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X. Other Applications of Time-Frequency

Applications

(1) Finding Instantaneous Frequency

(2) Signal Decomposition

(3) Filter Design

(4) Sampling Theory

(5) Modulation and Multiplexing

(6) Electromagnetic Wave Propagation

(7) Optics

(8) Radar System Analysis
(9) Random Process Analysis
(10) Music Signal Analysis

(11) Biomedical Engineering

(12) Accelerometer Signal Analysis

Analysis

(13) Acoustics

(14) Data Compression

(15) Spread Spectrum Analysis
(16) System Modeling

(17) Economic Data Analysis
(18) Signal Representation
(19) Seismology

(20) Geology

(21) Astronomy

(22) Oceanography

(23) Satellite Signal Analysis
(24) Image Processing??
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10-1 Sampling Theory

Number of sampling points == Sum of areas of time frequency distributions

+ the number of extra parameters

e How to make the area of time-frequency smaller?

(1) Divide into several components.

(2) Use chirp multiplications, chirp convolutions, fractional Fourier
transforms, or linear canonical transforms to reduce the area.

[Ref] X. G. Xia, “On bandlimited signals with fractional Fourier transform,”
IEEFE Signal Processing Letters, vol. 3, no. 3, pp. 72-74, March 1996.

[Ref] J. J. Ding, S. C. Pei, and T. Y. Ko, “Higher order modulation and the
efficient sampling algorithm for time variant signal,” European Signal
Processing Conference, pp. 2143-21477, Bucharest, Romania, Aug. 2012.



Analytic Signal Conversion

x(t) = x,(¢)=x(t)+ jxy (1)
An (1): Hilbert transforin of %A(+)
Aubrs IFT(FT{x0) H (D)
H (F) > g-' £<D
w138

r Xul®X(®)HE)

Shearing

TP Al+€) 7S real

X(£)= X¥(=8 09

Xo(£): X(£)tIHB®X( )

(HIHIENX(F)
145 H(f) = {g £ <D
|

2>

£=0
XG(F):O for £<0O
Xal€)=2X(€) £0

Xa (D)= X(0) (sing le sided Bamp

Stnce () 1 veal , A ) = Re (Aal+))

shearing




Step 1 Analytic Signal Conversion

Step 2 Separate the components ()
A 7 _F; FT A

e
o]

v

&

v

(b)
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Step 3 Use shearing or rotation to minimize the “area” to each component

~ eZF

F

@—)@:F\.

4"':4 L- Va) (-24-‘-
2
Step 4 Use the conventional sampling theory to sample each components

v
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x,[n]=x(nA,) A <1/ F

£ x()-Xx, [n]sinc(ALt—nj

3P4 2 N Xy (t )I Hilbert transform of x(¢)
: -
(1) x(t)—)xa (t):x(t)+]xH (t) n(:p__) $= D
@ ()~ %)= )+ ()45 (1) Ny
— /5 LN
(3) y, (1) =exp(j27ma,t)x, (1) k=1,2,..,K Fs ‘_l s
+
(4) xd,k[n] :yk(nAt,k) k=1,2,...,K

:exp(j27mkn2At2k)xk(nAtk) A I ’
| | k= FkEZ//;
1< ‘
Fi 1o the bondwielth o )’kH)




i’l{'P') IFT Fe ctnc( R £)312
AR % FS‘AL’

€k
(1) v, (1 Zxdk[n]smc( j
2) x,(t)=exp(—j27a,1* ), (1)
(3) x,(¢)=x(2)+x,(¢)+-+x (t)
4 x(t)=Re{x, (1)}
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Theorem:
If x(#) 1s time limited (x(¢) =0 for # < ¢, and > ¢,)
then it 1s impossible to be frequency limited
If x(7) 1s frequency limited (X(f) = 0 for f </, and /> f,)

then it is impossible to be time limited

e g AT uiE - B “threshold” A

PEAE A 35 X (4 )] > A & 6T B iha ff 5 1L

Fwr o Toaf ) kH@mHsHEdk L4887 - LR



F B~ telt, ] and f e [f, f,] datehae & #ribdut b

—Q0

x(t)f dt+fo\x(t)\2 d”ﬂ

X(f) dr+] X (1) df

err =

Xi(f) = F1lx,(0)],

j:\x(t)\z dt

x,(t)=x(t) fort € [t, 1,] , x,(t) = O otherwise

e For the Wigner distribution function (WDF)
(O = W (e X () = We )

j_iji W (¢, f)dfdt = j:‘x(t)‘z dt = energy of x(f).
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"Wy XY =] (s

(o de+ [l (O df + [ (1) df
w, (e, f)dfde+ [ [" W, (t.f) dfdt+j°°ij (1, 1) dfit

{
{

A Jeel

Ay
dfdt+.t A f)dfdt+:t ["w. (t.r dfdt+j W, (1, f)dfdt
dfdt+::o:iW(t f)dfdt+:2. W, (1, f)dfdt + j j (¢ f dfdt
2 B | C
Jw ) dr i
[ (o) a A e B
. 5 . [-axis
f‘l I
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10-2 Modulation and Multiplexing

With the aid of
(1) the Gabor transform (or the Gabor-Wigner transform)

(2) horizontal and vertical shifting, dilation, shearing, generalized shearing,
and rotation.

[Ref] C. Mendlovic and A. W. Lohmann, “Space-bandwidth product
adaptation and 1its application to superresolution: fundamentals,”
J. Opt. Soc. Am. A, vol. 14, pp. 558-562, Mar. 1997.

[Ref] S. C. Pei and J. J. Ding, “Relations between Gabor transforms and
fractional Fourier transforms and their applications for
signal processing,” vol. 55, issue 10, pp. 4839-4850, IEEE Trans.
Signal Processing, 2007.
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Example ‘ ‘ ‘ ‘ ‘ ‘
? 1 ?
4 " J' -
i | l ‘ | ! 20 0 20

(a) G(u)_, consisted of 7 components  (b) f(t), the signal to be modulated

FT l We want to add A7) into G(u)

5 A

-Q@—’

) shearing

&

) hifting olomg ¢, £

(no empty band) ﬁ‘" ”
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! T-F slot

2! ‘

-2‘0 0 2‘0
(e) multiplexing f(t) into G(u) (f) GWT of (e)



© Conventional Modulation Theory 319

The signals x,(£), x,(2), x;(?), ....... , X (%) can be transmitted successfully if

K
Allowed Bandwidth > ZBk
k=1
B,: the bandwidth (including the negative frequency part) of x,(¢)
© Modulation Theory Based on Time-Frequency Analysis

The signals x,(£), x,(?), x;(?), ....... , X (%) can be transmitted successfully 1f

— K
Allowed Time duration x Allowed Bandwidth > Z A,
( —

A,: the area of the time-frequency distribution of x,(¢)

Aal%)

e The interference is inevitable. 20900 |- .-i/'
: . 5°°Dt‘7//‘ /j( 7,7

How to estimate the interference? ¢y

. )
/7% 77777477%
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10-3 Electromagnetic Wave Propagation

Time-Frequency analysis can be used for

Wireless Communication
Optical system analysis
Laser

Radar system analysis

Propagation through the free space (Fresnel transform): chirp convolution

Propagation through the lens or the radar disk: chirp multiplication
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Fresnel Transform : 5 i T &4 &7 F ¢ 1B 3% (See pages 267-271)

B =) S #r' kS TER S tha s 4; bAL L

Fresnel transform == LCT with parameters {a b } _ F Az }
c d 0 1

: (1) STFT &8 WDF ¥R— i v ﬁ*ﬁb * P A A e 9
(2) 5 Pk L AREOT Y T F ¢ AT AES D



(4) Spherical Disk

-axis
Y A

o JXB_E l‘)(&—l'yz)_p (7(17>

plane

> direction of wave
"R propagation

radius of the
disk =R

a b 1 0
. W ﬂ\_/\ pu— i 'i—,;
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pgerLeT [a ] [ 1 ot ap][ 1 0
¢ d| |1/AR, 1|0 1 |[-1/AR, 1

I 1-D/R, ~AD }

B —%(R;l ~R;'+R;'R;'D) 1+D/R,




10-3 Accelerometer Signal Analysis

The 3-D Accelerometer (= #h4ci# 3) can be used for identifying the

activity of a person.

Z-axX1$

y-axis

X-axIs

/i\ Z-ax1s y: 0
z: -9.8
__________________________ >
y-axis
tilted by 6
[N Z-axI1s
| 7 .
<" y-axis
y: -9.8s1nf

z: -9.8cosl

324
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Using the 3D accelerometer + time-frequency analysis, one can analyze
the activity of a person.

Walk, Run (Pedometer 3+ %)

Healthcare for the person suffered from Parkinson’s disease
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3D accelerometer signal for a person suffering from Parkinson’s disease

Time =series
2 T Ly 1

Acederation (o)

-2 1 [ 1
o 5 10 15

Tirme (sec)

The result of the short-time Fourier transform

Short-time Fourier transform

Frequency (He)

Time (s=c)

Y. F. Chang, J. J. Ding, H. Hu, Wen-Chieh Yang, and K. H. Lin, “A real-time detection algorithm
for freezing of gait in Parkinson’s disease,” IEEE International Symposium on Circuits and
Systems, Melbourne, Australia, pp. 1312-1315, May 2014



10-5 Music and Acoustic Signal Analysis 327

Music Signal Analysis
Acoustic
Voiceprint (Speaker) Recognition
Speech Signal
(1) # Fp e A 23E B3 43 7 = (F-% voiceprint)
Q) k- BFAERRHFH » #FHET - &
B)FA(F- - ~=2 & %{rﬁaﬁ) * oo B

givaass 2k /‘fﬁ ipq/ éEJE’J ,ﬂuftg,

4)TrEgkr-BF5 =+ qﬂfr—% mﬂ;p* 77 4P e

(5) B+ 3 ko3 g § AR B R4, f6 A, A6 TG,

e 1 | I AUMERIL” > xR F o rEDRS S ARYME o
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(2) (b) (c) (d)
f f f f
large energy middle energy small energy large energy

Typical relations between time and the instantaneous frequencies for (a) the
15t tone, (b) the 2"d tone, (¢) the 3 tone, and (d) the 4™ tone in Chinese.

X. X. Chen, C. N. Cai, P. Guo, and Y. Sun, “A hidden Markov model applied
to Chinese four-tone recognition,” ICASSP, vol. 12, pp. 797-800, 1987.
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Y2, Y3, Y 4

Y]‘9
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10-6 Other Applications
R

e L L L LT v

s
Biomedical Engineering («= & B] (ECG), "*% B] (EMQG), a7 B, ...... )

Communication and Spread Spectrum Analysis

Economic Data Analysis

Seismology HZQ é;ﬂ_

Geology  tf, @
Astronomy % ¥

Oceanography Lﬁ‘}t
Satellite Signal
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Short-time Fourier transform of the power signal from a satellite

J"U‘L.T'\. imfE BV R = 5L AVAVAVA
450
400
350
300
250
200
150
100

50

2006 5 2007 2007.5 2008 2008.5 20 9 2009 5 2010 2010 5 2011

C.J. Fong, S. K. Yang, N. L. Yen, T. P. Lee, C. Y. Huang, H. F. Tsai, S. Wang, Y. Wang, and J.
J. Ding, “Preliminary studies of the applications of HHT (Hilbert-Huang transform) on
FORMOSAT-3/COSMIC GOX payload trending data,” 6th FORMOSAT-3/COSMIC Data
Users' Workshop, Boulder, Colorado, USA, Oct. 2012
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BT A 4 e

astronomy

satellite

‘\

over
700 km

“~communication

_ human life
vocal signal, ECG
vocal signal v
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(1) Google ¥ jisto=
http://scholar.google.com.tw/

(FE&1 AT A AE) RRERE BAGT o hR
4

TR T U B

‘ﬁjﬁé‘ rif'-%?J ?
By~ WS GO 816 FoT 5Tl R o

o PO
AL o g F‘ﬂk \
——
( "Gabor transform” )
©ESHEES OESREPIEE O¥STErrEs

wWiEE ARIEEL
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(2) 35 IEEE s =
http://ieeexplore.ieee.org/Xplore/guesthome.jsp

(3) Wikipedia

(4) Github (#'= code)

(5) #c& v et
http://eqworld.ipmnet.ru/index.htm

3 % b tables » " 2 $HF I/

(6) B2 1 2 BE s T

-~ Bl% 47 | http://www.lib.ntu.edu.tw/

£ —‘15’ 4 http://www.lib.ntu.edu.tw/tulips
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9) A:9- B AAETE 5 SCI
Step 1: £ 2 http://scientific.thomson.com/mjl/

Step 2: { Search Terms i » # 71 & ¢
Search Type :£# “Full Journal Title” » £ 4% “Search”

Step 3: 4% F 35 PR # T > PRk & 5 B ¥ T SFEi Jedk & SCI



336
(10) BE$- BT Tr P 2R 7 fE:

ournal papers £ Wikipedia ¢ }* 55 conference papers if ¥

—

_Jﬁ_

e

¢ * 5 journal papers & Wikipedia if &

|4

(D) 4% F w3 F &0 £ ¥ iy “review” . “survey” o &
“tutorial” & s ~
TRy A#EZE £ R joumal papers
(12 Paper Title > Abstract » 14 %2 H is Papers ¥i& i © & g it >

Kk 2| ¥riz F journal papers &% R B 12 7 2V



XI. Hilbert Huang Transform (HHT)

Proposed by & 45X (AD. 1998)

F4Epad cnd T LS

http://djj.ee.ntu.edu.tw/%E9%BBY%83%E9%8D%94%E9%99%A2%ES5%A3
%AB.pdf

References

[1] N. E. Huang, Z. Shen, S. R. Long, M. C. Wu, H. H. Shih, Q. Zheng, N. C.
Yen, C. C. Tung, and H. H. Liu, “The empirical mode decomposition and

the Hilbert spectrum for nonlinear and non-stationary time series analysis,”
Proc. R. Soc. Lond. A, vol. 454, pp. 903-995, 1998.

[2] N. E. Huang and S. Shen, Hilbert-Huang Transform and Its Applications,
World Scientific, Singapore, 2005.

(PS: 351352007 & i Al i ¥ b B o2 < & kb 4)



11-A The Origin of the Concept

¥ — #& & 7 instantaneous frequency 77~ 3% @ Hilbert transform

e Hilbert transform

j°° x(f)df hit) = IFT (H(f)
- J
= 2N
or  x,(0)=IFT{FT[x(¢)]H(f)} i
H(f) J
Eo > f-axis
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Applications of the Hilbert Transform

e analytic signal What 1s the peletion betweey
© () =x(1)+ jx, (1 Xa(f) and X(£)

e edge detection

e another way to define the instantaneous frequency: cot ¢' L),/ n
instantaneous frequency = 21 gf 0 —’O‘Lﬁﬁ
pe e poge 20 " tawp ) )
x, (¢ ‘
where 6 =tan~' “Z (1) */0 (2
\ ) X(f)

Sho4s Qw cton(+ (zn{-‘t\) =22t
Example: | _ ] 0:ov M‘( an
P -4 € -g/2

e

) COS(27Z'ﬁ) Hilbeit N sm(27fﬁ) = 27Z'ft 275 T -C
L -2
3 " sin (27 fi) —iberZig Cgs(zﬁﬁ) =27 ft+m/2 zn d+, : ¢
\ g~ arc ton (=0t (21 £1))
Sn2R LXK = - 4 <
25t = -3 Jdamd 3 ;I; o3t Lo tan(tan (2 f4+3)

s2AfAt 71/,
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Problem of using Hilbert transforms to determine the instantaneous frequency:

This method 1s only good for cosine and sine functions with single component.

Not suitable for (1) complex function
(2) non-sinusoid-like function

(3) multiple components

Moreover, (4) & has multiple solutions.
sin DHR )+ stno-B) = 2sThx( Cosk
Example:  ¢os(a+B) 1 ©s( p-P) =2 (084 (s B

cos(27 fit)+cos (27 ft ) — "> sin (27 fit) +sin (27 f,1)
02 avctan( £ AL )t dn 1R L do_ fi+e,
©(2nft)+rex (3 fit) a2
> arctan2Tn(m (W Ft) tos (= (8, 14

=

2co0s (1 (€45 o <>
* 70(‘("(1'&)‘?: FPEAE sl (6450
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e Hilbert-Huang transform 2k & 3 #¢

A H#— B Z LA = F B sinusoid-like components + trend

>

(= Fourier analysis # e g5~ = {3t > i% i sinusoid-like components
71 period fr amplitude ¥ 14 7 H_F T_e)

f i@ * Hilbert transform (& STFT > number of zero crossings) % 4 #7# B
components =77 instantaneous frequency

% > * Z * 3] Fourier transform
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11-B Intrinsic Mode Function (IMF) = 5.7 fuucfrons

Amplitude and frequency can vary with time. (os (3NEt+P)
ex: veal port o€ clewp s an IMF has Lryedl "‘WP,”“O'{P “":’
LA / local maximums & local minimums requesy

(1) The number of extremes and the number of zero-crossings must either

equal or differ at most by one. < local maxTmums >0
local Winimame <O

(2) At any point, the mean value of the envelope defined by the local maxima
and the envelope defined by the local minima is near to zero. (v)

) 0.1 I . T . : ' 1 , ; — a Z !
( \/ U'?pcr /
ANV e

"}“Hﬁﬂdw e [ s

) \/ T ‘1&
'/‘\ )‘\f\ﬂﬂf\—- ({9 :
i .C(nt)lwev enrelope

- X

4.2 4.4 4.6 4.8 5 5.2




11-C Procedure of the Hilbert Huang Transform

EMD Y 4¢) = tread t multiple IMF
Steps 1~8 are called Empirical Mode Decomposition (EMD)

(Step 1) Initial: y(¢) = x(¢), (x(¢) 1s the input) n =1, k=1

Step 2) Find the local peak
(Step 2) Find the loca ea(s)’l‘\] 77,0‘,']) XX()’C“J>7'D1+"1>

2 °

343
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(Step 3) Connect local peak

S
7 M?P‘V enve LPCIMF 1, iteration 0

i ¥ @ * B-spline » £ 2 §_cubic B-spline % i #
m:32
Frgg )

\\\?{.r

(



(Step 4) Find the local dips
(Step 5) Connect the local dips

IMF 1; iteration 0 rrllaX
1
VA
2 ® )/
]
® o
] e O L X )
o
® o
[ o o L4
o
°le Y bt e L0 °® o
o
Py (
[ )
-1
b °
o () o

345
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(Step 6-1) Compute the mean

IMF 1; iteration 0

(D) +e, (1)
z(t) = 5

(pink line)
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(Step 6-2) Compute the residue

1.5

u.l4)’ N~

(Ul"'uo)/).

h (1) = y(t) = z(1)
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(Step 7) Check whether 4,(¢) 1s an intrinsic mode function (IMF)

(1) ¥ & €_% local maximums % = ** 0
local minimums 'z -J: ** 0

(2) L 3e Du() TEHE L u)

%ﬁﬁ{@ ul(t)—i_uO(t)

< threshold for all ¢

If they are satisfied (or k£ = K), set ¢, (f) = h,(¢) and continue to Step 8
c,(t) is the n™ IMF of x(¢).

If not, set y(¢) = h(2),
k=k+ 1, and repeat Steps 2~6

(37 @ALELERE > T R LK)
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(Step 8) Calculate [Xo() =x(¢)— Z c,(?)

N 5=l

and check whether x(7) 1s a function with no more than one extreme point.

Ifnot,set n=nt+l, () =xy?)

and repeat Steps 2~7 [
Adt) s a polyhonial

with ovder <4

If so, the empirical mode decomposition is completed.

Set
(1) = x(¥) Step 7 ChH):‘f’,‘,E'Sp 8
h,(f)is an IMF? | Yes < xo(f) has | Npeq
Step 1 n:(f Steps 2~6 ok F only 0~3 = Step 9
[ . extreme? |
WO =l N I\
trend

W) = x(D) n=ntl
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x(t) = x,(1)+ D _c,(7)

(Step 9) Find the instantaneous frequency for each IMF ¢ (?) (s =1, 2, ..., n).
Method 1: Using the Hilbert transform
Method 2: Calculating the STFT for c (7).

Method 3: Furthermore, we can also calculate the instantaneous frequency

from the number of zero-crossings directly.
s Y humber oF

2evo (rosslgg

instantaneous frequency F(¢) of ¢ (¢)

_ the number of zero-crossings of ¢ (¢) between ¢ — B and ¢ + B
4B




Technique Problems of the Hilbert Huang Transform

(A) B AL R 4 ¢

P k- Kt E o W Fent N4

— - =

(1) ¥ i * 238 7 &0 extreme points
(2) ¥ = ~ B+ OELF = §_extreme points
(3) Fg B1:E B 2. ¢} e extreme points 71 ¥ ﬂfr«’ »J‘

(4) * 8 & foi 1T b extreme point RS K X ¥ E_F B &

% = extreme points

(B) Noise =f 42 \_/\ \//\

£ % pre-filter * g2
Yemove -('[\g '('7V\7 noise
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Bex >~ B aBE FE & § = §_extreme points
If the distoe 1o he hearest €xtreme pomts Ts

louger than a ‘t‘dve.()’lold 4hen ‘H\e bout\oimy P.?...[. T
olse freated o e¢4beu..e

Ehvesholcd
(avemac.

w\-(evvo\l of
evaw\g) X
6 0\5

”~
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11-D Example  _ _ 4 4R ﬂ%%

A - ET
Example | x(¢)=0.2¢+ cos(27t)+ 0.4 cos(107t) t —"75t . &€
4 ¢ -9(¢> $re)
20 1 2 3 4 6 8 9 10

After Step 6 °'
2




0

IMF1
<Alt)- sky
blue

2

IMFE2
0
= (os27+t

-2

xo(?) 0
=024 -

curve = 0-4rog 107t
0
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Example 2

hum signal

IMF1

IMF2

0.1

0.05

-0.05

-0.1

0.2

0.1

-0.1

-0.2

IMFA1
| |
0.4 0.5
IMF2
| |
0.4 0.5

Time
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IMF3

IMF4

IMF5

IMF6

-0.4

-0.2 +

-0.4

0.4

IMF3

0.2 -

0.4

0.3 0.4 0.5 0.6 0.7

IMF4

0.2 -

0.1

0.05

-0.05

-0.1
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Time
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Time
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IMFE7

IMFS

IMF9

IMF10

0.01

0.005

-0.005

-0.01
(o]

0.01

0.005

-0.005

-0.01
(0]

10

10

IMF7

0.2

0.3

0.4 0.5 0.6 0.7

IMF8

0.2

0.3

0.4 0.5 0.6 0.7

10

0.1

0.2

0.3

0.4 0.5 0.6 0.7
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0.4 0.5 0.6 0.7
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IMF11 0

X 10"3 IMF11
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Time
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11-E Comparison

(1) ¥ & 7 A7 feenge§ W am & 47

(2) ¥ 1245 3] - B function &1 " &% |
(3) fo 6 SHEAE A 45— 4E 0 T LA 4T 2
(4) if £ [ Climate analysis

— Economical data

| Geology
Acoustics

Music signal

LR e

S

P

J1
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e Conclusion

3R ARE

B 4 _d ° B S B sinusoid functions #1E & @ = > @ ¥ i sinusoid
functions 7 amplitudes p £ ¥ 7k pF » ¥ 1 % HHT Xk & 45



4% — Interpolation and the B-Spline

Suppose that the sampling points are ¢, t,, t5, ..., ty
and we have known the values of x(¢) at these sampling points.

There are several ways for interpolation.

(1) The simplest way: Using the straight lines (i.e., linear interpolation)

B -SP'Tne me|

361



(2) Lagrange interpolation 362

H(f—f,) I3 e85 @5
N J=l
#n N
x@)=> "% x(t,) [1# =nmhh - h,
n=1 th . tj -
j=1
J#n

Example: When N =4,

(t—t,)t—t)(t—t,)
(t, —1,)(t, —t,)(t, —t,)

(t t)(t—t,)(t—-1,)
(t —t)(t, —t,)(t, —t,)

(t=t)(t—t)(t-t,)
(t, —1,)(t, —t,)(t, —t)

(t =)t —1,)(t —1,)
(6 — 1)ty —1,)(t, — 1)

x(1) = x() +

x(t;) +

x(t,)



(3) Polynomial interpolation

N
x(t) = Z ant"_l, solve a,, a,, as, ...... ,
n=l1
1o g B e ][ x(8)
1 ¢, ¢ £ a, || x(t,)
1 ¢ f 6| a, x(1,)
RN ty lay ] [x(ty)
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(4) Lowpass Filter Interpolation

if * ** sampling interval = # 2 A; ¢, —t,=A, foralln

x(¢) = ZN:x(tn)sinc(t;t”j

t

discrete time

: lowpass mask
X(t) Fourier transform X,(H

X(f)

v

inverse discrete time
Fourier transform

(0
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(5) B-Spline Interpolation

B-spline #j # = spline

B ,(t)=1 for¢,<t<t,

B ,(t)=0 otherwise

I—1

A —1
B ()= "B 1)+ B t
n,m( ) t —t n,m—l( ) t _tn+1 n+1,m—l( )

n+m n n+m+l

fort, <t<t, .

x(t) = ZX )B,,. () BmmH) s an mth orofe,
polymowﬁod

m = 1: linear B-spline
m = 2: quadratic B-spline

m =3: cubic B-spline (if ¥ & *) x(1), x'(¢), x"(¢) are continuous
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In Matlab - the command “spline” can be used for spline interpolation.

(Note : In the command, the cubic B-spline 1s used)

Cubic B-Spline Interpolation by Matlab:
Generating a sine-like spline curve and samples it over a finer mesh:

x=0:1:10; % original sampling points
y = sin(x);

xx =0:0.1:10; % new sampling points

yy = spline(x,y,xx);

plot(x,y,'0',xX,yy)
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In Python, we can use the following way to perform cubic B-spline
interpolation.

e ] 100

0.75 1

pip install numpy

. . . 0.50 A
pip install scipy

0.25 1

pip install matplotlib

0.00 -
—0.25 A

—0.50 A

B 912021 # ¥ i 24 %
E"f‘v’%g%if—ﬂ-:'ﬁ —-0.75 4

—1.00 4

Reference :
https://docs.scipy.org/doc/scipy/reference/reference/generated/scipy.inter
polate.interpld.html#scipy.interpolate.interpld
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from scipy.interpolate import interpld

import matplotlib.pyplot as plt

import numpy as np

x = np.arange(0, 11) # original sample points, [0, 1, 2, ..., 9, 10]
y = np.sin(x)

f=1nterpld(x, y, kind=' cubic ') ) # Cubic means the cubic B-spline.
Xx_new = np.arange(0, 10.1, 0.1)

# new sample points, [0, 0.1, 0.2, ....., 9.9, 10]

y_new = f(X_new)

plt.plot(x,y,'0",x new, y new)

plt.show()



