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V. Wigner Distribution Function

V-A Wigner Distribution Function (WDF)

(® 0O

Definition 1: Wx(t,f) =._Oox(t+r/2)-x*(t—r/2)e‘j2”fdz'

oo . | w2 R
x(t+r/2)-x (t—r/Z)e"“” dr

Definition 2: W, (t, a))

o —Q0
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Another way for computation from the frequency domain

Definition 1: W, (t, /)= [ X(f+n/2)-X"(f-n/2)e”"dn
where X(f) is the Fourier transform of x(¢)

o0

Definition 2: W (t,a)) — j

—00

X(o+n/2)X (0-n12)e’"dny

The Wigner distribution function is also called the Wigner Ville distribution.
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The operators that are related to the WDF: 142

In rondom process
(a) Signal auto-correlation function: C(T)Y: E(#(f) « FH£+41))

C.(t,7)=x(t+7/2)-x"(t—7/2) E: expected velue
(b) Spectrum auto-correlation function:
S, (m.f)=X(f+n/2)-X"(f-n/2)
(c) Ambiguity function (AF):
A (z,n)= j x(t+7/2)x (t—7/2)e”*™ dt
x(1)

P feq r)/,F Lon _ Cohen

/ = .

Wt /) |« . T, 1FT, ., {7 1)

X(f) FT (7)) /ibfﬁ
Gnothey w§\\ S ( : 1 “%‘)

to ole ter mine W&ETn_ﬁ IFTf s




V-B Why the WDF Has Higher Clarity?

Due to signal auto-correlation function

(D IEX0) =1 e~y0 8 ()

(2) If x(¢) = exp(j27 h t) .
A4V A(t-T/2)

14 (t,f) _ [~ o/ 27N HTI2) = j27h(=T12) | =27 T ] g

o —O0

. [ ej27rhr .e—j27m'fdz_

o —00

— e-ﬂﬂf(f—h)dz.

J page B§ (3)
—5(f —h) gle)=f-h

Comparing: for the case of the STFT
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Tls*ahh»eous ﬁ?q= 2|(-t

) Ifx(t) =exp(2xk 2)
W;fl%?) :(J?x(.(._'__?)(]ﬁ_f-f))e‘ézn(:'l’olt
- Je"\’(&”‘vk( (-(-.|.-} )i_(.( _f)‘-) e -32 'Lf'a t
=fexp(3axktt)e® iy
=fe'327£t(-(2—2\<-t)0‘_£ Page 1332
= S -2kt)

(4) I x(2) = A1)
Wx(t,f)=I:&(t+r/2)-5(t—2'/2)e_j2”fdr

Page 138 —4[" 5(2t+7) (2t —7)e > dr
234(2) - Y1)
= 45(41)e" ™ = 5(1)e! ™ = (1)

ji5(7_fo)'Y(T)dT Page 138  Page 138 Page 138
yn) Teab @ 2EQ 0 28040

$:0
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V-C The WDF is not a Linear Distribution

W (t,f)= j x(t+7/2)x (t—7/2)e”*" -dr
It h() = agt)+ [s()
W, )= h(t+zi2)h' (t-2/2)e " dz

o & e > N .
= | _ag(t+r/2)+,b’s(t+r/2)][a*g*(t—r/2)+,8*S*(t—r/Z)}e_’z’”fdr

=["TlalPg(t+r/2)g (t-7/2)+| B s(t+7/2)s (t-7/2)
+af'g(t+1/2)s' (t-1/2)+a’Bg (t-7/2)s(t+7/2) |e > dr
la| W, (t.f)+| B W.(t.f)
mz) +a" g (t—7/2)s (t+r/2)] il dr
ferms 7

Cross terms
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V-D Examples of the WDF

Simulations £=1, £:-
x(¢) = cos(2m) = 0.5[exp(j2 7t) + exp(~j2 7t)] fid= 2
.(". i’ ) -('4‘;0
wtndoweo‘
AV

by the WDF by the Gabor transform




x(t)=T1((t-5)/4)

by the WDF

N

w,

f-axis
A W N A o 42 N Th

o
N
N
»

IT: rectangular function

by the Gabor transform

f-axis

{-axis t-axis
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f-axis
I P NN S S

x(t)= exp[—ﬂ(t —~ 5)2]

by the WDF by the Gabor transform

f-axis

6 ) 8 10
-axis

o
N
N

f2

. ) —7t? FT 7
Gaussian function: € —>e

Gaussian function’s T-F area 1s minimal.
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Frequency (Hz)

i

/

s(t)=exp(jt* /10— j3t) for -9 <t<1,s(f) = 0 otherwise,

r(t)=exp( jt* 12+ jot)exp| ~(t—4) /10|
f (@) =s(0)+ ()

WDF of s(t) WDF of r(t) WDF of s(t)+r(t)

Frequency (Hz)
Frequency (Hz)

Time (s) Time (s)

. r-axis, edfif: f-axis

~
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™ s{‘an‘('ahew} -9 150

x(t):exp(j(t—S)3 — jort) frea: i
by the WDF ,(e::?;f by the Gabor transform

f-axis

0 2 4 5 8 10
-axis

f-axis
I Alf)=exp(38(4) and B(£) 7c a poly howral wifh
ovder 23, the crose term problemn appears.
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V-E Digital Implementation of the WDF

W.(t,f)= j x(t+7/2)x (t—7/2)e”*™ -dr ;

(¢, 1) 2j (1+7)x (t—7")e’*"/ (dr) (using 7 = 7/2)
an( J i . pA dt'=dt/2
uuba, h(e 1= V\At T:=P tAH‘-Ac dvc 2 AT’
Sampling: 1=nA,, f=mA, 7 =pA, Ot=SAt
|M‘IV‘N ,MAg) 22 X(lns-w)dox*(“ﬁ -P)A; ) g irmbIea A ¢
/4

x(nAt,mA) Z (n+p)At) ((n p)At)exp( ]47zmpAtAf[A2

p=—

N

When x(7) is not a time-limited signal, it is hard to implement.
If bondwidth of % (1) 18 Ny
A(T/2) s Nx/2

44T) , Rt-Th) Q)2
The Landwidth o # (++T/) ¥ (t-13) 18 N X
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Suppose that x(7) = 0 for ¢ <n A, and > n,A,

x(1)
A, i, A,
x((n-l—p)At)x*((n—p)At):O 1fn+p & [nlanZ]

orn—p & [n, n,|
o p e FlHF AL (% n H TF)

n<ntps<n, ——> n —n<ps<n,—n

——

n<n—p=s<n, n—n<—ps<n,— n N—N,<p< n—n

n-n.2 p 2 h-Ny
max(n, —n,n—n,) < p<min(n,—n,n—n,) max (-3,~5)

~min(m, —n,n—n) < p<min(ny~n,n-n) T-wmm(3, 5




x(?)

M)
\,

/]
nA, nA, n,A,

(nmn)A T (- n)A,T
—min(n, —n,n—n;)) < p<mmnn, —n,n—n))

-0 0
(ny=mA,, (n—ny)A,:

AR En>n, BEn<n B

B2 G p i AL G oA B

A BN ped
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Wa (le MAO) -0 * :vhvf;:f:z
(siuce 1 this case Q@

0
/8 (nAt,mAf) =2 Z x?(n +p)A,)x" ((n—p)A, )exp(—j47zmpAtAf )At
Ik PR ooy ((nS4PIAY A (nS-p)Ax)

If x(#) = 0 for t<n,A,and ¢ > n,A,

ral Q = min(n,—n, n—n,;).  (varies with n)
) Y‘Z‘:' a: m‘ch(‘nz‘hf, MS-VM)
P € [_Qa Q]9 ne [nla 7’12],
Mo e “ possible for implementation
n:Miin,
b B

Method 1: Direct Implementation (brute force method)
e SLAE 1IN BER

T: Na—-n \t'
CMpleﬂf/ = Zé&(h) -\-\)F & ( F Tz>

noh

TOF $ 06y = oF Moy (rny | EOWN)®F oo
h 2 > 2

0 P -
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Method 2: Using the DFT 3 <4 J E it ¢
When(A A, = and N > 2Max(Q)+1 = 2(ny,-n)/2+1 =ny-n+1 =T
0 - &1: B«:{M w?dlr? of
2emp . .
W (18 mA ) =28, 3 x((n+ p)A )X ((n=p)A, e | g e comelation
reL FEtb p=—0 Bec L
=ptQ—p=q-Q 2fix

2rmQ 27rmq

Wx(nAt,mA) 2Ae] N Zx((n—qu Q)A) ((n q+Q)A)

q=0
j2me 3 jREm O = min(n,—n, n—n,)
Wx(nAt,mA ) 2A e " ch N 2 1
i n € [ny, n,),

¢(q)=x((n+q=0)A)x" ((n=qg+QA,) for0<g<20
Lo ¢ (Q+k)=x((n+)A, )x" ((n=k)A,)  for-0<k<0 (k=g-0)
¢(q)=0 for 20+1 < g < N—1



Tﬁ?‘:ﬁ 1= nOAﬂ (n0+1) Ata (n0+2) Ata """" ) nlAt 156

f: mO Af’ (m0+1) Af’ (m0+2) Af’ """ ) ml Af

Step 1: Calculate n,, n,, my, my, N

Step 2: n=n,

Step 3: Determine QO (6 vavies with h)
Step 4: Determine c,(g)

Step 5: C,(m) =FFT[c,(9)]

Step 6: Convert C,(m) into C( nA,, mA)) G20 m
C(nédx, W‘Ap) C, (maol(m N)) ZA-ee N

Step 7: Set n = n+1 and return to Step 3 until n = n,.
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Method 3: Using the Chirp Z Transform

Wx(nA mA ) Z (n+p)A ((n—p)At)exp(—j47rmpAtAf)At

_— N

"2 0 R ‘ )
7, (n s ) =28, &Y x{(n p)A ) (1= p), Je T
p=—0

(n+ p)A, ) ((}’l—p)At)e_JQﬂpzAtAf

/—\

Step 1 x,(n,p)=x

0 o
Step 2 X, [n,m] = Z X, [n,p]c[m—p] c[m] _ AN
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! Method 1 s34 32 & &

(o‘wec'(:) (9’LTF’)

: Method 2 e 32 8 & 5
(FFT) O (T Moy 1))

% % : Method3 chig e 8 5 %
(chirp 2 tronsfovm
> o ( D
7
N\

The computation time of the WDF 1s more than those of the rec-STFT
and the Gabor transform.



V-F Properties of the WDF

(1) Projection
property

(O =] w(e.)dr (X)) =] W ()

(2) Energy
preservation property

Lo pydrar =[” (o) de=[” ¥ (1) df

(3) Recovery
property

X*(0) & v

[ w12, )" " df =x(1)-x"(0)
[“w.(nri2)e” ar=x(r) -x(0)

(4) Mean condition
frequency and mean
condition time

it x(e)=lx(e) -, X () =X ()"
then g/ (e) =[x()"- [ /W (6. f)-f
()= (N e (e f)-di

(5) Moment
properties

x(@) dt

B t”I/Vx(t,f)a’ta’fzJ'_Oo "

[ rw (e f)ddf = 1

X df
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(6) W (¢, /) 1s bound to
be real

W, f)=w.(@[)

(7) Region properties If x(#) = 0 for ¢ > ¢, then W (¢, /) = 0 for > ¢,
If x(#) = 0 for t < ¢, then W (¢, /) =0 for <,

(8) Multiplication If y(z)=x(t)h(z), then

theory

W, (e.f)= | W (t.o)W, (1.1 ~p)-dp

(9) Convolution theory

Ify(t)= joo x(t—7)h(r)dz , then

—00

W, (t.1) = j:m(p,f)-m(r—p,f)-dp

(10) Correlation theory

t) j x(t+2' a’r , then

o0

w,(.0)=] W.(p. ) (~t4pf)dp
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(11) Time-shifting
property

If y(t)=x(t-1,), then
Wy(t’f):Wx(t_toaf)

(12) Modulation
property

It y(r)=exp(j27f,t)x(t), then
W (t.f)=W.(t.f- 1)

(13) Constant
multiplication property

If y(t) = cx(t) , then
(6 1) =1l W (1, f)

(14) Conjugation If y(z)=x"(¢), then

property AHRAS)

(15) Scaling property If )/( )= ( ) then
y(t,f):|i|W(ct lf)

The STFT (including the rec-STFT, the Gabor transform) does not have real
region, multiplication, convolution, and correlation properties.
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e Why the WDF is always real?

What are the advantages and disadvantages it causes?

velated property ¢ I# A(): X¢-t) , X[£) T real

X(§): _:: %I4) e-;znf'-fo‘ t (F T@K(f))): <anft,
X*$ {f 2 x* (-t)ehnf'lol-t =—J;:°7(*("t') € ‘*2”{&4{, : L ‘:7((‘('«) 6‘* dt,
- +ti=—=1, dt.= -+t =X(‘P>

e Try to prove of the projection and recovery properties
Walt, 8): § 2 K(HF) S -F) 2>z
[l ©)df = L2 A (4D x43) ([Ced™ i p)dt
] :f::oj({ff)f*('f'zj)g('f)a"(
> % (t+0) A*¥(£-0) = 17 (%))*

page 38(1
pagc138(4), to=0
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Wx(t,f):_“ x(t+7/2)x (t—7/2)e’> -dr

—00

e Proof of the region properties

If x(z) = 0 for ¢ < ¢,
x(t+ 72)=0 forz <(t,—1)/2=—(t—1,)/2,
x(t—72)=0 for z > (t—1y)/2,
Therefore, if  — #, < 0, the nonzero regions of x(# + 7/2) and x(t — 7/2)
does not overlap and x(¢ + 7/2) x*(t — 7/2) = 0 for all .

The importance of the region property



e Extra Property: 1o4

(16) The relation between the WDF and the spectrogram:

Suppose that x(¢) 1s the input function, w(¢) 1s the window function of the
STFT, X(¢, f) 1s the STFT of x(¢), and W (¢, f) and W (¢, f) are the WDFs of

x(¢) and w(¢), respectively, then
spec +»r ogrom

X (e ) =W, () w, (e 0)= [ [ W (t=u. f =)W, (u,v)dudv

(Proof): j j W t—u, f— ) (u v)dudv
—j_wj_wj_w (t-u+7/2)x" (t—u-7/2)e’>V™""dz

( +gjw(u j ¢ ™ dndudy

A (RN

LO e ™) qvd rdndu (Cont)
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I S o e

5(77 — T)drdrya’u

S R IR [P ) I PR 4 T _ T\,
—J‘wj‘oox(t u+2)x (t U 2)w(u+2)w(u 2)6 drdu

T T
~, T,=l—u——
A 2

dr, /0t Ot /0u
det
or,/0r 0Ot,/0u

Set let—u+

drdr, = drdu =drdu

=L (@) () wl-n)wli—g)e 2/ Hdndr,

o —00
® 00

= x(Tl ) W(t -7 )e_jzﬁfrldrl J.—(X:o X’ (Tz )W(t — 7T )ejzﬁffzdfz

o —00

=X(t.f)X (. f)
=‘X(t,f)‘2
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V-G Advantages and Disadvantages of the WDF

Advantages: clarity
many good properties

suitable for analyzing the random process

Disadvantages: cross-term problem
not suitable for eXP(ﬂ” ), n#0,1,2

more time for computation, especial for the signal with
long time duration

not one-to-one
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V-H Windowed Wigner Distribution Function

When x(¢) 1s not time-limited, its WDF is hard for implementation

Wx(f,f)Z_[_oo x(t+7/2)x (t—7/2)e > -dr
l with mask ‘ '

T'-T/2 T-=2T
Wx(f»f)=f w(t)x(t+7/2)x (t—7/2)e’/ -dr oAT =247

w(7) 1s real and time-limited

The windowed WDF 1is also called the pseudo Wigner-Ville distribution.

Advantages: (1) reduce the computation time

(2) may reduce the cross term problem

Disadvantages: (') & little poor reso lution
() lost some wathewotical Vropev{/
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w.(tf) 2j‘_ (27) t+r) (t T)e_””'f-dr'
t:hat, T'=pd+ , fmDp

W, (ndoma, ) =23 w(2pA,)x((n+ A, )¥ ((n=p)A, )&

p——OO

Suppose that w(z) = 0 for |7| > B
w(2pA,)=0 forp<-Oand p>0
2lp|d¢>B - B
'P' V B/ZA-t 2At

0 :
/8 (nAt,mAf) =2 Z w(2pA,)x((n+ p)A,)x’ ((n—p)At)e_H”mpAtAfAt
p=—0

R0 k! mask2 §8 0 5 - EEFEFTHR-G A



(B) Why the cross term problem can be avoided ?

W (¢, 1) :J._ZW(T)x(t+2'/2)-x*(t—r/Z)e_jsz -drt

w(7) 1s real

Viewing the case where x(7) = ot — #,) + At — t,)

x(1)

tl t2 > t-aXiS

169
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Co

REEA D W (,f)=0 for t # t,, t,

Xm > ¢ mask function w(7) =1 pF (» 3}‘5{;‘2”)3 i# * mask function)
)= Q-1+ A—n) AL

Wx(f,f):f;x(t+r/2)x*(z‘—r/2)e—j2’”f-dr

= Z[é(t+%—tl)+5(r+%—t2ﬂ[5(t—%—tl)+5(r—%—t2ﬂefz’”f -dt
from page 138, property 2

= 4j_°° [6(7+2t=21)+6(z+2t=21,)|[6(7 =2t + 21, )+ 5 (7 =2t + 21, ) |[e /> - dr

¥ - 7 i
= 7
S(t+2t=2t)+8(r+2t-2t,)
2,2t  2t,2t - T-axis
%= %
S(r—-2t+2t)+5(r—-2t+21,)

v

Zt_th 2t_2t1 7-ax1s



3 — I8
37]%"%‘;13 VVx(taf);tO S(r+2t-21)+5(r+2t-21,) [ {
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- 211_2'!L 23‘2—21‘
l‘;" = I8 { {

> 7-axis

\ _auto Feyps i)
- 2121,
(1) I 5~ 3 T T 21-2t,
Z‘tc Z‘f_tz .2‘212‘6, 0 2f2—2tl > axis
-t.: < : % = I8 I I
2t,—2t 0 > 7-ax1s
— Q M"’o ‘?VVZV’
WD "
2t 2t:2t -2, s
4+ =41, 272
‘t < ‘[’z_ F = jE T F
> 7-axi1s
0 2t,—2t,

Q) IRt = (¢, +1,)/2)— Cross terw

> r-axis

-2 242p, ¥ [ I
44=24.41, =
t: Aty /5= I I

t—t, Lt

»  7-axis

v

7-axis

_-——)

&

4
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With mask function

w.(t,f)=[ w(t)x(t+7/2)x (t-7/2)e> 7 dr

o —00

® OO

=| w(o)[6(r+2t-28)+5(z+2t-21,)]

o —00

x[6(r—2t+24)+6 (7 =2t +2t,)]|e > -dr

Suppose that w(7) =0 for |7 > B, B 1s positive.
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2,21, | i 7-axis

D=t 7-axis

B)t=(t, +1,)/2 7-axis

7-axis

Z‘1_1‘2 : : tz_tl
B B wit)= | JorITI<B
0 t\7 3

1£ £, -t, 7 B, the crosc tevwr caw
L(’ ve moved -
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N B TR Y R R B

(1) Concepts: :=iF > /2 i 2L ~ AR ~fFAH L2 A

$ P AAR R e

(3) Advantages: iz > /2 iR BER_ -
(3-1) Why? i & izt 8henR 580 A
(4) Disadvantages: i& = ;% ek 2L 4+ -

(4-1) Why? i = ig & 4> Bben iy B A

(5) Applications: iz =/ & * K ad® P A48 - 5 F AR
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# § (1D-(5) SR AL > et & i

r ‘.‘E\L\
|
I
)
4
\ "‘}L
|
s
v
(w
G
Rl
=
NN
CEJ\
_@

ob e p BEEP A3 NS E > FREER E (3-1), (4-1), fr (6)
R 4T
A

BATI & B0 3 548G 1005 1 it o B4 LB T hA
PTRPGAER LI - BRR R EFRE o o RERTB R
2 o R R TR T U R ARE B e AR & it 4 o AT S
2P RGERY o

)

-
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V1. Other Time Frequency Distributions

Main Reference

[Ref] S. Qian and D. Chen, Joint Time-Frequency Analysis: Methods and
Applications, Chap. 6, Prentice Hall, N.J., 1996.

Requirements for time-frequency analysis:

tradeoff

(1) higher clarity (2) avoid cross-term

(3) less computation time (4) good mathematical properties
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VI-A Cohen’s Class Distribution

VI-A-1 Ambpiguity Function
¥ %2R Z N /its/
Ax(r,n)zj_ x(t+7/2)x (t—7/2) > -dt

sml‘lua , 5lu‘ﬁihglaud
(1) If x(t):exp[—om(t—to)2 +j27zfot} medulotion of & Gaussan furhion

CC _an(t+r/2—1y)+ 2 (+7/2) —arn(t—t/2—ty)* —j2 t—1/2 — 2t
AX(TJ?): _Ooe ar(t+t/2—ty) +j2m fo (t+7 )e arn(t—1/2—ty) —j2r fo(t-7 )-ej 70, Jdt
C0  —ar| 2(t—ty) +7 2 |+ 2xfyr
_ e [ 0 ] 0 e Jj2rtn dt

o —0O0
(* © —aﬂ[2t2+z'2 /2}+j27rf0 T
= e .

o —00

Ax(z_,n):\/%exp[_ﬂ(aj+Zaﬂexp[j27z(for—to77)]
| Al )| evp (-1 25 4+ 20
A (M| 75 mavinpl at (< n)=(0,0)

—j2rntn —j2nt,
e]”ﬂefﬁoﬁ.dt
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WDF and AF for the signal with only 1 term

WDF AF
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(2) If x(¢)= exp[—aliz(t —1,)" + j27zf1t] + exp[—azﬂ(t ~1,)" + j27zf2t]

x,(?) X,(2)
A, (rn) = x(t+7/2)x (t-7/2)- e dt + A, (z.7)
| x(t+z/2)x5(t-772)- ™" dt + A4, (7.n)
| x(t+/2)x (t—7/2)-e P dt + A4, (z.n)
[ x(t+7/2)(t-7/2)-e > dt+ A, (z.n)

(
)

A (z,n)= A, (z,17)+ A, (z,7)+ A, (z,7)+ A, (z,7)

2

4, (7.11)= J%exp{_ﬂﬁag +277a1HeXp[j27[(ﬁT_tm] }au-l'a
)

+term

2 2
/f,lxz(r,ﬂ)= QGXP{_”L%J * o0 ﬂexl’[ﬂ”(fzf_tzn
2
Masﬁlmuw\s d"P o.w‘,IF-(uJ? ae at (T/')):(OIO)

2



When ¢, = «, lAmr..(T/V\) ’ Ts maximal at (T, n) ’(‘f'd, 94)180

4, ()= |51 exp[ (ﬂ(f_;d) (nzafd) ﬂ

xexp[]27z(fﬂr—tﬂ77+fdtﬂ)]
t,=(t+6,)/2, f,=([+/H)/2, a,=(a+a,)/2,
_'t =01 fd:fl_f;a @y =0~

xle( n)= xlxz(_T,—ﬂ)
A 5o (T)] 75 maxiimal ot (Tn) = (Y, =)

When o, # o,

—_— by _ . 2
A, ()= [5k eXp{_ﬂ[(n fd)+J(a1t12;a2z2) ]adr/Z]}

H H

GXp|:—7Z'(0£1 (f, - %)2 +a, (L, + %)2 )} exp[janﬂr}
szxl ( ’77) Axlxz (-T,-?])
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WDF and AF for the signal with 2 terms

WDF| A f auto term

Cross terms
®(,. /)

malified WDF T

{M: 't;_"*‘ 't . 77“ :t/
W f; £, A |AF} cross term
auto term b-"= \
(44,£4):(0,2) | )

o - -
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For the ambiguity function

The auto term is always near to the origin

The cross-term 1s always far from the origin
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VI-A-2 Definition of Cohen’s Class Distribution

The Cohen’s Class distribution is a further generalization of the Wigner
distribution function

C.(t.f)= I_O:OI: A (z,n)®(7,n)exp(j27n(nt—17 f))dndr
where 4, (2',77) = fo x(t+2‘/2)-x* (t—r/Z)-e‘ﬂmn . dt
is the ambiguity function (AF).

®(1, 2) =1 — WDF
C.(t,f)= J‘_OO J_OO x(u+7/2)x (u—7/2)p(t —u,v)du e **'*dr

where ¢(f,T)=j:q)(f,77)exp(j27mt)d77 n:-N T,:-1
C;(J‘,Q)-.”A;(T,q)@‘(t,y\) eéu(:"lﬂﬁ’)dy, I
< AL 5081 n) @3 MET O Lyt an
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How does the Cohen’s class distribution avoid the cross term?

Chose ®(z, 17) low pass function.

d(z7, n) =1 forsmall|rn|, | 7]
d(z7, ) =0 forlarge|n|, | 7|

[Ref] L. Cohen, “Generalized phase-space distribution functions,” J. Math.
Phys., vol. 7, pp. 781-806, 1966.

[Ref] L. Cohen, Time-Frequency Analysis, Prentice-Hall, New York, 1995.
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VI-A-3 Several Types of Cohen’s Class Distribution

Choi-Williams Distribution (One of the Cohen’s class distribution)
7

O(7,n7)= exp[—a(nr)z}

[Ref] H. Choi and W. J. Williams, “Improved time-frequency representation of
multicomponent signals using exponential kernels,” IEEE. Trans.
Acoustics, Speech, Signal Processing, vol. 37, no. 6, pp. 862-871, June
1989.
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Cone-Shape Distribution (One of the Cohen’s class distribution)

$(t,7)= ﬁexp(—bzarz )H (i)

D(z,m7)= SiﬂC(UT)GXp(—Z?Z’O!Tz)

[Ref] Y. Zhao, L. E. Atlas, and R. J. Marks, “The use of cone-shape kernels for
generalized time-frequency representations of nonstationary signals,”

IEEE Trans. Acoustics, Speech, Signal Processing, vol. 38, no. 7, pp.
1084-1091, July 1990.
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Cone-Shape distribution for the example on pages 97, 149

(a=1)

frequency

time (sec)



Distributions

D(z, n7)

Wigner

1

Cohen (circular)

O(z7, ) =1for \n?+7° <7

d(z, n) =0 otherwise

Cohen (rectangular)

d(z, n) =1 for Max(‘n )< T
d(z, n) =0 otherwise

T

9

Choi-Williams

exp(—a(nr)ﬂ

Cone-Sh
one-Shape sinc(nr)exp(—27w£72)
B exp (el
Levin (Margenau-Hill) cos ( n z')
Born-Jordan sinc(77)

DR BE2007# B kehd 2 4 8
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VI-A-4 Advantages and Disadvantages of Cohen’s Class Distributions

The Cohen’s class distribution may avoid the cross term and has higher clarity.

However, it requires more computation time and lacks of well mathematical
properties.

Moreover, there is a tradeoff between the quality of the auto term and the ability
of removing the cross terms.
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VI-A-5 Implementation for the Cohen’s Class Distribution

C.(t.1)=

R

If ®(z,7)=0

o —Q0

B J‘OO x(u + L)x* (u — L)-(D (z,m)e /27722 Daydndr

® 0O

A (z,n)®(z,n)exp(j2n(nt—7 f))dndz

2

2020

PR R Ay, ) PEFRE & BT

for |n|>Bor|d>C

C. (t,f) = I_CC I_BB Iix(u + %)x* (u - %)(D (7,77)e_ﬂ””"”z”(’”_ff)dud?]df
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v 2 1% » niz® $%&frinput % output A

Cot )= [ oxlu 5) (=), @ (mm)e e e 2 dudz
= ._CC ._OO x(u +% X \u —% -‘I’(T,t—u)e_jz’”fdudr
¥ (z.1)= [ ®(r.)e " dn

395 (o) T input B 0 TR RE S 082 A R



192

VI-B Modified Wigner Distribution Function

wt,f)=| x(t+7/2)x" (t-=2/2)e”?> " -dr

—00

= [T X(f+n/2)X"(f-n/2)e”"" dy
where X(f) = FTx(1)]

Modified Form I

Wx(t,f)=j_BBw(r)x(t+r/2)-x*(t—r/Z)e‘jz”’f -dt

Modified Form II

W, (e.0)= [ w(n) X (f+012) X (f=n/2)e™ -y
W20 o [N)oR
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Modified Form III (Pseudo L-Wigner Distribution)

W (t,f)= I:w(f)xL (t+ﬁ)-xL (t—ﬁ)e‘jz’”f -dt

B4 L ¥ 1L cross term B 50 (R BL7 € = 200k

[Ref] L. J. Stankovic, S. Stankovic, and E. Fakultet, “An analysis of instantaneous
frequency representation using time frequency distributions-generalized
Wigner distribution,” IEEE Trans. on Signal Processing, pp. 549-552, vol. 43,
no. 2, Feb. 1995

PS.: B #2006 i% ks $ k5
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Modified Form IV (Polynomial Wigner Distribution Functlon) ﬁ ﬁ\

Wt f _[ {ﬁx(l”rdr)x (t— d,f)} Pl dr li_"'“‘- | x2%'3

Wheng=2and d, = d = 0.5, it becomes the original ngner distribution

function. oy: 4:4 r-| 1(.( +det) ¥ (t-d 40 X(Hd ) A H -d-\t)ﬂﬂo‘ic)ﬂf-u‘t)

It can avoid the gmss 1; rm_when the order of phase of the exponential
function is no larger than ¢/2 + 1. q:2 a/atl=x. q4:6 ALtH4
A4 aA/2¥1=3 9-¢ 9/2tl:=5

However, the cross term between two components cannot be removed.

[Ref] B. Boashash and P. O’Shea, “Polynomial Wigner-Ville distributions & their

relationship to time-varying higher order spectra,” IEEE Trans. Signal
Processing, vol. 42, pp. 216-220, Jan. 1994.

[Ref] J. J. Ding, S. C. Pei, and Y. F. Chang, “Generalized polynomial Wigner

spectrogram for high-resolution time-frequency analysis,” APSIPA ASC,
Kaohsiung, Taiwan, Oct. 2013.
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d, should be chosen properly such that

q/2 q/2+1
X Hx(t + a’,r)x* (t—d 7)= exp£j27r Z nant”’lrj
/=1 el

/2+1
when x(f) — exp(jzﬂ-qz antnj

n=1
then 7”5’(&”44\”@0“5 ﬁfcquem)/ < %-‘- Ay

q/2+1 q/2+1

VK(i,f)zjiexp(—jZ;z(f_ Z nanfnl)l']d2'§5[f— Z nantnlj

(from page 138(1))
page 138(3)

t—> T Q/2+4
g )< $ - E' hﬂn‘fh-]

he
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q/2 q/2+1
Hx(z‘ +d )X (t—d 1) = exp(j27z Z nant”lr]
/=1 n=l

q/2+1
x(t) = exp(j27z Z ant”]
n=I1

wheng =2 x(t)= exp(j27r(a1t + aztz))
£ Eb(3sn(aitt diT) 40, t4d,T) = Ai[f ol T)
x(t+dr)x (t—d_ 1) = eXp( J27(a, + 2a2t)r) ~ 0t~ dT)*)

a, (t + a’lr)2 +a,(t+dr)—a, (t - a’_lr)2 —a, (1 - a’_lr) =2a,tt+a,r

2a,(d, +d_Dtr+a,(d} —d>)c> +a,(d, +d )t =2atr+ar

N T N
20 @) A\
= d+d, =1 d-d, =0

d=d =1/2
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When g =4, x(t) = exp(j27z(alt + azzz + a313))

2 3
Hx(t + dlr)x* (t—d_7)= exp(jbzz nant”lrj
/=1

n=l1

3
x(t+do)x (t—d_7)x(t+d,0)x" (t—d_r)=exp £j27zz nant’”rj
n=1

a,(t+dz) +a,(t+dz) +a(t+d7)

+a, (t+a’2r)3 +a, (t+a’27)2 +a,(t+d,7)
—a, (t — a’_lr)3 —-a, (t — a’_lr)2 —-a, (t — d_lr)
—a, (t — d_27)3 —a, (t — a’_zr)2 —-a, (t — d_zz')
= 3a3t27 +2att+at

Cd+d,+d, +d, =1

4 dl+d;-d*-d’ =0

d’+d, +d’ +d°’, =0

—



(ohew’s clase digfTbution cannot remeve the cross —ferm s

hase > 2
when the order of p x(t) =exp(j(t—5)* — j57(t—5)%)

but the yo' omial WDF con -

Gabor Transform with sgm= 2.5 WDF

[gul

frequency
frequency

~0 1 2 3 4 5 B 7 8 510
time (sec)

time (sec)
Cohen’s Class Distribution Proposed GPWS

frequency
frequency

time (sec) time (sec)



a2 4 The Pelynom"m' WPF Canhnot rewmove ‘“4? Crocs ‘f‘eru‘;
~ . Cousedt by ymaHiple 199
a/o+l 23 x(t) = 2cos((t —5)° +4xt) Ple compoments

Gabor Transform with sgm=0.5 WDF

[am)
-
[am)

frequency

[un] o R (g% (o] (o= =N o oo
frequency

[un] o R (g% (o] (o= =N o oo

time (sec) time (sec)

Cohen'’s Class Distribution 8-order PWWVD(B= 1) "l’- 8

A

R s AL ETUHNERUAL LT TR TR DL N A A

frequency

[un] o R (g% [am] (o] =N [a3] [un]
frequency

[un] o R (g% [am] (o] =N [a3] [un]

time (sec) time (sec)
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VI-C Gabor-Wigner Transform

[Ref] S. C. Pei and J. J. Ding, “Relations between Gabor transforms and fractional
Fourier transforms and their applications for signal processing,” IEEE Trans.
Signal Processing, vol. 55, no. 10, pp. 4839-4850, Oct. 2007.

Advantages:
combine the advantage of the WDF and the Gabor transform

advantage of the WDF — higher clarity

advantage of the Gabor transform — no cross-term
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D(t.f)=G.(t, Wt [)

x(t) = cos(2xt)

] (@) x(t) (b)  Gavor
AR

| | ‘H‘ |1 “\’
05 || ||| [ i | | |

2 8 10

6

4

(d) Gabor-Wigner



@ D, (t,f) =G, f) () D,(t.w)=min(|G, (. /)| W, (1. /)])202
(©) D, (1) =W, (t. f)x{| G, (¢, /) |> 0.25)

(d) D(.f)=G (6, /W (t. f)
(a)

f-axis
f-axis

t-axis (b) ~ (¢) are real

f-axis
f-axis
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Ly

(1) Which type of the Gabor-Wigner transform is better?

(2) Can we further generalize the results?



Implementation of the Gabor-Wigner Transform @ f§ it H 37
(1) When G (6, ) = 0, D, (1.f)=GE(t, I/ (1, £) =0
L5 Gt
W) 5 zE Gf) » T30 >

0y
—

(2) When x(¢) 1s real » ¥t Gabor transform @ =

X(f)=X"(-f) ifx(¢) is real, where X(f) = FT[x(?)]

204
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“t4%4 : Fourier Transform ¥ * & 5

()] = I t)exp(—j27zft)dt

(1) Recovery o _

(inverse Fourier transform) x(t) B -[ —ooX(f )exp(] 2zt t) 4
(2) Integration x(0) = j_iX (f)df

(3) Modulation FT[x(f)ejzﬂfot] =X(f- 1)
(4) Time Shifting FT x(t=1,) |= X (f)e """
(5) Scaling FT|x(at)]= ﬁX(%)

(6) Time Reverse FT|x(—t)|=X(-f)

(7) Real Output If x(¢)=x"(—t), then X(f) is real.




(8) Real / Imaginary Input

If x(¢) is real, then X(f) = X*(-);
If x(¢) 1s pure imaginary, then X(f) = —X*(—f)

If x(¢) = x(~1), then X(f) = X(-);

(9) Even / Odd Input

If x(¢) = —x(~7), then X(f) = —X(-);
(10) Conjugation FT[X* (f)] =X"(-f)
(11) Differentiation FT[x'(t)|=j2xf X (f)

(12) Multiplication by ¢

Fr[ex(r)] =22 x(f)

2r
. [ x(1) | o~ [/
(13) Division by ¢ FT = =—]27Z_[_ X(p)du
14) Parseval’s Theorem © 2 o 2
o [ o) ar= ] X () dr

(Energy Preservation)

(15) Generalized Parseval’s
Theorem

206



(16) Linearity

FTax(t)+by(1)]=aX (1) +bY (/)

(17) Convolution

If z(t)=x(t)*y(t)=[ x(r)y(t-7)dr,

then Z(f)=X(/)Y(f)

(18) Multiplication

(19) Correlation

(20) Two Times of Fourier
Transforms

FT{FT[x(t)]} = x(-t)

FUET(ET(x(4)))) = X (<)

(21) Four Times of Fourier
Transforms

FT| FT(FT{FT[x(t)]})|=x(¢)

207
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VII. Other Time Frequency Distributions (1I)

The trend of time-frequency analysis in recent years:
(1) S transform and its generalization
(2) Time-variant signal expansion (Compressive sensing)

(3) Improvement for the Hilbert-Huang transform

(4) time - -Pvequeu(y e assignimen-t



VII-A S Transtorm (S ransfovm # Laploe +vans Dawl«)

(Modification from the Gabor transform) ﬂ?'beo '8,%” indow €Y TR

2 S tremsfonn: wndow -7;-(--\.(22 ]'P)
S.(t,f)= \f\j exp[ z(t-1) fz}exp(—j27zfr)dr
(ow pored 10 scaled Giabor

- P
closely related to the wavelet transform 6=¢

advantages and disadvantages
£l | window % +ime J/ frequen,
Seth 100 200 Ha wid+th VCSo,u‘(mp. vcolu-ﬁoh

00 H2 w‘lndow
Cp1o00 11001 €1 1 )
261463.22% Hz
[Ref] R. G. Stockwell, L. Mansinha, and R. P. Lowe, “Localization of the

complex spectrum: the S transform,” IEEE Trans. Signal Processing,
vol. 44, no. 4, pp. 998—1001, Apr. 1996.
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S transform 4= Gabor transform #p ir2 o

iz §_QGaussian window 0% & € KL F f 7 2T

191143
w(r) = exp[ -’ w(r)=|flexp[ 7] fH it
4 4#f ¢ worse time resolution, better frequency resolution t- ’—“‘::',

B #f  better time resolution, worse frequency resolution

The result of the S transform (compared with page 95)

%

f-axis

——

f-axis



yeplace £ by S(€)

S
e General form w|T):€ )
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S (t,f) :‘S(f)u_ix(r)exp[—ﬂ(t—r)z s’ (f)}exp(—j27zfr)dr
ev! S (®)- S,-\-l('\o‘B

s(f) increases with f

S t+1945
+- 1. 9143
So “s€)

0 ~p

C. R. Pinnegar and L. Mansinha, “The S-transform with windows of arbitrary
and varying shape,” Geophysics, vol. 68, pp. 381-385, 2003.



Fast algorithm of the S transform

When fis fixed, the S transform can be expressed as a convolution form:

SN =ls(N[” x(c)exp| ~z(t-7)'s*(f) |exp(-j27 f7)dz

convolution
along t—axis

S.(t,f)=s(f { Jexp(—j2zft) * exp|—xt’s’(f)]
(for every fixed f)

Remember:  g(¢)* h(t) = j (D)t -1)dr

Q: Can we use the FFT-based method on page 120 to implement the S

transform?

212
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VII-B Generalized Spectrogram

[Ref] P. Boggiatto, G. De Donno, and A. Oliaro, “Two window spectrogram and
their integrals," Advances and Applications, vol. 205, pp. 251-268, 2009.

Generalized spectrogram:  SP., . (t.f)=G,, (t.1)G., (t.1)

o0

w (t—7)x(7)e’*" "dr

G, (t.f)=]

G,., (¢,f)= J._i w,(t—7)x(r)e > dr
Original spectrogram: w,(?) = w,(?)

To achieve better clarity, w,(#) can be chosen as a wider window,
Ww,(?) can be chosen as a narrower window.



x(¢) = cos(2zt) when ¢ < 10, 214
x(¢) = cos(6 ) when 10 <1 <20,

x(f) = cos(4 t) when ¢ > 20
(a) Gabor, sigma = 0.1

5

f-axis
(e}

0 5 10 15 20 25 30
t-axis

(b) Gabor, sigmal = 1.6

f-axis

30

t-axis



x(f) = cos(27t) when ¢ < 10, 215
x(¢) = cos(6 ) when 10 <1 <20,

x(f) = cos(4 t) when ¢ > 20
(c) Generalized spectrogram < (4))(“’)

5

f-axis
(e}

0 5 10 15 20 25 30
t-axis

(d) Gabor, sigmal = 0.4

f-axis

t-axis



Generalized spectrogram:  SP.,, . (t.f)=G,, (t.f)G., (t.1)

Further Generalization for the spectrogram:

or

SPx,Wl,Wz (t’f) - G;Cxawl (t’f)G;sz (t’f)
SP)C,WlaW2 (t’f) - Gxawl (t’f)|a Gx,W2 (t’f)|ﬂ

216
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VII-C Reassignment Method
W POS‘E Py 0(?5.;70\?_

After computing the time-frequency distribution, we can use the following
way to make the energy even more concentrated.

(1) First, estimate the offset.
f_oooo fjooou co(u—t,v—f) - X(u,v)dudv

t(t, f) = [2 %2 @u—t,v—f)-X(u,v)dudv

[ 1% ve@u—tv—f) X(uv)dudv
12 1% o —t,v—f) - X(u,v)dudv

X(¢, f): time-frequency analysis (STFT, WDF...) of x(?),

ft, )=

(p(u—t,v—f)
Pa‘hh o(u, v) =1 when |u|, |v| < B

wihdow o(u, v) = 0 otherwise

(2) Then, shift the time frequency distribution at (¢, /) to (f (f J ),f (f f ))
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(2) Then, shift the time frequency distribution at (¢, /) to (f (f J ),f (l‘ f ))

X(6.N)=] | x(t.£)(e=1(t, 1))S(f =T (1.1,))dtdf,

Move Y('(‘c,‘ﬂ) +o the ,OCQ‘PlM ol
(%6,0), 2(4.P)

References

[1] F. Auger and P. Flandrin, “Improving the readability of time-frequency and
time-scale representations by the reassignment method,” /IEEE Trans. Signal
Processing, vol. 43, issue 5, pp. 1068-1089, May 1995.

[2] F. Auger, P. Flandrin, Y.T. Lin, S. McLaughlin, S. Meignen, T. Oberlin, and
H.T. Wu, “Time-frequency reassignment and synchrosqueezing: An

overview,” IEEE Signal Processing Magazine, vol. 30, issue 6, pp. 32-41,
2013.

PS: R #12017 & B S p % F &



219

VII-D Basis Expansion Time-Frequency Analysis

_ Sine the awplitude Alf):| and 'ﬁrequfuc)/ L:4m ore Fixesl
'TLU%IFPE Fouriev series 1 ‘hhv\e-ivgvavw'“‘('

M
e Fourier series: ¢, (f) = exp(j27f,1t), x(t ) ~ Zam exp(j27 f,1)
m=1
S =m/T

Bwe —invaviant <x(t),§0m (2)
4 =
@

RGAORAC
% 4 ¢ Time-Frequency Analysis » #_%, Bl & #-signal % 7 & 4o 97 i
x(1) = iam(pm(t)
TP R RAEMEF T SFAT
x(f)—ﬁamcom(t)

B () — it > F e enbasis 2 B 7 B A frequency A &

)>> = %J.Orx(t)exp(—jbzfmt)dt

2

dt & B)

[0 @)
approximation error = j
—00
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(1) Three Parameter Atoms

21/4 72_(1, t )2
P gy () =3 €XPUI 27 ft) xp(= °

)

3 parameters: ¢, controls the central time
f, controls the frequency
o controls the scaling factor

[Ref] S. G. Mallat and Z. Zhang, “Matching pursuits with time-frequency
dictionaries,” IEEE Trans. Signal Processing, vol. 41, no. 12, pp.
3397-3415, Dec. 1993.

Since ?i,.f,.0 () are not orthogonal, ¢, 1. should be determined by a
matching pursuit process.
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(2) Four Parameter Atoms (Chirp_l;t_)_
2

x(t)zZatO,fo 2P s (1) nstantaneous Pyeol = Nt+ .

2l 7(t— t)
a0 =S exp (27 fy+ 1) - (

)

4 parameters: ¢, controls the central time
f, controls the initial frequency
o controls the scaling factor
77 controls the chirp rate

[Ref] A. Bultan, “A four-parameter atomic decomposition of chirplets,”
IEEE Trans. Signal Processing, vol. 47, no. 3, pp. 731-745, Mar. 1999.

[Ref] C. Capus, and K. Brown. "Short-time fractional Fourier methods for
the time-frequency representation of chirp signals," J. Acoust. Soc. Am.
vol. 113, issue 6, pp. 3253-3263, 2003.



f-axis

f-axis

f-axis

(@) STFT of a Fourier basis

4 6 8 10 12
t-axis
(b) STFT of a 3-parameter atom

4 6 8 10 12
t-axis
(c) STFT of a chirplet (4-parameter atom)

t-axis
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(3) Prolate Spheroidal Wave Function (PSWF) 223

x(t)% Z an,T,Q,zO,fOWn,T,Q(t_to)exp(jzﬂfot)

naTeget() af()

where Ynr.0(t) is the prolate spheroidal wave function

[Ref] D. Slepian and H. O. Pollak, “Prolate spheroidal wave functions, Fourier
analysis and uncertainty-1,” Bell Syst. Tech. J., vol. 40, pp. 43-63, 1961.



Concept of the prolate spheroidal wave function (PSWF): 224

e FT: X(f)= I_iexp(—j27zft)x(t)dt , X, f e (—o0,0).

energy preservation property (Parseval’s property)

_[_Z\X( NI df = j_i\x(r)f dt

e finite Fourier transform (fi-FT):
T .
X, (f)= I_Texp(—]2ﬂft)x(t)dt

space interval: ¢t € [T, T], frequency interval: f € [-Q, Q]
Q 2
x|
0 < energy preservation ratio ===~ . <1

| [x(@)f ar
-T
0 2

| X 0) dr

The PWSF ¥, 1 (¢) can maximize == .
| [xf dt
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[ oXanf ar
I_TT\x(t)\z dt

The PWSF ¥, (¢) can maximize

Among the functions orthogonal to ¥ 1 o

[ X, ar
j_TT\x(t)f dt

W, ro(t) can maximize

Among the functions orthogonal to ¥ 1 o andy; r g

[ X, df
j_TT\x(r)\z dt

W, 1o (t) can maximize

and so on.
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* Prolate spheroidal wave functions (PSWFs) are the continuous functions

that satisfy: I Kio(t,)Wora0(t)dt=2, 00,1 0(1)

9

sin[272Q(#, — )]
ﬁ(tl B t)

where

KF,Q (tvt):

PSWFs are orthonormal and can be sorted according to the values of 4, ;. ’s:
T
j_T Yo (t)wn,T,Q (t)dt =90,

1> 0> Aira> g™ oo > 0. (Allof 4, ;s are real)
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4% . Compressive Sensing and Matching Pursuit 9. 4

[ 3 B
Different from orthogonal basis expansion, which applies a complete and

orthogonal basis set, compressive sensing 1s to use an over-complete and
non-orthogonal basis set to expand a signal.

Example:

Fourier series expansion is an orthogonal basis expansion method:

M
x(t)~ Y a, exp(j27 f,1)
m=1

j exp(j2rf,exp(j2af)di=0  iff, #f,

Three-parameter atom expansion, Four-parameter atom (chirplet) expansion,
and PSWF expansion are over-complete and non-orthogonal basis expansion

methods.
)C(t) ~ Zato,fo,dgploafoﬁ (t)

P t,.fo,0 (£) donot form a complete and orthogonal set.
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For example, in the above figure, the blue line 1s the original signal

* When using three-parameter atoms, the expansion result is the red line
_ &2 B 2. ) o
X(t) — 3¢ 0.27r,£t 7 19 5o 0478 42t | o 5 ,~047(1-8) ]27,,L

Only 3 terms are uLed and the normalizad root square erroer.39%
. 2 - -
+°-s/ 6 25'*’0'0 fo-': ?, Gz: 2~T>, “‘o."'\ 't'g"'- 8/ 62:2‘51'&"-\
e When using Fourier basis, if 31 terms are used, the expansion result is the
green line and the normalized root square error is 3.22%
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The problems that compressive sensing deals with:

Suppose that by(¢), b,(¢), by(?), b3(¢) «ennvenn.. .. form an over-complete and
non-orthogonal basis set.

(Problem 1) We want to minimize ||c||, (|| ||, %L, norm > ||c|
B * &% 0 ip #Hc) such that

0 f‘i#ﬁ C, £
SlMﬁ“ Lo hovw

x()=Xeb, (1)  TFHEE

(Problem 2) We want to minimize ||c||, such that

| (x(t) - ;cmbm (t)]2 dt < threshold

(Problem 3) When |||, 1s fixed to M, we want to minimize

I (x(t) “Seb, (t)jz dt

m=1
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Question: How do we solve the optimization problems on page 229?

Method 1: Matching Pursuit (Greedy Algorithm)

Input: x(7) atoms: b, (1), m=1,2,3, ....
Initial: 7 = 0, x,(¢) = x(¢) {5, (), (1)at =1
l (normalized)
—* Find m such that er (¢)b, (t)dt‘ is maximal
} ) I{ there ave N2
Set 4,(1) = b,(0), 4, = [x(1)5;, (1)d otowms , Hhe number
| of Tterations 1g T
No xr(t) - ‘xr(lt) B /un¢n(t) T ( N ;-\-\7
n=n+l x(t);Z/’lm¢m(t)
l m
For Problem 1: Whether x,(¢£) =0 /( 5
For Problem 2: Whether j x_ (¢)dt < threshold

For Problem 3: Whether n=M



Method 2: Basis Pursuit
—_———

Change the L, norm into the L, norm

lelly = leol +ley] + eyl + .
(Problem 1) We want to minimize ||c||; such that
x(t) = 2 b, (1)
(Problem 2) We want to minimize ||c||,; such that

| (x(t) - ;cmbm (r)j2 dt < threshold

(Problem 3) When ||c||, £ M, we want to minimize

I(x(t)—;cmbm (t)j2 dt
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o _
[ [#2n3) '{_o T xTw1=J
Norm (L, norm):  |x[n]|, =¢> |x[n]"

lim (L,norm)*=K where K is the number of points such that x[#]# 0

a—0

(Physical meaning: The number of nonzero points)

L, norm: |x[n]], =2x[n] net (MW

(Physical meaning: Sum of Amplitudes) ¢ony ex

L, norm: HX[”]HZZ Z__(;x[”]z Men L Z)\/

La horm Ts o
(O hv ex Pu‘ble\m-

(Physical meaning: Distance)

Matching Pursuit: Zero order norm  lim (L, norm)“

a—0

Basis Pursuit: First order norm L, norm
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