V. Wigner Distribution Function

V-A Wigner Distribution Function (WDF)

(® 0O

Definition 1: Wx(t,f)z. x(t+r/2)-x*(t—r/2)e_j2”fd2'

—00

o 00

Definition 2: W (¢,0) x(t+7/2)x" (t—7/2)e”’ dr

o —Q0
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Another way for computation from the frequency domain

Definition 1: W, (t, /)= [ X(f+n/2)-X"(f-n/2)e”"dn
where X(f) is the Fourier transform of x(¢)

o0

Definition 2: W (t,a)) — j

—00

X(o+n/2)X (0-n12)e’"dny

The Wigner distribution function is also called the Wigner Ville distribution.
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The operators that are related to the WDF: 142

(a) Signal auto-correlation function:
C.(t,7)=x(t+7/2)-x"(t—7/2)
(b) Spectrum auto-correlation function:
S(n.f)=X(f+n/2)-X"(f-n/2)
(¢) Ambiguity function (AF):
A (z,nm)= f x(t+7/2)x (t—7/2)e”*™ dt
x(1)

—f Cx(t, - ) FTt—) n

FT

I

Wx(tﬂf) < FTT_)f IFTU_)t Ax(z-ﬂ 77)

X()
N S.(n.1) o /

IFT IFT,,,

n—t
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V-B Why the WDF Has Higher Clarity?

Due to signal auto-correlation function Af

(D) Ifx() =1

(2) If x(£) = exp(i2 7} 1) g
Wx (t,f) _ _":O ej27rh(z‘+r/Z)e—j27rh(t—r/2) .e—j27zrfdz_

_ Ooej27zhr.e—j27nfdz_ AS

= [ e UM gr >

~

=5(f - )

Comparing: for the case of the STFT



(3) If x(¢) = exp(2 7k 2)

(4) If x(¢) = X1)
(t f) j (t+r/2)5(t—2'/2)e_j2”fdr

Page 138 —4[" §(2+7)S(2-1)e " dr
2 3(2) —o0
_45(41)e™ =5(1)e ™ =5(1)

[“6(z-7,)9(r)dr Page 138  Page 138 Page 138
= y(z,) =3 (4) 2 7(2) 238(5),14,=0
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V-C The WDF is not a Linear Distribution

W.(t.f)=| x(t+7/2)x (t-7/2)e -dr
If h(r) = ag() + fs(2)
W, (t.f)= h(t+z/2)h (t-7/2)e > dr
= | [ag(t+7/2)+Bs(t+7/2)| @’ g (1-7/2)+ B s (1-7/2) |e 7" dr

= llafg(t+e/2)g (1=v/2)+| BF s(t+7/2)s (1-7/2)

+a,6’*g(t+r/2)s*(t—r/2)+ a*,b’g*(t—r/2)s(t+r/2)]e—f'2mf dr
= |a W (t./)+| B W, (1.1)
+LO[0£,B g(t+f/2)s (t—r/2) +a*ﬂg*(t—f/2)S(t+T/2):| o277 g r

/

Cross terms




V-D Examples of the WDF

Simulations

x(¢) = cos(2nt) = 0.5[exp(j2 nt) + exp(-j2 7t)]

by the WDF

o — f-axis

by the Gabor transform

146



x(t)=T1((t-5)/4)

by the WDF

N

w,

f-axis
A W N A o 42 N Th

o
N
N
»

IT: rectangular function

by the Gabor transform

f-axis

{-axis t-axis
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f-axis
I P NN S S

x(t)= exp[—ﬂ(t —~ 5)2]

by the WDF by the Gabor transform

f-axis

6 ) 8 10
-axis

o
N
N

f2

. ) —7t? FT 7
Gaussian function: € —>e

Gaussian function’s T-F area 1s minimal.
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Frequency (Hz)

i

/

s(t)=exp(jt* /10— j3t) for -9 <t<1,s(f) = 0 otherwise,

r(t)=exp( jt* 12+ jot)exp| ~(t—4) /10|
f (@) =s(0)+ ()

WDF of s(t) WDF of r(t) WDF of s(t)+r(t)

Frequency (Hz)
Frequency (Hz)

Time (s) Time (s)

. r-axis, edfif: f-axis

~
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V-E Digital Implementation of the WDF

W.(t,f)= j x(t+7/2)x (t—7/2)e”*™ -dr ;

W(t.f)=2] x(t+2)a (1=7)e 7 -dr’ (using 7= 7/2)

Sampling: £ =nA, f=mA, 7 =pA,

W, (0t mA, ) =23 x((n+ p)A, ) (11— p)A, Yexp(—jammpAA ) A,

p=—

When x(7) is not a time-limited signal, it is hard to implement.



Suppose that x(7) = 0 for ¢ <n A, and > n,A,

x(?)
n A, 7y A,
x((n+p)At)x*((n—p)At)=0 1fn+p & [nlanZ]

orn—p & [n, n,]
o p hfe FIHE L (§ n HTF)

n<ntp<n, ——> n—n<p<n,—n

n<n—ps<n,

max(n, —n,n—n,) < p<min(n,—n,n—n,)

—min(n, —n,n—n;) < p<min(n, —n,n —n,)

n—n<—ps<n,— n N—N,<p< n—n
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x(?)

M)
\,

/]
nA, nA, n,A,

(nmn)A T (- n)A,T
—min(n, —n,n—n;)) < p<mmnn, —n,n—n))

-0 0
(ny=mA,, (n—ny)A,:

AR En>n, BEn<n B

B2 G p i AL G oA B

A BN ped

153



154
If x(z) =0 for #<mn,A,and 1> n,A,

Wx(nAt,mA ): 2 Z (n+p)A ((n—p)At)exp(—j47zmpAtAf)At
TE:  FEL p=—0

Q = min(n,—n, n—ny).  (varies with n)

p € [0, 0], n € [ny, n,],

possible for implementation

Method 1: Direct Implementation (brute force method)

e sLEE 1R S



) [ 2= 2, lfss
Method 2: Using the DFT 3 < H]iE 2

When A A, = ﬁ and N > 2Max(Q)+1 = 2(ny-n,)2+1 = n,-n,+1=T

Q 27xmp
Wx(nAt,mAf) =2A, Z x((n+p)A,)x" ((n—p)A,)e " ¥
T8 FEL p=—0

gq=ptQ—op=q 0

;2mQ .27 mq

Wx(nAt,mAf) = 2Ate]TzzQ:x((n+q—Q)At)x*((n—q+Q)At)e‘JT

q=0

w (nA mA ) —2A ¢’ e Nz_lc ( 5 Q = min(n,—n, n—n).
x t2 f] t 1 Q)e
4=0 n e [ny, ny,

¢(q)=x((n+q=0)A)x" ((n=qg+QA,) for0<g<20
1Le., ¢ (Q+k) = x((n +k)At)x* ((n —k)At) for-O<k<0O (k=gq-0)
¢ (g)=0 for 20+1 < g < N—1



Tﬁ’:‘;{ 1= nOAﬂ (n0+1) Ata (n0+2) Ata ...... ) nlAt 156

f: m() Af’ (m0+1) Af’ (m0+2) Af’ """ ) ml Af

Step 1: Calculate ny, n,, my, my, N

Step 2: n=n,

Step 3: Determine QO

Step 4: Determine c,(g)

Step 5: C,(m) =FFT[c,(9)]

Step 6: Convert C,(m) into C( nA,, mA))

Step 7: Set n = n+1 and return to Step 3 until n = n,.
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Method 3: Using the Chirp Z Transform

Wx(nAt,mA ) Z (n+p)A ((n—p)At)exp(—j47rmpAtAf)At

N\

"2 0 R ‘ )
7, (n s ) =28, &Y x{(n p)A ) (1= p), Je T
p=—0

/S

Step I X (n,p) =X (n + p)At)x* ((l’l _p)At)e—jZﬂgﬂAtAf

0 o
Step 2 X, [n,m] = Z X, [n,p]c[m—p] c[m] _ AN
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! Method 1 edg fe 2 5 %

! Method 2 erdg fe & 5 5 °

: Method 3 sig 36 B 5 % °°

The computation time of the WDF 1s more than those of the rec-STFT
and the Gabor transform.



V-F Properties of the WDF
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(1) Projection
property

(O =] w(e.)dr (X)) =] W ()

(2) Energy
preservation property

Lo pydrar =[” (o) de=[” ¥ (1) df

(3) Recovery
property

X*(0) & v

[ w12, )" " df =x(1)-x"(0)
[“w.(nri2)e” ar=x(r) -x(0)

(4) Mean condition
frequency and mean
condition time

it x(e)=lx(e) -, X () =X ()"
then g/ (e) =[x()"- [ /W (6. f)-f
()= (N e (e f)-di

(5) Moment
properties

x(@) dt

B t”I/Vx(t,f)a’ta’fzJ'_Oo "

[ rw (e f)ddf = 1

X df
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(6) W (¢, /) 1s bound to
be real

W, f)=w.(@[)

(7) Region properties If x(#) = 0 for ¢ > ¢, then W (¢, /) = 0 for > ¢,
If x(#) = 0 for t < ¢, then W (¢, /) =0 for <,

(8) Multiplication If y(z)=x(t)h(z), then

theory

W, (e.f)= | W (t.o)W, (1.1 ~p)-dp

(9) Convolution theory

Ify(t)= joo x(t—7)h(r)dz , then

—00

W, (t.1) = j:m(p,f)-m(r—p,f)-dp

(10) Correlation theory

t) j x(t+2' a’r , then

o0

w,(.0)=] W.(p. ) (~t4pf)dp
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(11) Time-shifting
property

If y(t)=x(t-1,), then
Wy(t’f):Wx(t_toaf)

(12) Modulation
property

It y(r)=exp(j27f,t)x(t), then
W (t.f)=W.(t.f- 1)

(13) Constant
multiplication property

If y(t) = cx(t) , then
(6 1) =1l W (1, f)

(14) Conjugation If y(z)=x"(¢), then

property AHRAS)

(15) Scaling property If )/( )= ( ) then
y(t,f):|i|W(ct lf)

The STFT (including the rec-STFT, the Gabor transform) does not have real
region, multiplication, convolution, and correlation properties.
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e Why the WDF is always real?

What are the advantages and disadvantages it causes?

e Try to prove of the projection and recovery properties
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Wx(t,f):_“ x(t+7/2)x (t—7/2)e’> -dr

—00

e Proof of the region properties

If x(z) = 0 for ¢ < ¢,
x(t+ 72)=0 forz <(t,—1)/2=—(t—1,)/2,
x(t—72)=0 for z > (t—1y)/2,
Therefore, if  — #, < 0, the nonzero regions of x(# + 7/2) and x(t — 7/2)
does not overlap and x(¢ + 7/2) x*(t — 7/2) = 0 for all .

The importance of the region property



e Extra Property:

(16) The relation between the WDF and the spectrogram:

Suppose that x(¢) 1s the input function, w(¢) 1s the window function of the
STFT, X(¢, f) 1s the STFT of x(¢), and W (¢, f) and W (¢, f) are the WDFs of

x(¢) and w(¢), respectively, then

X (e /) =W (), (e 0)= [ [ W (t=u.f =)W, (u,v)dudv

(Proof): j j W t—u, f— ) (u v)dudv

—j_wj_wj_w (t-u+7/2)x" (t—u-7/2)e’>V™""dz

( +gjw(u j ¢ ™ dndudy

A (RN

LO e ™) qvd rdndu (Cont)
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I S o e

5(77 — T)drdrya’u

S R IR [P ) I PR 4 T _ T\,
—J‘wj‘oox(t u+2)x (t U 2)w(u+2)w(u 2)6 drdu

T T
~, T,=l—u——
A 2

dr, /0t Ot /0u
det
or,/0r 0Ot,/0u

Set let—u+

drdr, = drdu =drdu

=L (@) () wl-n)wli—g)e 2/ Hdndr,

o —00
® 00

= x(Tl ) W(t -7 )e_jzﬁfrldrl J.—(X:o X’ (Tz )W(t — 7T )ejzﬁffzdfz

o —00

=X(t.f)X (. f)
=‘X(t,f)‘2
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V-G Advantages and Disadvantages of the WDF

Advantages: clarity
many good properties

suitable for analyzing the random process

Disadvantages: cross-term problem
not suitable for eXP(ﬂ” ), n#0,1,2

more time for computation, especial for the signal with
long time duration

not one-to-one
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V-H Windowed Wigner Distribution Function

When x(¢) 1s not time-limited, its WDF is hard for implementation

Wt f)= | x(t+2/2)x" (t-7/2)e >/ -dr

l with mask
(6 1) = [ w(e)x(t+e/2) (1-7/2)e 7 dr
w(7) is real and time-limited

The windowed WDF 1is also called the pseudo Wigner-Ville distribution.

Advantages: (1) reduce the computation time

(2) may reduce the cross term problem

Disadvantages:
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w.(tf) Zj_ (27) t+r) (t T)e_j‘””'f-dr'

W, (ndoma, ) =23 w(2pA,)x((n+ A, )¥ ((n=p)A, )&

p——OO

Suppose that w(¢) =0 for |¢f| > B
w(2pA,)=0 forp< —Q and p >0
Q =

2A,

Wx( ) 2 Z ZpA (n + P)A, ) ((n —p)At)e_ijpAtAfAt

pP=

R0 k! mask2 §8 0 5 - EEFEFTHR-G A



(B) Why the cross term problem can be avoided ?

W (¢, 1) :J._ZW(T)x(t+2'/2)-x*(t—r/Z)e_jsz -drt

w(7) 1s real

Viewing the case where x(7) = ot — #,) + At — t,)

x(1)

tl t2 > t-aXiS
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]

w0 W(t,f)=0 fort#1,t,

#X @ o % mask function w(7) =1 (¥ ij‘ﬁl{ﬂ”ﬁ iz * mask function)
x()=dAt—t)+Ar—1)

Wx(f,f):f;x(t+r/2)x*(z‘—r/2)e—j2’”f-dr

= Z[é(t+%—tl)+5(r+%—t2ﬂ[5(t—%—tl)+5(r—%—t2ﬂefz’”f -dt
from page 138, property 2

= 4j_°° [6(7+2t=21)+6(z+2t=21,)|[6(7 =2t + 21, )+ 5 (7 =2t + 21, ) |[e /> - dr

¥ - 7 i
= 7
S(t+2t=2t)+8(r+2t-2t,)
26,-2t 24,21 T r-axis
%= %
S(r—-2t+2t)+5(r—-2t+21,)

v

Zt_2t2 2t_2t1 7-ax1s
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3R, W (6,£)#0 S(r+ 202 )+ 8(s 4230
. 2t, 2t 2t,2t > r-axis
6(1—2t+2tl)+5(r—2t+2t2){ {
(1) Ifl‘ = z‘l E}; _ IE T T 21-2t, 212t 7-axi1s
0 21,21, > raxis
¥ - 1 I T
2t,2t, 0 > 7-axis
2t,—2t, > 7-aX1S
E g ] T
0 21,21, > 7-aX1S
B)Ift=(t, +1)2
% - 18 I I
t—1, b1 > 7-axIs
E ) T I
»  7-axis

t—t, L
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With mask function

w.(t,f)=[ w(t)x(t+7/2)x (t-7/2)e> 7 dr

o —00

® OO

=| w(o)[6(r+2t-28)+5(z+2t-21,)]

o —00

x[6(r—2t+24)+6 (7 =2t +2t,)]|e > -dr

Suppose that w(7) =0 for |7 > B, B 1s positive.



—B
(D=1, o | T
% = 7 I ,
210, 7-axis
2)1=1, o T : T -
501, 7-axis
% - 1 | T
0 21,21 7-axis
¥ - I8 I
3)t=(t, +1,)/2 I T T-axIs
% - 18 I i .
i 7-axis
—B

7-axis
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N B TR Y R R B

(1) Concepts: :=iF > /2 i 2L ~ AR ~fFAH L2 A

$ P AAR R e

(3) Advantages: iz > /2 iR BER_ -
(3-1) Why? i & izt 8henR 580 A
(4) Disadvantages: i& = ;% ek 2L 4+ -

(4-1) Why? i = ig & 4> Bben iy B A

(5) Applications: iz =/ & * K ad® P A48 - 5 F AR
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dod R P R P Al M ATE 2 T REFE E (3-1), (4-1), 1+ (6)
R 4T
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