢(x), 6,(0)s (), G100, v orm & (owplete set.

if we can find ¢, ¢, ¢y, €3 vnnnnnee such that
f(x)—ch¢n(x):() forallx
n=0
then @y(x), @,(x), @,(x), P5(x), ..eevn..... 1s a complete set.
Example: {1, x—x,, (x—x,), (x—xp)°, ........ } is a complete set if f{x) is

constrained to be a continuous function.  s€e page 215, Taylor SevTes

However, {1, x—x,, (x—x,)%, (x—x,)>, ........ } are not orthogonal.

{1, cosx, cos2x, cos3x, .....} are orthogonal but not complete.
(all eveh)



(9)(10) ) 358
F 9y(x), 9,(x), P (%), P3(x), euveennn = complete,

?;}z"f(X)Z‘\'ﬁ"%\'

x)=:§cn¢n(x)

Question: How to find ¢, ?

g ¢O(x) ¢1(.X) ¢2(X) ¢3(X), ........... A f—i Orthogonal c, y "E,'f
¥ ¢O(X)_(,‘ (ﬁ;()x) g(ﬁé)w %(:‘?7{) ......... % orthogonal [ 0 }d,.(%)dx:a

[ 70 (i =Se, [ (+ i ()de=c,[ 4, () () PN

,‘jf(x)ﬁ (x)dx ‘ﬁc' # AL 1% (9) orthogonal

D

?, ( x) g ( x) el series expansion

Ko

c, #H- 1% (10) generalized Fourier series
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B B(x), §,(x), d(x), B3(x), .even..... % orthonormal _

c, = [ (x)4 (x)dx Ha-(

Examples of Complete and Orthogonal Sets in the Continuous Case:



11.1.3 Orthogonal with Weight Function

(1 1—<1A)7inner product with weight%unction

-\

(f jvgf_)c)f 17 (x)dx ex: wi#)=e"

B¢ w(x) # A weight function

4v + 7 weight function {¢

(11-2) orthogonal s 7_%& T =

*ll-?-
(S 1) jvﬁ_lf x)dx=0 form#n

(11-3) square norm £ Z_%; i< =

Tos
U OF = wlx) £(3) 7 ()

60
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(11-4) norm s E_% < =

) =[]l (0) ()

11-5) orthonormal 1 %_% ¢ =

uv’S.'j@fm (x) 7 (x)dx=0 form=#n
["w(x) £, (x) £ (x)dx =1

(11-6) normalize 1% ;* i =

‘hu 1))

v(x)= () - w (x)
YT v (o (x)a
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(11-7) orthogonal series expansion of f(x) 12 % generalize Fourier

%7 series fE i
“J-]




1114 = & S

('Q 7?;3 jﬂa ) *\z

cos(a + b) cosa cosb — sina sinb
sin(a + b) sina cosb + cosa sinb
cos(a — b) cosa cosb + sina sinb
sin(a — b) sina cosb — cosa sinb
cosa cosb [cos(a + b) + cos(a — b)]/2
sina sinb [cos(a — b) — cos(a + b)]/2
sina cosb [sin(a + b) + sin(a — b)]/2

363



P

364

cosZa — sina

cos(2a) or 1 — 2sin’a or 2cos?a — 1
sin(2a) 2sin a cos a

cosa [cos(2a) + 1]/2

sing [1 —cos(2a)]/2




11.1.5 Section 11.1 7

(1) Norm §r square of norm & % 5 %_

. normalization fF > & ",ﬁ% ™2 norm

(1) Pv::ll }—fﬁ; ’ .77 1o l—’T?)I}'Z EE\‘;}EL EX -—lv a:

(i) 3% % o34 i d COS(a):e -Ee
: e —ei1  je ' — je
sin(a) = €~ =

65
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Two well-known complete and orthogonal function set

(1) Fourier series, Fourier cosine series, Fourier sine series
(Sections 11-2 and 11-3)

(2) Legendre polynomials (Section 6-4)

J'_11Pm (X)Pn(x)dx =0 ifm=#n

H s ¥ * & complete and orthogonal function set

Hermite polynomials (with weight function) (48 ~v)

Chebyshev polynomials (with weight function) (4% ~v)
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Section 11.2 Fourier Series 812
B shgy 182

11.2.1 % &
trigonometric functions k‘ cowple'l'e and oviks gona |
{1, cosZ x, cos 2% x, cosE x, ..., sinZ x,sin2% x, sinE x, ...... }
" P P P P P P
,.(,‘"_q\“my =0 orthogonal set on the interval of [—p , p]
(DC tevm) /
proven on pages 372~374 todz 2P
ny T J - > . 3)& Pey o] —
(055 pevTodt =2p C perieddtp (5T 3
Frequent :.l? ' " : {-’vequevtf.l. : Frequeng
) h ! b ' f { e
_ - |
-+ o ¥ P O p > o b



&L

(2) Fourier Series

Note)

368

0 Y\O‘t Q-

2)
LE

0\03 e

P

a, cos™ x+b sin

7) ﬁﬁ RCW\CW\LeV ‘H!euﬂ

— ll?jppf(x)dx

f(x)cos?xdx

b1 .
. Y;‘ge & ! pr( x)sinZ xdx| x € [-p, ¥ ]
ro T >,
|70~9<398’ (o d 30AFuliid > b seds 2 )

_ 5 P%‘) | Ax O, = f-\v‘r(ﬁ(os—-rdx

: SPI | chx j__:: 2("7",()0{,,
ff\?{:b()dx (05?&;7‘)0‘;{ L’Cosj 79.,.\-0‘
i = ? b P
EWEAL 4'"3? \-? Sl 0417 =
" . $afotd

Y



() &3

trigonometric function (page 372)

Fourier series (trigonometric series) (page 376)

Fourier coefficients (page 376)
partial sum (page 379)
fundamental period (page 384)

period extension (page 384)

369
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B N

Fourier Series == ¥} 13 5L wUlp & & 47
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"#E %, (frequency) & B F * F > M Hz(F )5 S BEH): EH >

222 82  100~1200 Hz

AR ¥ R AaEE 1 20~20000Hz

B 3 (AM): 5x10° ~ 1.6x10° Hz

R 3% (FM): 8.8x107 ~ 1.08x108 Hz

# H T AL T 7.6x107 ~ 8.8x107, 1.74x10% ~ 2.16x108 Hz
FEeid 2 1 5.1x108 Hz ~2.75 x10! Hz

v Ak D 4x104 Hz ~ 8 x10'4 Hz

~ » r /

B & A & 603 34 ¢ Fourler series
Fourier transform
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11.2.2 Trigonometric Functions

trigonometric functions

1, cosZ x, cos 2% x, cos T x, ...... sinZ x, sin2% x,sin>% x, ...,
- _ P P P )4 )4 p
tyde| cype type3

Trigonometric functions is orthogonal on the interval of [—p , p]

2 Y L=
£ * C; +2=5 = éhinner products * 3

(1)1 VS. Cosine

rk g P ok, . _ P _P
j lcospxdx ﬂksm x_ ﬂksmﬂk ﬂksm( wk)=0-0=0
(2) 1 VS. Sine
p
J.pl-sin”—kxdxz—ﬁcos”—kx ~ P cosxk+ L cos(—zk)=0

Tk Tk

k p

—-p p p -
) \odo\

even
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(3) Cosine VS. Sine ocldl

(eVCV\ /
j cos”—kx sm—xdx = {sin ﬂ(thk)x—sin 7(h=Fk) x}dx
-p )% p P P
_ 2}; {_ ' Jlr . cos(ﬂ(h; k)x) . 1 . COS(7r(h[—? k)x)} )
-2 [— L [cos(z(h+ )~ cos(~(h+ k)
+Lfeos(r(h—k)) - cos(~(h- iN]|=0  (whenh=k)
when (4 = k)

p
jp cos”—kx-sin”—hxdx :Ip lsinmxa’x:—icosm =0
—p p p —p2 P Ak P —p
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(4) Cosine VS. Cosine, k # h

j cos Tk x . cos M xdx —J. [cos ﬂ(h; k) X+ COS 7(h—k) x} dx
-p

p p p
pl 1 L mh+h)x 1 . ah-kx.|"
‘m{mksm( PR Y et )L
_p _
-2 [ L [sin(a(h-+ k) = sin(~z(h + k)]
+ L [sin(z(h— k)~ sin(—(h - k))]} —0 whenh#zk
(5) Sine VS. Sine, k# h page 363
j sm”—kx sm—xdx = [cos 7(h=k) X —COS (h+k) x} dx
P p p p
_p 1 o mh=k)x, 1 . #wlh+k)x g B
_27Z'|:h—ksm( p ) h—l—ksm( » )} =0 whenh =k

-P
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Square norms of trigonometric functions

P = fpl-ldx =" =2p

2

k.| _ 2 Tk 2tk _1 P 27zk
COS D X j_pcos » xdx = 5 _p(l+cos p X)dx = 2( +2 k » jp
2 p
. Trkx : 2 rhx 27ka _1 . 2rhkx | _
sin » H sm P dx = 2j_p (1-cos=*"*)dx = 2( 550 » )p




11.2.3 Fourier Series 76

The Fourier series is the orthogonal series expansion (see page 358) by
trigonometric functions

(Fourier series* # - i® trigonometric series)

The Fourier Series of a function f(x) defined on the interval [—p, p]

f(x) =®+ Z(an cos™ x+b sinﬂx)

n=l1 P p
2
p . .
a, = %J'_p f(x)dx a, a,, b, # F- ¥ Fourier coefficients

_1(” nr
f a, = pj_pf(x)cos p xdx

b, =1(" in 7 x
kn pj_pf(x)smpxx



p=1 7
Example 1 (text page 433)

37
) !
0 forr —7<x<0 ' \
r9=1 )

7—x for O0<x<r

=t rae= L[ -oax=7 ws

2
(uv'= uv=(u'v
= L[ f(x)cosmade= L[z vycosmdr  uer
a,=——| flx)cosnxdx=—"| (7 —x)cosnxdx Uz -

i v':cosh x
= =X Lginpx —lj (—1) L sin nxdx Vs ;‘STV'V'?(
T n 0o 7TJ0 n
T _ 1_ _1 n
=—2Lcosnx _1 cgsnﬂ: (2 )
nrw 0 nrw n°rw

snT =(-H" 4
%y



/u\l\': uV‘-f (A%Z}g

b, %J- s1nnxdx:71[j:(7z—x)sinnxdx U= =X
1 /4 V:""OSVL’!
= _ = — L — L n
P j (—1I)( cosnx)dx

=l—+sinnx =1

n nr 0 n

— Z(l = 1) N7y 1 Lgin ”x) _

P n p=r

BN

n

ol P
+Z(1 1) cosSnx +-- s1nnxj

n=I
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11.2.4 Sequence of Partial Sums

Sequence of Partial Sums

N
Sy(x)= %+ Z(an cos%aﬁ—bn sin%xj

fi(x)=1lm S, (x)

N—w0

n=l1

N A%< » AR5 & 2T R % 0 function
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For Example 1

1 1 2 3 3 2 -
(@) S0 [BIST) b S  BISY)

N=3 N=38

Fig. 11.2.3
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(¢) §y5(x) M

N=15

Fig. 11.2.3
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11.2.5 Conditions for Convergence

_1(” _1
If q —p._pf( x)dx a, I f(x)cos™® ; 7 xdx
b =L[" 7 (x)sin"Z xdx
pe-r P
ﬁ(x)=%+;(an cos%erbn sin%x)

_____________________________________________________________

(1) fi(xy) =fx,) 1f flx) is continuous at x,
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2 ¢ (x,)= S (%, +) er S (%) if f(x) is not continuous at x,

Aol f () =tim f(qt ) /(5-)=lim (- h)

h—0

Example 1 i)+

£(0)= T {o+)1ﬂg—>
f(x), VN ST
<

i 1)
T2 ®
X

[0Sl
Fig. 11-2-1




11.2.6 Period Extension 384

] N nrx ni
X)=-—+ E a cos*t x+bH sint*~
9)=7 ( T p x)

fundamental period: 2p

%4 interval x € [—p p] vl ek ke S

fi(x+2p)= Z(a cos(” x+2mz)+b sin(” » x+2n7z))
5-2 !
fi(x+2p)= (x) (perlod Extension)

¢ fl(x) E_Bixd 5 2p 3 3. (;E.{fl(x) ’ff'f(x) - B
7 ek 3
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Example 1 i)+

p=7 f1(x)
A
“ ‘.-
“- “
e ®
“‘ “‘

| ceed—eeayd 44—
4T -3 -21m T T 2w 3w 4 X

DO
Fig. 11.2.2 ool

¥- 2L Hp e 38 0 Fourier series expansion 7.5 % 7 if #
X g [—p,p] e I

A AEHP S R
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11.2.7 Section 11.2 § & jZ &, e =

(1) Fourier series 72> 3% (% % 4%)
(@) % - A _ay/2 > @ 2ta,
(b) X ay, a,, bn 2= 7}% AN 2] K//Tj "p
(p A_interval width =7— %)
(2) ¥R = & 3050 =5

%:._:
Gy# & [ u(t)()di=u(r)v(r)

(13 & Fourier coefficients ¢ ¥ * 3| » 4= Example 1)

" [ (t)v(r)de

a
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4) % n s F#EPF, cosnr=(-1)" ¥ &%z

(5) L FEm 3 +Z(a cos Mt x+bnsmﬂxj
T n=l P
AT T
v a _ :
15 % fl(x)=7°+2(an cos%erbn sm%x)
n=l

[0 e fio) 2 B F = B s o
(a) = discontinuous 3= = fi(xg)=0f (xg+)+ f(x,-)1/2
(b) /i(x) & periodic, f,(x)=/,(x+p)

o0
R oo YRS BAR ~ %o Z(a cos—x+bnsm””x
P
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BEY P ERERauEE - F 2 Faik

Clerk Maxwell
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Section 11.3 Fourier Cosine and Sine Series

11.3.1 % & “ L,n-,.ifj_t#lx)sm(%"'x)dz:o‘ el -
\-) A O s S'P LF hn =-‘—f £65) tos—
, y : %) (os( 5 £)dx =+ )o P

(1) Jx) 1s even Fourie-r-(;co‘svine series (2% cosine series) cr

A@-: bn=0 f(x)z%JrZancos%x

AR=:1 P > 2P n=1
Fourier Series — P 5 g[ ° 2 (P nrx
L &
WL i page 368 : Fourier sine series (2% sine series)
flx)is odd ek, o
2 f(x):an sin A% x
*m—' N ﬂ“‘.o, aogo n=l p

L 2P
SEES PL?? Pjo b, :%J-Opf(x)sin%xdx
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(2) £ & %@ ¢ Fourler cosine series, cosine series (page 395)

Fourier sine series, sine series (page 396)

Gibb’s Phenomenon (page 399)

R

(3) Half-range extension: [0, L]

(a) cosine series: f(x) = f(—x), interval 1s changed into [—L, L], set p =L
(b) sine series: f(x) = —f(—x), interval 1s changed into [—L, L |, setp = L
(c) Fourier series: (1) interval [—p, p] 1s replaced by [0, L],

(11) p 1s replaced by L/2

(4) One of the applications: Solving particular solution

(See pages 407-412)
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11.3.2 Even and Odd Functions

even function: f(x) = f(—x)

odd function: f(x) =— f(—x)

Example

1, x2, x*, x6, x8 ..... are even x,x3, x>, x7, x°..... are odd
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Cosine functions are even Sine functions are odd

cos(?) sin(?)




Several properties about even and odd functions

(a) The product of two even functions 1s even
Gl 0 X2 x* =x6

(b) The product of two odd functions 1s even
B L ox-x =x2

(c) The product of an even function and an odd function 1s odd
Bl ox-x? =X

(d) The sum (or difference) of two even function 1s still even

(e) The sum (or difference) of two odd function is still odd

393



(f) If f(x) is even, then

(g) If f(x) is odd, then

(Proof):

[* r@)ac=[" fx)de+ [ f(x)d

394

[* Fx)dx=2["f(x)ax

J‘_aaf(x)dx =0

3., D,
ﬁz—!.

[+ ) f (e (50 =

= [, /(=) + [} (x) dx

When f(x) = f(—x)

[\ ()= [ f () + [ f (x) e =2 1 ()

When f(x) = — f(—x)

[© r()ar == f(q)dn + [ f(x)dx=0
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11.3.3 Fourier Cosine and Sine Series

(1) The Fourier series of an even function on the interval (—p, p) is
the cosine series (E\‘f #- 1% Fourier cosine series)

2 xdx

F 35 0 (1) fx) is even
(2) Half range extension (page 401)
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(2) The Fourier series of an odd function on the interval (—p, p) 1s the

sine series (& £ T Fourier sine series)

Zb sm—x

b —2j f(x)sm 7T xdx

fr2_ % Fourier series # — ke > 3 = i

(5’.\\9’&_:_ f@;)

FF A5 0 (1) fix) is odd
(2) Half range extension (page 401)



Example 1 (text page 438) p=2 fM): - -C(—‘X) oddl 397

Expand f(x) = x, =2 <x < 2 1n a Fourier series

flx) 1s odd

. expand f(x) by a Fourier sine series

P2

fu\,‘: wv - IM'\/

T 1g. 11.3. . _ -2 nwa
@@@@ T Us%* v R(OS;)!

2 i g 2 oonm [ 2 [P nT
bn_zfo xsin=y xdx L~ XCOSTY x0+mZ , 0875 xdx
2
__L 4 nmw :_i_n _:i_nﬂ
= nﬂ2cosn7z+0+n2ﬂ sin 5 X (-1)"+0-0 nﬂ( 1)

0 n7z,Y

2 o toy i, = (-1)"

004 1n+1
Z()

n=1




s9 uare woveg
Example 2 (text page 438) o ’__ L -
-1 —7<x<0 — F—| 'L""

f(x):{ | O<x<z
I P:'IL

——

|

fw= ~LE%)

odd function, i# * sine series

- X

i
[--:_j
!

Fig. 11.3.5

(osnTL ()

[osle

b= 271 sin 7 = 2oosms” 21=C )
oo T T On |y n

:;ZI_(H_I) SIn nx

n=1
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11.3.4 Gibbs Phenomenon

Example 2 eh% % f(x =2 Zl ( L’ sin nx

partial sum S 221 ( b sIn 7x

¥ N7 5 &'+ > { discontinuities 41T € 7  “overshooting”
“overshooting” &1+ /] 7 ¢ g ¥ N %

e F R € AR KARF > A% KAXF 1T discontinuities 7

=A% FL 1% Gibb’s phenomenon




PO (a) 5,

A

\

OO0 (¢) 8y(x)

Fig. 11.3.6
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1
(%)

y
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BOSO (d) 5,5x)
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11.3.5 Half Range Extension

3 ______________________
Z_av e+ 1 f{x) is defined in the interval of p <x< p

______________________

',Jg. F\:B %—EE/{ EJ\; ///,——"’
------------------- ) R R0<x<LF ¥ &

------------------- ;ﬁswf“]\ ben flx) OB e 3%
-

(a) In a cosine series, suppose that f(x) = f(-x) and f(x) = f(x+2L)

(1) Interval: [—L L], (@) #r3 =>3\epd LB, (i) 5 % &_even
33 —
(b) 1n a sine series, suppose that f(x) = — f(-x) and f(x) = f(x+2L)

(i) Interval: [-L, L], (i) #tF =3 chpd LB~ (iil) % % 4_odd

-3
(¢) in a Fourier series, suppose that f(x) = f(x+L) Node f
ote}

(1) Interval: [0, L], (il) #1773 =3%enpd L2 P~ it

<=’;;=_./
(fear m & F 74 )
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4 Example 3 (text page 440), :

fix)y=x%, 0<x<L

(a) 1n a cosine series
B3k flx) =f(—x) for —L <x <0, (iE3k fix) €— i even function)
interval % % (=L, L)

i & cosine series =t ;%

~ p
f(X)Z%wL;ancos%x ao=%jo f(x)dx
FA)- £682p)  xeT-v,p] a = % jop £(x)cos % cdx

MATF # B picd [

- L
f(x):%JrZancos%x aoz%jo f(x)dx

n=1

_2 (" nir
a, _L.‘-o f(x)cos 7 xdx
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(b) 1n a sine series

B3k flx) =—fl—x) for —L <x <0, (B3X fix) #— # odd function)
interval % = (—L, L)

i A sine series = 3™
=>"b,sin % x b = 2j f(x)sm—xdx
n=1 p

MR A e L

b, sm—x _2(* Y4
Z b, _L.‘-o f(x)sin 7 xdx



£(#): HALY 404
L=2p

(c) 1n a Fourier series interval 7 %z (0, L)
Ju & Fourier series = 3% »€Co.p], £x): £ (x12p)

f(x)= c;)JrZ(a cos "% p Zx+b, sm%xj a :%J._ppf(x)dx

_1 nx I nrx
—pj_pf( cos % xdx bn—pj_pf( sin 7 xdx

P P

Wy Note!  2wq— R R=—

It (1) #-interval [-p, p] #% 5 [0, L], (2) #-p ik s L/2

2 L
+Z(a cOS ””x+bnsm2’z7[x) aoz%jo 1 (x)dx
_2(* 2 L
a, _Z—[O f( )COS%ﬂ.xa’x bn :%J.() f( SlnznTﬂ.Xd.XéJ Zm

£: £ £ x)tos

Qs 2T 2nm(x+L) ‘Y~
Note: Since  f'(x)cos <% 7ox= f(x+L)cos 7 ’fuf‘“)“"f"

a L.[sz coszn—ﬂxdx = %jOLf(x)cosMTﬂxdx oA



Example 3, f(x) = x?, 0<x <L_ 405

Bz B R E S B

-L¢xd L 4”70=L-_€f-7)

£ £ LY —L<?i<'f"
? Z v | G
" alA o s
s i @t Q—-

1 L]
4L -3L 2L 4L L 2L 3L 4L 4L -3!,." -2L I-.

'_d" . ". : .—' h X
L3 aL

i

‘ HOO
= cosine series (CDOO i series
from yagc 383

fiIL): £(LH+£IL)
2
= (-1
2
s =L )2 ) o
sl S
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A Y
jo o AR N
i . i -y
4L -3L 2L AL
£l £LDTE0LD)
QUICO Fourier series = L* 4 f(0%)
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11.3.6 Solving Particular Solutions (% = B = j*

ay"(t)+a, Yy (t)++ay @) +ay)=f@)
wR. FO)=f+2p)

(L M e A ¢ 7 f& homogeneous solution
homogeneous solution & %_% & * Section 4-3 77 2 X %)

(Step 1) #- f(f) % 5+ = Fourier series

a o0
t)=-0+ ( cos™ ¢+ p sinﬂtj

n=l1
£« cosine series (5§ f(f) = even)

g« sine series (§ f(f) = odd)



oo . o 1
(Step 2) 3k particular solution 73] i = 08

v, (t)=4, +Z(A cos™ ¢+ B s1th) i,

e~ P P J

(Step 3) w Ja 5% > b adic ) A, A4,B, fFd R

% 73K 0 particular solution §= homogeneous solution
F AR e > o PIE K}



AVl l‘ln7/ = _{_’ﬂ_‘ 44:0 W\ = ’64 409
m=1;8
Example 4 (text page 441) .4 H’) Cicos § €405 Mgt

Vdx 4y=p(r)  f(t)=mt for-1<i<I
16 4¢? s R T TR R
i ro=re-2 P

VR : 41 3
(40 B erd= 32 ¥ 32 A Section 5-1) 5
Fouvier glhe Series

(Step 1) B3k f(¢ Zb sin nst (%] & f(t) 4_odd) fre)- -c(...t)

AZ vt  y< ~cosinm+t)

h7y
fuv'= Uy - fu'v

b = 2_[0 witsin(nzt) dt

+ ;cos(nm)dt

__nt
=2 (:os(mzt)0 -

n

1
=21 (1) —0+—2sin(nzs
LD i osin(nzt)

_; _ 1\l
=2(-1)

Z; 1) sinnrt
o !
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(Step 2) B3k particular solution %

=> (4, cosnxt+ B, sinnrt)
n=I
p=1)

LA DR P REARY LG K BIE A?
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2
(Step 3) #-x () fr Step 1 e % i » %%4—4)6: 0

Z(—%Ann T cosnﬂt—%B nrw smmzt)

2(4/1 cosnrt+4B, sinnrt =Z; —1)"'sinnxt

n=1 n=I n

—%Aﬂnﬂ +44 =0 =—> 4,=0

n+l
1 Bn’rn’+4B, = 2( )"'e=—=> B = 32(_1)2 5
16 n(64—n"z°)

Therefore, the particular solution is:

> 32(-n"!
_Zn(64—n27z2)

sin nsit

n=1




General solution: 412

= 32(=1)"!

s Sinnrt
= n64—n"r")

x(t)=c, cos(8¢)+c,sin(8¢)+

2
&iIW¢1d-fo() PERG oS 2Tk
16 dt*

& 38 > 971 particular solution # ¥ sy € 7 cosine terms

STl e Step2 F P WO E FRIRK

= i B sinnrt
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11.3.7 Section 11.3 & & /1 &, =i =

(1) 250 = 3 = 5 g

for cosine series and sine series,

:lz?.[opf(x)dx a =2 .pf(x)cosxdx

"opio p
b:;.p sin 2% xdx
=2 [ f (x)sin " x

(2) Fourier series =77 half-range extension fr cosine series %
sine series # [

p 1s replaced by L/2, [—p, p] 1s replaced by [0, L]

(3) Half range extension §r solving particular solution i& = i 8 4

FUFse FREUAL  ET 5 RV HHT
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Exercise for Practice

Section 11-1 3, 5,6, 8, 14, 17, 19, 20, 21, 22, 23

Section 11-2 2, 5,9, 10, 12, 16, 19, 22, 23,24

Section 11-3 14, 16, 18, 21, 22, 23, 28, 29, 33, 36, 37, 43, 46, 47a, 48a,
49, 52

Review 11 6,12, 13,14, 15,17, 18



