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6. Advanced Linear Algebra
Section 6.1  Review of Linear Algebra (只教不考)
Section 6.2  Kronecker and Element-Wise Products
Section 6.3  Jordan Canonical Form
Section 6.4  Functions of Matrices 
Section 6.5  Generalized Norm
Section 6.6  Markov Model
Section 6.7  Discrete Transforms (只教不考)
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Algebra
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Eigenvalues 

Applications 

Discrete Transforms (Sec. 6-7) 

Addition, Multiplication, Scalar Multi. 
Transpose, Hermitian, Permutation, 
Determinant, Rank, Inverse (Sec. 6-1) 
Kroneker Product (Sec. 6-2) 

Functions of Matrices (Sec. 6-4) 
Element-Wise Product (Sec. 6-2) 

Definition and Computation (Sec. 6-1)
Jordan Canonical Form (Sec. 6-3)

Generalized Norm (Sec. 6-5) 

Singular Value Decomposition (Chap. 8)
Discrete Linear System (Sec. 6-1)
Markov Model (Sec. 6-6)
Discrete Basis Approximate (Chap. 7)
Principal Component Analysis (Chap. 8)
Independent Component Analysis (Sec. 9-6)
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6.1 Review of Linear Algebra

6.1.1 Matrix

 1 2 Nx x x Vector:

Scalar: 1x

Matrix: 1,1 1,2 1,

2,1 2,2 2,

,1 ,2 ,

N

N

M M M N

a a a
a a a

a a a

 
 
 
 
 
 
  

 
 

   
   

 

am,n: entry (also called an element or a scalar)
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1,1 1,2 1,

2,1 2,2 2,

,1 ,2 ,

N

N

M M M N

a a a
a a a

a a a

 
 
 
 
 
 
  

 
 

   
   

 

M = N:  square matrix 
M = 1:  row vector, N = 1:  column vector, M = N = 1:  scalar

if am,n = 0 for m  n  diagonal matrix

For a square matrix, 

if am,n = 0 for m > n  upper triangular matrix

if am,n = 0 for m < n  lower triangular matrix

if am,n = 0 for m  n, an,n = 1  identity matrix (denoted by I)
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A linear system can be expressed as a matrix operation

2 3 1
4 2

x y
x y
 

  

2 3 1
1 4 2

x
y

     
     

     

1,1 1 1,2 2 1, 1

2,1 1 2,2 2 2, 2

,1 1 ,2 2 ,

N N

N N

N N N N N N

a x a x a x b
a x a x a x b

a x a x a x b

   
    


    






1,1 1,2 1, 1 1

2,1 2,2 2, 2 2

,1 ,2 ,

N

N

N N N N N N

a a a x b
a a a x b

a a a x b

     
     
     
     
     

    




     




486
6.1.2 Matrix Operations

(1) Addition
C = A + B where cm,n = am,n + bm,n.

(2) Multiplication 
C = AB where , , ,

1

N

m n m v v n
v

c a b
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Multiplication (with the Sub-Matrices)

 
 
 
 
 
 

1,1 1,2 1,V

2,1 2,2 2,V

U,1 U,2 U,V

A A A
A A A

A

A A A




   


If

,

 
 
 
 
 
 

1,1 1,2 1,X

2,1 2,2 2,X

W 1 W,2 W,X

B B B
B B B

B

B B B




   


and the columns of   m,vA is equal to the rows of   v,xB

then

 
 
 
 
 
 

1,1 1,2 1,X

2,1 2,2 2,X

U,1 U,2 U,X

C C C
C C C

AB

C C C




   


where
1

V

v

u,x u,v v,xC A B
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[Example 1]

1

1 00
2

2 1
3 1

1
1 0

1 0 1

0
0

0

   
                  

1,1 1,2

2,1 2,2

C C
C C

where  1 2 0 1 0 2 1
0 1

3 1 1 0 0 1 3
       

         
       

1,1C

1 2 0 0 4
1

3 1 2 0 2
       

         
       

1,2C

     0 1
1 0 1 0 1 0 2

1 0
 

   
 

2,1C   0
1 0 1 1 1

2
 

    
 

2,2C

1 2 0 0 1 0 2 1 4
3 1 0 1 0 2 1 3 2
1 0 1 0 1 1 0 2 1
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(3) Scalar Multiplication 

1,1 1,2 1, 1,1 1,2 1,

2,1 2,2 2, 2,1 2,2 2,

,1 ,2 , ,1 ,2 ,

N N

N N

M M M N M M M N

a a a ka ka ka
a a a ka ka ka

k k

a a a ka ka ka

   
   
   
    
   
   
      

A

   
   

       
       

   

(4) Transpose

, ,m n n mif b a TB A

(5) Hermitian

, ,m n n mif b a HB A * means conjugation

   * * TT B A A

In fact,



490* Definition related to transpose and Hermitian

If  TA A Symmetric Matrix 

If   TA A Skew Symmetric Matrix 

If  HA A Symmetric Hermitian Matrix 

If   HA A Skew Symmetric Hermitian Matrix 
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(6) Permutation: exchanging rows or exchanging columns 

1

1

6

0 0 1 2 3 4 1 2 3 4
5 6 7 8 13 14 15 16
9 10 11 12 9 10 11 12

13

0

14 15 5 6

0
0 0 1
0 0 1 0
0 1 0 0 7 8

   
   
   
   
   

 
 
 
 


  


 

Examples: Exchange the 2nd and the 4th rows:

permuting matrix 
Exchange the 2nd and the 3rd columns:

0

1

1

2 3 1 0 0 0
0 0 1 0
0 1

5

4 1 3 2 4
5 6 7 8 5 7 6 8
9 10 11 12 9 11 10 12

13 14 15 16 13 1 1
0 0

0 0 4 16

   
   
   
   
   

 
 
 
 
 

   

permuting matrix 
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(7) Determinant

det
a b a b

ad bc
c d c d

  
    

  

denoted by det(A) or |A|

1,1 1,2 1,3 1,1 1,2 1,3

2,1 2,2 2,3 2,1 2,2 2,3

3,1 3,2 3,3 3,1 3,2 3,3

det
a a a a a a
a a a a a a
a a a a a a

  
      
    

1,1 2,2 3,3 1,2 2,3 3,1 1,3 2,1 3,2 1,1 2,3 3,2 1,2 2,1 3,3 1,3 2,2 3,1a a a a a a a a a a a a a a a a a a     



493In general, if 1,1 1,2 1,

2,1 2,2 2,

,1 ,2 ,

N

N

N N N N

a a a
a a a

a a a

 
 
 
 
 
 
  

A

 
 

   
   

 

  ,1 ,1 ,2 ,2 , ,

,1 ,1 ,2 ,2 , ,

det i i i i i N i N

k k k k k N k N

a C a C a C
a C a C a C

   

   

A 


where  , ,1 i j
i j i jC M 

1,1 1, 1 1, 1, 1 1,

1,1 1, 1 1, 1, 1 1,

,1 , 1 , , 1 ,,

1,1 1, 1 1, 1, 1 1,

,1 , 1 , , 1 ,

det

j j j N

i i j i j i j i N

i i j i j i j i Ni j

i i j i j i j i N

N N j N j N j N N

a a a a a

a a a a a
a a a a aM

a a a a a

a a a a a

 

      

 

      

 

 
 
 
 
   
 
 
 
  

 
      

 
 
 

      
 

We call Ci,j the cofactor of ai,j
and call Mi,j a minor
determinant.



494The determinant is always hard to determine when N is large.

However, when A is an upper triangular matrix:

1,1 1,2 1,3 1, 1 1,

2,2 2,3 2, 1 2,

3,3 3, 1 3,

1, 1 1,

,

0
0 0

0 0 0
0 0 0 0

N N

N N

N N

N N N N

N N

a a a a a
a a a a

a a a

a a
a







  

 
 
 
 

  
 
 
 
 

A





     



its determinant is the product of diagonal entries:

  1,1 2,2 3,3 1, 1 ,det N N N Na a a a a A 

, 0m na if m n 



495When A is a lower triangular matrix:

1,1

2,1 2,2

3,1 3,2 3,3

1,1 1,2 1,3 1, 1

,1 ,2 ,3 , 1 ,

0 0 0 0
0 0 0

0 0

0N N N N N

N N N N N N N

a
a a
a a a

a a a a
a a a a a

    



 
 
 
 

  
 
 
 
 

A





     



its determinant is also the product of diagonal entries:

, 0m na if m n 

  1,1 2,2 3,3 1, 1 ,det N N N Na a a a a A 

We can use the fact that

     det det detAB A B

and the row elimination method to determine the determinant.
(See page 500)
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(8) Rank

The number of linearly independent rows in a matrix.
(It is equivalent to the number of linearly independent columns in
a matrix).

1 0 1
0 1 0 2
1 2 1

rank
  
     
    

Example:

In a linearly independent set, any vector cannot be expressed by a
linearly combination of other vectors.

is
1 2 Nc c c   1 2 Nv v v 0

That is, the solution of

1 2 Nc c c    0
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Note: For an NxN square matrix A, if

 rank NA

then

 det 0A
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(9) Inverse

If (i) A is a square matrix and (ii) det(A)  0, then the inverse of A
(denoted by A1)  exists and it is a matrix that satisfies 

1 1  A A AA I

Application: For a linear system that can be expressed by

Ax y

its solution is:
1x A y
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Determining the Inverse (Method 1: by Adjoint Matrix)

 
1 adj

det
-1A A

A

1,1 2,1 ,1 1,1 1,2 1,

1,2 2,2 ,2 2,1 2,2 2,

1, 2, , ,1 ,2 ,

adj

T
N N

N N

N N N N N N N N

C C C C C C
C C C C C C

C C C C C C

   
   
   
    
   
   
      

A

   
   

       
       

   

where

Ci,j the cofactor of ai,j
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Determining the Inverse (Method 2: by Row Elimination)

[Example 2]: Determine the inverse of the following matrix 
1 2 1 2
2 3 1 1
1 1 2 3

1 3 3 4

 
 
 
  
 
 

A

(preferred)

1 2 1 2 1 0 0 0
2 3 1 1 0 1 0 0
1 1 2 3 0 0 1 0

1 3 3 4 0 0 0 1

 
 
       
 
 

A I

(Solution):
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1 2 1 2 1 0 0 0

1 1 3 2 1 0 0
1 3 5 1 0 1 0
1 1

0
0

2 2 0 0 10

 
          
  

1E A I where

1 0 0 0
2 1 0 0

1 0 1 0
1 0 0 1

 
  
 
  

1E

1 2 1 2 1 0 0 0
0 1 3 2 1 0 0
0 1 3 5 1 0 1 0
0 1 2 2

1

1 0 0 1

 
       
  

2 1E E A I where

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 
  
 
 
 

2E

1 2 1 2 1 0 0 0
0 1 1 3 2 1 0 0
0 2 2 10

0
1 1 0

0 1 1 3 1 0 1

 
       
   

3 2 1E E E A I where

1 0 0 0
0 1 0 0
0 1 1 0
0 1 0 1

 
 
 

 
  

3E

1 2 1 2 1 0 0 0
0 1 1 3 2 1 0 0
0 0 1 1/ 2 1/ 2 1/ 2 0
0 0 1 1 3 1 0 1

1

 
       
   

4 3 2 1E E E E A I where

1 0 0 0
0 1 0 0
0 0 1/ 2 0
0 0 0 1

 
 
 
 
 
 

4E
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1 2 1 2 1 0 0 0
0 1 1 3 2 1 0 0
0 0 1 1 1/ 2 1/ 2 1/ 2 0
0 0 2 5 / 2 1/ 2 1/ 2 10

 
       
 

   

5 4 3 2 1E E E E E A I

1 0 0 0
0 1 0 0
0 0 1 0
0 0 1 1

 
 
 
 
  

5Ewhere

1 2 1 2 1 0 0 0
0 1 1 3 2 1 0 0
0 0 1 1 1/ 2 1/ 2 1/ 2 0
0 0 0 5 / 4 1/ 4 1/ 4 1/ 21

 
       
 

  

6 5 4 3 2 1E E E E E E A I

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1/ 2

 
 
 
 
  

6E

1 2 1 3 / 2 1/ 2 1/ 2 1
0 1 1 7 / 4 1/ 4 3 / 4 3 / 2
0 0 1 7 / 4 3 / 4 1/ 4 1/ 2
0 0 0 1 5 / 4 1/ 4 1/ 4 1/

0
0
0

2

  
         
 

  

7 6 5 4 3 2 1E E E E E E E A I

1 0 0 2
0 1 0 3
0 0 1 1
0 0 0 1

 
  
 
 
 

7E



5031 0 1/ 4 7 / 4 5 / 4 3 / 2
0 1 0 0 1 1 1
0 0 1 0 7 / 4 3 / 4 1/ 4 1/ 2
0 0 0 1 5 / 4 1/ 4 1/ 4

0

1/

0
0

2

 
        
   

9 8 7 6 5 4 3 2 1E E E E E E E E E A I

where 1 0 1 0
0 1 1 0
0 0 1 0
0 0 0 1

 
  
 
 
 

8E

1 2 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 
 
 
 
 
 

9E

Therefore, 1/ 4 7 / 4 5 / 4 3 / 2
0 1 1 1

7 / 4 3 / 4 1/ 4 1/ 2
5 / 4 1/ 4 1/ 4 1/ 2

 
   
 
   

-1A
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Specially, for a 2x2 matrix: 

a b
c d
 

  
 

A

if det(A) = ad – bc  0, then A-1 can be determined from  

1 1 d b
ad bc c a

  
    

A
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(Note): The row elimination method is also helpful for calculating the
determinant.

For example, in Example 2, since 

1 2 1 2
0 1 1 2
0 0 1 1
0 0 0 2

 
 
 
 
  

5 4 3 2 1E E E E E A

1 0 0 0
2 1 0 0

1 0 1 0
1 0 0 1

 
  
 
  

1E

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 
  
 
 
 

2E

1 0 0 0
0 1 0 0
0 1 1 0
0 1 0 1

 
 
 

 
  

3E

1 0 0 0
0 1 0 0
0 0 1/ 2 0
0 0 0 1

 
 
 
 
 
 

4E

1 0 0 0
0 1 0 0
0 0 1 0
0 0 1 1

 
 
 
 
  

5E
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1 2 1 2
0 1 1 2

det det det det det det det
0 0 1 1
0 0 0 2

  
  
  
  
    

5 4 3 2 1E E E E E A

 11 1 ( 1) 1 det 22       A

 det 4A
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6.1.3 Eigenvalues and Eigenvectors

For a square matrix A, if 

Ae e

then  is called the eigenvalue 
e is called the eigenvector corresponding to 

[Definitions]

[Determining Eigenvalues]

Eigenvalues are the solutions of 

 det 0 A I

characteristic equation
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[Determining Eigenvectors]

  A I e 0

[Eigenspace]

Suppose that e1, e2, …, ek are linearly independent eigenvectors
corresponding to . Then the eigenspace corresponding to  is

 
1 2

, ,

k

span
c c c   

1 2 k

1 2 k

e ,e e
e e e




c1, c2, …, ck can be any constants 

Solve e from

Note: If e is an eigenvector of A, then ce is also an eigenvector of A
where c is a scalar.  

 c c  A I e 0 0
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[Eigenvalue-Eigenvector Deconposition]

 -1A EDE
where

  1 2 N-1 NE e e e e

1

2

1

0 0 0
0 0 0

0 0 0
0 0 0

N

N









 
 
 

  
 
 
  

D




    



nn nAe e n = 1, 2, …, N

e1, e2, …, eN-1, eN are linearly independent 

   1 2 1N N   1 2 N-1 N 1 2 N-1 NA e e e e e e e e 

AE ED

Since

1A EDE
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Specially, if 

 HA A
the eigenvectors form a complete and orthogonal set (after
normalization, it becomes a complete and orthonormal set), then

-1 HE E
 HA EDE

and A can be decomposed into

1 2 1 1 1N N         H H H H
1 1 2 2 N N N NA e e e e e e e e
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[Example 3]:

3 1
1 3
 

  
 

A

Eigenvalues of A: 

   23 1
det det 3 1

1 3


 


  
        

A I

2 6 8 0    
2,4 

Eigenvectors of A: 
For 2, 

 2 0 1A I e 1,1

1,2

1 1
0

1 1
e
e
  

  
   

where
1,1

1,2

e
e
 

  
 

1e

1,1 1,2 0e e  1,1 1,21, 1e e  
1
1

 
   

1e



512Eigenvectors of A: 

For 4, 

 4 0 1A I e 2,1

2,2

1 1
0

1 1
e
e

   
     

where 2,1

2,2

e
e
 

  
 

2e

2,1 2,2 0e e   2,1 2,21, 1e e 
1
1
 

  
 

2e

Eigenvector-eigenvalue decomposition of A: 

1A EDE   1 1
1 1

 
    

1 2E e e
2 0
0 4
 

  
 

D

1 1 2 0 1/ 2 1/ 2
1 1 0 4 1/ 2 1/ 2

     
           

A



513With normalization

1/ 2

1/ 2

 
  

  
1e

1/ 2

1/ 2

 
  
  

2e

  1/ 2 1/ 2

1/ 2 1/ 2

 
   

  
1 2E e e HA EDE

2 0
0 4
 

  
 

D

1/ 2 1/ 2 2 0 1/ 2 1/ 2
0 41/ 2 1/ 2 1/ 2 1/ 2

    
     

        
A
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6.1.4 Properties

(A) Geometric Operation Formula

(1) Rotation

Clockwise 

Clockwise rotation with respect to (x0, y0)

(2) Scaling

(3) Shearing or 

1

1

cos sin
sin cos

x x
y y

 
 

     
         

01

01

cos sin 1 cos sin
sin cos sin 1 cos

xx x
yy y

   
   

          
                   

1 0 0

1 0 0

0
0

x

y

x x x x
y x y x




     
          

1 0 0

1 0 0

1 0
1

x x x x
y x y xc
     

         
1 0 0

1 0 0

1
0 1

x x x xb
y x y x
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(4) Reflection

with respect to (x0, y0) 

with respect to (x0, y0), only reflect on x-axis 

(5) Affine 
Transformation 

(6) Projection

on the x-axis

on the axis 
of c(cos, sin ):

1 0 0

1 0 0

1 0
0 1

x x x x
y y y y
     

         

1 0 0

1 0 0

x x x xa b
y x y xc d
     

         

1 0 0

1 0 0

1 0
0 1

x x x x
y y y y
     

         

1

1

1 0
0 0

x x
y y
     

     
    

2
1

2
1

cos cos sin
cos sin sin

x x
y y
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(B) Properties of Determinants

(1) Transpose

(2) Multiplication 

(3) Zero row / column if all the entries of a row (or a column) 
are 0.

(4) Row exchange
If B is the same as A but two of the rows are 
exchanged 

(5) Scaling
If                when i  k, and                  , then

(6) Row addition
If                when i  k, and                            , then

   det det TA A

       det det det det AB BA A B

 det 0A

   det det B A

, ,i j i jb a , ,k j k jb a

   det detB A

, ,i j i jb a , , ,k j k j h jb a a 

   det detB A
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(C) Properties of Ranks

D. G. Zill, W. S. Wright, and J. J. Ding, Engineering Mathematics, Metric Edition,
Cengage Learning, Taipei, Taiwan, 2019.
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(D) Properties of Matrix Inverse

D. G. Zill, W. S. Wright, and J. J. Ding, Engineering Mathematics, Metric Edition,
Cengage Learning, Taipei, Taiwan, 2019.
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(E) Properties of Eigenvectors and Eigenvalues 



520
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6.2 Kronecker and Element-Wise Products

6.2.1 Kronecker Product

1,1 1,2 1,

2,1 2,2 2,

,1 ,2 ,

N

N

M M M N

a a a
a a a

a a a

 
 
 
 
 
 
  

A =

 
 

   
   

 

Suppose that 

then
1,1 1,2 1,

2,1 2,2 2,

,1 ,2 ,

N

N

M M M N

a a a
a a a

a a a

 
 
 
 
 
 
  

B B B
B B B

A B =

B B B
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Kronecker Product 1,1 1,2 1,

2,1 2,2 2,

,1 ,2 ,

N

N

M M M N

a a a
a a a

a a a

 
 
 
 
 
 
  

B B B
B B B

A B =

B B B

 
 

   
   

 

Notation of the Kronecker product: 

A: Global information
B: Local information

If the size of A is M1N1
the size of B is M2N2
then the size of AB is (M1M2)(N1N2) 
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[Example 1]

1 1
2 2

 
  

A =
1 1 0
0 2 0
0 1 1

 
 
 
  

B =

1 1 0 1 1 0
0 2 0 0 2 0
0 1 1 0 1 1
2 2 0 2 2 0

0 4 0 0 4 0
0 2 2 0 2 2

  
  

  
    

 
   

A B =
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[Addition Property]

If size(A) = M1N1, size(B) = M2N2, 
size(C) = M3N3, size(D) = M4N4, and 

      A B C B A C B

If size(B) = size(D)
      A B A D A B D

[Multiplication Property]

If size(A) = size(C)

N1 = M3,   N2 = M4

then

         A B C D AC BD



525(Proof of the Multiplication Property)

1,1 1,2 1,

2,1 2,2 2,

,1 ,2 ,

N

N

M M M N

a a a
a a a

a a a

 
 
 
 
 
 
  

B B B
B B B

A B =

B B B

 
 

   
   

 

1,1 1,2 1,

2,1 2,2 2,

,1 ,2 ,

K

K

N M N K

c c c
c c c

c c c

 
 
 
 
 
 
  

D D D
D D D

C D =

D D D

 
 

   
   

 

, , , , , ,
1 1

N N

m k m n n k m n n k m k
n n

a c a c E
 

 
   

 
 G B D BD BD

where
,m kE is an entry of E = AC

  

1,1 1,2 1,3 1,

2,1 2,2 2,3 2,

3,1 3,2 3,3 3,

,1 ,2 ,3 ,

K

K

K

M M M M K

 
 
 
    
 
 
  

G G G G
G G G G
G G G GG A B C D

G G G G





    


If



526[Example 2]

1 0
2 3
 
 
 

A =
2 1
1 0
 
 
 

B =
0 1
2 1
 
 
 

C =
1 1
0 2
 
 
 

D =

2 1 0 0
1 0 0 0
4 2 6 3
2 0 3 0

 
 
 
 
 
 

A B =

0 0 1 1
0 0 0 2
2 2 1 1
0 4 0 2

 
 
 
 
 
 

C D =

0 0 2 4
0 0 1 1

( )( )
12 24 10 20
6 6 5 5

 
 
  
 
 
 

A B C D =

0 1
6 5
 
 
 

AC =
2 4
1 1
 
 
 

BD =

0 0 2 4
0 0 1 1

12 24 10 20
6 6 5 5

 
 
 
 
 
 

AC BD =
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[Inverse Property]

  1 1 1    A B A B

[Eigenvector Property]
If 

1 2,  1 1 2 2Ae e Be e

That is,  

    1 2    1 2 1 2A B e e e e
then 

1 2e e is an eigenvector of AB
and 12 is the corresponding eigenvalue. 

(Proof):   1 1 1 1         A B A B A A B B I I I



528[Orthogonal Property]

If rank(A) = c1, rank(B) = c2, then 

rank(AB) = c1c2.

[Rank Property]

If
 , ,   H HAA I BB I C A B

then
HCC I



529[Determinant Property]

     det det detN M A B A B

Suppose that size(A) = MM, size(B) = NN,
then

(Proof can be done by eigenvector-eigenvalue decomposition)



5306.2.2 Element-Wise Product

Suppose that A and B are two matrices and their sizes are the same 
(MN). Then

1,1 1,2 1, 1,1 1,2 1,

2,1 2,2 2, 2,1 2,2 2,

,1 ,2 , ,1 ,2 ,

N N

N N

M M M N M M M N

a a a b b b
a a a b b b

a a a b b b

    
    
    
    
    
    
        

A B

   
   

        
       

   

1,1 1,1 1,2 1,2 1, 1,

2,1 2,1 2,2 2,2 2, 2,

,1 ,1 ,2 ,2 , ,

N N

N N

M M M M M N M N

a b a b a b
a b a b a b

a b a b a b
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1 1 1
1 2 4
1 3 5

 
   
  

A

[Example 3]

1 2 1
1 2 1
2 1 1

 
   

   

B

1 1 1 2 1 1 1 2 1
1 1 2 ( 2) 4 1 1 4 4
1 2 3 ( 1) 5 ( 1) 2 3 5

     
            
            

A B



532[Properties of the Element-Wise Product]
Commutative Property 

A B B A 
Associative Property

(A  B)  C = A  (B  C)

Distributive Property

A  (B+C) = A  B + A  C

(A+B)  C = A  C + B  C
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6.3 Jordan-Canonical Form

6.3.1 Generalization for Eigenvector-Eigenvalue
Decomposition
[Eigenvalue-Eigenvector Decomposition]

 -1A EDE
where

  1 2 N-1 NE e e e e

1

2

1

0 0 0
0 0 0

0 0 0
0 0 0

N

N









 
 
 

  
 
 
  

D




    



However, not all the matrices have a complete eigenvector set.
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2 1 6
0 2 5
0 0 2

 
   
  

A

[Example 1]

eigenvalues: 2, 2, 2

1 1

2 2

3 3

0 1 6 0
( 2 ) 0 0 5 0

0 0 0 0

k k
k k
k k

      
              
            

A I

3 2 35 0, 6 0k k k   2 3 0k k 

only one independent solution:
1
0
0

 
   
  

1e

  3det (2 )   A I

How do we perform eigenvector-eigenvalue decomposition for it?

1
0
0
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1

2

3

1
( 5)

0 1 6
, 0 0 0

0 0 0 0

k
k
k


    
        
        

 2 1A I e e

We try to solve

3 2 35 0, 6 1k k k  

One of the solution is

0
1
0

 
   
  

2e

The, we try to solve
1

2

3

0
( 5)

0 1 6
, 0 0 1

0 0 0 0

k
k
k


    
        
        

 3 2A I e e

3 2 35 1, 6 0k k k   0
6 / 5

1/ 5

 
   
  

3eOne of the solution is
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Since

1 1Ae e

 2 2 1Ae e e

 3 3 2Ae e e

   
1 0

0 1
0 0






 
   
  

1 2 3 1 2 3A e e e e e e

1

1 0
0 1
0 0








 
   
  

A E E where   1 2 3E e e e

11 0 0 2 1 0 1 0 0
0 1 6 / 5 0 2 1 0 1 6 / 5
0 0 1/ 5 0 0 2 0 0 1/ 5


     
            
          

A
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[Jordan-Canonical Form]

It try to decompose a matrix into

1

 
 
 
 
 
 

1

2

K

D 0 0
0 D 0

A E E

0 0 D




   


where Dk has the form of 

kkD I or

1 0 0
0 1 0

0 0 1
0 0 0

k

k

k

k







 
 
 

  
 
 
  

kD
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[Example 2]

4 0 0 2
0 4 2 0
1 1 4 0
1 1 0 4

 
  
  
   

A

2,4,4,6 

For  = 2,  1 1 1 1 Te

For  = 6,  1 1 1 1 T  e

For  = 4, 

 

1

2

3

4

0 0 0 2
0 0 2 0

4 0, 0
1 1 0 0
1 1 0 0

k
k
k
k

   
       

    
      

A I e
4

3

1 2

2 0
2 0

0

k
k

k k
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For  = 4, there is only one linearly independent eigenvector  

 1 1 0 0 T 1e

Then, we try to solve

 

1

2

3

4

0 0 0 2 1
0 0 2 0 1

4 ,
1 1 0 0 0
1 1 0 0 0

k
k
k
k

     
           

      
         

2 1A I e e

4

3

1 2

2 1
2 1

0

k
k

k k

 
  
  

One of the solution is 

 0 0 1/ 2 1/ 2 T 2e
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Therefore,

1

2 0 0 0
0 4 1 0
0 0 4 0
0 0 0 6



 
 
 
 
 
 

A E E

where 1 1 0 1
1 1 0 1
1 0 1/ 2 1
1 0 1/ 2 1

 
  

 
   

E

1

1/ 4 1/ 4 1/ 4 1/ 4
1/ 2 1/ 2 0 0

0 0 1 1
1/ 4 1/ 4 1/ 4 1/ 4



 
  

 
   

E
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[Example 3] 4 0 1 2 1

0 4 1 2 1
0 0 3 0 1
0 0 0 4 0
0 0 1 0 3

 
  

  
 
 
  

A

(Solution): Since

    4det 2 4      A I

the eigenvalues are 2, 4, 4, 4, 4.
The eigenvector corresponding to  = 2 is

 

1

2

3

4

5

2 0 1 2 1 0
0 2 1 2 1 0

2 , 0 0 1 0 1 0
0 0 0 2 0 0
0 0 1 0 1 0

k
k
k
k
k

    
         

      
    
    
        

A I e 0
One of the 
solution is

0
0
1
0
1

 
 
 
 
 
 
  



542The eigenvectors corresponding to  = 4 are

 

1

2

3

4

5

0 0 1 2 1 0
0 0 1 2 1 0

4 , 0 0 1 0 1 0
0 0 0 0 0 0
0 0 1 0 1 0

k
k
k
k
k

    
         

       
    
    
        

A I e 0

3 4 5
3 4 5

3 4 5
4 3 4 5

3 5
3 5

3 5

2 0
2 0

2 0
0 0

0
0

k k k
k k k

k k k
k k k k

k k
k k

k k

  
                  

Therefore, there are only two linearly independent solutions: 

 1 0 0 0 0 T1,ae and  0 1 0 0 0 T1,be



543If we set 
 1 0 0 0 0 T1,ae

then

 

1

2

3

4

5

0 0 1 2 1 1
0 0 1 2 1 0

4 , 0 0 1 0 1 0
0 0 0 0 0 0
0 0 1 0 1 0

k
k
k
k
k

    
         

       
    
    
        

2,a 1,aA I e e

3 4 5
3 4 5

3 4 5
4 3 4 5

3 5
3 5

3 5

2 1
2 0

2 0
4 1 1/ 4

0
0

k k k
k k k

k k k
k k k k

k k
k k

k k

  
                  

One of the solution is  0 0 1/ 4 1/ 4 1/ 4 T2,ae

(We set k1 = k2 = 0 for simplification)



544If we set 
 0 1 0 0 0 T1,be

then

 

1

2

3

4

5

0 0 1 2 1 0
0 0 1 2 1 1

4 , 0 0 1 0 1 0
0 0 0 0 0 0
0 0 1 0 1 0

k
k
k
k
k

    
         

       
    
    
        

2,b 1,bA I e e

3 4 5
3 4 5

3 4 5
4 3 4 5

3 5
3 5

3 5

2 0
2 0

2 1
4 1 1/ 4

0
0

k k k
k k k

k k k
k k k k

k k
k k

k k

  
                    

One of the solution is  0 0 1/ 4 1/ 4 1/ 4 T 2,be
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1

4 1 0 0 0
0 4 0 0 0
0 0 4 1 0
0 0 0 4 0
0 0 0 0 2



 
 
 

  
 
 
  

A E E

1 0 0 0 0
0 0 1 0 0
0 1/ 4 0 1/ 4 1
0 1/ 4 0 1/ 4 0
0 1/ 4 0 1/ 4 1

 
 
 

  
  
  

E

Therefore, the Jordan-Canonical form of A is

where

1 0 0 0 0
0 0 1 2 1
0 1 0 0 0
0 0 1 2 1
0 0 1/ 2 0 1/ 2

 
 
 

  
  
  

-1E
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6.3.2 Power of the Jordan Canonical Form

If
1A EDE

then
1  A ED E

Problem: How do we determine D for the Jordan-canonical form?  

 
 
 
 
 
 

1

2

K

D 0 0
0 D 0

D

0 0 D




   


1 0 0
0 1 0

0 0 1
0 0 0

k

k

k

k







 
 
 

  
 
 
  

kD




    



where kkD I

or
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1

2

K

D 0 0
0 D 0

D

0 0 D




   









 
 
 
 
 
 

1

2

K

D 0 0
0 D 0

D

0 0 D




   


1 0 0
0 1 0

0 0 1
0 0 0

k

k

k

k

k









 
 
 

   
 
 
  

kD I U




    



where

0 1 0 0
0 0 1 0

0 0 0 1
0 0 0 0

 
 
 

  
 
 
  

U




    



Therefore,

0
k


   











 
  

 
kD U
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Note: 0 1 0 0 0

0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0

 
 
 

  
 
 
  

UIf then

2

0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0

 
 
 

  
 
 
  

U
3

0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

 
 
 

  
 
 
  

U 4

0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

 
 
 

  
 
 
  

U

5for  U 0
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In general, if size of Dk is MxM then 

 , 1 nm n w n mhe  U

 , 0m n otherwise U

Also,
when M  U 0

Therefore, 

 

 

 

, ,

, 1

, 0 0

k

n m
k

n n

m n if n m
n m

m n if n m or n m

 

 






 



 



 
     
    

k

k

k

D

D

D
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1 2 0
1 2

1 2 0
1 2

1
1

2 0
2

1 2
1 2

1 2
1 2

1
1

0 0
0
0 0 0
0 0 0
0 0 0 0

0 0 0 0 0
0 0 0 0 0 0

k k k k

k k k k

k k

k k k

k k

k k k

k k

k

C C C
C C C

C
C C
C C

C C
C

     


     


  

   
 

   

    

  



   
   

 
  

 
  

 


 

 





 

 



 
 
 
 
 
 
 
 
 
 
 
  

kD

 
  
  
 
 

    



 

 

 

, ,

, 1

, 0 0

k

n m
k

n n

m n if n m
n m

m n if n m or n m

 

 






 



 



 
     
    

k

k

k

D

D

D
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[Example 4] If

then determine A5

(Solution): From Example 2, 

4 0 0 2
0 4 2 0
1 1 4 0
1 1 0 4

 
  
  
   

A

1

2 0 0 0
0 4 1 0
0 0 4 0
0 0 0 6



 
 
 
 
 
 

A E E

1 1 0 1
1 1 0 1
1 0 1/ 2 1
1 0 1/ 2 1

 
  

 
   

E

1

1/ 4 1/ 4 1/ 4 1/ 4
1/ 2 1/ 2 0 0

0 0 1 1
1/ 4 1/ 4 1/ 4 1/ 4



 
  

 
   

E
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5

5 4
5 1 1

5

5

2 0 0 0
32 0 0 0

5
0 1024 1280 00 4 4 0

1
0 0 1024 0

0 0 4 0 0 0 0 7776
0 0 0 6

 

 
  

    
         

      

A E E E E

5

2464 1440 656 3216
1440 2464 3216 656
1936 1936 2464 1440
1936 1936 1440 2464

  
   
  
   

A
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6.4 Functions of Matrices

6.4.1 Exponential of a Matrix
From the Taylor series

 
2 3

exp 1 1! 2! 3!
x x xx     

therefore, 
 

2 3
exp 1 1! 2! 3!    A A AA 

If 1A EDE

then 
     

2 3
exp exp1! 2! 3!     -1 -1D D DA E I E E D E

 
2 3

exp 1! 2! 3!    D D DD I 

Functions of Matrices are also called spectral mapping.



554(Case 1): If A has a complete eigenvector set, then

1

2

0 0
0 0

0 0 N






 
 
 
 
 
 

D




   


2
1

1

2
22 3

2

2

1 0 02!

0 1 02!1! 2! 3!

0 0 1 2!
N

N







 
   

 
         
 
 
 

    

D D DI

 

 
   

 

1

2

exp( ) 0 0
0 exp( ) 0

0 0 exp( )N






 
 
 
 
 
 




   


 exp D
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(Case 2): If A does not have a complete eigenvector set, then

 
 
 
 
 
 

1

2

K

D 0 0
0 D 0

D

0 0 D




   


1 0 0
0 1 0

0 0 1
0 0 0

k

k

k

k







 
 
 

  
 
 
  

kD




    



2 3

1! 2! 3!

 
 
     
 
 
 

1

2

K

S 0 0
0 S 0D D DI

0 0 S





   



where  
2 3

exp 1! 2! 3!     k k k
k k

D D DS D I 

kkD I or



5561 0 0
0 1 0

0 0 1
0 0 0

k

k

k

k







 
 
 

  
 
 
  

kD




    



2 3

1! 2! 3!    k k k
k

D D DS I 

then  , 0m n kS if m > n, 

   
2 3

, 1 exp1! 2! 3!
k k k

kn n         kS 

  1, !
n m

k
n m

m n
n m









 

 

 
   
kS

0

1 1 1 1
( )!( )! ( )! !

n m
k k

n m n m n m n m
 

 
  

 
 

  

 
    

 1 exp( )! kn m 


If
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Therefore,

 

1 1 1
1! 2! ( 1)!

10 1!
exp 1

2!
10 0 1!

0 0 0

k k k k

k k

k

k k

k

e e e eM

e e

e

e e

e

   

 



 



 
 

 
 
    
 
 
 
  

k kD S
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[Example 1] If

2 2 0
1 2 1
0 2 2

 
   
  

A

determine  exp A

(Solution): The eigenvalues of A are 2, 2, 2.
The Jordan-Canonical form of A is

1A EDE

1

1 0 1/ 2 0 0 1
0 1/ 2 0 , 0 2 0
1 0 0 2 0 2



   
       

      

E E

2 1 0
0 2 1
0 0 2

 
   
  

D



559
    1exp exp A E D E

where  

2 2 2

2 2

2

/ 2
exp 0

0 0

e e e
e e

e

 
   
  

D

Therefore,

 

2 2 2

2 2 2

2 2

2 2
exp

2 0

e e e
e e e
e e

 
   
  

A
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6.4.2 Functions Using Taylor Series

 cos ATo derive

we can apply
2 4 6

cos 1 2! 4! 6!
x x xx     

 
2 4 6

cos 2! 4! 6!    A A AA I 

if 1A EDE

 2 4 6 1

2! 4! 6!
    D D DE I E

(1) cos(A)

(這個 subsection 只教不考)

  1cos  E D E

where    2 4 6
cos 2! 4! 6!    D D DD I 



561(Case 1) When A has a complete eigenvector set, then
1

2

0 0
0 0

0 0 N






 
 
 
 
 
 

D




   


2 2
1 1

2 2
2 22 4

2 2

1 0 02! 4!

0 1 02! 4!2! 4!

0 0 1 2! 4!
N N

 

 

 

 
   

 
        
 
 
 

    

D DI

 

 
   

 

 

 
 

 

1

2

cos 0 0
0 cos 0

cos

0 0 cos N






 
 
 
 
 
 

D




   




562(Case 2) When A does not have a complete eigenvector set, then

1 0 0
0 1 0

0 0 1
0 0 0

k

k

k

k







 
 
 

  
 
 
  

kD




    



 
 
 
 
 
 

1

2

K

D 0 0
0 D 0

D

0 0 D




   


2 4 6

2! 4! 6!

 
 
     
 
 
 

1

2

K

S 0 0
0 S 0D D DI

0 0 S





   



where  
2 4 6

cos 2! 4! 6!     k k k
k k

D D DS D I 
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 , 0m n kS if m > n, 

   
2 4 6

, 1 cos2! 4! 6!
k k k

kn n         kS 

  2

( )/2

2( 1), (2 )!
n m

k
n m

m n
n m










 

 

    
kS

(1) If n – m is positive and even, 

2

( )/2

( 1)
(2 )!( )!

n m
k

n m n m n m









 

 


  

( )/2
2

0

( 1)
(2 )!( )!

n m

kn m







  




 2

n m   

 
( )/2( 1) cos( )!
n m

kn m 
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  2

( 1)/2

2( 1), (2 )!
n m

k
n m

m n
n m










 

  

    
kS

(2) If n – m is positive and odd, 

2

( 1)/2

( 1)
(2 )!( )!

n m
k

n m n m n m









 

  


   1

2
n m    

( 1)/2
2 1

0

( 1)
(2 1)!( )!

n m

kn m







   





   

( 1)/2( 1) sin( )!

n m

kn m 
 


 

1 1cos sin cos1! 2!
10 cos sin1!

1cos cos2!
10 0 cos sin1!

0 0 0 cos

k k k

k k

k

k k

k

  

 



 



  
 
 
 
    
 

 
 
  

k kD S

 

 

   







565(2) sin(A)

(Case 1) When A has a complete eigenvector set and 

1A EDE

1

2

0 0
0 0

0 0 N






 
 
 
 
 
 

D




   


then

  1sin A ESE  

1

2

sin 0 0
0 sin 0

sin

0 0 sin N






 
 
  
 
 
 

S D




   


3 5
sin 1! 3! 5!

x x xx    



566(Case 2) When A does not have a complete eigenvector set and 
1A EDE

1 0 0
0 1 0

0 0 1
0 0 0

k

k

k

k







 
 
 

  
 
 
  

kD




    



 
 
 
 
 
 

1

2

K

D 0 0
0 D 0

D

0 0 D




   


then

  1sin A ESE

 
 
 
 
 
 

1

2

K

S 0 0
0 S 0

S

0 0 S
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  1sin A ESE

 
 
 
 
 
 

1

2

K

S 0 0
0 S 0

S

0 0 S




   


 , 0m n kS if m > n, 

   , sin kn n kS

   
( 1)/2( 1), cos( )!
n m

km n n m 
 
kS if n – m is positive and odd, 

   
( )/2( 1), sin( )!
n m

km n n m 


kS if n – m is positive and even 



568(3) In general,
if

         2 30 0 0
0 1! 2! 3!

f f f
f x f x x x

  
    

and 1A EDE

then
    1f f A E D E

where          2 30 0 0
0 1! 2! 3!

f f f
f f

  
    D I D D D 
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(i) When A has a complete eigenvector set and 

    1f f A E D E

         2 30 0 0
0 1! 2! 3!

f f f
f f

  
    D D D D where

1

2

0 0
0 0

0 0 N






 
 
 
 
 
 

D




   


then

 

 
 

 

1

2

0 0
0 0

0 0 N

f
f

f

f






 
 
 
 
 
 

D




   


(ii) However, the form of f(D) is rather complicated if A does not have 
a complete eigenvector set. 



570

6.5 Generalized Norm
For a vector

 [1] [2] [ 1] [ ]x x x N x N x 

1

0
= [ ]

N

n
x n 







x(1) Norm (L norm):

(2) L2 norm (conventional norm):
1

2
2

0
= [ ]

N

n
x n




x

(Physical meaning: Distance)
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0
= [ ]

N

n
x n 







x

(3) L1 norm:
1

1
0

= [ ]
N

n
x n




x

(Physical meaning: Sum of Amplitudes)

  1
12,5 =12+5=17 [12,5]

12

513

[Example 1]

  2 2
2

12,5 = 12 +5 =13



5721

0
= [ ]

N

n
x n 







x

L norm:  =Max [ ]x nx

Note:   
1

0
lim [ ] [ ]

N

n
x n Max x n 










(Physical meaning: The maximal amplitude)

 
1

0
lim [ ] [ ]

N

n
x n Max x n











(3)

If there are M entries of |x[n]| that equals to Max|x[n]| 

  
1

0
lim [ ] [ ]

N

n
x n M Max x n 










   
1

1/

0
lim [ ] [ ] [ ]

N

n
x n M Max x n Max x n 
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(L norm) (Also call as the L0 norm)
0

lim


1

0
= [ ]

N

n
x n 







x

 
0

lim =K



x

where K is the number of points such that x[n]  0

(Physical meaning: The number of nonzero points)

The L2 norm is easier for optimization, but it often happens that
using the L0 or the L1 norm can obtain even better optimization
results.

(5)

 
1

0 0 0
lim =lim [ ]

N

n
x n

 
 



 

xNote that
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1 1

0 0
= [ , ]

M N

m n
A m n 




 

 
A

L2 norm: (also call the
Frobenius norm):

1 1
2

2
0 0

= [ , ]
M N

m n
A m n

 

 
A

L1 norm: 
1 1

1
0 0

= [ , ]
M N

m n
A m n

 

 
A

L norm: (also call the
max norm): ,

= [ , ]
m n

Max A m nA

L0 norm:  
0

lim =K



A

where K is the number of points 
that satisfy A[m, n]  0

[Norms of a Matrix: Definition 1]
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[Example 2]

1 2 1
2 3 1
0 2 1

 
   

  

A

L2 norm: 2 2 24(1 ) 3(2 ) 3 5  

L1 norm: 4 1 3 2 3 13    

L norm: 3

L0 norm: 8
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Note: In fact, a more standard definition for the norm of a matrix is:

0
sup 





x

Ax
A

x

where sup (supremum) means the least upper bound.

The norm with this definition is called the operator norm. One
possible application of the operator norm is to determine the
passivity of electrical components.

For image processing and machine learning applications, it is more
often to use the same definition of the norms of a vector to define the
norms of a matrix, as on page 574.

The norms on page 574 are also called "Entry-wise" matrix norms or 
vector-based norms.

[Norms of a Matrix: Definition 2]



5776.6 Markov Model

State Vector: 

       1 2, , ,
T

Nt x t x t x t   x 

In a Markov model, 
(1) x1(t), x2(t), …, xN(t) can be expressed as linear combinations of 
{x1(t1), x2(t1), …, xN(t1)}

       ,1 1 ,2 2 ,1 1 1m m m m N Nx t a x t a x t a x t      

m = 1, 2, …, N:

(2) ,0 1m na 

(3) ,
1

1
N

m n
m

a


 for n = 1, 2, …, N:

6.6.1 Definitions
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        ,1 1 ,2 2 ,
1 1

1 1 1
N N

m m m m N N
m m

x t a x t a x t a x t
 

        

,
1

1
N

m n
m

a


Note that, if 

then

     ,1 1 ,2 2 ,
1 1 1

1 1 1
N N N

m m m N N
m m m

a x t a x t a x t
  

        

   
1 1

1
N N

m m
m m

x t x t
 

  

Many problems in physics, environment, and social science can be 
expressed by the Markov model. 
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Markov Model (Matrix Form) 

   1t t x Ax

1,1 1,2 1, 1 1,

2,1 2,2 2, 1 2,

1,1 1,2 1, 1 1,

,1 ,2 , 1 ,

N N

N N

N N N N N N

N N N N N N

a a a a
a a a a

a a a a
a a a a





    



 
 
 
 
 
 
  

A




    



 

 
 

 
 

1

2

1N

N

x t
x t

t
x t
x t



 
 
 
 
 
 
  

x   

 
 

 
 

1

2

1

1
1

1
1

1
N

N

x t
x t

t
x t
x t



 
  
  
  
  

x 
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[Example 1] Migration Model 

Suppose that, every year,
(1) 10% of the people lived in the city move to the suburb and 5% of the
people lived in the city move to the countryside every year
(2) In the suburb, 5% of the people move to the city and 5% of the people
move to the countryside every year.
(3) 10% of the people lived in the countryside move to the city and 10% of
the people lived in the countryside move to the suburb.
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   1t t X AX where

0.85 0.05 0.1
0.1 0.9 0.1

0.05 0.05 0.8

 
   
  

A  
 
 
 

1

2

3

x t
t x t

x t

 
   
  

X
city
suburb
countryside

1 1

2 2

3 3

( ) 0.85 0.05 0.1 ( 1)
( ) 0.1 0.9 0.1 ( 1)
( ) 0.05 0.05 0.8 ( 1)

x t x t
x t x t
x t x t
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[Example 2] Water Cycle System 

Suppose that, every year, 
(1) 20% of the water in the air will precipitate to the land through rain or 
snow, 60% of the water in the air will precipitate to the sea. 
(2) 10% of the water in the land will flow into the sea and 5% of the water 
will evaporate into the air. 
(3) Also, 1% of the water in the see will evaporate to the air every year. 
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   1t t X AX where

 
 
 
 

1

2

3

x t
t x t

x t

 
   
  

X
air
land
sea

0.2 0.05 0.01
0.2 0.85 0
0.6 0.1 0.99

 
   
  

A



584
6.6.2 Analysis

In Example 1, suppose that, initially, the populations of the city, the suburb, 
and the country are 50,000, 50,000, and 100,000. 
(1) Determine the populations of the three places 1 year, 2 years, and 10 years 
later. 
(2) Also, determine what will the populations of the three places converge to. 

0.85 0.05 0.1
0.1 0.9 0.1

0.05 0.05 0.8

 
   
  

A

Eigenvector-eigenvalue decomposition

 -1A EDE where

3 1 1
5 1 0
2 0 1

 
   

  

E
1 0 0
0 0.8 0
0 0 0.75

 
   
  

D 1

0.1 0.1 0.1
0.5 0.5 0.5
0.2 0.2 0.8



 
   

  

E
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50000

0 50000
100000

 
   
  

XInitial

After one year    
55000

1 0 60000
85000

 
    
  

X AX

After two years    
58250

2 1 68000
73750

 
    
  

X AX

After ten years      10

61990
10 0 0 94631

43379

 
     
  

10 -1X A X ED E X

10 10

10

1 0 0
0 (0.8) 0
0 0 (0.75)

 
   
  

D
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To determine what will the populations of the three places converge
to, we can apply

     lim lim 0 lim 0t t

t t t
t

  
  -1X A X ED E X

1 0 0 1 0 0
lim 0 (0.8) 0 0 0 0

0 0 (0.75) 0 0 0

t

t t

t
t



   
       
     

D

Since

 
3 1 1 1 0 0 0.1 0.1 0.1 50000

lim 5 1 0 0 0 0 0.5 0.5 0.5 50000
2 0 1 0 0 0 0.2 0.2 0.8 100000

t
t



       
                

               

X

 
60000

lim 100000
40000

t
t



 
   
  

X
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In Example 2, suppose that, initially, the amounts water in the air, in the
land, and in the sea are x1(0), x2(0), and x3(0), respectively.
(1) Determine the amounts of water in the air, the land, and the sea after 10
years.
(2) Also determine what will the amounts of the water in the three places
converge to. 0.2 0.05 0.01

0.2 0.85 0
0.6 0.1 0.99

 
   
  

A

Eigenvector-eigenvalue decomposition  -1A EDE

3 1 3.3595
4 16.7977 1

220 17.9799 2.3595

 
   

   

E
1 0 0
0 0.8619 0
0 0 0.1781

 
   
  

D

1/ 227 1/ 227 1/ 227
0.01615 0.05723 0.00126
0.28892 0.02097 0.00356

 
   

   

-1E



588After ten years

       
8

1 0 0
10 0 0 0 0.2263 0 0

0 0 3.2098 10

 
     

  

10 10 -1 -1X A X ED E X E E X

 
 
 

     
     
     

1 1 2 3

2 1 2 3

3 1 2 3

10 0.01687 0 0.02617 0 0.01293 0
10 0.07900 0 0.23515 0 0.01283 0
10 0.90413 0 0.73869 0 0.97424 0

x x x x
x x x x
x x x x

    
        
       

10

10

1 0 0
0 (0.8619) 0
0 0 (0.1781)

 
 
 
  



589To determine what will the amounts of the water in the three places
converge to,

     lim lim 0 lim 0t t

t t t
t

  
  -1X A X ED E X

Since 1 0 0 1 0 0
lim 0 (0.8619) 0 0 0 0

0 0 (0.1781) 0 0 0

t

t t

t
t



   
       
     

D

   
1 0 0

lim 0 0 0 0
0 0 0

t
t



 
   
  

-1X E E X

 
 
 

      
      
      

1 2 3
1

2 1 2 3

3
1 2 3

3 0 0 0227
4lim 0 0 0227

220 0 0 0227

t

x x x
x t
x t x x x
x t

x x x
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[Theorem 1] For a Markov model matrix,
(i) At least one of the eigenvalue is  = 1.
(ii) Other eigenvalues are no larger than 1.
(iii) Moreover, if the multiplicity of  = 1 is 1, then the eigenvector
corresponding to  = 1 determines the ratio of x1(t) : x2(t) : … : xN(t) in
the convergence case (t ).

(Proof): Suppose that A is the transfer matrix of a Markov model. 

(i) To show 1 must be an eigenvalue of A: 
 -1

1A LALIf
1 1 1 1
0 1 0 0

0 0 1 0
0 0 0 1

 
 
 

  
 
 
  

L




    



1 1 1 1
0 1 0 0

0 0 1 0
0 0 0 1

   
 
 

  
 
 
  

-1L




    



where
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2,1 2,2 2, 1 2,

1,1 1,2 1, 1 1,

,1 ,2 , 1 ,

1 1 1 1

N N

N N N N N N

N N N N N N

a a a a

a a a a
a a a a



    



 
 
 
 
 
 
  

LA




    



2,1 2,2 2,1 2, 1 2,1 2, 2,1
1

1,1 1,2 1,1 1, 1 1,1 1, 1,1

,1 ,2 ,1 , 1 ,1 , ,1

1 0 0 0

N N

N N N N N N N N N

N N N N N N N N N

a a a a a a a

a a a a a a a
a a a a a a a




       



 
    
  
    
    

1A LAL




    



   

2,2 2,1 2, 1 2,1 2, 2,1

1,2 1,1 1, 1 1,1 1, 1,1

,2 ,1 , 1 ,1 , ,1

det 1 det

N N

N N N N N N N N

N N N N N N N N

a a a a a a

a a a a a a
a a a a a a



 






      



     
  
          
        

1A I


   






592
Therefore,  det 0 1for   1A I

 = 1 should be one of the eigenvalues of A1 and hence A (note that 
A and A1 are similar) .  

(ii) To show 1 is the largest eigenvalue of A:
If  

2 
TA A

then A2 and A have the same eigenvalues since
det(A – I) = det(A2 – I). 

If g = [g1, g2, …, gN]T is an eigenvector of A2 and the corresponding 
eigenvalue is . Without the loss of generalization, we suppose that

|gp|  |gn| where n = 1, 2, …, N. 

Compare the pth entry on the both sides of A2g = g, we have 

1, 1 2, 2 ,p p N p N pa g a g a g g   
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1, 1 2, 2 ,p p N p N pa g a g a g g   

1, 1 2, 2 , 1, 1 2, 2 ,

1, 2, ,( )

p p p N p N p p N p N

p p N p p p

g a g a g a g a g a g a g

a a a g g

        

    

 



1 

(iii) To show that, if the multiplicity of  = 1 is 1, then its corresponding
eigenvector determines the ratio of x1(t) : x2(t) : … : xN(t) in the
convergence case, suppose that

   1, T
1 2 N 1 2 NE = e e e E = f f f 

then
 -1A EDE

1 2 1N N       T T T T
1 1 2 2 N-1 N-1 N NA e f e f e f e f



594
1 2 1N N       T T T T

1 1 2 2 N-1 N-1 N NA e f e f e f e f

1 2 1lim limt t t t t
N Nt t

    
    T T T T

1 1 2 2 N-1 N-1 N NA e f e f e f e f

If 1 = 1 and |m| < 1 for m  1, then

lim limt

t t 
 T

1 1A e f

   lim lim 0t

t t
t c

 
  1X A X e where  0c  T

1f X

Note that c is a constant. In other words, when t ,

           1 2 1 1 1: : : 1 : 2 : :Nx t x t x t e e e N 



5956.7 Discrete Transforms (只教不考)

(1) Discrete Fourier Transform (DFT)

   
21

0

mn
N

N
j

n
G m g n e








inverse:    
21

0

1 mn
N

N
j

m
g n G m eN





 

When N = 2 [0] 1 1 [0]
[1] 1 1 [1]

G g
G g
     

          

When N = 3

1 1 1
[0] [0]

1 3 1 3[1] 1 [1]2 2
[2] [2]1 3 1 31 2 2

G g
j jG g

G gj j

 
                           
  

n = 0, 1, 2, …, N-1
m = 0, 1, 2, …, N-1



596(2) Discrete Cosine Transform (DCT)

 Ny C x

Inverse:

  ( 1/ 2), cosN m
m nC m n k N    

 

m = 0, 1, …, N-1,        n = 0, 1, …, N-1, 

0 1/k N

2 /mk N when m  0

where

-1 T
N NC C T

Nx C y

Application: Data Compression



597When N = 8
8-Point DCT

  0.3536    0.3536    0.3536    0.3536   0.3536    0.3536    0.3536    0.3536 
    0.4904    0.4157    0.2778    0.0975   -0.0975   -0.2778   -0.4157   -0.4904
    0.4619    0.1913   -0.1913   -0.46

8C

19   -0.4619   -0.1913    0.1913    0.4619
    0.4157   -0.0975   -0.4904   -0.2778    0.2778    0.4904    0.0975   -0.4157
    0.3536   -0.3536   -0.3536    0.3536    0.3536    -0.3536   -0.3536   0.3536 
    0.2778   -0.4904    0.0975    0.4157   -0.4157   -0.0975    0.4904   -0.2778
    0.1913   -0.4619    0.4619   -0.1913   -0.1913    0.4619   -0.4619    0.1913
    0.0975   -0.2778    0.4157   -0.4904    0.4904   -0.4157    0.2778   -0.0975

 
 
 
 
 
 
 
 
 
 
 
 



598Zero Crossings of the 8-Point DCT

  0.3536    0.3536    0.3536    0.3536     0.3536    0.3536    0.3536    0.3536
    0.4904    0.4157    0.2778    0.0975  * -0.0975   -0.2778   -0.4157   -0.4904
    0.4619    0.1913 * -0.1913   -0.4619   -0.4619   -0.1913 * 0.1913    0.4619
    0.4157 * -0.0975   -0.4904   -0.2778 *  0.2778    0.4904    0.0975 * -0.4157
    0.3536 * -0.3536   -0.3536 * 0.3536   0.3536  * -0.3536   -0.3536 * 0.3536
    0.2778 * -0.4904 * 0.0975    0.4157 * -0.4157   -0.0975 *  0.4904 * -0.2778
    0.1913 * -0.4619 * 0.4619 * -0.1913  -0.1913 *  0.4619 * -0.4619 * 0.1913
    0.0975 * -0.2778 * 0.4157 * -0.4904 * 0.4904 * -0.4157 * 0.2778 * -0.0975

 
 
 
 
 
 
 
 
 
 
 
 

more zero crossings  high frequency component



599(3) Walsh Transform (Hadamard Transform)

 Ny W x

where WN is an NN matrix and the entries of WN is either 1 or -1, 

Inverse: 1 1( ) N
  T

N NW W

Applications: 
(i) simplification for computation 
(ii) analysis step-like functions 
(iii) code division multiple access (CDMA)

N is limited to 2k.
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1 1
1 1
 

   
2W

1 1 1 1
1 1 1 1
1 1 1 1
1 1 1 1

 
           
   

2 2
4

2 2

W W
V

W W

sign changes
0
3
1
2

2-point Walsh transform 

1 1
1 1
 

   
2W

4-point Walsh transform 
1 1 1 1
1 1 1 1
1 1 1 1
1 1 1 1

 
   

  
   

4W

To obtain the 2k+1-point Walsh transform from the 2k-point Walsh 
transform,

Step 1 1

k k

k
k k



 
  

  

2 2
2

2 2

W W
V

W W

Step 2   Reorder according to sign changes

1 1k k
permutation

 
2 2

V W
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1 1 1 1
1 1 1 1
1 1 1 1
1 1 1 1

 
   

  
   

4W

1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1

 
     

    
     
    
     
    
 

    

8V

sign changes
0
3
4
7
1
2
5
6

1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1

 
     

    
     
    
     
    
 

    

8W



602(4) Haar Transform 

 Ny H x

where HN is an NN matrix and the entries of HN is 1 0, or -1, 

Inverse: 1( )  T
N N NH D H

Applications: 
(i) simplification for computation 
(ii) extract local features

N is limited to 2k.
DN is diagonal and  

   0,0 1,1 1/ N N ND D

   2,2 3,3 2 / N N ND D

       4,4 5,5 6,6 7,7 4 / N   N N N ND D D D

 , 8 / 8 15n n N for n  ND
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1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1
1 1 1 1 0 0 0 0
0 0 0 0 1 1 1 1
1 1 0 0 0 0 0 0
0 0 1 1 0 0 0 0
0 0 0 0 1 1 0 0
0 0 0 0 0 0 1 1

 
     

  
   
 
  
 
 

 

8H

N = 8

1 1
1 1
 

   
2H

N = 2 1 1 1 1
1 1 1 1
1 1 0 0
0 0 1 1

 
   

 
  

4H

N = 4
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[1,1]
[1, 1]
 

   
N

2N
N

H
H =

I

1 0 0 0
0 1 0 0

0 0 1 0
0 0 0 1

 
 
 
 
 
 
  

NI =




    



General way to generate the Haar transform:

where   means the Kronecker  product



605N = 16
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1
1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 1 0 0 0 0 0

       
   

   
 

 
 

 







H

0 0 0 0 0
0 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 

 
  

  


