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III. Gabor Transform ,
STET with w(t): p=*T

I11-A Definition

Standard Definition:

G.(t,f)= j_oo e " e P x (1) dr

Alternative Definitions:

' -n'C) i
G, (t.f) =f_ ~r(e-? 72 (T“> f é ot =
/ normalization

Gx’2 (t,f) = Q/EJ‘_OO e‘ﬂ(r—t)Ze—ﬂzrfr ( )d

G, (t a)) j ~(r0° /ze_jmx(r)dr

G, ,(t,0)= \/7.[ m(r)()dr

I$ XW= [H0e?” W, x®: mf X(WE™ at
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* D. Gabor, “Theory of communication”, J. Inst. Elec. Eng., vol. 93, pp.
429-457, Nov. 1946. (&% #& ! Gabor transform)

* M. J. Bastiaans, “Gabor’s expansion of a signal into Gaussian elementary
signals,” Proc. IEEE, vol. 68, pp. 594-598, 1980.

* R. L. Allen and D. W. Mills, Signal Analysis: Time, Frequency, Scale, and
Structure, Wiley- Interscience.

S. C. Pel and J. J. Ding, “Relations between Gabor transforms and
fractional Fourier transforms and their applications for signal processing,”

IEEE Trans. Signal Processing, vol. 55, no. 10, pp. 4839-4850, Oct. 2007.



Note

wie /I?% 3= Gabor transform E 3% 324 1% short-time Fourier transform
(STFT) » § %+ » Gabor transform ¥_STFT § ¥ - i special case.

85



III-B Approximation of the Gabor Transform

Although the range of integration is from —oo to oo, due to the fact that
e ™ <0.00001  when |a|>1.9143
e '2 <0.00001  when |a| > 4.7985

the Gabor transform can be simplified as:

t+1.9143

(t f) L 1.9143 ”(f—’)ze—ﬂ”ffx(z-)dz-

T— t
t+47985 - —]a)(r——)
t a) ‘/ 2 x(r)dr
t 47985

£ & o
e" a(lt)"S for  la) > N143

N6
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IHI-C Why Do We Choose the Gaussian Function as a Mask

(1) Among all functions, the Gaussian function has the advantage that the
area in time-frequency distribution is minimal.

(f= & i 9 STFT 4p+t > v #ae 49 e PP 3E  time-domain §- frequency
domain #£73 $4F o )

w(t) =~ & — time domain 3§47 & & £

w(t) ~ % — W()=FIw(@®)]+~ & — frequency domain 3§47 & i £

(2) Special relation between the Gaussian function and the rectangular
function
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(Note): ¢ ** Gaussian function #_ FT &0 eigenfunction ° ]t Gabor
transform 7 time domain fr frequency domain e+ B -5 3p 40

Kolt) %<(-F‘)
* o - 2 ft _ —xf? ! (
J_ooe-’ef dt =e '\4(_ 4\1

o 122
j e et =/

—00

. 00 _ 2 )
according to I e gy — U /a-e”

—00

M. R. Spiegel, Mathematical Handbook of Formulas and Tables,
McGraw-Hill, 31 Ed., 2009.

Gaussian function is also an eigenmode 1n optics, radar system, and other
electromagnetic wave systems.

(will be illustrated in the 8™ week)



89
Uncertainty Principle (Heisenberg, 1927)

For a signal x(¢), if /¢ x(¢)=0 when [f{ — oo, then

6,0, 2 1/4n

€€ vaviance
6¢: ctandaid deviation

where o’ :I(t—,ut)sz(t),dt O'; ZJ(f—/lf)sz (f)df.
= E(E‘("*M*)‘)
u=[tP(0)dr, <E(4)  u, =[F PN

P ()= 1 XOF St e X
NPT X(f)_J‘|X(f)|2 i
XE)= FT ()

) a




(Proof of Henseinberg’s uncertainty principle):

From simplification, we consider the case where u, = =0

Then, use Parseval’s theorem

1 [P de 1o ar

O .0, =

T ar (Ix@ Pt [|x()[ de

[Ix)F ar=[1 XN df if X(f) = FT[x(0)]
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From Schwarz’s inequality (x(@),x(0)){y(®), (1)) Kx(f)ay(f»‘z

3 (t)%x(t)dt + Itx(t)%x*(t)dt

2
]/z

/4 (using |at+b]?> + |a—b|*> > 2|al?)

jtz [ x(6) ] dtj| X @) dt z(

2
>

I(tx* ()L x)+ tx(t)%x* (t)jdt

dt

2 2
/4 = /4

= t%[x(t)x* (1) |dt te()x' (1)) =[x (O)x(0)dt

- [zx(r)x* (1), —ox(o)x’ (z)\H_w] - [ ()x(e) dt "4

=[x di| 14

91



For Gaussian function

j [ x(1)
Since =0 Mp=0 ’-z';_;lj‘:‘n’
[“x(fde=]" e dr=2 A%
- az=2n,, b" 0
use J‘ —(at +bt)dt _ m_eszcz
) e m;ﬂ;/z
jw 2l de=( e dt=2 0 fet g =21 3/2 — 5/12
= - Govwa, 2027)% 2 x
uhclionh
use jo l‘me_atzdt :®;m(:+}))/£ 2

r(1/2)=~z T(n+1)=nl(n), T(3/2)=n/2



ft x(OF dt [
Jlxyfde 4z’ Nz
1
FIZ, o,=,—
/ 4

>
—

#1712 ¥+ Gaussian function @ 3

1
Gth:E

m TR

[1 £ Z ] M. R. Spiegel, Mathematical Handbook of Formulas and Tables,

McGraW-Hill, 3rd Ed., 2009.
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f~axis

I1I-D Simulations

Gabor transform for rec-STFT, B = 0.5 for

Gaussian function exp(—?) Gaussian function exp(—7?)

4

f-axis
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x(f) = cos(2xt) when ¢ < 10,
x(t) = cos(6 ) when 10 <1 <20,
x(f) = cos(4 t) when ¢ > 20

Gabor

R —

Frequency (Hz)
O b b N LA o 2N w b oo

@)
9

10 15 20 25 30
Time (Sec)
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f-axis
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Gabor transform of s(¢) Gabor transform of 7(¢)

o

f-axis

0o . 5 10 -10 -5 0 5 10
[-axis f-axis

— 142 —7
S(t)—eXp(]t /10 ]31) for-9<¢<1, r(t):exp(jt2/2+j61)exp[_(t_4)2/1 ]

s(?) = 0 otherwise, ~———— —
4 . 7 amplitude
Ts:’:\/ ~ A+

£ 3
27v+7;



f-axis

Gabor transform for s(¢) + 7(¢)

f-axis
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III-E Properties of Gabor Transforms

G (t.f)= f e‘jz”ffe_”(f_t)zx(r)dr

(1) Integration property

When k£ # 0,
When £ =0,
When k£ =1,

G (t,f)e*™ df =V x(kt)
" G.(t,f)df =" x(0)

_OO G. (t, f )efz’”f df = x( t) (recovery property)

(2) Shifting property

If y()=x(t—1,), then G (1,/)=G, (t—t,,[f)e*™'".
(3) Modulation property

If y(t) = x(Oexp(27f), then G (1, £)=G, (1, f - f;)
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(4) Special inputs:

(a) When x(7) = &), G (t.f)=e"" o
. -n
(b) When x(7) = 1, G.(t.f) _ st s l G, 4 €) ‘- €

(symmetric for the time and frequency domains)

votated by
0 degree

Gabor for delta(t) e Gabor for 1

10 10

!

5

-10 -10

-10 -5 0 5 10
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(5) Power decayed property

o I x(¢)=0 for¢> ¢, then

.Eo Gx (t,f)‘2 df < 8—27Z'(t—t0)2 J-:
2

2 (=t )
i, averageof|G, (t,f)‘ < e 7" xaverage of ‘Gx (to,f)‘ for t > ¢,.
(fix ¢, vary f) (fix ¢y, vary )

G. (1. f) df

(Proof):
Gx (t,f) _ J‘_fo e—ﬂ(r—t)Ze—j2ﬂfo(T)dT Gx (t09f) :J'to e_ﬂ(r—to)ze—jbrfrx(z_)dz_

—00

Since (T — l‘)2 > (Z' — to)z + (to — f)z e—ﬂ(t—7)2 < e—ﬂ(t—to)2 e—ﬁ(to—r)2

G.(t,1)<e™ ™G (t,, f)

o If X(f):FT[x(t)]:O for > f,, then

2 _ Ry
average of ‘Gx (t,f)‘ < e "YU x average of
(fix f,vary t) (fix f,, vary t)

G, (t’fO)‘2 for > f,.



(6) Linearity property

Ifz(r)=ax(z)+ fy(r)and G4, f), G(¢t /) and G (¢, /) are their Gabor
transforms, then

G.t,/)=aG(tf)+ Gt [)
(7) Power integration property:

2 u+1.9143 2
(-
( )‘ 7 j 7(t—u)

u—1.9143

|G, (t,f)‘2 df = Ji e 2r x(r)‘2 dr

(8) Energy sum property
[ [ e.(.nNG (r)dfdi=] x(z)y (r)dz

where G, (¢, /) and G (¢, /) are the Gabor transforms of x(z ) and y(7 ),

respectively.
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~ént' T
III-F Scaled Gabor Transforms w(t):%/6 e "

2
) 2 w(r)':'}?
Gx (t’f):%j_we—aﬂ(r—t) e_f2ﬂffx(f)d7 Slw(t)‘ O’t
(finite interval form) -26n 1}
Gy oyt (EFIHE - onle-b ["’«l’éeu dt
x ’\r[t quy,r e e ()l T [m e Ydt
lT,- J_t)

= )oso le-n'cal d1

larger o: higher resolution in the time domain

(noavrrow o .
window lower resolution in the frequency domain

smaller o: higher resolution in the frequency domain

(wider o . |
win dow lower resolution in the time domain
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Gabor transform for Gabor transform for
Gaussian function exp(—7z?) Gaussian function exp(—z?)
c=0.2 o=15

f-axis




Fe 2 %t time resolution 4p #f + ¢ frequency resolution A g £773 5L

(1) Using the generalized Gabor transform with larger o

(2) Using other time unit instead of second

e Bt (H - C sec) f(¥d = ¢ Hz)
fj’%\ﬂ ZELF 1T a
t(H = 0.1sec) f(H = :10Hz)
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III-G Gabor Transforms with Adaptive Window Width

RNE swmall &
lavge 6/{' : f
For a signal, v ‘ \1

) 7
when the instantaneous frequency varies fast — larger o

when instantaneous frequency varies slowly — smaller o

G ()=o) e x(e)ar

a(?) 1s a function of ¢

S. C. Pe1 and S. G. Huang, “STFT with adaptive window width based on
the chirp rate,” IEEE Trans. Signal Processing, vol. 60, issue 8, pp. 4065-

4080, 2012.
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4T © Matlab B A2 R AL E L F F ihdy £

(1) 1% P&l 5 % L ﬂ}“'ﬁ’_ﬂ i v

(2) & ¥ & @ * Matrix 2 Vector operation

(3) &t 49 A fir BN i@ g oo P A5 I e B

(4) B A TRl 2 & 2IH LRI (%] R R F 5 debug)
(5) R RIGEH E bl o $ 3 (5 R Rl A S b

:X ! ¥ ¥ Matlab Program (or Python program) 29 i Rl FET KB
M i e 388 o Program 3 {7 iE B AR 0 & ﬁm]}éf\rs o
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~ # £ & th Matlab #; 4

(1) function: 3 &% — 7 » 7 M E-FE B A2 S 50 1
(2) tic, toc: 3+ & PF R
tic = B 4n2-PF > toc & B o PR RF
(3) find: 3% & - B vector § » # &3t 0 erentry i ¥
#= 0] D find([100 1]) =1, 4]
find(abs([-5:5])<=2) =14, 5, 6, 7, 8]
(F] % abs([-5:5])<=2=[00011111000])
(4) " : Hermitian (transpose + conjugation) > . ' : transpose
(5) imread: & B
(GX :© #-% ¢h Matlab "< & imread & §- double I *
A=double(imread(‘Lena.bmp’));



(6) image: #-HB] & 1 J1 Kk > 108
(i) &1 A I @
image(A) % A has the size of MxNx1
colormap(gray(256)

(ii) &g 42 ¢ B » B Hcenfi?)
image(A) % A has the size of MxNx3 and the entries are integer
(iii) & 1 42 ¢ B » 2LE oA
1image(A) % A has the size of MxNx3 and the entries are non-integer
(7) imshow, imagesc : » ¥ * %k & 1 ]
(8) imwrite: % # Bl 4%
(9) aviread: % B~ video #% @ "L &4 & 5 avi
(10) VideoReader: 3% B~ video #%
(11) VideoWriter: #l 1% video ##
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(12) xlsread: ¢ Excel 4% & P~ 7k

(13) xlswrite: #3758 = Excel 4§
(14) dlmread: 3§ B~ *.txt 2% H i 5§73 J)}:&j;’% E AL
(15) dimwrite: #-FHL 8 = *txt & H s 555 %
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‘it ¢ B Python B A 4238 ¥ o ¢ * DlenE &g £

FREE L
pip install numpy
pip install scipy
pip install opencv-python
pip install matplotlib

(1) Z_&% S 3% ;& % def

Q) EEFF
import time
start time = time.time() #EP~F = pF ¥
end time = time.time()

total time = end time - start time #3* & PR L KT DB R F

B OH2021# iz ot feehiE it 5



‘ e iy L B v 111
(3) # Z~WlAn ~ AT BlAn ~ ;o Bl

(%)
import cv2
image = cv2.imread(file name) #3f 3k color channel = BGR
cv2.imshow(‘test’, image)
# & image eHiE 2L 5 B > & Tt = cv2.imshow(‘test’, image/255)
cv2.waitKey(0)
cv2.destroyAllWindows()
cv2.imwrite(file name, image) #7% #-color channel# 5 BGR
(% #2)
import matplotlib.pyplot as plt
image = plt.imread(file_ name) #%¢ X color channel = RGB
plt.imshow(image)
# % image g 2L > £ :x = plt.imshow(image/255)
plt.show()
plt.imsave(file name, image) #% #-color channeli# = RGB
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(4) F Harray? % L4 2 if @ hE el

(40 % ** Matlab > find 45 £
import numpy as np
a =np.array([0, 1, 2, 3,4, 5])
index = np.where(a > 3) # = #array([4, 5])
print(index)

(array([4, 5], dtype=int64),)
index[0][0]

4
index[0][1]

5
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Al=np.array([[1,3,6],[2.4,5]]) A = B j 2}
index = np.where(Al > 3)
print(index)

(array([0, 1, 1], dtype=int64), array([2, 1, 2], dtype=int64))

(N 458 LAl >3 ahgheniz & g4 5 [0, 2], [1, 1], [1, 2]
[index[0][0], index[1][0]]

[0, 2]
[index[0][1], index[1][1]]

[1, 1]
[index[0][2], index[1][2]]

[1, 2]
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(5) Hermitian ~ transpose
import numpy as np
result = np.conj(matrix.T) # Hermitian

result = matrix. T  # transpose

(6) 7= Python % * #f P~ Matlab § ¥ ¢ mat £

data = scipy.i0.loadmat('***.mat')
y = np.array(datal'y']) # 3% y £ FFFmat § ¢ g4 i e A



IV. Implementation
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IV-A Method 1: Direct Implementation

2 STFT % o

X(t.0)= [ w(t—r)x(r)e > iz

-

Converting into the Discrete Form

t=nh, f=mhA, 7=pA,

p=—»

- _ 4
X(nAt,mAf) = > w((n —p)At)x(pAt)eﬂ”pmA’Af

divect twplementation wethod
Suppose that w(¢) = 0 for |¢| > B,

B/ A,=Q

S ——

n+Q

p=n—0

X(nAt,mAf): > w((n-p)A,)x(pA,)e TV A,

[ %

dt ->A‘t

W(n-PA¢) = O

for In-Plo¢ 2B
1h-p) )'Ji.:él
O¢

©(TFe)

Problem : %t scaled Gabor transform @ % > Q=7 1143

T hamber of n ’F nuwber It M

A4AG
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e Constraint for A, (The only constraint for the direct implementation method)
To avoid the aliasing effect yet) > Y- ¥
o avoid the aliasing effect, _+ SAf 4

A, <1/2Q,  Qis the bandwidth of ? w(£-T) #(T)

I Suppoce that the bandwioltl, of Xul/r) T _g-_w
S¢S 3) i ™

1= QX" '\'ﬂw

There is no constraint for A, when using the direct implementation method.
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Four Implementation Methods

Be* s, T 24000

- - o o~ oD - 0090
opz| , £2-20000~200 F:4%o0

Complexity: & (TF Q’> ccoled Giabwr  +I43 T G4oo
8= A 300

(1) Direct implementation

B3k t-axis 3 T # sampling points, f-axis 3 F i# sampling points
(2) FFT-based method un balaned form
Complexity: G{TMI 09 /V> Vg ( %‘ NlogN)
(3) FFT-based method with recursive formula
Complexity: 9»( T F’)
(4) Chirp-Z transform method

Complexity: (9 (T N 109 N ) (owm y)ex‘g{ y
MZ > (2>
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(A) Direct Implementation

Advantage - simple, flexible
Disadvantage : higher complexity

(B) DFT-Based Method

Advantage : lower complexity

|
(n 8+¢< 2[nytw)
(4edp:%, FDONTL2 ovt)

Disadvantage : with some constraints

(C) Recursive Method

Advantage @ least (omplexifs
Disadvantage : mere onstrainte evvor pVOPOga-['ZoV,
(iv) Y?Cfaha‘i]ﬁv windlow/

(D) Chirp Z Transform

Advantage -mem\,le (ow\7/ COMS{'M?*\"S A{-< o &;S)

Disadvantage k,l.e, ‘°""‘|"Q‘7{/ 'H‘Gh (B)(I\;?ZQ-H



-Based Method

IV-B Method 2: FF
) ILw)

z
Constraints * (ii) A A= 1/N, Z‘N s Some Tnteger)
(iii) N=1/(AA) 220 +1:  (AA, I Bz dk)
N-1 _ 2mmn Q(Nlo N
Standard form of the DFT Y[m] = Zy[n]e B 4 )

n=0

n+Q )
X(nAtﬂmAf): Z W((n_p)At)x(pAt)e_ﬂﬂpmAt%At

p=n—0
AA=1/N

119

€

n+Q _j2xpm I 2% ~2R
X(nAt,mAf):ngW((n—P)At)X(pAt)e NCOA, eé'ﬂl""-_- eJN qm.}%"(w&)‘h
Ph-Q = =0 = —p= +
P i@, 9:20. q=pAnQ) > p=n-0)tq
2x(0-nym 20 _nam
X(nAwmAf):Ate N r&v((ﬁ)At)x((q-l—n—Q)At)e !
4=0 -9 /

| —

y J
7 (q)
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Note that the input of the N-point FFT should have N points (others are set to zero).

27(Q-n)m N-1 _ 2mgm

X(nAt,mAf)zAteJ N le(q)eJN , q=p-(n-0)—p=m-0tq

;&)’; 0 for ié_; _q_<_ }\; _
k=q-0 n-Q <n-Q+qg < n+Q
! 020-q2-0
2(0-mm If x(l htk)D4) 1< oat of
X(nAt,mAf) =Ae Y DFT(x(q)) rawge, cet 7(((\0-”:)6—() =0
R 4
whete x(q)=w(kA )x((14+5)8,) for 0<g<20. -0<k<O (h=q-O)
- 40 400 m—
x,(q)=0 for 20 < q <N.
(Suppose that w(z) = w(-1)) w((B-d)A¢): w (< A¢)
A povi o€ (Al <) ~"""U‘At)

n-0. ~n+0e
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27(0-mm
(o) DT (3 o)

t

D .
R -

(1) ¥ 12 * Matlab 7 FFT 4 4 %3+ % le =X, (m)

singe #,(9) varies with

A
Q) - BHT S MEE - T S cht S
T F J27z(Q n)m N-| 272'qm jz;;(Q_n)m
X(nA,,mAf)zAt N le Vo=Ae N X (m)
s 2 @h)m
(fixed n) - p|:1 — alhiphy pg 8 W (@)
T( Nlogl\/‘l']:)

(3) Complexity = ?

= TN [091\/



Bk t=nA, (ngt1) A, (ng+2) A, ==, (ngtT-1A, Nez0, T=60)122

J=myAy (mot1) Ay (my+2) Ag =oeee- , (mytF-1)A,
Step 1: Calculate n,, my, T, F, N, QO
Step 2: n=n, zin.;l:tfm’_
Step 3: Determine x,(g) h m=f A \
. _ _ page 120 f -l
Step 4: X,(m) = FFT[x,(q)] pag m; = mod(m, N)@
Step 5: Convert X;(m) into X( nA, mA) | N:=40Q X [-109]" ))((.[[3 00]
X,[-441 = Xi[301]
X(nAzt,mAf) = X, (?)x? X, [:\1 = X, zqu]
- —n - -
2887 OBy, (), X Dmi]= 3A (e ‘)” =X, ()]
XQ(M): Xl (Wde(”bN)) 27rqm
sipg A2, Kinl= e
0 < wm <L N-

Step 6: Set n = n+1 and return to Step 3 until n = ny+7-1.
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IV-C Method 3: Recursive Method

* A very fast way for implementing the rec-STFT

. ) 22 n+Q _2zpm
(n frn—17 recursive:Hig %) X(nAt,mA ): > x(pA,)e ! N‘iti

p=n—0

-1

X((n-DA,mA,)=3 ApoYe? v Bt

P-n4-06-
(1) Calculate X(min(n)A,, mA)) by the N-point FFT
j27r(Q—n0)m N-=1 _j27zqm .
X(noAt,mAf)zAte N le(q)e Nol, o ng=min(n),
q=0

% (q)=x((n=0+q)A,) forq<20, x(q)=0 forg>20
NigN+TF +(T-D) ()= M ~+ FY2TF = 2TF
(2) Applying the recursive formula to ca culate (nA,, mA)), (9("[‘;)

n=n,+1~ max(n) P: n-l -4

X(nA,,mA,)=X((n-DA,,mA,)-x((n-0- 1)A6 2 OhmIN A

+x((n+Q)A, )e PTOMIA e— twi F-puint vedtos
= P=ht+o-
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IV-D Method 4: Chirp Z Transform

exp(—jZﬂpmAtAf) = exp(—jﬂpzAtAf )exp(jﬂ(p —m)’ AtAf)eXp(—jﬂmzAtAf)

For the STFT \ ] /

st —j2m pmA,A
X(nAt,mAf): Z w((n—p)A,)x(pA,)e “TA,

p=n—0

X(nsmA, ) =AY (= p)A,)x(pA, )T

p=n—0
TF Step 1 multiplication 26 %)

Step 2 convolution 2 Nlog N

Step 3 multiplication F
TESHRN N YF) 2 2TWi0g N © (TWIeg )



Step 1 X, [p]=w((n—p)A,)x(pA,)e
n+Q 5
Step 2 X2[n,m]: Z xl[p]c[m—p] c[m]_ jrmtA,A
p=n—-Q

Step2 f3+& + » Z & * 7 linear convolution sk 37

Question: Step 2 & * % * 28Len DFT?

125

n-Q <p<nt+tQ

IDFT (oFr (%) PF(c))



e Illustration for the Question on Page 124 126

ylnl= ) x{n—k]h[k]

e Case 1
When length(x[n]) =N, length( h[n]) =K, N and K are finite,
» length(y[n]) = N+K-1,

Using the (NV+K—1)-point DFTs (5 2 BLASE 4 — & i 0§ 23%)

e Case 2
x[n] has finite length but 4[n] has infinite length ????



yinl= D x{n—k]h[K]

k

Case 2

x[n] has finite length but /4[n] has infinite length

n] gl s neln,nl #R=] 5 N=n—n+1

i3

EAN AR GO

yn] * - BFRG & (§ [

yln] enE ¢ - £

&%)

# H

¥ & dvehyn]

| S 0 [my,my] 0 F R

hn] mgw ) ?

£ %

5 > gL FFT ?
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<

—
S

—
Il

- y[n]=x{n]#hln]= ) x[s]h[n—s]

x[n  h[n—n ]+ x[n, +1]A[n—n, =1]+x[n, + 21h[n—n, — 2]
------ + 2, h{n—n,]

128



mg—n m, —n, 2
p— 2 yln]= Zx[s]h[n — 5]
| / S=n

W-,ll_lfl2+1 ml—n1+1 !
: ; %
i ml_nz_l_z{/ IIII ml_nl+2
| —— :
n=m P

n—s g
n=m +1pF :
i n—s R S omym myn,
: 3 -
n=m, +2 pF n=m, pF
”_Sm%%] n—smg‘jwﬁii‘]

7 % D hlk] g R ke [m)— ny, my—n]
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#0000 3 % Plen h[k] enfe BE_k € [m;—ny, my—n, ]

FFT implementation for Case 2
x[n]=x[n+n] forn=0,1,2,..., N—1

x,[n]=0 forn=N,N+1,N+2, ...... , L —1 L=N+M-1
hinl=hn+m —n,] forn=0,1,2,...,L-1

w[nl=IFFT, (FFT,{x[n]} FFT, {h[n]})

ylnl=y[n—-m+N-1] forn=m,m+1, m+2,..,m,
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IV-E Unbalanced Sampling for STFT and WDF

#-pages 115 and 119 0= 2 Tz &t

X(t,f) = J:w(t—r)x(r)e_jz”ﬁdf
l w(nd¢ -pat) = w(h S&t-pdc)

nS+Q .
X(nAt,mAf) = Z w((nS —p)Ar)x(pAT)e_ﬂ”pmA’AfAr
p=nS—0Q
where | 7= nAt,\ f=mA, |r= pA,,) B=0A_ (% w()=0 for |t > B),
ex: D<=2— A4=0-0]
S=A/JA, A=A, S:4¢4)

3L ¢ A_(sampling interval for the input signal)
A, (sampling interval for the output 7-axis) can be different.

However, it 1s better that S = A/ A_1s an integer.
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When (1) AA=1/N, Q) N=1(AA)>20+1: (AAF & EFEHDF|HTr¥)
(3) A, <1/2Q, Q) 1s the bandwidth of w(r — t)x(r)

O @A e, | FT{w(r-1)x(D)}] =| X (1. ) <0 when |f]>©

nS+Q _j2mpm
X(nAt,mAf): Z w((nS—p)Ar)x(pAr)e TN A,
p=nS—Q

£ q=p-(S-0) o> p=mnS-0)+q

27(Q-nS)m{N-1 _j2ﬂqm

X(nAt,mAf)zAIé Yoy x(g)e N

Ca— 7=0

% (q)=w((@-A, )x((nS-0+q)A,) for0<g<20,

x1(¢)=0 A= Wtk Dnd+l for20<g<N.
If w(f) = w(-1)) AR =: (g 2 (a-ns) tt #¢ Pge 120

-adkfa
OO o ML

——

x(q)=0 for2Q0 <qg <N.



B3k t=cyA, (gt A, (cgt2) A, e ,(cg+ C-1)A, 133

= CoSA, (CpS*+S) A (€oS25) A -+, [eyS+ (C-1)S] A
f: mo Af’ (m0+1) Af’ (m0+2) Af’ """ . (m0+F‘1) Af
T =nyA, (nyt1) A, (ngt2) A, ==+ , (ngtT-1)A S=A/A,

Step 1: Calculate ¢y, my, n,, C, F, T, N, Q
Step 2: n = c,

Step 3: Determine x,(q)

Step 4: X,(m) = FFT[x,(q)]

Step 5: Convert X;(m) into X( nA,, mA))

Step 6: Set n = n+1 and return to Step 3 until n =c,+ C -1.

Complexity = ?
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IV-F Non-Uniform A,

(A) £ % gt A,

(B) 4o 5 3 X (nA,mA, )| 4o [X((n+DAmA, )| 2 R4 ek L B

Bl & nA, (ntl) A, 22 FFiE * #] 0 sampling interval A,
(A, <A, <A, AJA oA AL % 5 F )
£ % page 131 07 £ & O

X(nA + A, mA ) X(nA

t1°

+2A  mA ), e X((n+1A, - A

t 112 f)’ ’ mAf)

11?

(C) 72 - 8541 » 4ok ‘X (nA, +kA,,mA,)

. X (nA, + (R 1)A,mA )

L BER A < < o PR E* /] evsampling interval A,

(AT <At,<At,, At/ Aty FeAt,) At ‘¢ 5 B H)
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Gabor transform of a music signal

\\

-~
-

{6 So
i 200

-] \ ‘
&P B}_")i%mo

0 0.2 0.4 06 0.8 1 1.2 1.4 1.6

A,=1/44100 (3= 7 44100 x 1.6077 sec + 1 =70902 2t)



(A) Choose A, = A, 136

running time = out of memory (2008 ) 15.262140 sec (2022 )
(B) Choose A, =0.01 =441A, (1.6/0.01 +1 =161 points)
running time = 1.0940 sec (2008#) 0.041053 sec (2022 # )

(C) Choose the sampling points on the z-axis as nonuniforus

t=0,0.01, 0.02, 0.03, 0.04, 0.05, 0.1, 0.15, 0.2, 0.4, 0.45, 046, 0.47, 0.48,
0.49, 0.5, 0.51, 0.52, 0.53, 0.54, 0.55, 0.6, 0.8, 0.85, 0.9, 0.95, 0.96, 0.97,
0.98,0.99, 1, 1.01, 1.02, 1.03, 1.04, 1.05, 1.1, 1.15, 1.2, 1.4, 1.6

running time = 0.2970 sec (2008# ) 0.010594 sec (2022 # )



with adaptive output sampling intervals 137

1000
900
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700
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*$+4%— Fv Dirac Delta Function 4p i s ¥ * 23U

FT0) st 1 /- SEOE]

() [ e dt=5(f) e S sit)

_oo t:zb'\f: b b= O
2) o (t) = ‘a‘ o) (at) (scaling property) S (0'4_ )
o Lo ta=s(e(N)=Zewl olr-)  _JI2

where f, are the zeros of g i &
. N [Zstat)ol

(4) J-_OO o (t —1, ) y (t, ------ ) dt=y (to yrree ) (sifting property I) :"b'ﬂ

(5) 5(1_%))’(1» """ )=5(t—to)y(to, """ ) (sifting property II)

y H’)/\/"\, YH') 8“"""0)
S(‘(’Jf-) - 7 (+ °)8 H'-"( 9)
when b~ D
+Z"°\+a+\>



