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I1. Short-time Fourier Transform

II-A Definition

Short-time Fourier transform (STFT)
X(t,f)= j_oo w(t—7)x(r)e >/ dr

Alternative definition

o0

X(t,a)) = j_oow(t — r)x(r)e‘jmdr

7
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STFT X(t,f):jiw(t_f)x(r)e-jzﬁffdr
X(to)=[" w(t=z)x(z)e " dr

Inverse of the STFT: To recover x(?),
x(t)=w(1, —t)jiX(tl,f)eﬂ”f’df

where w(t, —f) # 0.

For the alternative definition, the inverse transform is:

x(1) =iw1 (6 -0 X(t,0)e" do
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The mask function w(¢) always has the property of 04

(a) even: w(t)=w(—f), (L% & R Bif* £ K &)
(b) max(w(#)) = w(0), w(t,) 2 w(t,) if [t > [t

(c) w(f) = 0 when |f] 1s large

w(f) = A(¢) (triangular function) w(t) = exp(—alt|?)
(hyper-Laplacian function)

Max[A(5)] = 1



II-B Rec-STFT
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Rectangular mask STFT (rec-STFT)
X(t,f)= J‘:fx(f)e_jz”frdr
Inverse of the rec-STFT
x(t)=[" X(4.f)e” " df

where t—B <t <t+B

The simplest form of the STFT

w(t) = rect L)

-B 0 B taxis

Other types of the STFT may require more computation time than the rec-

STFT.



II-C Properties of the Rec-STFT

(1) Integration (recovery):

(a) _[ (t,f)e* " df =x(v) whenv-B<t<v+B,

=0 otherwise

®) ["x(e.f)dr=["x(z)[ e drde

.t—B —0o0
°1+B

=.t_Bx(r)5(2')dT
(x(O) when 1-B<0<t+B, —B<t<B

| 0 otherwise
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(2) Shifting property (3% 7= = # #)

|7 x(r4r)e > dr = X (147, )

(3) Modulation property (%77 v # #)

J-tt+B[x(T)ej2;zfor]e—j27rfrdz- — X(l‘,f_fo)

-B
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(4) Special inputs:
(1) When x(¢) = &1),

X(t,f)=1 when-B<t<B, X(t,f)=0 otherwise
(2) When x(¢) =1

X(t’f) = 2BSinC(2Bf)e—j27rft

A% 1 B k] Higis R PSR ?
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69
(5) Linearity property

Ifh(t)=ax(t)+ By(t) and H(t, ), X(¢, 1) and Y(¢, /) are their rec-STFTs, then

H(t,f)=aX(tf)+ Y1 f).
(6) Power integration property

t+B

[Jxnfar=]Lx

dr

(" |x (o)) drde=28[|x(z)[ dz

(7) Energy sum property (Parseval’s theorem)
[ [ x(r)r(e.f)dfdt=2B] x(r)y (z)dr
j_ooX(t,f)Y* (t,f)df = j::x(r)y* (T)dr



a .
’Jo

ny

(1) ¥Rit |+ & Fourier transform » 3 ?

(2) 3 3] fi ch STFT 2% 3 & 02 enje 4 2

Shifting jiw(t—r)x(r—fo)e_jz”f’dr
—J- (t—7-17,)x (T)e_jz”ffe_jz”f"’dr
= X(t—1,, f)e

Modulation
j_oo w(t—7)[x(z)e’*" e’/ Tdr =

X(t.f- 1)
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Example: x(¢) = cos(27f) when ¢ < 10,
x(f) = cos(6rt) when 10 < ¢ < 20,
x(t) = cos(4xt) when ¢ > 20

Frequency (Hz)

Time (Sec)
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o
(zH) Aouanbai

15 20 25

Time (Sec)

10

B=2

(zH) Aouanbai

15 20 25

Time (Sec)

10



II-D Advantage and Disadvantage

e Compared with the Fourier transform:

All the time-frequency analysis methods has the advantage of:

The instantaneous frequency can be observed.

All the time-frequency analysis methods has the disadvantage of:

Higher complexity for computation

73



e Compared with other types of time-frequency analysis:

The rec-STFT has an advantage of the least computation time for digital

implementation

but its performance i1s worse than other types of time-frequency analysis.
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II-E STFT with Other Windows

(1) Rectangle

(2) Triangle \?B\
-2B 2B

W(t):{0.5+0.500s(m/8) when |t|SB

(3) Hanning

0 otherwise
(4) Hamming

w(0) = {0.54 +0.46cos(zt/B) when |t|<B

0 otherwise

(5) Gaussian

w(t)= exp(—ﬂatz)
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(6) Asymmetric window

f&* @ seismic wave analysis, collision detection

(The applications that require real-time processing)
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-—

(1) Are there other ways to choose the mask of the STFT?
(2) Which mask is better?

23 - wPE %
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II-F Spectrogram

STFT e ¥+ & T > » 1% Spectrogram

2

SP.(t.f) =[x (t.0) =|[ w(t-r)e*x(r)dr

L fi ¢ ospectrum i Fourier transform 157 & T -

2 /I?;%_F » spectrogram 3% B L 38 I aHE F 5 3 STFT
e g ¥ b > spectrogram o STFT ¢4 5 & 4p e i
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k= 1 @ * Matlab #-FF4E £ 7.5 % Show I} %

?j,}ffrr%fé_" PV

(1) & * meshdp 4 & 1) = %8 ]

(2) #amplitude % 5 gray-level » * %1 A [F Blen™ jZ 8- 5 LR IR

ez 2 El = )\ > O N
'E\\?}I: Yy T\I'\FE’:'H:F'AV 1} “z‘L..,E# m‘s‘g‘%
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image(abs(y)/max(max(abs(y)))*C) % C &~ & % #ic > & ¥ f§ i C=400

£ image(t, f, abs(y)/max(max(abs(y)))*C)
colormap(gray(256)) % % = gray-level ]

set(gea, Ydir’,'normal’) % % iLiz— 7, y-axis e v Z_F|iF K 0



set(gca, ‘Fontsize’,12) % T % 5 4 dh#ic B o0 font sizes
xlabel("Time (Sec)','Fontsize',12) % x-axis
ylabel('Frequency (Hz)','Fontsize',12) % y-axis
title(‘STFT of x(t)','Fontsize',12) % title

FERANFER R £
tic (idp 4 4rle 3T HBiKR)
toc (show A 4kIET S e KHNiTH F PR
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kw1 @ * Python #-PFF4E & 7@ F I k

AR o TR
pip install numpy
pip install matplotlib

Bakys A A 1T 8% (B 5 - Gaved ic)) > #y AR N F Mk
import numpy as np

import matplotlib.pyplot as plt

C =400

y = np.abs(y) / np.max(np.abs(y)) * C

plt.imshow(y, cmap='gray', origin='lower")

# 4c + origin='lower' # % + T 4p &

plt.xlabel("Time (Sec)')

plt.ylabel('Frequency (Hz)")

-\, =f £ 7 % JREVREPES - £
plt.show() B 2021 F E et freniE B B
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& 4o b g AR dhi#ic @ (fplt.show() 2 0 e F 12T 425N 7))

x_label =[°0°, ‘10°, <20°, ‘30°] # H dh &
y label =[*-5", 0, ‘5] # G h s B
plt.xticks(np.arange(0, x_max, step=int(x_max/(len(x_label)-1)), x_label)
plt.yticks(np.arange(0, y max, step=int(y _max/(len(y label)-1)), y label)

Reference :
https://matplotlib.org/stable/api/ as gen/matplotlib.pyplot.xticks.html




