426
5. Sampling and Discrete Fourier Transform

Section 5.1 Sampling and Reconstruction

Section 5.2 Discrete Fourier Transform

[1] R. N. Bracewell, The Fourier Transform and Its Applications, 3rd ed., McGraw Hill,
Boston, 2000.

[2] A. V. Oppenheim and R. W. Schafer, Discrete-Time Signal Processing, London:
Prentice-Hall, 3 ed., 2010.
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5.1 Sampling

5.1.1 Impulse Train

Impulse Train

p(x)z;5()6—71):---+5(x+1)+5(x)—|—5(x—1)+5(x_2)_|_ ......

It 1s also called the comb function.

=2 x=1 x=0 x=1 x=2
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Signal sampling can be express in terms of the impulse train

2(x) == g (x) = g(x) T (x-na)
1] e
S } L) ,\ n where gn:g(nAx)
Since ~Ax Ox O 349 (4
page )
Zota-m)=4 To(i )4 o(2)
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[Theorem 5.1.1] The impulse train is also an eigenfunction of

the Fourier transform, i.e.,
P(f)=3{p(x)}=2.6(f~n)

(Proof): Note that the impulse train 1s a periodic function
p(x)=p(x+1)

Therefore, it can be expanded by the Fourier series (page 327) of
the complex form with 7= 1

p(x)=> c,exp(j27nx)
where | !
1/2
c, :H- p(x)exp(—jZnnx)dx =J.

-1/2 ," -1/2
conJugnt (page 348(2))
|< <O

1/2

S (x)exp(—j27nx)dx =1
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Therefore,

p(x)= Zn:exp(jZﬂnx)

f}'[p(x)] = Zn:f}'[exp(jZﬁnx)]
=;5(f—")=l?(f)

page 340
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Varying the interval of the impulse train

.6 (x-nh,)=7 Zd(f—n}g p(g) (page 349(4))

VFT
5{;5(x—nAx)}:fi{ Lo ﬂ: p(af)  (page355(5)
ol - Tolr




5.1.2 Sampling Theory
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[Theorem 5.1.2] Suppose that we perform sampling for a continuous

signal with sampling interval A
g ()C) sampling N gs

then

______________________________________

_________
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If weset f =

(7, 1s call the sampling frequency)

____________________________________________

then G (f)=£2.G(f~nf)

____________________________________________

G(7) G(0)
]%O =f-axis

g =g(n) ~¢(1) Lo[ v |- g0 v-2]

sampling . /,

G (f)=£2.G(f-nf)
Gs (f) : :fSG(O) &

! ~ 5 .

7 | J=0 ! J 2f, f-axis
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[Sampling Theory]

The sampling frequency f = Al should be larger than twice of the

X

bandwidth of the original continuous function:
f,—B>B

f,>2B (Nyquist criterion) altegin o

G(f)=0 when /> B. /% e flect

0 €s

Otherwise, the original function cannot be reconstructed and the
aliasing effect is led.

where

.:J; B ]%:O B f.—B jZ /1B 2Ifs f-axzs
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Q: What will happen if f, =2B? Ve \/

Even component with frequency f= B — preserved

(es(2nB0 1 f [
- © 3B

Odd component with frequency f= +B — destroyed

A R i
s! (27l ﬂ l: ‘E "

4
3
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5.1.3 Reconstruction (Digital to Analogous)

When the Nyquist criterion is satisfied, one can apply the lowpass
filter to reconstruct the original signal.

G(f) G(0) Frequency Domain
| ‘ G(f)
F-axis J

Gs(f)g £.G(0)

e =1 2.6(f-n

.fIS j%O B f-B J, f—afis \
G (f) Gl i

DA = fn(d e

fv /‘: j%O 7‘:12_3 fq " where B<f,<f-B
/.
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Time Domain Frequency Domain
g(x) G(f)
J sampling D/A conversion J
g (nA
£,()-Zao(+—F)

6(1)=bn, J6.(1)

g(x):gs( )*%Smc(fo) where B <f,<f-B
’ yage 355 (3

reco#struction A/D conversion
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2f jg sinc 2f(x Z'))

- 2;} J‘Zn:g,ﬁ(r—%)sinc@fc(x—r))dr

g(x) = 2;2 Zgn sinc(2fc(x—£)j

/s
Specially, when =f /2
P Y Je=1, R« f% R

=Y g, sinc( f,x—n)

Signal Reconstruction Formula: Skam.owlS theorem

______________________________________________

g(x)=2gnsinc( x —nj where g, =g(nA,)

--------------------------------------------- | constraint: _L < 9p

X
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[Example 1] Suppose that

_ ] 2
gn=g(§) 573, %
g.=g=L g,=2, g = Oz otherwise
|
G(f)=0 forf>1 *']"‘!‘%M
Try to reconstruct g(x). -3 0

(Solution): A =1/2

g (x) =sinc(2x+1)+2sinc2x +sinc(2x —1)



g(x)=Sinc(2x+1)+25inc2x+sinc(2x—1)
¢incQx4)z0 Fovr Az --=2,-13, =1, 0, 05,1, -

2 [ I
. 1 I N

sinc(2x+1) \/\/\/\/_\/
-2.5 -|2 -1|.5 -l’l -0‘.5 (‘) 0.‘5 ’: 1.‘5 2‘ 2.5
2

2s1nc ( Zx) T

0
25 -2 -1.5 -1 -0.5 0 0.5 1 1.5 2 2.5
2 \

sinc(Zx—l) 1

T
0 \_/\/_\/\/_\/
| | | | | | | | |

-2.5 -2 -1.5 -1 -0.5 0 0.5 1 1.5 2 2.5
2
1 —
g(x)
0
-2.5 -2 -1.5 -1 -0.5 0 0.5 1 1.5 2 25

(Note): sinc(2x+1), 2sinc(2x), sinc(2x-1)

do not interfere with one another at x = n/2.

441
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5.1.4 Varying the Sampling Rate

(1) D/A conversion

g(x)ngnsinc(Ax —n)

n X

(1) Re-sampling

g, = g(nAneW) = ng sinc(ni"ew _ mj

m X

Note: When A , =kA_ and kis an integer

N

gn — gkn



. . , 4
From the view point of the spectrum, if 3

g, (x)=2g,6(x—nA,) és(x)=§§n5(x—mnew)
then
Gs(f)=ﬂzn:G(f—”ﬂ) G (S)= frow 2GS = 1f,)

where f; :1/Ax9 ﬁqew :1/Anew

G, (/) 1.6(0)
A " 720 B /-B f faxis
o) £,.G(0) |

_f;aew F O B ]Fnew_B ]I(new f—a;(is



444
5.2 Discrete Fourier Transform

5.2.1 Derivation and Definitions of the Discrete
Fourier Transform

To process discrete functions, the continuous Fourier transform should
be converted into the discrete version.

Continuous Fourier transform:

G(f)= j:g(x)e_jz”fxdx

If we set

then
A > &x



G(mAf) =Y g(nA,)e A

Specially, if
AA =1/N

then

27

G(mAf) =Zg(nAx)e_] ;’”Ax

C—
e ———

Similarly, for the continuous inverse Fourier transform:
g(x) _ j OOG(f)ejzﬂfxdf

g(nA, )= ZG(mAf )ejzﬂm”AfoA

2 rmn

g(nA, )= ZG(mAf)e“]NAf

f

445
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Discrete Fourier Transform (DFT)

N—

p—A

G[m]=DFT{g[n]}=> g[n]e’™
"0 m,n=0,1,2,..., N-1
Inverse Discrete Fourier Transform (IDFT) -C =mbop
N-l 2 rmn
g[n]=IDFT{G[m]} = |, 3, Glme’ fow
m=0 -Pvequmc)z
-
Note that the output of g[#n] is periodic C Em}% '{\
G[m]zG[m+N] ( b

T NS————— =

Also note that, on page 445,

G(mA,)=DFT(g(nA,))A,



The DFT and the IDFT form a transform pair since 447

1 N-1 j Z ) 27rmk jm
1 G N
N m=0 N m= (E/ N g (mz(:) ) j

Gilm]
Because a=h-K Got 4oV 1-A ?(ol\:'l' ~)a SY
N-1 274 2 B
em 1=/ VT 1=/ _ - I—-F
n;)e = T =0 if a0,
N-I1
ef'zfém - N ifa=0,
m=0 unit impulse function
L —— (discrete Dirac delta function)
e’ v = NG, [n—k]
m=0
1 N-1 2 1 N-1
v 2 Glmle” =+ > g[k]NS,[n—k]=g[n]

M)



448
Unit Impulse Function (discrete Dirac delta function)

5 1 ifn=0
d[n]_{o if n#0
1

oo
3 -2 -1 0 1 2 311

The unit impulse function has an explicit form. It does not a limitation
of a distribution.

Compared to page 347, Z5d [n]=1

5,[n]=0 if n=0
6;|n]=0,[-n]



Other possible definitions of the DFT

DFT

IDFT

DFT

IDFT

_ 2mmn

Glm]= 2, gln]e”’”

n:l’lo

449



5.2.2 Implementing Continuous FT by the DFT

Suppose that we want to calculate the continuous FT of g(x) digitally and
g(x)=0 for x & [x;, x,+T]
(1) Shifting

g (x)=g(x+x) .+ for DFT

Note: m, n=0,1,~ Nl
g(x)=0_ forxef0,7]

_—

(11) Sampling
gd [l’l] — gl (nAx)

(iii) DFT N-

50



(1v)

Mapping to the true frequency

G, (mA f) =G, [m]|A,  (from pages 445 and 446)

451

-F-.MAP -:m-%.

Since | 7

AA=1/N Dp=g =50 Whenm> 3

f=x NAX N

£- (M-N)A,;{M-N)f;;
Therefore, = Mps ~ L
______________________________________ ,
S
G, mey =G, |m]A, if0<m<N/2

(v) Using the modulation property

G(f) _ e—jzzlefGl (f) FO\7€ 455(”3



[Example 1] : Suppose that 452

gx) = (1-x|)*? for-1<x< 1 gx) =0 otherwise
Sampling interval : A, =0.1  4;=|0

How do we obtain the FT of g(x) by the DFT?

(Solution):
) g(x)=gx=1)

e

ol g(x) g (x) :

0.1 — ]

-1 -0.5 0 0.5 1 1.5 2



(i) g4[n]=8 (nA,)

(iii)

g1(x)

D

Gd(m)

AN
—

453

V=2

=0~ 20
| 4
_ > A
f"]:llFT(gde)
°T ‘ | | ‘Iblue: rleal pellrt; red: im;lginally partl ]
T move
] S to left
;_ k I : ® R T I I m
. m>
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blue: real part; red: imaginary part

(iv) Mapping

f‘\changemtOf £:10 N=2
Gl(m%j=Gd[m]Ax if 0 <m < N2, s; a
= L0416
N



G(f)

0.7

0.6

0.5

0.4

0.2

0.1

-0.1

blue: real part; red: imaginary part

455
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5.2.3 Transform Pairs and Properties

[Duality Property]
If G[m]=DFT{g[n]}

then  g[(-m)),]=\ DFT{G[n]} ~DFT{G[n]}=Ng[((=m),]

((a))y: a modulo N 0¢ ( “))N <N ( li)) -5
the remainder of a after divided by N 1o )

({-4))|° ¢ G

gIN-m| if m=12,-,N=1  4+jox-14§

gmﬂmmk{ [0] -
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If G[m]zDFT{g[n]} then [(( ””))N] IDFT{G[ ]}

(Proof): LDFT{G[H]} =%Z€_ij[n]
n=0

(proved on the next page)

L DFT{G[n]} = NZM (=m—=k))y]g[K]

N-1

=> 5,[(m+k))]glk]=g[(-m))]

k=0
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ej _ ((a))N] ((a))y: the remainder of a after

o divided by N

N-1 27za
N

When a # bN where b 1s some integer
27a

SNt 1=V _ -1 _,

2ra 2ra

J J
]—e V ]—e V

When a = bN where b 1s some integer (1.€., ((a))y = 0)

Il
S

n

N-1 27m N-1

] N-1
i27h
e Ee””‘:El:N
n=0

=0 n=0

S
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[Determine the IDFT by the DFT)]

g [m] - DFT{G[”]}
g[n] - ]{781 [—n]

Note:
(1) Computation loading of the IDFT = Computation loading of the DFT
(11) In industry, only the chip of the DFT is required.



[Transform Pairs] P2 page 3G0

gln] G[m]
(1) 5d[7l] (SCC page 448) 1
@ 1 No, [m]

(3) o |n—k]

exp[—j2 km/N]

(4)  exp[27kn/N]

NS, [m—k]

(5)  cos[2mkn/N]

25, [m=k]+ 25, [m - - b))

(6)  sin[27kn/N]

—j%@z [m—k]+j%5d [m—(N k)]

(M g[n]=1for0<n< W
g[n] = 0 otherwise

-2 msin(zm(W +1)/ N)
sin(zm/ N)
W+1 form=0

€ for m #0,

(8) exp[-kn], k# 0

— Nk
l—-e

1 . e—k—j27zm/N

460
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[Discrete Impulse Train]|

’ [n] _ 1 if nis a multiple of c i< factor of N
0 otherwise
N=12
p2 [n] 05
ps[n] 05|
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[Example 2] Determine the DFT of p_[n]

N-1 27rm Nie-l 27zm w Nesl _2mm, c 1s a factor of N

e Ze Ze Nie* n=ck
=0 P w1zl T n=ck

> O o 'Hﬂefw'(s{

Nie-l 27rm 27rmN
Z e et _1—e "Niee 0 if m is not a multiple of N/c
27rm o ”Y”/C - . = 27Tw)
l_e N/C ao-——”’ 0\0", V‘ e aN/C
N/c-1 —jzﬂmk N . . .
Z e Ne =4¥ if m 1s a multiple of N/c
C
k=0

Therefore, DFT{p.[n]}= %pwc [m]



N =2
DFT
pz[”] 0 | >
|
0
. . . ‘ . 0 oo o o o oo o o ©
0 2 4 6 8 10 0 2 4 8 10
' ' 4F o [0) [0}
ps|n] [ [ [ 3{ DFT °
05 | — 5
1
oo 1 6 o o 1 o oo
0 2 4 6 8 10 0 2 4 8 10
PET

463

: 6 pg[m]

| 4p,[m]



Properties et Bk page 355 464

(1) Linear DFT{ax[n] + by[n]} = aX[m] + bY[m]
(2) DC Values G[o]= Z::g[”]’ 4[0]= %EG[’"]
(3) Shifting DFT{g[((n—k))y |} =W""G[m]

where ((n))y=n if 0<n<N-1
(n)y=ntN if -N<n<-1
((n)y=n-N 1if N<n<2N-1

W =exp(—j2z/N)

(4) Modulation DFT{W*"g[n]} = G[((m+k)),]
(5) Time Reverse DFT{ [(( ”))N]} [(( m))N]
(6) Even /Odd Input If g[n] = g[((-n))y], then G[m] = G[((-m))x];

If g[n] = -gl((-n))y], then Gm] = -G[((-m))x];




(7) Conjugate

DFT{g*[n]} = G*[((-m))y]

(8) Real/Imaginary Input

If g[n] 1s real, then G[m] = G*[((-m))y];
If g[n] 1s pure imaginary, then
G[m] = =G*[((-m))];

(9) Circular Convolution
&

It ) [n]=g[n]*, h[n] =Zg[k [(n—k)), ]

then Nl’(‘e )
Y[m]|=G[m|H[m] )y

(10) Circular Correlation

If y[n]=g[n]* A [((-n))y]
=Zg [((k+n)), |7 [k]
then Y[m]=G[m]H [m]

II*‘

(11) Parseval’s Theorem
(Energy Preservation)

VY eln) = G lm]

(12) Generalized
Parseval’s Theorem

N-1

sz_: elnlh ] = 3 G}t ]

465



5.2.4 Discrete Circular Convolution

: . . N-1
[Discrete Circular Convolution] g[n] . h[n] _ g[ k] h[ (n— k))zv]
k=0
(Proof of the convolution property)
N-l j27zmn N—-1N-1 3 @k N-1 _2zm - 2mam
L G|m|H|[m]e " =LZ glkle " ¥ Zh[s]e Noe N
N m=0 N m=0 k=0 s=0
| N-1N-1 N-1 ]27r(n—s—k)
=y 22 8lklh[s]p e N
k=0 s=0 m=0
| N-1N-1
=7 glk|h|s|NS,[(n—s—k)),]
k=0 s=0
N-1
= glk]h[((n—k)y]
k=0

N-1 .27a

Here we apply ZeJNn =NJ,[((a))y] ((a))y: the remainder of a

n=0

after divided by N
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[Discrete Circular Convolution and Discrete Linear Convolution]

A discrete linear time-invariant (LTI) system can always be
expressed a discrete linear convolution:

(1] = elnl hln) = 3, el

However, the convolution implemented by the DFT i1s the discrete
circular convolution:

If
y[n]=IDFT (DFT {g[n]} DFT {h[n]})= IDFT (G[m]H[m])

then

y[n]=g[n]*. h[n Zg h[(n—k))y]

((a))y: the remainder of a
after divided by N
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( linear convolution:  y,[n]=g|n]|*h|n]=) glk|h[n—k]

circular convolution: y[n|=g|n|*, h|n]=) g|k|h|(n—-k)),]

c

For example, k=3, A<z, h-k =4

v[2]= g[0]A[2]+ g[1]A[1]+ g[2]A[0]+ g[3]A[N —1]+ g[4]A[N —2]
deeennn +§[N_1]h[3L -
W, ne2, n=k=3-N ()23

The condition where the circular convolution is equal to the linear
convolution: oM IPh? -klz\l g ) M\

(1) g[n]:O forn<0 or n>M .
(i) h[n]=0 forn<0 or n>L leng th( D)L

(ii)) [N2M+L-1 ]
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The condition where the circular convolution is equal to the linear

convolution:

i) g|n]=0 forn<0 or n>2M
(i) h[n]=0 forn<0 or n2L

M) N=>2M+L-1
o : by o oke these terms

(Proof): y[n]= Zg hl((n=k))y] =ere 7
y|n]=g|0]a[n +g[1]h[n ] +---+g[n]h[0]+@fz+l]h[N—1]+
g|n+2|h[N-2]+---+g[N+n+1-L])h[L-1]+---+ g|N-1]h|n+1]

= g[01A[n)+ g[1]ln 1]+~ g[u]hfo] e WO TR

+g[\mhﬂ +-+g[N-1a[n+]]  pow= )4V

— [0]A[n]+ g[1]A[n—1]+--+ g[n]h[0] =y [a] . "Dl

(Since Ntnt1-L > No1-L> M) NTAE\=L2M shoald be satsfid

= ~l<h >o
N Z M+ ~| n ST
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5.2.5 Complexity

Direct implementation: Complexity = O(N?)

With the fast algorithm: Complexity = O(Nlog,N)



2-point DFT

gl0]

gl1]

|

G[0]
G[1]

Hi —ll}{

g[0]
g[1]

>,

-1 v

|



When N = 2F

2rmn

N-1 _ 27xmn
Glm|= gne]N
=Stk —

N/2-1 2zm(2n) N/2-1 _ 2zm(2n+)

= Z g[2n]e_J N+ Z g[2n+1]e T
n=0 n=0

N/2-1 _j27rmn /2-1 _j27rmn
— N/2 N/2
=2 afn]e 7+ > & [n]e

n=0 n=0

twiddle factors
giln] =gl2n], gln]=gl2n+1]

Therefore,

one N-point DFT = two (N/2)-point DFT + twiddle factors

472
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8-point DFT

=8

When N

27
=]

8

e

w
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Fk . 7 kP k) /| /) /]

e e—d ) ] ] eed e e

k< - = -~ - "/ @’/

et e e e e e ed e



i bew of twiddle factors
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UCREY

complexity: Nlog,

N/2 twiddle factors are wi&-

required _between  two
stages

\

e J. W. Cooley and J. W. Tukey, “An algorithm for the machine computation of
complex Fourier series,” Mathematics of Computation, vol. 19, pp. 297-301, Apr.
1965. (Cooley-Tukey)

e C. S. Burrus, “Index Mappings for multidimensional formulation of the DFT and

convolution,” IEEE Trans. Acoustics, Speech, and Signal Processing, vol. 25, pp.
1239-242, June 1977. (Prime factor)
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5.2.6 2D DFTs

2-D Discrete Fourier Transform (2-D DFT)
G4 G U’*M,ﬂ

M—-1N-1 _j27zmp _j27znq =Gl£rl q+N]:G‘['P+M/q."A4
G[p,c]]= g[m,n]e M e N

2-D Inverse Discrete Fourier Transform (2-D IDFT)

-1 27rmp 27 ng

qu]e e N

2

1 M —

MN “~=

p

g|m,n|=

Il
je)

q
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Low Frequency Part — Mild Variation — Plane cmooth

High Frequency Part — Large Variation — Edge and Noise

AVAVAVAY

G|m,n] low frequency part high frequency part
j P W/

lavge
9'Vao( le prk
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200

250 [y

50 100 150 200 250

Using the gray level to show the intensity

colormap(gray(256))



100

150

200
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Low Frequency Part (similar to the blurred version of the input image)

50 100 150 200

Passband: [f | + |f,| < N/30

250

150

50 100 150 200 250

Passband: [f | + |f,| < N/10
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High Frequency Part (similar to the edges)

50
100
150

200

i 250 : J i
50 100 150 200 250 50 100 150 200 250

Passband: |f,| + |f,| > N/30 Passband: |f,| + |f,| > N/10



