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6. Advanced Linear Algebra

Section 6.1 Review of Linear Algebra (© %% %)
Section 6.2 Kronecker and Element-Wise Products
Section 6.3 Jordan Canonical Form

Section 6.4 Functions of Matrices (2 14}( 3%)
Section 6.5 Generalized Norm

Section 6.6 Markov Model

Section 6.7 Discrete Transforms (¥ # % =)

[1] D. G. Zill, W. S. Wright, and J. J. Ding, Engineering Mathematics, Metric Edition,
Cengage Learning, Taipei, Taiwan, 2019.

[2] A. V. Oppenheim and R. W. Schafer, Discrete-Time Signal Processing, London:
Prentice-Hall, 3" ed., 2010.
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Linear Algebra

Addition, Multiplication, Scalar Multi.
__ Transpose, Hermitian, Permutation,
Determinant, Rank, Inverse (Sec. 6-1)

—— Operations Kroneker Product (Sec. 6-2)
— Element-Wise Product (Sec. 6-2)
— Functions of Matrices (Sec. 6-4)

Linear | _— Generalized Norm (Sec. 6-5)
Algebra

Eigenvectors and — Definition and Computation (Sec. 6-1)

Eigenvalues Jordan Canonical Form (Sec. 6-3)
— Singular Value Decomposition (Chap. &)

— Discrete Linear System (Sec. 6-1)
—— Applications Markov Model (Sec. 6-6)
— Discrete Basis Approximate (Chap. 7)

— Principal Component Analysis (Chap. 8)
L Independent Component Analysis (Sec. 9-6)
— Discrete Transforms (Sec. 6-7)
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6.1 Review of Linear Algebra

6.1.1 Matrix

Scalar: X,
Vector:  [x, x, -+ o xy]
1%
Matrix: G, o iy
0
2 dy; 0y, d) n
| Ayy Gyp Tt Ay

a, . entry (also called an element or a scalar)
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a, 4 a; N
dy; Uy, d) n
| Ay Gy ot Ay oy

M = N: square matrix

M=1: row vector, N=1: column vector, AM=N=1: scalar

For a square matrix,
ifa, ,=0form=#n — diagonal matrix
ifa, ,=0form#n,a,,=1— identity matrix (denoted by I)

ifa, ,=0form>n — upper triangular matrix

ifa, ,=0form<mn — lower triangular matrix

m,
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A linear system can be expressed as a matrix operation

A x ¥
2x+3y=1 2 3|x| |1
x—|-4y:2 1 4 Yy 2

-

a, X, A ,X, e ag Xy = D,

Ay X+ Ay, X, +o0Ha, Xy = b,

Ay X+ Ay X, et ay Xy = by

Ay G Gy || 5 b
By oy 7y || X | b,
| dyy Ay Ay %y ]| | On ]
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6.1.2 Matrix Operations

(1) Addition
C=A+B wherec,,=a
(2) Multiplication .
C=AB where ¢,, = Zam,vbv,n
v=Il

Mﬂ' Yyow °'c A B

n T bm,n‘

m,

l/\+h (o‘wnh O‘c B

i

€y, Cia Cin a, v W bl,l bl,2 o ,"bl,n\"l T bl,Q W
€ G2 T G, a5 || by by ; b,, g byo
e B s S ) § .
Cm,l Cm,2 a "\ cm,n:,‘ B 3 4.4 = DR 1--,.::_' _____ L-_,_:;:.--'-'-'---'q’” N~ bm,l bm 2 bm,n bm,Q
- . e 'R\ . » - : . . : : -
[ Ca1 Cuay 77 Cuyg Ay || by Dy Dy byo |
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Multiplication (with the Sub-Matrices)

A1,1 A1,2 A1,V I B1,1 B1,2 BI,X ]
If A= A2,1 Az,z AZ,V B— B2,1 Bz,z Bz,x
_AU,I AU,Z AU,V i _Bw,l Bw,z Bw,x |

and the columns of A, isequal to the rows of B,

C1,1 C1,2 o CI,X ,
then AB-= C?’l C,“ o C?’X whereC,, = D> A, B,
. . . . v=1

CU,1 CU,Z CU,X



[Example 1]

- Al\ A_‘Z

2 '

0

t“ BII
] i 0]
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1
C.. C
3 1,0]1 Oszz{cl’l C“}
-I-WO-TT 0 ) 2.1 2,2
P X
0 1
_|_
1 0
0] [0 4
+| |l=
2| o] |2

0
C,,=[1 0], |+11=1

1 2 0ollo 1 o] [2 1 4]
31 0l1 0 2(=|1 3 2
1 0 1][0 1 1] |0 2 1|
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(3) Scalar Multiplication

al,l al,Z oo oo al,N kal,l kal,Z oo oo kale
aZ,l a2,2 oo oo asz ka2,l ka2,2 oo oo kasz
kA =k =
_aM,l aM,Z oo oo aM,N_ _kaM,l kaM,Z oo oo kaM,N_
(4) Transpose

B=A" if b,,=a,,
(5) Hermitian

B=A" if b =a * means conjugation

In fact,
B (a7) =[x
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* Definition related to transpose and Hermitian

If A=A" — Symmetric Matrix

If A=-A" = Skew Symmetric Matrix

If A=A" = Symmetric Hermitian Matrix

If A=-A" = Skew Symmetric Hermitian Matrix
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(6) Permutation: exchanging rows or exchanging columns

F_OV (74

[7ev wudation matelx, oh',
Examples: Exchange the 2" and the 4" rows:

ohe entry Tn eack vow or

each column 7w
others are 0.

1 2 3 4
13 14 15 16
9 10 11 12
5 6 7 8

1 3 2 4
5 7 6 8
9 11 10 12

13 15 14 16

1 0 0 O}j]1 2 3 4
oW 1o 0 0 1||5 6 7 8
Fmurtaks
PEREY 0 1 0l 9 10 11 12
0 1 0 0][13 14 15 16]
[N permuting matrix
Exchange the 2" and the 3™ columns:
| 1 2 3 411 0 0 O]
colamn
5 6 7 840 0 1 O
permutation
9 10 11 120 1 O O
13 14 15 16J|0 0 0 1]
\

permuting matrix

I,



(7) Determinant
denoted by det(A) or |A]
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a b a b
= =ad —bc
c d c d

det

d; dip 4 d; dip 4
det dy; Gy, 4y, dy; Uyy Ays|=
| d3) d3p G35 dy; U3, Ui,

— a1,1a2,2a3,3 + a1,2a2,3a3,1 + a1,3a2,1a3,2 o a1,1a2,3a3,2 _ a1,2a2,1a3,3 o a1,3a2,2a3,1

\ ~. ~ - s “ - 3

EIENCFENGEY SCIRSCY
AN R P A N

Uy g 5 R N RGN

- — T TR — e —
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In general, if A, G, ot 4y
a2,1 a2,2 aZ,N

A=
| dyy Ay AN

5 (hoosrlg c.,a/ T
hoosing ahn
=a, C ,+a, ,C ,+-+ C/c § any
~ i T At Genten  We call C;, the cofactor of g;;

det(A)=gq,C, +a,,C,++a,,C,

h C ( 1)i+ iy and call M,, a minor
WRCTC Lj i) determinant.
a Ao Gy G AN
a1 iy 4 Yiya a4 n
Ml,,j = det::ﬁ;j:::::::::::al.:,}.;;:::::f:}’;i;}:::::a.r-j;;:::::::::::a.r:;\;::::
i i1 Qi Qi i N
| Ayy o 0 Ay Gy Ay Tt Ay



The determinant is always hard to determine when N 1s large. 494

However, when A 1s an upper triangular matrix:

a, a4, s - 4y, a
0 a,, dy; - d)y N a, y
0 0 a e a a
33 3.N-1 3.N
A = .
0 0 0o - Ay_ina Anaw
() O O O aNN am,n:O ljfm>l’l

its determinant 1s the product of diagonal entries:

det (A) =1y sz Ay vy N

P —

—_—



When A is a lower triangular matrix:

a, 0
d,, a,,
a A
3.1 3.2
A =
Ay_11 Ayoo
| dyy Ao

0
0

a3,3

aN -1,3

Ay 3

0
0
0

aN—l,N—l

aN,N—l

0

aN,N

a,,=0 if m<n

its determinant is also the product of diagonal entries:

det(A) =114,y ,053 Ay vy N
-

We can use the fact that

det(AB)=det(A )det(B)

and the row elimination method to determine the determinant.

(See page gO\(D

495
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(8) Rank

The number of linearly independent rows in a matrix.
(It 1s equivalent to the number of linearly independent columns in

a matrix).
_ B} row3: row|4+2Xrow2
1 0 1
Example: cankl o 1 0ll=2
1 2 1 colu mn3z coluwm |

~ - -[-0'(oluw|h2.

In a linearly independent set, any vector cannot be expressed by a
linearly combination of other vectors.

That 1s, the solution of
eV, +c, v, +-+cyvy =0
1S

c,=c,=-=c, =0
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Note: For an Nx/N square matrix A, if

mnk(A) <N

then
det(A)=0
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(9) Inverse

If (1) A is a square matrix and (i1) det(A) # 0, then the inverse of A
(denoted by A1) exists and it is a matrix that satisfies

AT'A=AAT =1

Application: For a linear system that can be expressed by

Ax =y

1ts solution 1s:

x=A"y



Determining the Inverse (Method 1: by Adjoint Matrix)

A’ L__adjA

" det(A)
where
I Cl,l C2,1 CN,I ] I Cl 1
C1,2 C2,2 CN,Z CZ 1
adjA =| SRS L=
_Cl v Gy CN,N | _CN 1

C;, the cofactor of a;

499
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Determining the Inverse (Method 2: by Row Elimination)

[A|I:| B[A|TI]: [BAIRI]

I£ BA-T, B:AT , BI: A
B l l elementary row operations (preferred)
1A

'

[Example 2]: Determine the inverse of the following matrix

1 2 1 2]
2 3 1 1
A =

-1 -1 2 3

1 3 3 4
(Solution): _ _
1 2 1 2/1 0 0 0
2 3 1 1101 0 0

(AL |=

1 -1 2 30 01 0
1 3 3 40 0 0 1
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—
0100040001__0100
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—_ o o o | ! I
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E.EEEE/A]|=

o o o =

EEEEEE/A[|=

S o O =

E.EEEEQEE A|]|=

Ee

S O = N
S O = N

oS o o =

O = = =
O = = =

S O = N

O = =

Es E, EBEzEl A-

10 0 0 1 0
2 -1 0 0| 0 1
2 12 12 o e =l o

B ct(E):

-5/2 1/2 -1/2 1] ! (5)' 0 0
1 0 0 0 | 1 0
2 -1 0 0 e [0

~-1/2 1/2 1/2 0 90 0
S/4 -1/4 1/4 -1/2) B3]

0[|=3/2 1/2 =1/2 1 | Lo

0|-7/4 -1/4 -3/4 32| g, =|°

0|-7/4 3/4 1/4 1/2 00

1] 5/4 —1/4 1/4 -1/2] 00
v 212l

%T,)l. ; -‘{'[-;-|-~\-|'o‘€{(A)‘~ \
000/ _ det (8):4-

o = O O

o - O O
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— o O O




E,E,E,EEEEEE/A]|=
S

A

where

Therefore,

oSO O =

oS o = O

1 0
0 1
0 0
0 0
-1 0]
-1 0
1 0
0 1
1/4  7/4
0 ~1
—-7/4 3/4
' 5/4 -1/4

S = O O

5/4

1/4
1/4

1/4 7/4
0 -1

-7/4 3/4

5/4 -1/4

_o O O

-2

o O O =

oS O =

—3/2]

1/2
-1/2

o = O O
_—o O O

5/4

1/4
1/4

—3/2]

1/2

-1/2 |

503



. . 504
Specially, for a 2x2 matrix:

S

if det(A) = ad — bc # 0, then A-! can be determined from

o1 [d
ad — bc —C a
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(Note): The row elimination method 1s also helpful for calculating the

determinant.

For example, in Example 2, since

1 2 1 2
EEEEEA0112
54321_0011

0 0 0 2]

(1 0 0 O] 1 0 0 O] 1 0 0 O]
2 1 0 0 0 -1 0 0 0 1 0 0
E1: E2: E3:
1 01 0 0 0 1 0 0 -1 1 0
-1 0 0 1] 0 0 0 1] 0 -1 0 1]
1 0 0 O] (1 0 0 O]
01 0 0 01 0 0
E4: ESZ
0 0 1/2 0 00 1 0
00 0 1 00 -1 1]




det(E;)det(E,)det(E,)det(E,)det(E, )det(A)=det
1-2-1-(=1)-1-det(A ) = -2

det(A)=4

o o o =

S O = N

o;._;y._ay._;
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6.1.3 Eigenvalues and Eigenvectors

[Definitions]

For a square matrix A, if

Ae = Je Ae:2Te  (A-dDe:0 .
£ det (A-aI1)$0 (A-2I) exisks
then A is called the eigenvalue {he only salution of € Ts
e 1s called the eigenvector corresponding to A4 e: (AD0:0
. . : . det(ADNI)=0 wust be
Det E 1
[Determining Eigenvalues] caticfied

Eigenvalues are the solutions of

det(A—AI)=0

\

characteristic equation
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[Determining Eigenvectors]

Solve e from
(A-Al)e=0

Note: If e 1s an eigenvector of A, then ce 1s also an eigenvector of A
where c 1s a scalar.

(A—/H)ce:c(lz()

[Eigenspace]
Suppose that e,, e,, ..., e, are linearly independent eigenvectors
corresponding to A. Then the eigenspace corresponding to A is
spanie,,e,, --,e,} ex:A’[gi]
=ce, +C,e,+-+c.e At2,2
Ci, Cy, ..., C;, Can be any constants € [ ,°] &’ (—?]
Alae+ce) Ae e

TCAE G At s ARG fe, ey
:X(C|e\ \"() e&)



det (A) =a4e+(E)AeJ<(l>)oleT{(E") =det(D) 509
|[Eigenvalue-Eigenvector Decovn"position] |/det ( E)
A= EDFAEDE - EDE”

A =EDE"
where [7\. }\ -ED"E™ A0 - 0 0
b a0
eNl eN] D=|: " ; ;
'\/ o o0 - A, O
0 0 0 Ay
Ae =A1e, n=1,2,...,N
e, €, ..., €y, €y are linearly independent
det(E) +£0 ,E Texists
Since
A[e1 I e eN]:[ﬂ’lel ey o Ay eny /lNeN]

AE =ED A =EDE™



IfA-A" , Ae=he , Ae,=n,e,, A2

Ho J10
Specially, if A€ = hie' e L aare-mers
elpte, = (Ae) e, =),8. ¢, e;te =0
A=A"
the eigenvectors form a complete and orthogonal set (after
normalization, it becomes a complete and orthonormal set), then
= _—h
E'—E" E"E-] ,E”-E
_ H H
A=EDET  [1€' lre emeal
. } -
and A can be decomposed into Y Shee e N e, =0
TEmgn
A=1ee +Ae,e) ++1, e\ ey +Ae.ex enr e,z |

. M (atter normalizato)
e[ 57 ;
. Ca _

_ : M €MH
/
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[Example 3]:

A:F 1} A:AH

1 3

_Eigenvalues of A:
3—A4 1 2
det(A —AI) =det =(3-A) —1
ct(A~ A1) [{1 HB( )

=" -64+8=0
A=24

Eigenvectors of A:
For A =2, e

e
(A - 2I)e1 =0 Lo —(0 where €= { : }
1 1]|e, €2

1
4 +e,=0 e, =1, ¢,=-1 €= {_1

— ]




Eigenvectors of A: 512

For A =4,
(A - 41)61 =0 |~1 T |eu —(0 where e, = “
1 1] e, e,

1
—€, +e,, = 0 e, = 1, e, -1 e, = L}

YN S ES
Figenvector-eigenvalue decomposition of A: e | "/-

. 101 p_|2 ©
A =EDE E=[e, e,]= _1;\1 =1y 4

1 172 olf1/2 -1/2 e 5 orfnogoral to e
A=
0 4172 1/2



With normalization 513

. _{Uﬁ} . _{1/\/5}
Y l-12 2

1/42 1742 120
~1/4/2 1/&} D{o 4}

A=EDE" E=[e, ez]:{

{1/\/5 1/&}{2 o}{l/ﬁ —1/@}
~1/32 120 4Jl1/N2 142
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6.1.4 Properties

(A) Geometric Operation Formula

X, cos

M

Clockwise {

H

(1) Rotation

sin @

—sind cos@

X

y

L

Clockwise rotation with respect to (x,, y,)

X, | | cosf sinf || x s l-cos@ —smnf || x,
y,| |-sin@ cos@| y sinf  1-cos@ || y,
| {xl —xo} |:Jx 0 }{x—xo}
2) Scalin =
(2) g y-x | |0 o | y-x,
X, — X, 1 0 x—x, X, — X, 1 bl x—x,

(3) Shearing

c 1

o B e

Y1~ % Y—=X

Y1 =X

H
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with respect to (x,, ;)

yl_y() O _1 y_yO

(4) Reflection with respect to (xo, yo) only reflect on x-axis
N~ L y=y,
(5) Affine X — X bl x=x,
Transformation V- d|ly—x,
on the x-axis [ x, 1 X
0 Y
(6) Projection -

on the axis { } cos’6d  cos@sind
M

of c(cos@, sin 6):

cos@sin@ sin’ @

I
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(B) Properties of Determinants

(1) Transpose

det(A)=det(A")

(2) Multiplication

det(AB)=det(BA)=det(A)det(B)

(3) Zero row / column

det(A) =0 if all the entries of a row (or a column)
are 0.

(4) Row exchange

If B 1s the same as A but two of the rows are
exchanged

det(B)=—det(A)

(5) Scaling

If b, =a, ;wheni=#k, andb, , =7a,;  then

det(B)=rdet(A)

(6) Row addition

Ifb;=a,; wheni#k andb, , =q, +7a,, ,then

det(B)=det(A)
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(C) Properties of Ranks

(1) rank(0) = 1

(i1) rank(I) = Niflisan N X N identify matrix

(i) rank(P) = Nif Pis an N X N permutation matrix

(iv) rank(D) = N, if D is a diagonal matrix and there are N, nonzero entries in the diagonal line

(v) rank(A) = Nif Aisan N X N triangular matrix and all of the entries in the diagonal line are nonzero

(vi) rank(A) = rank(AT)

(vii) rank(A) = min(M, N) if A is an M X N matrix

(viii) rank(DA) = rank(A) if A isan M X N and D is an N X N matrix whose entries in the diagonal line are all nonzero
(ix) rank(BA) = min(rank(A), rank(B))

(x) rank(BA) = rank(A) if A is an M X N matrix and rank(B) = M

D. G. Zill, W. S. Wright, and J. J. Ding, Engineering Mathematics, Metric Edition,
Cengage Learning, Taipei, Taiwan, 2019.
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(D) Properties of Matrix Inverse

i AhT=A

i) (AB) '=B 1A"!

(i)  (AjAz--Ap) '=A AT AT
iv) AH T =@AHL @hTT=@hHh

vy TI'=1I
(vi)  If D is a diagonal matrix, D '=F where fmn =0ifm#n, fu,= I/d,m1
(vii) P '=PTifPisa permutation matrix

(viii Ay 07" AT 0
V1I1) 0 A, = 0 A

(ix) det(A 1) = I/det(A)

D. G. Zill, W. S. Wright, and J. J. Ding, Engineering Mathematics, Metric Edition,
Cengage Learning, Taipei, Taiwan, 2019.



(E) Properties of Eigenvectors and Eigenvalues
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(1) sum of eigenvalues

34, = 3 Alnn
n=1

m=1

(2) product of

eigenvalues

N

[ ][4, =det(A)

m=1

(3) eigenvectors /

cigenvalues for A = A

H

If A=AY,then
(1) the eigenvalues are real,

() if Ae, =Ae,,Ae,=4e,, A4 # A, then

(e;,e,)=0

Eigenvectors with different eigenvalues are orthogonal.

(4) eigenvectors /

eigenvalues for A~

If Ae=Je,then A'e=1""e

(5) similar matrix

S(Be) = iBe if Ae=Je and S=BAB’




(6) quadratic form

If f(x.p)=ax’ +bxy+cy’ =[x y]MB} i

[ a b/Z}
where M = ,

b/2 ¢
then

f(‘xl’yl) - /11-7‘12 + /12}’12

where [xl yl]:[x y][el ez]

el ey |4

(7) shape for the

quadratic form

(1) ellipse: A1>0and 2>0 or A1<0and A2<0
(i1) hyperbola: A1>0and A22<0  or A1<0and A2>0
(iii) parabola: A1=0o0r A22=0 (but are not all zero)

(iv) line: 21=42=0

520
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6.2 Kronecker and Element-Wise Products

6.2.1 Kronecker Product

a a
Suppose that Ll 1,2
d,, a,,
A =
olob\' | Ay Dy
mforwettoNn
then a1,1B a1,zB
\l azng az,zB

AXB=

/

local a,,B a,,B
wfovmation- ’

rank ([a,B B~ a ,,.,B])
Trank (B)

I¢ T.aZ'l, a‘z;) T Q;M]
s Independent ot
Loy Aa, oo owl
vanlz( AB Aab - A
‘P‘uB AP~ aB

2vank (B)
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Kronecker Product I aB a,B - - a,B
a,B a,B - - a B

ARB=| : :
a,B a,,B - - a,,B

Notation of the Kronecker product: &®

A Global information
B: Local information

I the size of A 1s M| xN,
the size of B 1s M,xN,
then the size of A®B 1s (M| M,)x(NN,)
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[Example 1]




[Addition Property]

If size(A) = size(C)
A®B+C®B=(A+C)®B

If size(B) = size(D)
A®B+A®D=A®(B+D)

[Multiplication Property]

If size(A) = M xN,, size(B) = M,xN,,
size(C) = M;xN;, size(D) = M,xN,, and

N,=M,, N,=M,
then
(A®B)(C®D)=(AC)®(BD)

524



(Proof of the Multiplication Property)

| a,B a,B
a, B a,,B
AX®B= : :
| a w.B a,,B
If

G=(A®B)(C®D)=

N N
G,, = Zam,nBcn’kD - (Z am,ncn’ijD =E,,BD
n=l1 n=l1

where F  1sanentry of E=AC

CRD=

525

CLKD
D

Crx

CN,KD
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[Example 2]
2 1 0 1 1 1
2 3 1 0 2 1 0 2
B 0 0 P
2 1'0 0 0 01 1
1 o\o 0 0 0,0 2
A®B=|-— — CO®D=|-—""""
4 206 3 2 2'1 1
2 013 0 0 4,0 2
BT o0 2 47 PP
0 0 1 1
(A®B)(C®D)=
12 24 10 20 0BD  |-BD
6 6 5 5] (0 0|2 4]
01 5 4 o o1 1
AC{ } BD{ } ACOBD= o 10 20
6 5 11
6 6|5 5]
6Bp SBP
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[Inverse Property]

(A®B) =A"'®@B"

(Proof): (A" ®B")(A®B)=A"A®B 'B=I®I=I
Prge 524
[Eigenvector Property]
If
Ae, = Ae,, Be, = Ae,

/): (A e.)@(BCz) s )\ﬂ@h;ex
(A®B)(e, ®e,) =144, (e, ®e,)

then

That is, e, ®e, is an eigenvector of A®B

and 4,4, 1s the corresponding eigenvalue.



[Orthogonal Property] 528

If
AA" =1, BB"=1, C=(A®B)

(ADB)(A®RY) =(AAIRERE™) *1®1-1

then
cc? =1

[Rank Property]
If rank(A) = ¢,, rank(B) = ¢,, then
rank(A®B) = c,c,.
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[Determinant Property]

Suppose that size(A) = MxM, size(B) = NxN,
then
det(A®B)=det(A)" det(B)"

(Proof can be done by eigenvector-eigenvalue decomposition)
I£ A, 2~ Mg owe cigenvalues of A | det(A): X,2,- n
T, G+ - Ty ove -c?aeuvaulqes of B det(B):T, toTw

de{ (A@B) :(7'(1': Xh;T;X’“ X )l-CN)X(hg'LX thz)@“‘ X);T,u> X"'"‘
X(hmT‘X)MI;X‘“\ x zm TN)

AN A T M W s Aetﬁ)No'd: (B)M



6.2.2 Element-Wise Product

Suppose that A and B are two matrices and their sizes are the same

(MxN). Then
a4
dy; Uy,
AoB= :
Ay Ay
al,lbl,l a1,2b1,2

az,lbz,l az,zbz,z

_aM,le,l aM,sz,2

bl,l b1,2
b2,1 b2,2

530



[Example 3 531
1 1 1] (1 2 1]
A=|1 2 4 B=|1 -2 1
1 3 5 2 -1 -1
(1.1 1-2 1.1 ] [1 2 1]

AoB=|1-1 2:(=2) 41 [=|1 -4 4
1.2 3-(-1) 5.(-D| |2 -3 -5




[Properties of the Element-Wise Product] 532

Commutative Property
AocB=BocA
Associative Property
(AoB)oC=Ao0o(BoC(C)
Distributive Property
Ao(B+tC)=AoB+AoC

(At B)oC=Ao0C+BoC



6.3 Jordan-Canonical Form

6.3.1 Generalization for Eigenvector-Eigenvalue
Decomposition

[Eigenvalue-Eigenvector Decomposition]

A =EDE" ]
where A 00
0 4 - 0 0
E=|e, e, ex. ©x] D=|: : :
0 0 Ay, 0
0 0 0 A,

However, not all the matrices have a complete eigenvector set.

533
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[Example 1] - 7

A=

S O N

1
2
0

o L O

det(A—Al)=(2-1)° eigenvalues: 2, 2,2

k] [0 1 6]k [0O]
(A=2D) &y =100 5 1k =10 eigenvector: [t’]:l“:,
ks | 10 0 Ok | |0 o

S5ky=0, k,+6k;,=0 ——> k, =k, =0

1 1
only one independent solution: |0 e, =0
0 0

How do we perform eigenvector-eigenvalue decomposition for it?



0,1?7.«4.\ : (A-a1)e =0
We try to solve
veplace 0 by & 0 1

(A-Al)e, =e,, 0 O

S

Sk, =0, k,+6k =1
k;"ol \‘z-\

One of the solution is €, =

€2 s Wndependent of g

The, we try to solve _

(A-ADe, =e,,

o O O

Sk, =1, k,+6k, =0

One of the solution is
Cz Ts Two‘epmdow& of e, ;€2

1
0
0

€; =

535
Q2
_ _kl .
k, |=]0
k| | 0]
—O_ r k B ‘POV Sim Phﬁ(ﬁﬁpn
1 | set ko
0 L v J
€5
6| k| [O]
50k, |=]|1
Ol /| |0
genetal solution of €
- 0 "
6/5 ['.6’5]
N /5
1/5 ‘pOY Q7WP'7€T(q-hm/$d k'zo
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Since

@.)])e' 0 Ae, = lel
(A€ e Ae, =le,+e,
(A'M)QS =& Ae; = ﬂ'e3 €,

1 O
Ale, e;]=[e, e, ] 0 A1 1
0 A

E 0

S O lTleD

S N =
» = O
=
=
=
a
-

a
=
I
o
(¢”]

N
(¢”]

(8]

1 0 o0 ]2
A=0 1 —6/5|0
0 0 1/5]0

S N =
U
o o ~
S = O
|
N
~—
N
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[Jordan-Canonical Form]

——

It try to decompose a matrix into

D, 0 - 0 An/v wotvix hog the
0O D 0 Joyo‘au’(QhOthal Porm.
A=E| . ° E!
0 0 - Dy

where D,_has the form of

A 1 0 0
0 4 |1 0
D, =41 or D = 1
0 0 A1
0 0 0 A,




[Example 2]

=0

538

—2k4 =0 kq.“o
_2k3 :O kszo
—k, =k, =0
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For A =4, there is only one linearly independent eigenvector

e,=[1 -1 0 0]

Then, we try to solve

replace (A-))e=0
b7 (A')I)ea.:- €\

(A—4l)e, =e,,

0 0 0 -2
0 0 -2 0
-1 -1 0 0
-1 -1 0 0

One of the solution 1s

e,=[0 0 1/2 -1/2]

€, T¢ nolependenst of €\

2k, =1
2k, =-1
—k —k, =0

5‘6“: kl.:o
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1/4 1/4 1/4

1/4

-1/2 0

1/2

1/4 -1/4 -1/4

1/4

Therefore,
where



[Example 3]

(Solution): Since

det(A—AI)=

R =

o O O B~ O

_— O U =

the eigenvalues are 2, 4, 4, 4, 4.

The eigenvector corresponding to A =2 1s
k-

(A-2I)e=0,

|
S O O O

0

S O O N

1

1
1
0
1

2
-2
0
2
0

1
1
1
0
1

W O = =

T @B )

ARV = (4P (X éz+8)

ST S ST

de*(

{
=(4'h)"ale{ 3 o |

- 42 ©
O 4-2
o
o

| 0 0O

O

0 3x O
© o043xo

1 2 (54]
| =2 )

)

1 0 31}
4)0])
O 32

(4M)

*=Or47 D ()-4)
2kt kst 2k, + ks-0

2 IA;-)- K U + kszb

OOOOO

k3 “H<5"0
2,0
One of the

solutlon 1S
kg <20
k; l
k42O
Wz 2-|

" get
k 3;}
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The eigenvectors corresponding to A =4 are
8 P 5 genera\ ol uttoy
1

0 0 1 2 17 k] [0] - k.
00 1 =2 1]|k| |0 e-: '3
(A-41)e=0, 00 -1 0 1]k|=|0 8|
00 0 0 OfJk| |0 ‘P.e.,d'sﬂ,b
00 1 0 ~—1]|k| |O] _—
k-f _-o_ 2"‘3'-'—0/
A 3T
ko +2k, +k.=0 0 7 _®)
oA (e + 2k, + k. =0 (0-©)4
ky =2k, +k, =0
3 = k, = =k, =k, =k, =
—ky; +k; =0
L —L _6 L k3:k5

Therefore, there are only two linearly independent solutions:

e,=[1 0 0 0 0] and e,=[0 1 0 0 0]



If we set 543
e,=[l 0 0 0 0]

©

then ) o 2/ L
0 0 1 2 1]k 1

0O 0 1 -2 1|k 0

(A—4I)e2,a =€, |0 0 -1 0 1|k |=|0

0 0 0 0 0]k 0

0 0 1 0 1]k 0

ketkee(re 2 k3=l
(k, — 2k, + ks =0
=>4 4k, =1 =k, =k,=k;=1/4
ky = k.

(ke + 2k, +k, =1
k,—2k, +k, =0
|k, +k =0
k,—k, =0
One of the solution is e,, = 0 0 1/4 1/4 1/4]T

(We set k, = k, = 0 for simplification)



If we set 544
e,=[0 1 0 0 0]

then ] __sz, o
00 1 2 17k] [0

00 1 -2 1|k |1

(A-4I)e,, =e,,, |0 0 -1 0 1| k|=[0
00 0 0 0k]| |0

00 1 0 -1k [0

(key + 2k, + k=0

(k, + 2k, + k. =0
ky—2k, +k, =1
m— 4k, =—1 =>k,=—k,=k.=1/4
—ky; +k; =0
ky = ks

ky—k,=0 -
One of the solution 1s € = [O 0 1/4 -1/4 1/4]T
k‘ ka" Se{ \4\: \—(z‘:O
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Therefore, the Jordan-Canonical form of A 1is

No«(e_.‘ ( 2 groups fov 7514-)

e oo
o 0 4/0 0 0
A=El0 0'4 11 0|E"
L elb/'o/or 0 ‘_{L 0
00 0 042
WhGI'e(A )n_ff
€1a €20 Tl 22b N2 ] )
1 0 '0 0 |0 10 0 0 O
o 0'1l 0 ,0 o0 1 2 1
E={0 1/4l0 1/4 1 E'=[01 0 0 0
0 1/4 0 —-1/4(0 00 1 -2 |1
0 1/410 1/4 11 00 1/2 0 -1/2]




6.3.2 Power of the Jordan Canonical Form

If
A=EDE!
then
A% =ED“E"!
P

Problem: How do we determine D¢ for the Jordan-canonical form?

D, 0 - 0| where D, =41
p=| ¥ P2 0 2 1 0
S L 0 A 1
I R
0O O
0 0

546



D, 0 0 DY 0 0
S pe| O Di oo 0
0 0 D, 0 0 DY, |
A 1 0 0 (0 1 0
0 4 1 0 0 0 1
D, = . 1 |=AI1+U Wwhere U=
0 0 A1 0 0 0
0 0 0 A 0 0
Therefore, o o\ ~F yX-P
(A+Y)" = %-(97‘ /
2 (o B
w-Epev )
f=0 -
TR 4 - B/ Blwg))
= \.)k I'\'O(%kU'l'o_‘_(u_:_)AK)Uz“_

e (O.Z)] D“"/Cuj—

Fmia () m )

547




548

—_ 0 O O O
SO O O o o
SO O O O O
SO O O O O
S o o o o
[
= <
LK U
o
D _ !
S — O O O
—_ 0 O O O
-
2 S o o o o
=
SO O O O O
_ S O o o o
o O O — O T
SO O - O O 3U
S - O O O
| |
S O - O O
—_ o O O o
SO - O O O
oS o o o o
I —_— O O O O
- S O O o O
- oS o o o o

Note:

U® =

U’ =0 for =5
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In general, if size of D, 1s MxM then

U’[m,n]=1 when n-m=p
U’ [m,n]=0 otherwise

Also,
U’ =0 when f2M

Therefore,

————————————————————————————————————————————————

E ‘5:M~m
| o o

| Dy |m,n :( j/’tk“’”m if1<n-m<a
| ) ) m




£/ B )

A7 COATT CEAr? C*A; 0
0 AF CIAT CEATE . COA)
0 0 A2 CrA! -
0 0 0 AL CIAL™
0 0 0 0 CrAx
: z . . . A
0 0 0 0 0
0 0 0 0 0

-

|=0

o a—n+m .
A, if1<n—-m<a
n—m

if n—-m<0 or n—-m>a«a

CIAT
G
A
0

550

Caki

CIA*
CrAx
A




[Example 4] If W
0
-1

-1

then determine A°

(Solution): From Example 2,

-

Il
s

- e - o™

E

' = - -

(

o"h '_lo
N O O O

S O O N

0 0 -2]
4 2 0
-1 4 0
-1 0 4
110
c(L 1o
1 0 1/2
1 0 -1/2
1/4 1/4
ca_ |12 -2
0 0
1/4 1/4

-1
1/4 1/47
0 0
1 -1

~1/4 -1/4

551




2° 0 0
T 5y
0 '4° 44( j\
| 1
0o lo 4 |
0 0 0
T 2464 1440
1440 2464
~1936 —1936
1936 —1936

0 | )
32
0 0
E'=E
; 0
6° ¢
—656 -3216
3216 —656
2464 1440
1440 2464

0 0

1024 1280
0 1024
0 0

) -
0
0
7776 |

552
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6.4 Functions of Matrices (R# %)

Functions of Matrices are also called spectral mapping.

6.4.1 Exponential of a Matrix

o0 n
From the Taylor series E,,,;.a’”‘]
3 LY
e)(I)( ) 1+1x'+-§'+'§'+ ......
therefore, , ;
A A _A
CXp(A) 1+1' 2' 3' Foeeennn
If he-
A=EDE' ASED'E"
then
2 3
oxp(A)=E(1+ D+ D+ B o ! = Eexp(D) B
NV

2 3
exp(D) I+ ]1)' ]3' ]g' PR



(Case 1): If A has a complete eigenvector set, then

exp(D) =

D.D° ., D’

I+ 5+ 5+ +

2t 3!

2 0
0 A
0 0

554

N
1+2N+2!+---
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(Case 2): If A does not have a complete eigenvector set, then

'Dl 0O --- 0 | A 10 - 0
po|? P 0 oA D
- : : ... : Dk:ﬂ'kI or Dk: ..

0 0 D, 0O O A1
) ) _0 0 0 /1k_
_Sl 0 0 |
) D D2 D3 B 0 S2 0
evr(P) I+1' 2' 3' ...... =\ . . :
_O 0 SK_
where S = (D )—I+D D2+D3+ ......
k_eXp k) 1| 2' 3'



A, 1 0 - 0]
0 4 1 0
S. =1 Dk D12< Di ...... _ :k
00 IZ‘ 0 0 ﬂ“k 1
k= ;& | 0 0 0 A
then g [mn]=0  ifm>n, D’ = [ Ak 2P ~.0
- A& e
2 43 - »,q
S, [n,n =1+?’;+/;"'+/;"'+---=exp(/1k) T
o P3: [ 28 3¢ 34 .
C 1 o a—n+m \< 1% \\\ll
%[m,n]z Z ail /1 /., W (mh) 37);
n]M a=n—-m '7“ qﬁ _ 7\‘( -
_ N 1 1 ganm _ 1,7
_agm(a n+m)!(n— m)';t (n— m)'yz_; g

r- A=him

= (n _lm)!exp(ﬂk)
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Therefore,
[ 14 1 4 . 1 A |
S TR T (M —1)1°
Ay 1 &
T
eXp(Dk):Sk: : : i I Lei"
: : : . X
Ay l A
0 0 e 1!9
00 0 e




[Example 1] If

A =

|
S =N

determine exp(A)

(T \O R\

-

[\

(Solution): The eigenvalues of A are 2, 2, 2.

The Jordan-Canonical form of A 1s

A =EDE™!
1 0
E=|0 1/2

1 0

1/2]
0
0

S N =

o O

o = O

558
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exp(A)=Eexp(D)E™

where exp(D): 0 e* &

Therefore,

exp(A)=| ¢ & -—e




6.4.2 Functions Using Taylor Series

(i B subsection ¥ &% %)

(1) cos(A)

To derive cos(A)

2 4 6

we can apply cosx:1—§!+’f“—)é!+ ------

7 A’ A A
COS(A)—I— X + Al — 61 i P

2 4 6
:E(I_gv +]4)1v _]gv e )E_l =Ecos(D)E™
2 4 6

where COS(D):(I_I;! +]Z! _]g! e )

if A=EDE"'

560



(Case 1) When A has a complete eigenvector set, then

[-D°,D°_
21 4

cos(D)=

A4 0 0
0 A 0
p=| 7 .
0 _() o Ay
AL A
—2—!4-47!_... 0
A2 Q2
e _ 0 1—22!4-42!_...
0 0
cos(4,) 0 0
0 cos(4, ) 0
0 0 cos(Ay)

561



: 2
(Case 2) When A does not have a complete eigenvector set, then 20

) _ 4 1 0 - 0
D, 0 - 0
0 A4 1 - 0
0 D, 0 S
D= : : D, = R
' 0 0 A, 1
0 0 D,
- - 0 0 0 A,
'S, 0 0
D>, D' _D° [0S 0
=5t s et T s
00 Sy
D: D! D°
where Sk :Cos(Dk):I— 2': 4+ 41; — 61'( deeeenn



S, [m,n]=0  1fm>n,

AL A 2,6
Sk[n,n]zl—z"!+4' o +---=cos(4,)

(1) If n —m 1s positive and even,

- _la 20[ 20—n+m
Sy [m,n]= Z Eza))!(n—mjﬂk

a=(n-m)/2

— i ( 1) 2/205 n+m

i m)/2(2a n+m)l(n—m)!*

( 1),6’+(n m)/2

2(2,3)'('1 m)'

2,6 m

(D
- (n—m)!

cos(4,)

563



(2) If n — m is positive and odd, 564

N _10‘ 2a 2a—-n+m
bl 2 2205))!(71—1%)/1"

a=(n-m+1)/2
N ( 1) 2a—n+m
N A _ ., n—m+l
=(n—Zm:+1)/2 Qa-n+m)!(n—m)!"™* p=a 7
i (— 1)ﬂ+(n—m+1)/2 ﬂ,zﬂ“ _ (— 1)(n—m+1)/2 Sin(/l )
520 2,84-1)'(}’1 m)| (n—m)! %
Cos A4, E—!lsin A, 2} Cos A4, |
0 cosd, T '1 sin A,
cos(Dy) =8, =| : 2}008,1
0 0 e cos A, 1—'1 sin A,
B O O e O COS Zk ]




(2) sin(A) 063

sinx=2-—-24 4+4 _ ...

(Case 1) When A has a complete eigenvector set and

_]1 O -+ 0]
A=EDE" p-|’ & 0
00 e Ay
then - . -
Sg%__A_}H'AS-‘m sin4, 0 -~ 0
R 0 sm4, - 0

sin(A)=ESE™ S= sin(D) =

0 0 - sinA, |



(Case 2) When A does not have a complete eigenvector set and 200

A=EDE™
- _ A, 1 0 0]
D, 0 0
0 A4 1 0
0 D, 0 b7 |
D= . , D =|: ° N
| 0 0 A 1
0 0 D,
i § 0 0 0 A
then ] - |
S, 0 0
0 S, 0

sin(A)=ESE™ S =
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S, 0 0
sin(A)=ESE™ - 0 S.z 0
00 Sk _
S, [m,n]=0  ifm>n,
S, [n,n]=sin(4,)
) (_ 1)(n—m—l)/2
S, [m,n] = cos(4,) if n — m is positive and odd,

(n—m)!

_1 (n—m)/2 .
S, [m,n]= ((n)— m)! sin (4, ) if n — m 1s positive and even



568

(3) In general,
lf / O " O m 0
£ =7 () O A0 SO
and »
A =EDE
then

f(A)=Ef (D)E"

where f(D)Zf(O)I—I—#'O)D-F%('O)DZ +%(!O)D3 I



f(A)=Ef(D)E" 569

where f(D)= f(o)+f ,1(!O)D+f ”2(!0)D2 L ';(!O)D3 +

(1) When A has a complete eigenvector set and

A 0 - 0
0 4 - 0
p=|. 7 .
00 Ay |
then f(4) 0 - 0
0 A 0
o] 0 )
0 0 f(Ay).

(i1) However, the form of /(D) is rather complicated if A does not have
a complete eigenvector set.



6.5 Generalized Norm

For a vector

x=[x1] x[2] - xN-1] x[N]]

(1) Norm (L norm); x _i/zx

(2) L, norm (conventional norm):

=2

(Physical meaning: Distance)

=Sty

570
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(St
n=0

N-1

(3) L, norm: Hle :Z‘x[”]‘

n=0

(Physical meaning: Sum of Amplitudes)

[Example 1]

=%
[12,5]], =122 +5%=13 | D2, 3l 8|
=12+5= +[12,5

12



— 572
. J -

(3) L, norm: x| =Max {|x[n]}

(Physical meaning: The maximal amplitude)

Note: lim f‘x[n]‘a = (Max{\x[n]\})a

il_t)l}o o\c/Zx[n]a =~ Max{\x[n]‘}

If there are M entries of |x[#]| that equals to Max|x[#n]|

lim Z_‘x[n]‘a ~ M(Max{\x[n]‘})a

a—>0

lim o\z/Zx[n]a ~ Ml/“Max{‘x[n]‘} = Max{‘X[n]‘}

a—>0



N-1 573
L2t
(5) llm (L, norm)“ (Also call as the L norm) remov € XI—'
Note that }}E&(qua) —hmZ\x n]”

hm(HXH ) =K

a—0

where K 1s the number of points such that x[n] # 0

(Physical meaning: The number of nonzero points)

The L, norm 1s easier for optimization, but 1t often happens that
using the L, or the L, norm can obtain even better optimization

results. Ly-nor¥t , K 2 | = ohvex



[Norms of a Matrix: Definition 1]

M-1N-1 .
AL —OJZ Amon]

m=0 n=0
L, norm: (also call the HAH _ M_INZ_I‘A[m n]‘Z
Frobenius norm): 2 — = ’
M-1N-1
L, norm: Al :Z Alm,n]
m=0 n=0

L norm: (also call the |A| =Max|A[m,n]
max norm): T |

L, norm: lim(HAHa )a =

where K 1s the number of points
that satisfy A[m, n] # 0

574
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|[Example 2]
-1 2 1
A=|2 3 -1
0 2 1

Lynorm:  \4(1*)+3(2%)+3* =5

Lynorm: 4.1+3-2+3=13
L, norm: 3

L, norm: 8
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[Norms of a Matrix: Definition 2]

Note: In fact, a more standard definition for the norm of a matrix is:

-.7( _
sup| -€" =|
LY4Y

where sup (supremum) means the lea

LR

The norm with this definition is called the operator norm. One
possible application of the operator norm is to determine the
passivity of electrical components.

For image processing and machine learning applications, it is more
often to use the same definition of the norms of a vector to define the
norms of a matrix, as on page 574.

The norms on page 574 are also called "Entry-wise" matrix norms or
vector-based normes.
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6.6 Markov Model
6.6.1 Definitions

State Vector:

X(f):[xl(t),xz (t)""axN(t):lT (vav?es wi th ‘&)

In a Markov model,

(1j'x1(t), X5(2), ..., x,(?) can be expressed as linear combinations of

{x,(t=1), x,(2=1), ..., x(t=1)}

X, (t) =a, X (t B 1) +a, X, (t = 1) +ota, v Xy (t - 1)

m=1,2,...,N:

2) 0<a, <l
——————

N
(3) Zam,n=1 forn=1,2,...,N:
m=1

]




N 578
Note that, if > a, =

then

i(am,lxl(t—1)+am,2x2(t—l)+---—|—am,NxN(t—1))
m=1
=iam1xlt 1 Zamzxzt 1+ +ZameNt 1)
m;l m=1 m=1
2

X, (t—l)

Many problems in physics, environment, and social science can be
expressed by the Markov model.
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Markov Model (Matrix Form)

x(t) = Ax(t—l)

d d ) A N1 ) N
Ay Gy hna Dy
A =
Ayay 9y Ayana Ay
| dyy Ayp Ayn-1 9yn |




[Example 1] Migration Model

5 %

City

» Countryside

N

5 %

Suppose that, every year,

N‘% 10‘%
0
Suburb 2

10 %

580

(1) 10% of the people lived in the city move to the suburb and 5% of the
people lived in the city move to the countryside every year
(2) In the suburb, 5% of the people move to the city and 5% of the people

move to the countryside every year.
(3) 10% of the people lived in the countryside move to the city and 10% of

the people lived in the countryside move to the suburb.



8575 : " City ke > Countryside/PS‘Oo/o 581

<
10 %

N)‘% 10 %
0
5% Suburb s

TJao%

X(r)=AX(¢—1)  where

(0.85 0.05 0.1 x,(1)] ity
A= 01 09 0.1 X(t)z xz(t) suburb
10.05 0.05 0.8] x;(¢)|  countryside

x ()| [0.85 0.05 0.1 x,(z-1)
@) [=] 0.1 09 0.1} x,(t-1)
x;(6)| [0.05 0.05 0.8] x,(r—1)]|
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[Example 2] Water Cycle System

Water 1n the
Air

20 %
5%

' : 0 60 %
Water 1n the Land (River, 1% 0

Lake, Groundwater ...) 10 %
\ Water 1n the

Sea

Suppose that, every year,

(1) 20% of the water in the air will precipitate to the land through rain or
snow, 60% of the water in the air will precipitate to the sea.

(2) 10% of the water in the land will flow into the sea and 5% of the water
will evaporate into the air.

(3) Also, 1% of the water in the see will evaporate to the air every year.



Water 1n the Land (River,

: Lake, Groundwater ...) %‘
Water 1n the
o,
7 sa__ Y797

£y 20%
Water 1n the 583
Air
20 %
5%
1% 60 %

X(1)=AX(r—1)  where

0.2 0.05 0.01] x,(¢)] air
A=|02 085 0 X(¢)=|x,(¢)| land
0.6 0.1 0.99] x;(7) | sea
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6.6.2 Analysis

In Example 1, suppose that, initially, the populations of the city, the suburb,

and the country are 50,000, 50,000, and 100,000.

(1) Determine the populations of the three places 1 year, 2 years, and 10 years

later.

(2) Also, determine what will the populations of the three places converge to.

A= 01 09 0.1

(0.85 0.05 0.1]

10.05 0.05 0.8

Eigenvector-eigenvalue decomposition

A = EDE! where
) v

3011 1 0
E=|5,-1 0 D=0 0.8
2,0 -1 0 0

0
0

0.75

t->e0
(0.1 0.1 0.1]
05 -05 0.5
102 02 -0.8)




Initial X(O) =

After one year

After two years

After ten years

1
D —

0

- 50000 |
50000

0 (0.

100000 |

X(1)=AX(0)=

X(2)=AX(1)

X(10)=A"X(0)=ED"E"'X(0)=

0
8)10

0 (075"

0
0

55000 |
60000

85000

58250 |
68000

73750

7

61990 |
94631

43379 |
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To determine what will the populations of the three places converge

to, we can apply

limX(7)=1imA'X(0) =limED'E"X(0)

t—> t—o0 [—0

Since _ _ B
|’ 0 0 1 0 0
limD' ={ 0 (0.8) 0 [=/0 0 0
t—0
0 0 (075"] |0 0 O
(3 1 111 0o olfo.1 0.1 0.1 50000
limX(¢)=|5 -1 00 0 0]05 -0.5 0.5 | 50000
{—0
2 0 -1J|0 0 0][02 02 -0.8] 100000
- 60000 ‘Q’/Y; 00 4&; 03 03 7]
. [5 VIR 0.6 0\5 0.5
lim X(#) =| 100000 5390 0.2 0 o
[—0 -
| 40000 |
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In Example 2, suppose that, initially, the amounts water in the air, in the
land, and in the sea are x,(0), x,(0), and x;(0), respectively.
(1) Determine the amounts of water in the air, the land, and the sea after 10

ée)ai:.lso determine what will the amounts of the water in the three places
conraeele 0.2 0.05 0.01
A=|02 085 0
0.6 0.1 0.99

Eigen\ﬁc\tor-eigenva_lue decompositio;l A T}EDE'I

3 3.3595 10 0 |

E=| 4 167977 -1 D=0 08619 0
1220 |-17.9799 -2.3595 | 0 0 0.1781

[ 1/227 1/227 1/227 |
E'=]0.01615 0.05723 -0.00126
10.28892  —0.02097 —0.00356 |
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After ten years

10 0
X(10)=A"X(0)=ED"E'X(0)=E|0 0.2263 0 E'X(0)
0 0  3.2098:10°

1 0 o | _—
0 (0.8619)" 0
0 0 (0.1781)" |

% (10)] [0.01687x,(0)+0.02617x,(0)+0.01293x, (0)
x,(10) | =| 0.07900x, (0)+0.23515x, (0)+0.01283x,(0)
0.90413x, (0) +0.73869x, (0) +0.97424x, (0)
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To determine what will the amounts of the water in the three places

converge to,

limX(7)=1imA'X(0)=1limED'E"X(0)

t—0 t—o0 [—0
Since Bt 0 0o | 1 0 0
imD =0 (0.8619) 0 =10 0 0
t—0
0 0 (0.1781) | |0 0 0]
(1 0 O]
limX(7)=E|0 0 0|E"X(0)
{—0o0
0 0 0
- _
_xl(t)_ ﬁ(x1(0)+x2(0)+x3(0))
}1_)12 X (1) |= %(x1(0)+x2(0)+x3(0))
X, |
% (1), 2201, (0)+x,(0)+x,(0))
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[Theorem 1] For a Markov model matrix,
(1) At least one of the eigenvalue 1s A = 1.
(i1) Other eigenvalues are no larger than 1.
(i11) Moreover, if the multiplicity of A = 1 1s 1, then the eigenvector
corresponding to A = 1 determines the ratio of x,(¢) : x,(¢) : ... : x(¢¥) In
the convergence case (f —).

(Proof): Suppose that A is the transfer matrix of a Markov model.

$ Aex)e

(1) To show 1 must be an eigenvalue of A:

A (Le)

If A, =LAL' where  ded{p): KD AtNFRTS L e
| ] S
0O O
L = L'= S
1 O
0O 1




1 1
Clz’l 02’2
LA =
aN—l,l aN—l,Z
| Ay Ay 2
1
y
A =LAL'=|
aN—l,l
| Ay,
det(A, —AI)=(1-A)det

1

a) N

Ay_ina1 Ayvan

AN N-1

An_12 —Ay_1)1

Ay, — Ay

ady, — -4

3

An_12 ANy

Ay, —Ayg

1

d; n

Ay.nN |
0 0o
I . — e ——— ——

a) yo1 — 4y a, y — 4y,

Ay n-1 Ay Ayan —9yopg

Ay v — Ay Ay n — Ay

dy yo1 — Uy

Ay n-1 —Ay_g — A

Ay N1~ Ay
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dy y —ay,

Ay_y ~ Ay
Ay ny —dy1— A
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Therefore, det (A1 — /II) =0 forA=1

A = 1 should be one of the eigenvalues of A; and hence A (note that
A and A, are similar) .

(11) To show 1 1is the largest eigenvalue of A:
If

A, =A"
then A, and A have the same eigenvalues since
det(A — AI) = det(A, — AD).

Ifg=1[g, &, ..., gy]" is an eigenvector of A, and the corresponding
eigenvalue 1s A. Without the loss of generalization, we suppose that

mner product o & the
‘gpl 2 |gn‘ where n = 19 29 R N. [P“‘(eluw\n O'F A and g—

Compare the p'" entry on the both sides of A,g = Ag, we have

QG ,8 Ta, & T tady gy = lgp
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a8 T4 g T Tay gy =18,

‘/Igp‘z‘al,pgl +a, 2, +---+aN,pgN‘Sal,p‘gl‘+a2,p‘g2‘+---+aN,p ‘gN‘
< (al,p +a,, +---+aN,p)‘gp‘ =‘gp‘
2| <1

(111) To show that, if the multiplicity of A =1 1s 1, then its corresponding
eigenvector determines the ratio of x,(¢) : x,(¥) : ... : x\(¥) in the
convergence case, suppose that

E=[e, e, -~ ey], E'=[f f, - f]

then D [_ '07\:.\0 \
A =EDE" "N

A=Aef' + e f) ++ A, e fu;+ e fs

T



A=Aef +Aef) +-+ A, e fu,+Avenfn

. t 1 t T t T t T t T
Iim A" =limAef, +Ae,f, +---+ A, ey fng T Aventn

{—>0 [—>0

IfA,=1and|4,|<1form=# 1, then

limA' =lime,f"

[—>0 {—>0

limX(7) =1im A’X(0) = ce, where ¢ =£'X(0)

{—>0 {—>0

Note that c 1s a constant. In other words, when ¢ — oo,

xl(t):xz(t):---:xN(t)zel[l]:el[2]:---:el[N]
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6.7 Discrete Transforms (%% %)
TL -+he vow} of A ore

orthegona

(1) Discrete Fourier Transform (DFT) A AH
Ni S n=0,1,2, ...,N—l
n=0 m=0,1,2,...,N-1

N-1 2 RIS I
InVerse: g[n :l G N AATD =1
N A= ARpS
.
Gl ] |1 g[1]
o] |1 ' Iretor
g
_ —1-j\3 -1+ jv/3
When N =3 Gy |=|1 2] 2] g[1]
O TN N e
: 2 2




(2) Discrete Cosine Transform (DCT)

y = C\X
where
m(n+1/2
CN[m,n]zkmcos(ﬂ ( N )j
m=20,1, ..., N-1, n=0,1, ..., N-1,
ky=~1/N
kmzﬂ/z/N when m =0
Inverse:

x=Cyy Cy =Cy

Application: Data Compression

596



When N=8 97

8-Point DCT

0.3536
0.4904
0.4619
0.4157
0.3536
0.2778
0.1913
0.0975

0.3536
0.4157
0.1913
-0.0975
-0.3536
-0.4904
-0.4619
-0.2778

0.3536
0.2778
-0.1913
-0.4904
-0.3536
0.0975
0.4619
0.4157

0.3536
0.0975
-0.4619
-0.2778
0.3536
0.4157
-0.1913
-0.4904

0.3536 0.3536 0.3536 0.3536 |

-0.0975
-0.4619
0.2778
0.3536
-0.4157
-0.1913
0.4904

-0.2778
-0.1913
0.4904
-0.3536
-0.0975
0.4619
-0.4157

-0.4157
0.1913
0.0975
-0.3536
0.4904

-0.4619
0.2778

-0.4904
0.4619
-0.4157
0.3536
-0.2778
0.1913
-0.0975




Zero Crossings of the 8-Point DCT 598

0.3536 0.3536 0.3536 0.3536 0.3536 0.3536 0.3536 0.3536
0.4904 0.4157 0.2778 0.0975 *-0.0975 -0.2778 -0.4157 -0.4904
0.4619 0.1913 *-0.1913 -0.4619 -0.4619 -0.1913 *0.1913 0.4619
0.4157 *-0.0975 -0.4904 -0.2778 * 0.2778 0.4904 0.0975 * -0.4157
0.3536 *-0.3536 -0.3536 *0.3536 0.3536 *-0.3536 -0.3536 * 0.3536
0.2778 * -0.4904 * 0.0975 0.4157 * -0.4157 -0.0975 * 0.4904 * -0.2778
0.1913 *-0.4619 * 0.4619 *-0.1913 -0.1913 * 0.4619 * -0.4619 * 0.1913
0.0975 *-0.2778 * 0.4157 * -0.4904 * 0.4904 * -0.4157 * 0.2778 * -0.0975

more zero crossings — high frequency component



(3) Walsh Transform (Hadamard Transform) 599

y = W x

where Wy 1s an NxN matrix and the entries of Wy 1s either 1 or -1,

N is limited to 2*.

Inverse: (Wy) ™' = %Wﬁ

Applications:
(1) simplification for computation
(i1) analysis step-like functions

(i11) code division multiple access (CDMA)



2-point Walsh transform 4-point Walsh transform 600

11 1 1

11 11 -1 -1
W: W:

? L —1} N I RS T

1 -1 1 -1

To obtain the 2¢*!-point Walsh transform from the 2*-point Walsh
transform,

W, W,
Step 1 V2k+1 :[ : : :|

W, -W,

2

Step 2 Reorder according to sign changes

ermutation
V2k+l p >\Klzkﬂ .
sign changes

1 1 1 1]

1 1 _{Wz Wz}_ 1 -1 1 -1 3

W, = 4= =

1 —1 W, —W, I 1 -1 -1 1

1 -1 -1 1] )
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sign changes

S N I - — AN »n O
[
— — —{ —
— —{ —{ —
—( — —{ —
— — — —
— — — —
— — — —
— — — —
— — — — — — — —

-1 -1 -1 -1
-1

-1

1
-1

-1

1

-1

1

-1
-1

-1

1
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(4) Haar Transform 60

y =H.\x
where Hy 1s an NxN matrix and the entries of Hy1s 1 0, or -1,

N is limited to 2*.
Inverse: (Hy)' =D(HY Dy is diagonal and

D,[0,0]=Dy[L,1]=1/N
D[2,2]=D\[3.3]=2/N

D, [4,4]=D\[5.5]=Dy[6,6]=Dy[7,7]=4/N
Dy[n.n]|=8/N for8<n<I15

Applications:
(1) simplification for computation

(1) extract local features
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0

-1
1

1

-1

0 O

-1 -1 -1 -1

1
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General way to generate the Haar transform:

H,, = { Hy ®[1’1]} where ® means the Kronecker product

I, ®[1,—1]
1 0 - 0 0
01 - 0 0

L=l
0 0 1 0
0 0 0 1]
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-1 -1 -1 -1 -1 -1 -1 -1

1
-1

-1 -1 -1

1

-1 -1 -1 -1

1




