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I1. Short-time Fourier Transform

II-A Definition

Short-time Fourier transform (STFT)
X(t,f)= j_oo w(t—7)x(r)e >/ dr

Alternative definition

o0

X(t,a)) = j_oow(t — r)x(r)e‘jmdr

7

P =l

5 Bk

1] S. Qian and D. Chen, Section 3-1 in Joint Time-Frequency Analysis.
Methods and Applications, Prentice-Hall, 1996.

N\

[2] S. H. Nawab and T. F. Quatieri, “Short time Fourier transform,” in
Advanced Topics in Signal Processing, pp. 289-337, Prentice Hall, 1987.



STFT X(t,f):jiw(t_f)x(r)e-jzﬁffdr
X(to)=[" w(t=z)x(z)e " dr

Inverse of the STFT: To recover x(?),
x(t)=w(1, —t)jiX(tl,f)eﬂ”f’df

where w(t, —f) # 0.

For the alternative definition, the inverse transform is:

x(1) =iw1 (6 -0 X(t,0)e" do
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The mask function w(¢) always has the property of

(a) even: w(t)=w(—f), (L% & R Bif* £ K &)
(b) max(w(#)) = w(0), w(t,) 2 w(t,) if [t > [t

(c) w(f) = 0 when |f] 1s large

b 1 any positive
real uwbey
w(f) = A(¢) (triangular function) w(t) = exp(—alt|?)
(hyper-Laplacian function)
t=—1 t=1
A (0):)

Max[A(5)] = 1

How do we make bC"H‘,?Y
time - vegolution by adyugiivg
2 b7
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II-B Rec-STFT

Rectangular mask STFT (rec-STFT) w( t) — rect L)

X(t,f)= jfjx(f)e-ﬂﬂffdf
,(WH-UW(T)ed f;f“_ -B O B t-axis

Inverse of the rec-STFT T
x(t)=[" X(4.f)e” " df W(~1)
where t—B <t <t+B — — T
Ex 4 0 by acee) B3 Wity
-8 t18) > (13, t43) < Case | ¥ £43¢H T
.‘ 7‘“__H Crer kf i-a, I
T Ut-3<T <43 X £):0 I 21 T
The snnplest form of the STFT *(ase > -\4(—&33(< ) Tt T: t4R
w4t L2 SRR edanf
- tH3 _SJanft
t 3 -(-+3 X(6€)- f e 9 ST _

Other types of the STFT may require more computatlon tlme than the rec-
STFT. + Cage 3 t4301,¢-34-1  ~Caed 444341 (aseh 3|

"2'[{:42 X(4,€):
X 8)- 5 JZM‘I'O\ FT(H(—Z-)) =2 sthe (2F) /F)0



II-C Properties of the Rec-STFT

(1) Integration (recovery):

(a) _[ (t,f)e* " df =x(v) whenv-B<t<v+B,

=0 otherwise

®) ["x(e.f)dr=["x(z)[ e drde

.t—B —0o0
°1+B

=.t_Bx(r)5(2')dT
(x(O) when 1-B<0<t+B, —B<t<B

| 0 otherwise
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(2) Shifting property (3% 7= = # #)

J‘:fx(z_ — 7 )e_jzﬂfrdf = X(t - z-Oﬂf)eﬂ”ff0

(3) Modulation property (%77 v # #)

[ie(e)er e P d = X (1, f - )
STFT with a vectangular window

I{f X('(',‘C) [£3 the Vf{STFT O'F 'X(‘(’)

X(t,f£)
%__x -PT b/(3, 2)
74

then the rec-STFT of ety ¢ 3)

|
—
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Al4) X(44)" ideal 1 # .
(4) Special inputs: ——3 _Bz' ;B > ¢ >4
(1) When x(2) = o), ‘ , smaller B %

X(t.f)=1 when-B<t<B, X(1f)=0 otherwise better
(2) When x(¢) = 1 XUAN0 f - 55 .
N (s a hohZero lnteger
X (t,f)=2Bsinc(2B f)e />
|X(t,€)|28B | sinc(28€))

\X(49)) ©s ndependent of t - S : . =
IEEI RN Ty e Y S AR l
- 4‘: -
Sinc (£)z Sin7 P fov 71H):| el T4
N lovger B 1< better.
slhcw):o if £ o nonzgero Tn'l'eger
sing(0):| time >t

A - | fequens:
eé B Y
s I

uncer+ o ’c)' principle
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(5) Linearity property

If h(?) = ax(t) + By(¢t) and H(t, f), X(¢, ) and Y(¢, /) are their rec-STFTs, then

H(t, f)=aX(t,[)+ pY({L])

(6) Power integration property te ﬁ Power tegwition
pYoper ‘('7 of the
dr Fourrer trancfornn

W X))z FT(xlt))
L) dre= 23]1\36@)\2 SR W %) o Txtey) ol

t+B

[ [x () dfj

(7) Energy sum property (Parseval’s theorem)

[ [ x(r)r(e.f)dfdt=2B] x(r)y (z)dr
j_ooX(t, )Y (t.1)df = jt’_*:x(f) ¥ (r)dr



a .
’Jo

ny

(1) ¥Rit |+ & Fourier transform » 3 ?

(2) 3 3] fi ch STFT 2% 3 & 02 enje 4 2

Shifting jiw(t—r)x(r—fo)e_jz”f’dr
—J- (t—7-17,)x (T)e_jz”ffe_jz”f"’dr
= X(t—1,, f)e

Modulation
j_oo w(t—7)[x(z)e’*" e’/ Tdr =

X(t.f- 1)
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Example: x(¢) = cos(27f) when ¢ < 10, f=1
x(f) = cos(6rt) when 10 < ¢ < 20, £:13
x(f)=cos(4zt)whent>20 f=12

side IOLC

(£rom the convolution
with dhe stuc Lunction)
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Frequency (Hz)

Frequency (Hz)

10

B=0.5

15
Time (Sec)
B=2

Time (Sec)

+ res olution /l\
£ resolution |

20 25

4 recolution |,

£ vecolution ’r
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II-D Advantage and Disadvantage

e Compared with the Fourier transform:

All the time-frequency analysis methods has the advantage of:

The instantaneous frequency can be observed.

All the time-frequency analysis methods has the disadvantage of:

Higher complexity for computation
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e Compared with other types of time-frequency analysis:

The rec-STFT has an advantage of the least computation time for digital

implementation

but its performance i1s worse than other types of time-frequency analysis.
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II-E STFT with Other Windows

(1) Rectangle

(2) Triangle -8 B '
\/\ B
-2B 2B

(3) Hanning

W(t):{0.5+0.5cos(m/B) when |t|£B

0

(4) Hamming

w(0) = {0.54 +0.46cos(zt/B) when |t|<B

0
ma
(5) Gaussian <9

w(t)= exp(—ﬂatz)

n(.g-g)fl»

2Bsint(2B+)

s L% L R4B sTnc* (2R F)

JLU L (¥ -
S~— Tt nite -Wmes —_—

-_— -

otherwise — N\
_.é
st T+
otherwise Fr(e ::)—) < E-Pz
FT(e™)51 2%

«1 V6



(6) Asymmetric window

& o selsmic wave analysis, collii%ﬁn detection

42

(The applications that require feal-time processing)
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B

-—

(1) Are there other ways to choose the mask of the STFT?
(2) Which mask is better?

23 - wPE %
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II-F Spectrogram

STFT e ¥+ & T > » 1% Spectrogram

SP(t.f)=|X (6.1 =

e

WL ik ¢ spectrum iz Fourier transform % 4 5 T =

> /I?;%_F » spectrogram i B L3 g & % 4 STFT

e g ¥ b > spectrogram o STFT ¢4 5 & 4p e i
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k= 1 @ * Matlab #-FF4E £ 7.5 % Show I} %

?j,}ffrr%fé_" PV

(1) & * meshdp 4 & 1) = %8 ]

(2) #amplitude % 5 gray-level » * %1 A [F Blen™ jZ 8- 5 LR IR

Bk y AP A 413 E i %

image(abs(y)/max(max(abs(y)))*C) % C &~ & % #ic > & ¥ f§ i C=400
£ image(t, f, abs(y)/max(max(abs(y)))*C)

colormap(gray(256)) % % = gray-level ]

set(gea, Ydir’,'normal’) % % iLiz— 7, y-axis e v Z_F|iF K 0

78



set(gca, ‘Fontsize’,12) % T % 5 4 dh#ic B o0 font sizes
xlabel("Time (Sec)','Fontsize',12) % x-axis
ylabel('Frequency (Hz)','Fontsize',12) % y-axis
title(‘STFT of x(t)','Fontsize',12) % title

FERANFER R £
tic (idp 4 4rle 3T HBiKR)
toc (show A 4kIET S e KHNiTH F PR
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kw1 @ * Python #-PFF4E & 7@ F I k

AR o TR
pip install numpy
pip install matplotlib

Bakys A A 1T 8% (B 5 - Gaved ic)) > #y AR N F Mk
import numpy as np

import matplotlib.pyplot as plt

C =400

y = np.abs(y) / np.max(np.abs(y)) * C

plt.imshow(y, cmap='gray', origin='lower")

# 4c + origin='lower' # % + T 4p &

plt.xlabel("Time (Sec)')

plt.ylabel('Frequency (Hz)")

-\, =f £ 7 % JREVREPES - £
plt.show() B 2021 F E et freniE B B
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F & 4o b shBic B (Aplt.show()zo & 4 1T 47 5V 7))

x_label =[°0°, ‘10°, <20°, ‘30°] # H dh &
y label =[*-5", 0, ‘5] # G h s B
plt.xticks(np.arange(0, x_max, step=int(x_max/(len(x_label)-1)), x_label)
plt.yticks(np.arange(0, y max, step=int(y _max/(len(y label)-1)), y label)

Reference :
https://matplotlib.org/stable/api/ as gen/matplotlib.pyplot.xticks.html

AR
import time
start time = time.time() #EB~F = pF ¥
end time = time.time()
total time = end time - start time #:* & PFRF L K @I AR TR
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III. Gabor Transform

I11-A Definition
-T2

Standard Definition: wl(T): e
G (t,f)= j_oo e " e 2 x (1) dr

Alternative Definitions:

) ]27zf(r——) &‘m(b"})- }E-"(‘G’x{{' F)
Gx,l(t,f)Zj_ ey, ( )dz' ,GMAH'}F)\ - ,C“x[f' P)l

G 2 (t,f) = Q/EJm e_”(f‘f)2 e_jzﬂfT.X(T)dT — normalization

G.,(t,0) :J- i e x(r)dr

(t,0) \/7.[00 ;D x(7)dz
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Main Reference

* S. Qian and D. Chen, Sections 3-2 ~ 3-6 in Joint Time-Frequency Analysis:
Methods and Applications, Prentice-Hall, 1996.

Other References

* D. Gabor, “Theory of communication”, J. Inst. Elec. Eng., vol. 93, pp.
429-457, Nov. 1946. (&% #& ! Gabor transform)

* M. J. Bastiaans, “Gabor’s expansion of a signal into Gaussian elementary
signals,” Proc. IEEE, vol. 68, pp. 594-598, 1980.

* R. L. Allen and D. W. Mills, Signal Analysis: Time, Frequency, Scale, and
Structure, Wiley- Interscience.

S. C. Pel and J. J. Ding, “Relations between Gabor transforms and
fractional Fourier transforms and their applications for signal processing,”

IEEE Trans. Signal Processing, vol. 55, no. 10, pp. 4839-4850, Oct. 2007.



Note

wie /I?% 3= Gabor transform E 3% 324 i short-time Fourier transform
(STFT) » § %+ » Gabor transform ¥_STFT § ¥ - i special case.
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III-B Approximation of the Gabor Transform

Although the range of integration is from —oo to o, due to the fact that
e ™ <0.00001  when |a|>1.9143
e '2 <0.00001  when |a| > 4.7985

the Gabor transform can be simplified as:

t+1.9143

(t f) L 19143 ”(T_t)z e (Z‘)dT

T— t
t+47985 - —]a)(r——)
t a) ‘/ 2 x(r)dr
t 47985
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IHI-C Why Do We Choose the Gaussian Function as a Mask

(1) Among all functions, the Gaussian function has the advantage that the
area 1n time-frequency distribution is minimal.

(f= & i 9 STFT 4p+t > v #ae 49 e PP 3E  time-domain §- frequency
domain #&5 4+ B R )

w(t) =~ & — time domain 3§47 & & £

w(t) ~ % — W()=FIw(@®)]+~ & — frequency domain 3§47 & i £

(2) Special relation between the Gaussian function and the rectangular
function
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(Note): ¢ ** Gaussian function #_ FT &0 eigenfunction ° ]t Gabor
transform 7 time domain fr frequency domain e+ B -5 jp 4

—Q0

2 —jet 3, —f22 .
I e “e’dt=e a:Ty b:g2n €

—00

0 2 2 "4 n :cl
according to I e “dt=rla-e" " ,\F’E e &n

o = es
M. R. Spiegel, Mathematical Handbook of Formulas and Tables, = é n
McGraw-Hill, 31 Ed., 2009.

Gaussian function is also an eigenmode 1n optics, radar system, and other
electromagnetic wave systems.

(will be illustrated in the 8™ week)
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Uncertainty Principle (Heisenberg, 1927)

For a signal x(¢), if /¢ x(#)=0 when |ff — o, then

6,0, 2 1/4n

G¢ < standovd deviation
uwthe time axis

where ¢’ II(f—ﬂz)sz(f)’df o, = j(f—ﬂf)zPX (f)df.
= (1P (1)dt, =P
O x() |2 X(€)= FT(W( 1)
Px(t)_ﬂx(t)fdt’ P (f)= ?X(fﬂ ,
! J1X(NHEdf -
by n oaddi{ion + -7 . -
?’E((X—SZ)‘) De *it-1° 14\{;9.6 all satis P?' 6¢Cp* 2-75
variane Q gttt x4 i
o e moolub'(loh

E: etpeC*M‘ varlue %{,
@ mag nification L2684, thew - O+t

»1: 64> =
@ L S(a\hhga 6.phew . 26_9



(Proof of Henseinberg’s uncertainty principle):

From simplification, we consider the case where u, = =0

Then, use Parseval’s theorem

1 [P de 1o ar

O .0, =

T ar (Ix@ Pt [|x()[ de

[Ix)F ar=[1 XN df if X(f) = FT[x(0)]
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From Schwarz’s inequality (x(@),x(0)){y(®), (1)) Kx(f)ay(f»‘z

3 (t)%x(t)dt + Itx(t)%x*(t)dt

2
]/z

/4 (using |at+b]?> + |a—b|*> > 2|al?)

jtz [ x(6) ] dtj| X @) dt z(

2
>

I(tx* ()L x)+ tx(t)%x* (t)jdt

dt

2 2
/4 = /4

= t%[x(t)x* (1) |dt te()x' (1)) =[x (O)x(0)dt

- [zx(r)x* (1), —ox(o)x’ (z)\H_w] - [ ()x(e) dt "4

=[x di| 14

90
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For Gaussian function

2

x(t)=e™ } X(f)ze_”f2

‘; *j_c’j (t_J*;}P (1)dt = Ja—u) |x@F dt [0 di
C T AT AT [lxypa [Ix@)p ar

s, G¢: Cf

Since u, =0
” 2 2’
[ (fa=[" e ar=2fL oiyn 1o
(nt)=n]
use I_we_(at2+b’)dt=Vﬂ/a-eb 4 fgmmm Lunction
) 2 40 (% 2 222 3, A(T.2 2722 5, F(3/2)_ 1
Lot x(2) a’t_j_oot e dt_2jo fe dt—22(27[)3/2 =
* o ary, _ DLUm+1)/2] AR
usc .[0 e dt — 2a(m+l)/2 2-2-%;

r(1/2)=~z T(n+1)=nl(n), T(3/2)=n/2

n (n=1))



, P l@ofdr [
—  [Ix@Fdr  A4x "Naz
1
FIE, o, =,—
/ 4r

>
—

#1712 ¥+ Gaussian function @ 3

1
Gth:E

m TR

[1 £ Z ] M. R. Spiegel, Mathematical Handbook of Formulas and Tables,

McGraW-Hill, 3rd Ed., 2009.
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f~axis

I1I-D Simulations

Gabor transform for rec-STFT, B = 0.5 for

Gaussian function exp(—?) Gaussian function exp(—7?)

4

f-axis
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x(f) = cos(2xt) when ¢ < 10,
x(¢) = cos(6x ) when 10 <1 <20,
x(f) = cos(4 t) when ¢ > 20

Gabor

R —

Frequency (Hz)
O b b N LA o 2N w b oo

@)
9

10 15 20 25 30
Time (Sec)

94



95

Gabor transform of s(¢) Gabor transform of 7(¢)

f-axis
f-axis

10 5 ) 0 . 5 10
-axis
clv\'wp
s(t)=exp|jt’ /10— j3t) for 9 << 1,
( )_ Pl | ) for r(t)=exp(jt* 12+ j6t )exp| ~(t—4)* /10|

s(?) = 0 otherwise, Al) < . (t-4)
Fn;*ah{'amo Oug - ?
.‘\veq. - 7 (V\(‘l'qh-(‘q heou.s QcQua\ Cy

< £ ,3
=tx



f-axis

Gabor transform for s(¢) + 7(¢)

f-axis
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III-E Properties of Gabor Transforms

G (t.f)= f e‘jz”ffe_”(f_t)zx(r)dr

(1) Integration property

When k£ # 0,
When £ =0,
When k£ =1,

G (t,f)e*™ df = x(kt)
" G.(t,f)df =" x(0)

_OO G. (t, f )efz’”f df = x( t) (recovery property)

(2) Shifting property

If y()=x(t—1,), then G (1,/)=G, (t—t,,[f)e*™'".
(3) Modulation property

If y(t) = x(Oexp(27f), then G (1, £)=G, (1, f - f;)
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(4) Special inputs:
(a) Whenx(7) = A7), G (1,f)= o

- {2
(b) When x(7) =1, G, (Z,f) _ e—jZﬂ'fte—;z-fz ' Gq{(“/‘P)’ ze

(symmetric for the time and frequency domains)

. Gabor for delta(t) Gabor for 1

-10 :
-10 -5 0 5 10
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(5) Power decayed property

o I x(¢)=0 for¢> ¢, then

f:o Gx (t,f)‘2 df < 8—27Z'(t—t0)2 J-:
2

2 (=t )
i, averageof|G, (t,f)‘ < e 7" xaverage of ‘Gx (to,f)‘ for t > ¢,.
(fix ¢, vary f) (fix ¢y, vary )

G. (1. f) df

(Proof):
Gx (t,f) _ J‘_fo e—ﬂ(r—t)Ze—j2ﬂfo(T)dT Gx (t09f) :J'to e_ﬂ(r—to)ze—jbrfrx(z_)dz_

—00

Since (T — l‘)2 > (Z' — to)z + (to — f)z e—ﬂ(t—7)2 < e—ﬂ(t—to)2 e—ﬁ(to—r)2

G.(t,1)<e™ ™G (t,, f)

o If X(f):FT[x(t)]:O for > f,, then

2 _ Ry
average of ‘Gx (t,f)‘ < e "YU x average of
(fix f,vary t) (fix f,, vary t)

G, (t’fO)‘2 for > f,.



(6) Linearity property

Ifz(r)=ax(z)+ fy(r)and G4, f), G(¢t /) and G (¢, /) are their Gabor
transforms, then

G.t,/)=aG(tf)+ Gt [)
(7) Power integration property:

2 u+1.9143 2
(-
( )‘ 7 j 7(t—u)

u—1.9143

|G, (t,f)‘2 df = J: e 2r x(r)‘2 dr

(8) Energy sum property
[ [ e.(.nNG(r)dfdi=] x(z)y (r)dz

where G, (¢, /) and G (¢, /) are the Gabor transforms of x(z ) and y(7 ),

respectively.
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III-F Scaled Gabor Transforms

w(® = e ~6TTT*
G.(t,.f)= f/gj‘_oo e_m(r_t)ze_jz”ﬁx(f)df

L _ 2 -5

Gl $):4[8 g 6 c(ﬁ:;te e h 16;: a><'~ e
ALY, =18 1 “QOR(T- + ._,‘27(4_‘ ! g
)i b € e M X (o dT ve

larger o: higher resolution in the time domain

lower resolution in the frequency domain

smaller o: higher resolution in the frequency domain

lower resolution in the time domain
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Gabor transform for Gabor transform for
Gaussian function exp(—7z?) Gaussian function exp(—z?)
c=0.2 o=15

f-axis




Fe 2 %t time resolution 4p #f + ¢ frequency resolution A g £773 5L

(1) Using the generalized Gabor transform with larger o

(2) Using other time unit instead of second

e Bt (H - C sec) f(¥d = ¢ Hz)
fj’%\ﬂ ZELF 1T a
t(H = 0.1sec) f(H = :10Hz)
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III-G Gabor Transforms with Adaptive Window Width

For a signal,

when the instantaneous frequency varies fast — larger o

when instantaneous frequency varies slowly — smaller o

G ()=o) e x(e)ar

Q0

a(?) 1s a function of ¢

S. C. Pe1 and S. G. Huang, “STFT with adaptive window width based on
the chirp rate,” IEEE Trans. Signal Processing, vol. 60, issue 8, pp. 4065-
4080, 2012.
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4T © Matlab B A2 R AL E L F F ihdy £

(1) 1% P&l 5 % L ﬂ}“'ﬁ’_ﬂ i v

(2) & ¥ & @ * Matrix 2 Vector operation

(3) &t 49 A fir BN i@ g oo P A5 I e B

(4) B A TRl 2 & 2IH LRI (%] R R F 5 debug)
(5) R RIGEH E bl o $ 3 (5 R Rl A S b

:X ! ¥ ¥ Matlab Program (or Python program) 29 i Rl FET KB
M i e 388 o Program 3 {7 iE B AR 0 & ﬁm]}éf\rs o
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~ # £ & th Matlab #; 4

(1) function: 3 &% — 7 » 7 M E-FE B A2 S 50 1
(2) tic, toc: 3+ & PF R
tic = B 4n2-PF > toc & B o PR RF
(3) find: 3% & - B vector § » # &3t 0 erentry i ¥
#= 0] D find([100 1]) =1, 4]
find(abs([-5:5])<=2) =14, 5, 6, 7, 8]
(F] % abs([-5:5])<=2=[00011111000])
(4) " : Hermitian (transpose + conjugation) > . ' : transpose
(5) imread: & B
(GX :© #-% ¢h Matlab "< & imread & §- double I *
A=double(imread(‘Lena.bmp’));



(6) image: #-HB] & 1 J1 Kk > 107
(i) &1 A I @
image(A) % A has the size of MxNx1
colormap(gray(256)

(ii) &g 42 ¢ B » B Hcenfi?)
image(A) % A has the size of MxNx3 and the entries are integer
(iii) & 1 42 ¢ B » 2LE oA
1image(A) % A has the size of MxNx3 and the entries are non-integer
(7) imshow, imagesc : » ¥ * %k & 1 ]
(8) imwrite: % # Bl 4%
(9) aviread: % B~ video #% @ "L &4 & 5 avi
(10) VideoReader: 3% B~ video #%
(11) VideoWriter: #l 1% video ##
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(12) xlsread & readmatrix g% readcell : ¢ Excel #§ 38 2~ F‘ﬁf

(13) xlswrite: #3758 = Excel 4§
(14) dlmread: 3§ B~ *.txt 2% H i 5§73 J;}:ﬁ‘j?ﬁ E AL
(15) dimwrite: #-FHL 8 = *txt & H s 555 %
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‘it ¢ B Python B A 4238 ¥ o ¢ * DlenE &g £

FREE L
pip install numpy
pip install scipy
pip install opencv-python
pip install matplotlib

(1) Z_&% S 3% ;& % def

Q) EEFF
import time
start time = time.time() #EP~F = pF ¥
end time = time.time()

total time = end time - start time #3* & PR L KT DB R F

B OH2021# iz ot feehiE it 5
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(3) # Z~WlAn ~ AT BlAn ~ ;o Bl

(%)
import cv2
image = cv2.imread(file name) #3f 3k color channel = BGR
cv2.imshow(‘test’, image)
# & image eHiE 2L 5 B > & Tt = cv2.imshow(‘test’, image/255)
cv2.waitKey(0)
cv2.destroyAllWindows()
cv2.imwrite(file name, image) #7% #-color channel# 5 BGR
(% #2)
import matplotlib.pyplot as plt
image = plt.imread(file_ name) #%¢ X color channel = RGB
plt.imshow(image)
# % image g 2L > £ :x = plt.imshow(image/255)
plt.show()
plt.imsave(file name, image) #% #-color channeli# = RGB
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(4) F Harray? % L4 2 if @ hE el

(40 % ** Matlab > find 45 £
import numpy as np
a =np.array([0, 1, 2, 3,4, 5])
index = np.where(a > 3) # = #array([4, 5])
print(index)

(array([4, 5], dtype=int64),)
index[0][0]

4
index[0][1]

5
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Al=np.array([[1,3,6],[2.4,5]]) A = B j 2}
index = np.where(Al > 3)
print(index)

(array([0, 1, 1], dtype=int64), array([2, 1, 2], dtype=int64))

(N &% B AL>3 engeni= ¥ B4 5 [0,2],[1, 1], [1, 2]
[index[0][0], index[1][0]]

[0, 2]
[index[0][1], index[1][1]]

L1, 1]
[index[0][2], index[1][2]]

L1, 2]
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(5) Hermitian ~ transpose
import numpy as np
result = np.conj(matrix.T) # Hermitian

result = matrix. T  # transpose

(6) 7= Python % * #f P~ Matlab § ¥ ¢ mat £

data = scipy.i0.loadmat('***.mat')
y = np.array(datal'y']) # 3% y £ FFFmat § ¢ g4 i e A



IV. Implementation e

IV-A Method 1: Direct Implementation

" STFT % & Suppese that theve ave
' | - ‘ T sawples aloug t-axc
X(t,f)= I_ww(t —z')x(r)e_ﬂ”frdf F samk'es al ohQL £ ~axis

o | complexity : TF (28.+)
Converting into the Discrete Form e TEOW
t=nh, f=mhA, 7=pA, /‘PNW\ dt
K, )= 5wl s )

5 6 __G;.< n-p < a
Suppose that w(#) =0 for |f|>B, B/ A, =0 & <P <nta

n+Q _
X(nAt,mAf) = Z w((n —p)At)x(pAt)e_ﬂ”p'"AtAfAt
T FE

p=n—0

& 8 =200

- )
Problem : ¥} scaled Gabor transform @ % > Q=7 1143 d+* 75007
A6 At 52004 £5b00
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e Constraint for A, (The only constraint for the direct implementation method)
3¢ w(T ES W(+)

To avoid the aliasing effect, Ww(-t) EL w(-f)

A, <12Q, Qis the bandwidth of ? Wt -7 A(T)
JF the bandwidth of %(1) ¢ 25, bandwidth of wit) s Nw
then the barduidth of wit-ty (s also 2w
g Qx+ Ow
44 ¢ 2 (L TSLw

There is no constraint for gf when using the direct implementation method.




Four Implementation Methods 116

4 (1) Direct implementation
Complexity: 8’ (T FQD

B3k t-axis 3 T # sampling points, f-axis 3 F i# sampling points
2 (2) FFT-based method uh)ao-lomcec' 'FOVW)
I
Complexity: 9( TN‘09 N) & (.S N'O? N)

l (3) FFT-based method with recursive formula
Complexity: 4 (T' F)

3 (4) Chirp-Z transform method

Complexity: (O (T Mo 2 /\/)
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(A) Direct Implementation

Advantage : simple, flexible
Disadvantage : higher complexity

(B) DFT-Based Method
Advantage : lower complexity

Disadvantage : with some constraints

(C) Recursive Method

Advantage : leact ¢ °”“P’¢"7'l')’

Disadvantage 2 only sutoble for fhe Vecfaugulmv wivolow
(i) the evor moay be culwu loted

(D) Chirp Z Transform

Advantage 'N‘)‘T ble (the on}' constmmt 1¢ 4t < z(lnﬁlhv)
Disadvantage : pnoye (omyu-('o\ﬁow 'oow!""? than W\?f‘hwk (B)(C)
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IV-B Method 2: FFT-Based Method

)6 W
Constraints * (i) AA,= 1/N,_
(iff) N = 1/(AA) =20 +1: (AAE K B o)

w

Standard form of the DFT Y |m|= Nz_i y[n]e_j$ ¢ omPIckT(7 : MNI?AO

n=0

ey 27w pmA,A
X(nAt,mAf)z Z w((n—p)At)x(pAt)e_J “TA, £ A(-“Zi»lb_ooo Ao =\

p=n—0
N = 400
lAtAf= N N= 3Zq 0
;) _jzfz% P |n- C W+
X(nAt,mAf)—ngw((n—p)At)x(pAt)e A, a o | 3o
q=p—(n—0Q) —p=n-0tq
27(0-n)m 20 _2mqm

X(nAt,mAf):Atej N ZW((Q—Q)At)x((q+n—Q)At)ejN

—_———
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Note that the input of the N-point FFT should have N points (others are set to zero).

27(Q-n)m N-1 _ 2mgm

X(nAt,mAf)zAteJ N le(q)eJN , q=p-(n-0)—p=m-0tq

x,(q)=0 for2Q0 <qg <N.
k=g-0 n-Q < n-O+q < n+Q
0>0-9>-0
272(0-mm
X(nAt,mAf) = Atej N DFT(xl(q))
w (ko)

where X, (q)=w(kA,)x((n+k)A,) for 0<¢<20, -0<k< 0 (k=4-0)

x,(q)=0 for 20 < q <N.
(Suppose that w(z) = w(-1))
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2x(Q-n)m
¥ DFT(x(q))

X (nA,,mA,)=Ae

t

where x,(q)=w(kA,)x((n+k)A,)  for -O<k<QO (k=q-0)
x(q)=0 for 20 < g < N. (Suppose that w(#) = w(-1))

() o

x((n—Q)At) x(nlAt) x((n—l—Q)At)
take a segment of the signal (2611) pointg

N(kAt) -0<k<Q
BLkd«< B

multiplied by the window
X, (q): w(kAt)x((n + k)At) padding N-20-1 zeros

2x(Q—n)m

X(nAt,mAf):Ate N DFT(xl(q))
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22(Q-n)m
X(maom,)=a¢" " DFT(3(9)
I F
ERY W F </\/ for eVery n only onwe DFT < veqwml
3 2irqm
(1) ¥ r2 i * Matlab mFFT:}ﬂ Lkt E le Vo= X, (m)
but £=MAgp,m can Le negartive 0 Em < V-
ex: ~54L< B, Ap:0.05 Xi(m+ N) > g_mq) (,m(wp
-wOSMSIO'o o _ 7% m
Q) 4% - BE I MERLE - 5T mﬁ"’ e e d—wq
ST e T XYz X, )
J271(Q n)ym N—1 27zqm j27r(Q—n)m
X(nAt,mAf)zAt Yoy x(g)e ¥ o=Ae ¥ X (m)
fixed n =0
( ) T 1
F Nlo? N

(3) Complexity = ?

T(F+NlogN) & TN logN
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TFF\?\K [ = nOAﬁ (n()+1) Ata (n0+2) Ata """" > (nO+T_1)At ' - /\/ 122

Aelg ™
f=my Ay (mg+1) Ay (mg+2) Ay -+ , (mg+F-1)A, {V should be an
6B integer .
Step 1: Calculate n,, m,, T, F, N, Q Y%
Step 2: n=n, /é’ﬂfﬁg@(};o
Step 3: Determine x,(g) h . m= { Af
Step 4: X,(m) =FFT — page
ep l(m) [xl(q)] ml — mOd(m, N)_|_1
Step 5: Convert X,(m) into X( nA, mA,) for Matlab
m,=m%N
X(nAt,mAf) =X, (?)x? (M= m Modh /\Il foor Puthon
AYS ed' ‘79’(" i X f( N [(.‘.’lﬁ))4°°: 20)
N-1 _2mqm
Xl[m]:le(q)ej N X, [m]=X [m+N]
q=0
| Step 6: Set n = n+1 and return to Step 3 until n = ny+7-1.



IV-C Method 3: Recursive Method

123

(onstyent LTv): ohif surtable 'FOY +he Yet'i'ahguiow wndow
* A very fast way for implementing the rec-STFT

. ' 2 s n+Q 27[ m

(n frn—17 recursive:Hig %) X( ) > x(pA,) T A,
n-0

= n-1Fo Jbl’m

_ N

X((n-DA,,mA )= hg\((mt)e At
(1) Calculate X(min(n)A,, mA)) by the N-point FFT
j27r(Q—n0)m N-=1 _j27zqm .
X(noAt,mAf)zAte N le(q)e Nol, o ng=min(n),
q=0

xl(Q):x((no_Q‘*‘Q)At) forq <20, x,(q)=0 forqg>20

(2) Applying the recursive formula to calculate X(nA,, mA
n = n, +1~ max(n) Nlog M+ (T-D2F 2T

h-1—Q

}é Gere)
&

T8 FEE:

+x((n+Q)A ) —j27z(n+Q)m/NA

X(nA,,mA,)=X((n=DA,,mA )= x((n=Q—1A,)e 7" VA,

T pom{s (wheh %) )

.S ‘Foa'd

-F'Pomfs P VI‘\'GV
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IV-D Method 4: Chirp Z Transform

exp(_jZEPmAtAf) - eXp(_jﬂpzAtAf)GXp(jﬂ'(p _m)zAtAf)eXp(—jﬂmzAtAf)
FEL ($5t ) Det(h) Y ¥ hnd

10 : s YLpThOwn-p1

X(noma,)= 3 w((n=p)A,)x(pa,)e A, /y CPMH . TP

For the STFT

p=n—0

S

X (nmA ) =8 ™Y (= p)A,)x(pa,)e e

T F p=n-0
Ffor a Lixed h

+Q(

Step 1 multiplication 2@t}

Step 2 convolution

two c‘nTv‘a waHi plice fong  Step 3 multiplication
+one conpolution ‘T(Z.Grl'l{-; Nlog N+ F) 3TN log Nf

2 Nfog-N (3FFTs ave vequ‘wd) G’(T/w(!? /V)
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Step 1 x[p]=w((n—p)A,)x(pA,)e n-Q <p <n+Q
n+Q 5
Step 2 X2[n,m]: Z xl[p]c[m—p] c[m]z JEm ALy
p=n—0Q

Step2 f3+5 F » Z & * 3| linear convolution #3773

Question: Step 2 & * % * 28Len DFT?




e Illustration for the Question on Page 124 126

ylnl= ) x{n—k]h[k]

e Case 1
When length(x[n]) =N, length( h[n]) =K, N and K are finite,
» length(y[n]) = N+K-1,

Using the (NV+K—1)-point DFTs (5 2 BLASE 4 — & i 0§ 23%)

e Case 2
x[n] has finite length but 4[n] has infinite length ????



yinl= D x{n—k]h[K]

k

Case 2

x[n] has finite length but /4[n] has infinite length

n] gl s neln,nl #R=] 5 N=n—n+1

i3

EAN AR GO

yn] * - BFRG & (§ [

yln] enE ¢ - £

&%)

# H

¥ & dvehyn]

| S 0 [my,my] 0 F R

hn] mgw ) ?

£ %

5 > gL FFT ?

127
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—
S

—
Il

- y[n]=x{n]#hln]= ) x[s]h[n—s]

x[n  h[n—n ]+ x[n, +1]A[n—n, =1]+x[n, + 21h[n—n, — 2]
------ + 2, h{n—n,]

128



mg—n m, —n, 2
p— 2 yln]= Zx[s]h[n — 5]
| / S=n

W-,ll_lfl2+1 ml—n1+1 !
: ; %
i ml_nz_l_z{/ IIII ml_nl+2
| —— :
n=m P

n—s g
n=m +1pF :
i n—s R S omym myn,
: 3 -
n=m, +2 pF n=m, pF
”_Sm%%] n—smg‘jwﬁii‘]

7 % D hlk] g R ke [m)— ny, my—n]

129
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#0000 3 % Plen h[k] enfe BE_k € [m;—ny, my—n, ]

FFT implementation for Case 2
x[n]=x[n+n] forn=0,1,2,..., N—1

x,[n]=0 forn=N,N+1,N+2, ...... , L —1 L=N+M-1
hinl=hn+m —n,] forn=0,1,2,...,L-1

w[nl=IFFT, (FFT,{x[n]} FFT, {h[n]})

ylnl=y[n—-m+N-1] forn=m,m+1, m+2,..,m,
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IV-E Unbalanced Sampling for STFT and WDF

#-pages 114 and 118 en= 2 Tz &t

t-T=N"l¢—PAr
X(t, f)—J. (t—r)x(r)e‘jz”ﬁdr =NSAr—PAT
=(h$-pDA<
—’:’E ¢ 2 A_A
w((nS —p)A )x(pA,)e " A,
pqhs 0
\ 4
where t=nA, f=mA, % B=QA, (EZX w() =0 for | >B)
. s A
S=A/A. A %A e DT " 240 Ot ° loo
it : A_(sampling interval for the input signal)_ S=44)

A, (sampling interval for the output 7-axis) can be different.

However, it 1s better that S = A/ A_1s an integer.



P mput campling Tuterves ) 132
When (1)@Af= UN, QQN=1/(AA)>20+1: (AAF & E A i)
(3) A, <1/2Q, Q) 1s the bandwidth of w(r —t)x(r)

ie., |FT{w(r—t)x(r)}|=|X(tf)|=0 when|f|>Q

nS+Q _ 2z pm
X(nAt,mAf)z Z w((nS—p)AT)x(pAT)ej NOAL

p=nS-Q

£ q=p-mS-Q)—>p=mnS-Q)+
SO SO

27(Q-nS)m N—-1 _2zqm

X(nAt,mAf)zAre] YooY x(q)e i
q=0

X, (q) = w((Q— q)AT)x((nS -0+ q)AT) for 0 <¢g <20,
x,(g)=0 for 20 <g <N.
060 =560 n 1 veplacedt by nS
X, (q) = w(kAT)x((Zf_zEJr k)AT) for0<¢=<2Q0, k=q-0,-0<k<Q
x(q) =0 b gk poge)ld for20<g <N




B3k t=cyA, (gt A, (cgt2) A, e ,(cg+ C-1)A, 133

= CoSA, (CpS*+S) A (€oS25) A -+, [eyS+ (C-1)S] A
f: mo Af’ (m0+1) Af’ (m0+2) Af’ """ . (m0+F‘1) Af
T =nyA, (nyt1) A, (ngt2) A, ==+ , (ngtT-1)A S=A/A,

Step 1: Calculate ¢y, my, n,, C, F, T, N, Q
Step 2: n = c,

Step 3: Determine x,(q)

Step 4: X,(m) = FFT[x,(q)]

Step 5: Convert X;(m) into X( nA,, mA))

Step 6: Set n = n+1 and return to Step 3 until n =c,+ C -1.

Complexity = ?
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IV-F Non-Uniform A,

(A) £ % gt A,

(B) 4o 5 3 X (nA,mA, )| 4o [X((n+DAmA, )| 2 R4 ek L B

Bl & nA, (ntl) A, 22 FFiE * #] 0 sampling interval A,
(A, <A, <A, AJA oA AL % 5 F )
£ % page 131 07 £ & O

X(nA + A, mA ) X(nA

t1°

+2A  mA ), e X((n+1A, - A

t 112 f)’ ’ mAf)

11?

(C) 72 - 8541 » 4ok ‘X (nA, +kA,,mA,)

. X (nA, + (R 1)A,mA )

L BER A < < o PR E* /] evsampling interval A,

(AT <At,<At,, At/ Aty FeAt,) At ‘¢ 5 B H)
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Gabor transform of a music signal

\\

-~
-

0 0.2 0.4 06 0.8 1 1.2 1.4 1.6

A,=1/44100 (3= 7 44100 x 1.6077 sec + 1 =70902 2t)



(A) Choose A, = A, 136

running time = out of memory (2008 ) 15.262140 sec (2022 )
(B) Choose A, =0.01 =441A, (1.6/0.01 +1 =161 points)
running time = 1.0940 sec (2008#) 0.041053 sec (2022 # )

(C) Choose the non-uniform sampling points on the #-axis as

t=0,0.01, 0.02, 0.03, 0.04, 0.05, 0.1, 0.15, 0.2, 0.4, 0.45, 046, 0.47, 0.48,
0.49, 0.5, 0.51, 0.52, 0.53, 0.54, 0.55, 0.6, 0.8, 0.85, 0.9, 0.95, 0.96, 0.97,
0.98,0.99, 1, 1.01, 1.02, 1.03, 1.04, 1.05, 1.1, 1.15, 1.2, 1.4, 1.6

(41 points)

intervals: 0.2 = 0.05 — 0.01

running time = 0.2970 sec (2008 ) 0.010594 sec (2022 # )



with adaptive output sampling intervals 137

1000
900
800
700
600
500

-

400

300

Ll | I —
200 T L
ll P — | 1'—-_ .
100 [ibs
0

0. 0'4 0l . 1.2 1l4 16
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*$+4%— Fr Dirac Delta Function 4p B s ¥ * 2 30

* —i2mif gy — § Sb(‘t) t g(f):lrln gb{'(')
(1) —[—we 5 (f) {Su(*)d{:‘ f"')\ b=>0
(2) o(t)=|a|o(at scaling prope bbb
OO( ). a|5(at)  (scaling property) | T3 g (o)
(3) J‘_ooe_]27ztg(f)dt:5(g(f))zz g’(f;i)_ 5(f_ﬁ1) ﬂ%
where f, are the zeros of g(f) - P_f | /Sh_
20 3a

(4) _Ef(f—fo)J/(f» ...... )dt :y(t(), ...... ) (sifting property I)/:\Sbla'(’)d{'
=]
(5) 5(t_t0)y(t9 """ )=5(t—to)y(to, """ ) (sifting property II)



