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IV. Implementation 5

IV-A Method 1: Direct Implementation

2 STFT % o

X(t,f)= f:ow(t —T)x(r)e_jz”deT

Converting into the Discrete Form

t=nh, f=mhA, 7=pA,

o0

X(nAt,mAf) = Z w((n—p)At)x(pAt)e_ﬁ”pmA’AfAt

p=—»

Suppose that w(£) =0 for |{{>B, B/ A,=0Q

n+Q _
X(nAt,mAf) = > w((n—p)A,)x(pA,)e ",

p=n—0

Problem : #} scaled Gabor transform @ % > Q=7
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¢ Constraint for A, (The only constraint for the direct implementation method)

To avoid the aliasing effect,

A, <1/2Q, € 1s the bandwidth of ?

There is no constraint for A, when using the direct implementation method.
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Four Implementation Methods

(1) Direct implementation

Complexity:

B3k t-axis 3 T # sampling points, f-axis 3 F i# sampling points
(2) FFT-based method

Complexity:
(3) FFT-based method with recursive formula

Complexity:

(4) Chirp-Z transform method

Complexity:



(A) Direct Implementation
Advantage : simple, flexible
Disadvantage : higher complexity

(B) DFT-Based Method
Advantage : lower complexity

Disadvantage : with some constraints

(C) Recursive Method
Advantage

Disadvantage

(D) Chirp Z Transform

Advantage

Disadvantage
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IV-B Method 2: FFT-Based Method

Constraints : (i1) AA,= 1/N,
(i) N=1(AA) 220 +1:  (AA,EE B )

2xmn

N-1 _ 2zmn
Standard form of the DFT Y[m] = Zy[n]e T
n=0

n+Q ‘
X(nAt,mAf)z > w((n—p)At)x(pAt)e_ﬂ”pmA’AfAt
p=n—0
JAtAf=1/N
n+Q _j2xpm
X(nAt,mAf)z Z w((n—p)At)x(pAt)e VoA,
p=n—0

| q=p—(n-Q) —p=n-0)tq

X(nAt,mAf):Atej N ZW((q—Q)At)x((q+n—Q)At)ejN

27(0-n)m 20 _ 2mgm
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Note that the input of the N-point FFT should have N points (others are set to zero).

27(Q-n)m N-1 _ 2mgm

X(nAt,mAf)zAteJ N le(q)eJN , q=p-(n-0)—>p=m-0tq

x,(q)=0 for2Q0 <qg < N.
k=g-0 n-Q < n-O+q < n+Q
020-q9g2-0
272(0-mm

X(nAt,mAf):Ate] N DFT(xl(q))

where x,(q)=w(kA,)x((n+k)A,) for 0<¢<20, -0<k<Q (k=g-0)

x,(¢q)=0 for 20 < q <N.
(Suppose that w(z) = w(-1))



27(Q-n)m

X (nA,,mA)=Ae ¥ DFT(x(q))

AN ‘iﬁ L]
yER &
2 gm

N-1 _ 2zgm
(1) ¥ 2 * Matlab 52 FFT 43 4 %35 Y. x(q)e ¥ =X,(m)
q=0

Q)%= - BRI n fFREFE - T 3 ezt S

2rx(Q-n)m N-1 _ 2mgm 2rn(Q—-n)m

X(nAl,mAf):AteJ N le(q)e]N —Ae VX (m)
(fixed n) =

(3) Complexity = ?
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Bk t=nyA, (ngtl) A, (ngt2) A, =+ , (ng+T-1)A,
J=myAy (mot1) Ay (my+2) Ag =oeee- , (mytF-1)A,

Step 1: Calculate n,, my, T, F, N, Q

Step 2: n=n,

Step 3: Determine x,(g)

Step 4: X,(m) = FFT[x,(q)] — page 120

Step 5: Convert X,(m) into X( nA, mA,)

X (nA,,mA,)=X,(?)x?

_2mgm

Xl[m]:NZ_;xl(q)e Ty

Step 6: Set n = n+1 and return to Step 3 until n = ny+7-1.
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m= fl A
m, = mod(m, N)+1

Xl[m]:Xl[m+N]



IV-C Method 3: Recursive Method

* A very fast way for implementing the rec-STFT

(n fen—17 recursives ik %) X(nAt,mAf)

n+Q _j27rpm
= Z x(pAt)e NOA,
p=n—0Q
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X((n—l)At,mAf):

(1) Calculate X(min(n)A,, mA) by the N-point

FFT

27(0Q—-ny)m N—]

X(noAt,mAf):Ate YooY x(q)e

q=0

_2mgm
N

xl(Q):x((n—QJFQ)At) for g <20,

>

n, = min(n),

x(q)=0 forg>20

(2) Applying the recursive formula to calculate X(nA,, mA)),

n=n,+1~ max(n)

T8 FEE:

X(nA,,mA,)=X((n=DA,,mA )= x((n=Q—1)A,)e >7" " VA,
+X((7’l + Q)At)e—jZH(IHQ)m/NAt
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IV-D Method 4: Chirp Z Transform

exp(—jZﬂpmAtAf) = exp(—jﬂpzAtAf )exp(jﬂ(p —m)’ AtAf)eXp(—jﬂmzAtAf)

For the STFT
n+Q )
X(nAt,mAf) = Z w((n—p)At)x(pAt)e_ﬂﬂpmAtAfAt
p=n—0Q

X (A, )= A6 S (= pIA,Ja(ph, Je T T

p=n-Q

Step 1 multiplication

Step 2 convolution

Step 3 multiplication
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Step 1 x[p]=w((n—p)A,)x(pA,)e n-Q <p <n+Q
n+Q 5
Step 2 X2[n,m]: Z xl[p]c[m—p] c[m]z JEm ALy
p=n—0Q

Step2 f3+5 F » Z & * 3| linear convolution #3773

Question: Step 2 & * % * 28Len DFT?
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e [llustration for the Question on Page 124

ylnl= ) x{n—k]h[k]

e Case 1
When length(x[n]) =N, length( h[n]) =K, N and K are finite,
» length(y[n]) = N+K-1,

Using the (NV+K—1)-point DFTs (5 2 BLASE 4 — & i 0§ 23%)

e Case 2
x[n] has finite length but 4[n] has infinite length ????



yinl= D x{n—k]h[K]

k

Case 2

x[n] has finite length but /4[n] has infinite length

n] gl s neln,nl #E=<] 5 N=n—n+1

i3

EAN AR GO

yn] * - BFRG & (§ [

yln] enE ¢ - £

&%)

# H

¥ & dvehyn]

| S 0 [my,my] 0 F R

hn] mgw ) ?

£ %

5 > gL FFT ?
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<

—
S

—
Il

- y[n]=x{n]#hln]= ) x[s]h[n—s]

x[n  h[n—n ]+ x[n, +1]A[n—n, =1]+x[n, + 21h[n—n, — 2]
------ + 2, h{n—n,]
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o)
— m, —n
i 2 b yln]= Zx[s]h[n — 5]
E / s=n
W-,ll_lfl2+1 ml—n1+1
= S
m—ny+2 ; my—n+2
n=m pF
=S =g i I
n=m +1pF i
n—s e Fl o/ m,—Hn, My
: -
n=m1+2ﬂ$ n=m2H—’*?
”_Sm%%] n—smg‘jwﬁii‘]

7 % D hlk] g R ke [m)— ny, my—n]
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#0000 3 % Plen h[K] enfe BE_k € [m;—ny, my—n, ]

FFT implementation for Case 2
x[n]=x[n+n] forn=0,1,2,..., N-1

x,[n]=0 forn=N,N+1,N+2, ...... , L —1 L=N+M-1

hinl=hn+m —n,] forn=0,1,2,...,L-1

w[nl=IFFT, (FFT,{x[n]} FFT, {h[n]})

ylnl=y[n—-m+N-1] forn=m,m+1, m+2,..,m,
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IV-E Unbalanced Sampling for STFT and WDF

#-pages 115 and 119 0= 2 T3 &t

X(t,f) = J.j:ow(t—f)x(r)e_jz”ﬁdr

nS+Q

X(nAt,mAf) = > w((nS-p)A,)x(pA,)e A,

p=nS-Q

where t=nA, f=mA; t=pA, B=Q0A, (EX w()=0 for||> B),

S= At/ AT At # Ar
3L ¢ A_(sampling interval for the input signal)
A, (sampling interval for the output 7-axis) can be different.

However, it 1s better that S = A/ A_1s an integer.
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When (1) AA=1/N, Q) N=1/(AA)>20+1: (AAF & L FEHDF|H )
(3) A, <1/2Q,  (1s the bandwidth of w(r — t)x(r)

ie., |FT{w(r—t)x(r)}|=|X(tf)|=0 when|f|>Q

nS+Q _j2zpm
X(nAt,mAf)z Z w((nS—p)A,)x(pA,)e T A,
p=nS—Q

£ q=p-(nS0Q)—>p=nS-0)+gqg

27(Q-nS)m N1 _ 2mgm

X(nAt,mAf)zAre] YooY x(q)e TN
q=0

x5 (q)=w((@-9A,)x((nS-0+q)A,) for0<g<20,

x(q)=0 for 20 <g <N.
If w(t) = w(-1))
x(q)=w(kA )x((nS+k)A,) for0<¢<2Q, k=q-0

x(q)=0 for2Q0 <qg <N.



B3X t=cyA, (cgt) A, (cyt2) A, -+ ,(cg+ C-1)A, 133

= CSA, (¢gSHS) A, (¢oST28) Ay +oeee- , [eeST (C-DST A,
f=myAy (mgt1) Ay (my+2) Ag =eeee , (mgtF-1) A,
T =nyA, (nyt1) A, (nyt2) A, «----- , (nytT-1) A S=A/A,
Step 1: Calculate ¢y, my, n,, C, F, T, N, Q
Step 2: n = c,
Step 3: Determine x,(q)
Step 4: X,(m) = FFT[x,(q)]
Step 5: Convert X;(m) into X( nA,, mA))

Step 6: Set n = n+1 and return to Step 3 until n = c,+ C -1.

Complexity = ?
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IV-F Non-Uniform A,

(A) £ % gt A,

(B) 4o 3 X (nA,mA, )| 4o [X (4 DA mA, )| 2 R4 kL B

Bl & nA, (ntl) A, 2. FFiE * #] 0 sampling interval A,
(A, <A, <A, A/JA; oA AL % 5 F )
£ % page 131 07 £ 5 O

X(nA + A, mA ) X(nA

t1°

+2A  mA ), e X((n+1A, - A

t 112 f)’ ’ mAf)

11?

(C) 12 - 8541 » 4ok ‘X (nA, +kA,,mA,)

. X (nA, + (R 1)A,mA )

L BER A < < o PR E* { /] evsampling interval A,

(A1 <At,<At,, At/ Aty FeAt,) At ‘¢ 5 B #)
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Gabor transform of a music signal

\\

-~
-

0 0.2 0.4 06 0.8 1 1.2 1.4 1.6

A,=1/44100 (3= 7 44100 x 1.6077 sec + 1 =70902 2t)
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(A) Choose A, = A,

running time = out of memory (2008 ) 15.262140 sec (2022 )
(B) Choose A, =0.01 =441A, (1.6/0.01 +1 =161 points)
running time = 1.0940 sec (2008#) 0.041053 sec (2022 # )

(C) Choose the sampling points on the #-axis as

t=0,0.01, 0.02, 0.03, 0.04, 0.05, 0.1, 0.15, 0.2, 0.4, 0.45, 046, 0.47, 0.48,
0.49, 0.5, 0.51, 0.52, 0.53, 0.54, 0.55, 0.6, 0.8, 0.85, 0.9, 0.95, 0.96, 0.97,
0.98,0.99, 1, 1.01, 1.02, 1.03, 1.04, 1.05, 1.1, 1.15, 1.2, 1.4, 1.6

(41 points)

running time = 0.2970 sec (2008# ) 0.010594 sec (2022 # )
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with adaptive output sampling intervals
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*$+4%— Fr Dirac Delta Function 4p B s ¥ * 2 30

() [ e dt=5(f)

2) o (t) = ‘a‘ o) (at) (scaling property)

@) [ e Var=5(g(1))=Y|g'(/)

n

where f, are the zeros of g(f)

4) f; 5(t —1, )y(t, ------ )dt = y(to, ------ ) (sifting property I)

S(f-1)

(5) 5(t_t0)y(t9 """ )25(f—f0)y(fo, """ ) (sifting property II)



