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XII. Wavelet Transform
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(1) Conventional method for signal analysis

e Fourier transform : X (f)= Jmo x(t)e > dt

—00

e (Cosine and Sine transforms: 1f x(7) is even and odd
e Orthogonal Polynomial Expansion

B R R R

(2) Time frequency analysis
5|4 > STEFT
X(t,f) = fo w(t — r)x(r)e‘jzﬁfrdr

Time frequency analysis * i eF° 42 °
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12-A Haar Transform

- 85 4 B * ¥ 11k g time-variant spectrum 77 signal representation
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8-point Haar transform

y;: low frequency component
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¥, ~ ¥g - high frequency component

3] :x1+x2+x3+x4+x5+x6+x7+x8

Vs =xl+x2+x3+x4

V=X +X, =X —X,

— X5 — Xg

Yy = X5+ X —X; — Xg

Vs =X — X,
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DET E(mu):c @ % ™7 - 374
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General way to generate the Haar transform:

H,, = {HN © [1’1]} where ® means the Kronecker product

I, ®[1,-1] _ _
i al,lB al,ZB o al,NB
1 0 - 0 0] A®B = a2,1B az,zB az,NB
0 1 ) ) ) .
Iy=|: @ . aM,lB aM,zB aM,NB
O 0 --- 1 0 _ _
0 0 1 where a a, -

A =
HOO 1]: [tp 3 LD \]‘: Yo ’]
[::‘l D) 40 ) Dot
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N =2k p=

hk—l,l
hk—1,2

Vi

H*% 0 % 1 Brow & g=[1 1 1 - 1] e

N B 1
% 20 +q Brow & hy, [n]
p=0,1,..,k1, g=1,2,...,2°
k=1log,N
h,,n]=1  when (g-1)2kP < n < (g-1/2)2k»

h, [n]=-1 when (g-1/2)2k7 < n < g2k
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e Inverse 2*-point Haar Transform

H'=H'D

Dim,n|=01fm#n
D[1, 1]=27% D[2,2] =27,

D[n, n]=27%7 if 2» <p < 2p*!

(1/8 0 0 0 0 0 0 0
When k = 3, 0O 1/8 0 0 0 0 0 0
0O 0 1/4 0 0 0 0 0
Do 0O 0 0 1/4 0 0 0 0
0O 0 O 0 1/2 0 0 0
0O 0 O 0 0O 1/2 0 0
0O 0 0 0 0 0O 1/2 0
0 0 O 0 0 0 0 1/2




12-B Characteristics of Haar Transform

(1) No multiplications
(2) Input §= Output B:#Hcip e

(4) ¥ 1 &2 37— B 5 localized feature

(5) Very fast, but not accurate

Example: (1.2] 13
1.2 -3
1.8 —-0.2
H 0.8 _ 0
2 0
2 1
1.9 0
12.1] | 0.2 |
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Transforms Running Time terms required for NRMSE < 107>
DFT 9.5 sec 43
Haar Transform 0.3 sec 128

References

e A. Haar, “Zur theorie der orthogonalen funktionensysteme ,” Math. Annal.,
vol. 69, pp. 331-371, 1910.

e H. F. Harmuth, Transmission of Information by Orthogonal Functions,
Springer-Verlag, New York, 1972.

The Haar Transform is closely related to the Wavelet transform (especially
the discrete wavelet transform).
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12-C History of the Wavelet Transform

e 1910, Haar families. wowelet 4, i_g)

e 1981, Morlet, wavelet concept.

e 1984, Morlet and Grossman, "wavelet".

e 1985, Meyer, "orthogonal wavelet".

e 1987, International conference in France.

e 1988, Mallat and Meyer, multiresolution.

e 1988, Daubechies, compact support orthogonal wavelet.
e 1989, Mallat, fast wavelet transform.

e 1990s, Discrete wavelet transforms

e 1999, Directional wavelet transform
¢ 2000, JPEG 2000
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12-D Three Types of Wavelets

Wavelet 12 continuous / discrete * 4 > 3 3f4

Input Output Name

Type 1 Continuous Continuous  Continuous Wavelet Transform

7 PEALAL 5 discrete wavelet

Type 2 Continuous Discrete transform » & 2 ¥ & continuous
wavelet transform with discrete
coefficients

Type 3 Discrete Discrete Discrete Wavelet Transform

Th P"-l ' ow{ \M"‘

b w2 ¢ Fourler
transform § = f&  tontlnuous  contiwuous Foavter  transfors,
continuots  diccrete Fourler sevie
discrete  contiuous A Tscref, -Fime Fourier transhn
ATSCVG‘(’e J"SCV?{'e Jfﬁcye-('c F()ur?ev $vansforu



382

12-E Continuous Wavelet Transform (WT)

% psy /sa1/
Definition: a b —d dt
=L
x(f): input, y(7): mother wavelet
a: location,  b: scaling < >

a 1s any real number, b is any meal number
a € (-0, ), ée (0, o).

Compare with time-frequency analysis:
a g related 4o

/b 1o related to £

location + modulation

Gabor Transform G, (t,f) = J‘Oo e e_ﬂ”ﬁx(r)dr

—Q0



width of the kernel 383

Gabor Wavelet transform

f-axis large b b-axis
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jdt a: location, b: scaling

Ja.b)= (Lo (b“

¢ The resolution of the wavelet transform is invariant along a (location-
axis) but variant along b (scaling axis).

Ifx(f) = At —t,) + At —t,) + exp(2rft) + exp(j2 7 [,1),

Sy b,

/i (e b,

f t / t t,

b-axis 1> = fp K

WT ((ontinuoug
wavelet £vancforin)
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12-F Mother Wavelet (high frequeny )

There are many ways to choose the mother wavelet. For example,

' vanish woment < |
e Haar basis | -
( 0dAR)

5/4 ) T R
e Mexican hat function W(t) = 2\/— (1 -2t )e_m = C M- <
(eveh) 3]:' ( --a-flj e-n;'z N
2 <L

Vorich wmoment =2 P):F1 (CH e*t?) = C(2nf)e ¢

In fact, the Mexican hat function is the 2"¢ or er derivation of the

Gaussian function. m, f ‘C"Q’ [+) oH'/

Mo* f“q,(.(,) At 1.5 ‘ ‘ ‘ | |

2(F): Lo0e” Tt
@O):f 2wyt =0 o5

M= £ Ylé) d
= Lﬁ (oo‘o‘ *Qﬂmﬁov? dt =0 05

‘25,,('8% e
+ (2n®* 3n F))

-xPl
e 3 FTH‘VHDLc 10
] m o

o
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Constraints for the mother wavelet:

(1) Compact Support (‘c‘.m.,.(,e width)

support: the region where a function is not equal to zero

compact support: the width of the support is not infinite

Jl

a b

(2) Real

(3) Even Symmetric or Odd Symmetric



(4) Vanishing Momentse )ﬂgkr vonish moment 387
(v-m.) = \o'tg\'\c" 'Prcqueny

k™ moment: m, = _OO t“w(t)dt

(W) (pit™ Gt P~ Gt +e)d 420
[tmy=m,=m,=....=m, =0, wesay y(f) has p vanishing moments.
P s s
mE Pl de =0 tut+)
my: (4§ ot o™ N
v -m. = |
Vanishing moment 4% % > (53 ] f# {8 AR b e O8R4 A% 5

Question @ 4 H A& & [ w(t)dt=07

TR 2006E 1B kR T LR



Mo= O
/ P (A= w(-&)d-t < B8Y

the 15t order der1vat10n of

vanishing moment = 1
g the Gaussian function

3 T T T T T _ \ gous Wavelet - gaus!
i i —— e
0 . .

50 100 150 200

0 a0 100 150 200 250
AR a

[Ref] S. Mallat, 4 Wavelet Tour of Signal Processing, 2" Ed., Academic Press,
San Diego, 1999.
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the 2" order derivation of

the Gaussian function

vanishing moment = 2




Similarly, when

the vanishing moment is p vm- =& (¢ €ho ag’o

A% ={3€"W[J<)dt
d FT(‘("WH))\ .
O T(d" e-nP) () e e
T k
j Hp:t(*»( >"'>"d B F) \
(G4 G £t )
Wy
FT(&*‘W«)}\{ o for ked LE k2P

" Mozing s e m?'\ Q }.: VM:Y

390



391
(5) Admissibility Criterion

2
C, = jo || df < oo ,where W ( 1) is the Fourier transform of y(¢)

e

For reversible

[Ref] A. Grossman and J. Morlet, “Decomposition of hardy functions into

square integrable wavelets of constant shape,” SIAM J. Appl. Math., vol. 15,
pp. 723-736, 1984.
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12-G Inverse Wavelet Transform

| I—a
IR R P
W2y 2o

_RNOE
where C, —j df < fo, l*—-e‘>'f°

mmphﬁed x( j J;Hbto l//(t ;ajda db if y(¢)=0 for || >,

1 —a : “#(t-ol >bt,
(Proof): SinceXW(a,b) =x(a ( j lev=t\> b 1o
a2 < +bt

% (o —a % -
if y(t):LjO Lobl Xw(a,b)w(tb ja’adb A< tbt,

titg) oo




ZC%IO)C ( j (bj% Y(f):FT[y(;);%
T

:L db  where X(f)=FT[x()]
C, jo X (bf) b \P(f):FT[w(t)]

If yA?) is real, W(—f) = Y*(f), Y(—bf) Y(bf) = Y*(bf) Y(bf) = VY (bf)?

Y(f)=X(f)C¢W, ¥ (b)) 4L
2 d
=X(f)%.\ \f (f; = bf. df, = fdb)
2a’1
Sl erG
—X(f)

Therefore, y(¢) = x(¢).
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12-H Scaling Function (|,w fiequen)

analogous o the |5t yomv of the Haar
Z_#& scaling function & Hensfori

p(1)=] (1) " df

where f YDI df| forf >0, O()=*()

| /i |
£1, 12@F)

@(t) 1s usually a lowpass filter (Why?)
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3 i+ A e Wavelet transform

(1) Xw(a,b)=ﬁfix(t)‘”(t_7ajdt (0, 20)

a 1s any real number, 0<b <b,

v N
(0, by) ‘(lbol pg)
j Xwlh) L la,be)
dt

@) LX,(a.b,)=— jzx(t)qﬁ[t_“

Jb, b,
reconstruction:
by I—a I—a
()= | [Tt X b 5 o L, (a)o| 2 L
—oo b _OO bO
\
d by L o rfE AALE D BN @l T
If y(¢)=0 for |¢| > 1,, #(¢)=0 for |¢| >, i —

________________________________________________________________________________________________________________________________

by pt+bt, I—a t+byt I—a
Jj Jy 75X ( ; jdader o bg%LXW(a,bo)g( , ]da}




By (oo g
%Wjo .[_w b51/2 Xw(a’b)l//( da db

396

Y (f ) =X (f )CL_[O% LIJ(bf )‘2 % (from the similar process on
. " pages 392 and 393)
=Xl RO
1 sg| L legl L
w05 )
=X (/)0 (-bf ) (b)) = X (/)" (b,S)D(b,f)

1
Ct//
X(f )C%ﬂ\cb(b0 )

7

B 4t

=x(NA[ RAENI

CV/ by f |f1|



Therefore, if y(7) = y,(f) + y,(?), 397

Y(f)=Y(f)+%(f)

by 2 d .  df,
=X O Frx (N[ e 7
2 d
XN
=X(/f)
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12-1 Property

(1) real input > real output

(2) If x(7) X (a, b), then x(t— 7 — X, (a1, b),

v

v

(3) It x(¥) X,(a, b), then x(¢/0) —’\/EXW(a /o,b/ o)

(4) Parseval’s Theory:

[1x(e) ar =%jo°°j:b%|xw(a,b) ? dadb
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12-J Scalogram

2
Scalogram ¥ Wavelet transform 1% ¥} ig -T = §Pe ¢ h”?'““ 'ISU:T,

fix(t)y/(t;ajdt

2

1
Se, (a,b) =[x, (a,b) G

7 FF > ¢ #-Scalogram #_& =

2 ") d
(o) L

J [l ar
; Zeta /Zf'b/ \P(f):jiw(t)e‘f'zzftdt

b:
X3

Sc. (a,é’) =
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12-K Problems

Problems of the continuous WT

(1) hard to implement
(2) hard to find @(¢)

Continuous WT is good in mathematics.

In practical, the discrete WT and the continuous WT with discrete coefficients
are more useful.
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XIII. Continuous WT with Discrete Coefficients

13-A Definition

The parameters a and b are not chosen arbitrarily. ¢( f-q)
T8% og (-20.59 , ) £(0,00) 3
For example, = LH:E; - % )
a=nb a=n2"" and b=2", =y (Zm‘t )

o neZ, ne(—wn,)

X (n,m)=2"" j x(y (2"t n)dt

meZ, me (—oo,oo)

EE SR }}%# iT B 7 + F 7 H_discrete wavelet transform » F % v FRE_
continuous wavelet transform 4% ]

e Main reason for constrain a and btobe n2™ and 27 :

Easy to implementation

X, (n, m) can be computed from X (n, m—1) by digital convolution.
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13-B Inverse Wavelet Transform

/ Wit) covhel be chogen

. orbitarily .
x(t)z ZOO ;2m/zw(2mt—n))( (n m) 7
: i i 22y (271 -n)2"2 [ x(t )y (2", ~ myd,
(0 AB:T
= j_w{z Z 2"y (2"t —n)p (2"t —n)ix(e)d,  Sine B2AT
—on= &4 =1) Gi
since x(;):J‘_ 5(18‘1 )x(z‘ )dt, ( pege BS(4)) )BA -1
— f)EA(”'“)Bl”"‘l)
Constralntlz Z (2mt—ﬁ)w(2mt —n)=5(t—t1)] - S(W‘-—W\;)
— duality || m, n 4sié&§iﬁ "ZB(V\ w) A(m, h)
TR T e TS (h-ny

should be satisfied.



13-C Haar Wavelet

y(t) mother wavelet

(wavelet function)

=0 =|0.5

=1

w21

0-25

Y/ o

406
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The Haar wavelet satisfies

Without the loss of generalization, suppose that m, > m. Set
t,=2"t—n dt, =2"dt dt 2",

2"t —n, =2""" + 2" " n—n,
2mjzw(2mlt—nl)y/(gﬁtfa)dt =[Cw(@ g+ 2m T —n )y (1) dy
|

Therefore, we only have to prove that

=2 U h—h, Slm-m )= (=" hew)

S, B Mra)z| ouly when MpgsNperin = S(Winewd
When \MW"O, Npewz it N,
- 8 Mnew)3 (Nugy): § (M=) § (n=11) = §(M-m)§ [n-1,)



y(t) mother wavelet
(wavelet function)

=0 =|0.5 =1

y(21)

408
@(t) scaling function

1

A0 = x2t) + H2t-1)
() = 2t) — Y2t-1)

t=0 t=1
H2) 2420 = KD + W)

0 0.5

b (2t 3D

05 |



Y {+) d(t4) ™ 2 (.l'('["'?-)

_F-[:Il ) —F:} 409

(2"t —n) A 2"t — n)
=n2™ =(n+.5)2™" |=(n+t1)2™  =n2™ =(n+1)2"
gpec(axl (cse w‘neh 77 ]
W(2t) yt1) wRt-2)
e Advantages of Haar wavelet %‘j o —Pdﬁ o—
(1) Simple Tn general b wwy0
(o Fastalgaritiin) For (ame—w) o< <2
| 0. w"rﬂ v -w)Eo, Y(1)=1
(3) Orthogonal —reversible A Zwu Ln¢a™

when W™+ -n)#0, W (4)z-/
@P\} h(eohaho\ nYy M ):

when ¢ ("¢ -n130 | W ()20

(4) Compact, real, odd
e Disadvantages of Haar wavelet

vanishing moment = ]



Properties 410
(1) = e function 38¥ 12 1), K21), K41), K81), (160), ........... AT

I A RS

/_A\
A

(2) = ® -T2 5 0 enfunction E I ), y(21), y(4e), w81, y(160), ...........
A 5B e
E e T iz i function 38 ¥ r4d constant, y(7), y(21), y(41), y(81),

u(167), ........... RIS
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4) % F B & (+ ,T&z‘i% fe m) 3 wavelet / scaling functions 2 fF € 7 — & B 1%

At)= d2t)+ d2t— 1)
At—n)= @2t —2n)+ 2t —2n—1)

K27t —n) = F27 = 2n) + F27 't — 20 — 1)

) = 20 — p2t — 1)

Ut —n)= @2t —2n)— 2t —2n—1)

(2™t —n) = @2t —2n) — H2™ Nt —2n— 1)
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(5) ¥ 2 * m+] & coefficients & & m 0 coefficients

7( :xi [lkat/
z.(n,m)=2"" j x()P(2" t — n)dt

7. (n,m)=2"" j X"t = 2n)dt + 2" j xRt = 2n —1)dt

— \/%(;(W(Zn,m+1)+;(W(2n+1,m+1))

X (n,m)=2"" j x(Ow (2"t —n)dt

X, (n,m) = "2 j xR t = 2n)dt — 2" j xR t = 2n —1)dt

- \/;(;(W(Zn,m+1)—gw(2n+l,m +1))

-
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layer:
_ ~~(m+2) _ ~~(m+1) b=2"
m1 b=2 b=2 1
bl 5
[4n, m+2] @—' X[2n, m+1] "B x.ln, m]
sam‘;l;(
of wlAntl, m+2] X [2n, m +1]
A ).... . f -
B 2
2, [4n+2, m +2] 2[2n+1, mH 1] D= X, [n, m]

2
7. [4n+3, m +2] X, [2n+1, m +1]

When W Ts large enough
AwTn,m) s o Sample of %[

structure of multiresolution analysis (MRA)




13-D General Methods to Define the Mother Wavelet and e

the Scaling Function

Constraints: (a) nearly compact support
—— (b) fast algorithm

| (¢)real

—— (d) vanishing moment

—— (e) orthogonal

Fe continuous wavelet transform * 2 :

(1) compact support *t % = “nearly compact support”

(2) iX 3 even, odd symmetric £2*34]
(3) ¢ ** © & §_complete and(orthogonal )¢ Z_¥ 1! reconstruction
#7102 7 & admissibility criterion 7' 4]

(4) 7 %} fast algorithm H& &
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13-E Fast Algorithm Constraints

Higher and lower resolutions £ recursive relation - #& it

()= 22 g:9(2t—k) #- 1% dilation equation
' SRA

l//(t)=2zk:hk¢(2t—k) for H::;}"”“w,e{' (ém

y(t): mother wavelet,  ¢(f): scaling function Fo=921/2
hot 12, hi=-l/x

o BR324 5 fast algorithms



= 2Zk:gk¢(2t — k)

=2> h¢(2t—k)

it z,(n,m)=2"" j x(O)P(2"t —n)dt

then 2, (mm)=3"22" [ x(t)g,#(2""t ~2n~k)ds
k

1
:2zzgkzw(2n+k,m+1)

27 -

——

It X, (nm)=2"" j x(Ow (2"t —n)dt

then X, (n,m)=Y 22" [ xnp@" 1 -2n-kydr
. —00

1
=223 by, 2n+k,m+1)
k

tat!
D 2

2

L
3

416



Ky ()= 2&2‘: Fre X[ 20K, 1) 417

(Step 1) convolution

2, =223 gz, (n—k,m+1) =g,
:2(/"(9’:\*7(\«/ (v, m+1)
X, (n %th;( (n—k,m+1) =y
£ 2=Xx%)
(Step 2) down sampling Z(n]- > A~k 7[_@
L2 K
X nm) = 7,0m) = 2 RIS
. o2k S Fac Xl nt)

X, (n,m)=X (2n)
= Z’bi % 9\« Aw Qu thk,m+)



Ywln,mH) * 2 7-n

J2g,

2

— x,(n,m)

X, (n,m+1) —

J2n,

2

- X (n,m)

m A% L o AR &

418
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e To satisfy ¢( Zng¢ 2t—k),

#(t/2) Zng¢t k)=2> g,6(t—k)=¢(1)

FTJ FTJ where (D(f) =FT :¢(t)] = jj:o¢(t)e—j2ﬂffdt
20(2f)=2G(/)® (/)

romlgp) T

—ngj (t—k)e " dr

— —]27sz
Zk:gk

®(f) #_ Ht) 0 continuous Fourier transform

G(f) &_{g,}  discrete time Fourier transform
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o,
3(0) <[ pLod i % (9 FHdi =)

G(f): # AL 1% generating function
constraint 1
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CD(f)_:‘G(ij(D(ij ~CD(O)=G(O)cI>(0) (f=0 & »)

L RAE
constraint 3
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13-F Real Coefficient Constraints

sinee - o(7)=TT6(L]  w(r)-n(4][T6(£)

q=2

If G(f)=G"(-f) |H(f)=H (-f) are satisfied,

N

constraint 4 constraint 5

then ©(f) = ©*(— /), Y(f) = Y*(—f), and @(¢), y(t) are real.

Note: If these constraints are satisfied, g,, s, on page 415 are also real.
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13-G Vanishing Moment Constraint

If yAt) has p vanishing moments,

[“tw()dr=0  fork=0,1,2,...,p-1

Since FT[tkw(t)]z(zizjk d- Y(f)

) df X (€Y f-f: %) e-}zn{-‘t A+
|” x(t)de=x(0) if X(f)=FT(x(0))
[ tva=o == Frlvi] (4] govi) =

d" _
Therefore, I \P(f) =0 fork=0,1,2,...,p—1
f=0

' —
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;Tiq:(f)f_ozo fork=0,1,2, ..., p—1
Since ‘P(f)=H(§jQG Ziqj
oo S0
SR L4 T16(4 )
if %H(f) =0 fork=0,1,2,..., p-1is satisfied,

=0 N

constraint 6

=0 fork=0,1,2, ..., p—1 are satisfied
f=0

then %\P(f)

and the wavelet function has p vanishing moments.
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13-H Orthogonality Constraints

e orthogonality constraint:

I:th//(Zmlt—nl)w(th—n)dt =§(m—ml)5(n—nl)

y(t): wavelet function

If the above equality 1s satisfied,

forward wavelet transform:

X (n,m)=2"" j x(Ow (2"t —n)dt

inverse wavelet transform:

=C+ Z 22’"/2 (th—n)Xw(m,n)

m=—o0 n=

(much easier for inverse) C = mean of x(¢)

(FEM 2 })



426

If =C+ Z 22’"/2 (2mt—n)XW(m,n)

Mm=—00 n=

and j_mew 2m1t—nl)w(2mt—n)dt =6(m—m)S6(n—n,),

then 72 j x(Ow (2"t - n)dt

_2m/2j C+ Z 22’"1/2 (Zmlt—nl)Xw(ml,nl) w (2"t —n)dt

=—00 I’Zl =—00

:2M/2J:Cw(2mt—n)dt+2m/2 i szl/zj w (2" t=n )y Q2" t—n)diX,, (m,n,)

0+ S S 5(m,—m)S(n, - )X, ()

AN Ny =—00 1; =—00
N

~

=X, (m’n)

““due to f w(t)dt =0
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Therefore, 2"”2_[00 x(H)w (2"t —n)dt is the inverse operation of

C+ i iZm/zt//(th—n)Xw(m,n) #

m=—0o0 n=—00
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X &R

Jime(2mlt—nl)w(2mt—n)dt:5(m—m1)5(n—nl)

2w oo FRGRE T Z ik
(1) Iwt//(t—nl)y/(t—n)dt=5(nl—n) for mother wavelet

B E R jizm://(zmt—nl)z//(zmt—n)dt =5(n—-n,)

Herp am o =
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(3) j t n, w(2_kt—n)dt=0 for any n, n, if k>0

£ (1) (3) e 3% &>

jime(2mlt—nl)l//(2mt—n)dt:5(m—m1)5(n—nl)

5 Hik A
(Proof): Set ¢ =2"¢, dt, =2"dt
[ 2w (2me—n)y(2mt-n)de=] w(2" "t =n)w(t—n)ds
If (3) 1s satisfied,
Iizmz//(zmlt—nl)w(zmt—n)dt =0 whenm=m,
In the case where m = m, if (1) 1s satisfied, then

jj:o2mt//(2mt—nl)y/(2mt—n)dt = j_o;w(tl —nl)l,u(t1 —n)a’t1 = 5(111 —n)
#



o d Page 428 =hix it (1) 430

j:w(t —n) )y (t—n)dt / Parseval’s theorem

:J‘w e—jzﬂnlqu(f)ejszqj* (f)df J-_O;x(t)y* (t)dt:j._iX(f)Y*(f)df

_ [~ ejzn(n—nl)qu(f)qj*(f)df

—00

= ' , e ,
— Z joej2ﬂ(n—n1)(f P)LIJ(f _|_p)LP (f +p)df

p=—° ej27f(n—n1)(f'+p) — ej27r(n—n1)f’
1. N . : i
= joefz”(” "W/ Z W(f'+p)df =6(n—n) if p is an integer
p=—x
Therefore,

0

Jnle—jZﬂnzf' i |LP(fr+p)|2 df=5(—n2)=5(n2)

o0

Z W(f'+p) =1 forallf” should be satisfied

p=—®




o =32 » d Page 428 g it (2)

j_i¢(t —m)@(t—n)dt=5(n—n) for scaling function

J8 3 #2757 12 page 430

o0

Y o(f+p)f

p=—®

1

for all /* should be satisfied

431
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2 p=—o0
2|H(§+§j®(£+§j|z _ (page 430)
gm@wj@@wj'z+§'H(§W+%}®(§W+%}P -

¥] 5 h, A_discrete sequence, H(f) €_h, 7 discrete-time Fourier transform

H(f)=H(f+1)=H(f+2)=-
1(4)r L10(4+a)rra(51)p Lio(5rard)e -1

g=—0



o4 S (et Sro{fennt)

o0

512 D |O(f+p)f=1 forallf

p=—©

(page 430 g i+)

constraint 7

433



constraint &

434



o Page 429 if 12 (3) e IT 435

BN

l//(2_kf - n) ¢(2 i ) 1 linear combination v (1)=2> h¢(2t—k)
k
¢(2 i 1) 5’—\¢(2_k+2f — nz) 77 linear combination ¢(t) = 22 g,8(2t - k)

¢(2"‘+2 ) n\¢(2‘k+3t — n3) ¢ linear combination

¢(2_1t —-n, ) X ¢(f — Ny ) 77 linear combination

~k : 4 = o L
w(2 t—n) % FF Aot & @(t—n) ¢ linear combination
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w(2_kt—n) - ank¢(t_”k)

w005 5 [Ty (t-n)@(t-n)dt=0 forany n,,n, ¥ % &

Al fiV/(f—nl)w(Z‘kt—n)dﬁO for any n,, n, & Tt 43 = =

Page 429 i #* (3) ¥ 2§ =

Ii‘”(‘_”l)cﬁ(f—nk)dt:o

I_Oow(f)fl’(f—f)dfzo (Bet—n = £, 7= m—n)

j‘_iql (f )(D* (f )ejsz df =0 (from Parseval’s theorem)
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ej27zr(f+p) — ej27”f (SiIlCG from page 4369

T1s an integer)
2
A
(I) J

1 q)(§+q+%)2 |

qif;H(g“Lq)G* (§+q) 7 gf




Since  H(f)=H(f+1)=H(f+2)="- 438

constraint 9



—

3-1 Nine Constraints

439

(D

(2)
3)

4
)

(6)

FEI® 0 2k 3+ mother wavelet fr scaling function 4 « if i#

(% d page 414  constraints 74 @ K)

=0
/=0

fork=0,1, ..

for fast algorithm , page 420

for fast algorithm , page 421
for fast algorithm , page 421
for real , page 422

for real , page 422

for p vanishing moments , page 424

L p-1
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(7) [H(f)] +] H(f+%) =1 for orthogonal , page 433

8) | G(f) I+ G(f+%) =1 for orthogonal , page 434

(9) H(f)G*(f)+H(f+%)G*(f+%):() for orthogonal , page 438

_Now frequeny
on page 4135.
e~ high Gequcm/

are the discrete-time Fourier transform of Sk



Al
%(( ‘)“9&) -3tk (-\)";(f;l)ﬁm
- E gkf—;n(P-rsL)k

e Simplification
Let
H pr—
‘ (f)‘ ‘G(f+1/2)‘ AISCVC'('e ——‘f I\MC FOMV??P "{'VO\M_('FOYM

v ~

G f)=2gke_j2”ﬂ‘, H(f):the_jz”fk

G(f)=G(f+1), H(f)=H(f+1) .
Low frequency: around /= 0 G(£4) = 2 9 e“m £4)

High frequency: around f=+1/2 £
- 2 ‘9«5»" 7({
G (H
AP ! = C1 ('9)

‘, highet Frequeny sigia|
=/2 2 ‘ _\ ' ‘\ l _‘\ Pc)v?oJ z

Heey -
‘N t\ "'\)'equ\.'hC/ ?CWOO' S
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Specially, if we set that
he=(=D'g,, H(f)=-e "G (f+1/2)
when the following constraints are satisfied:

G(/)F+1G(f+L)P=1
G(f)=G (-f) (% = (5), (8) i &)

then |H(f)|2+|H(f+%)| |G(f+ )| +G(f)=1

H(f)G*(f)+H(f+%)G*(f+%)
1Yo - o
G (f+1)a ()G ()G (f+1)=0

H (—f)=—e?"G(-f+1/2)==e>"'G"(f-1/2)=H(f)
i (4),(7), (9) » #is &



5
a

(D)

(2)
3)
(4)

()

(6)

(7)

443

! 2% 3+ mother wavelet fr scaling function =/ B & 4 (f§ v 4K)

o(f)=1] G(ZL‘]) for fast algorithm
q=1
‘P( f)=H A ﬁG J for fast algorithm
2 2 \2
G(0)=1 for fast algorithm
G(f):G*(—f) forreal
)]0
da* H(f) =0 d-Fk C'( ) £=3 * for p vanishing moments
df* _
= fork=0,1, ..., p-1
1G(f)F +|G(f+%) F=1 for orthogonal

H(f)=-e>"G" (f+1/2)



13-J Design Process

444

K P& G() (0<f<1/4) /427 > mother wavelet frscaling function

G(f): #F 1% generating function

Design Process (3% 3+ 7~ 4%):

(Step 1): &7 G(f) (0 <[< 1/4) » % B12 T chif 2

(@ G(0)=1
(b) %G(f)f_fo fork=0,1,2, ..., p-1
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(Step2) ¥ G(f)=G"(~f) A2 G (-1/4 < f<0)

(Step 3) d |G(f)|2+|G(f+;)|2=1 A% G (1/4 < f<1/2)
(12 < f<-1/4)

15 G = G(f+1) » -5 S G(f) &

(Step4) & H(f)=—e"G(f+1/2) Az H()

LP(f):H(%jﬁG(ziqj -2 O(f), P(f)
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x 0 (1) % Stepl ehd B ks &0 d |G +|G(f+1/2)}=1

dG(r) =0 fork=0,1,2, ..., p-1
af f=1/2

x g3 H(f)=—e7G (f+1/2)
d* _ _
L_H(f) =0 fork=0,1,2, ..., p-1
dfk ( .

(2) \G(f)\2+\G(f+l/2)\2:1 1G(f)P=lG(=f)F
s G (0<f< 1/4) B30 |G| $ v - 2

(3) #2 cE 85 5 0 G(f) = Gl G(f)=2ge "
FRERIMEIFEFR G -12<f<12 ¢
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13-K Several Continuous Wavelets with Discrete Coefficients

(1) Haar Wavelet
2l0]=1, g[1]=1 G(f)=1+exp(—j27f)
Al0] =1, A[1]=-1 H(f)=1-exp(-j27f) S
i 2.0
S Clfy3 g, €927 | 6(3)° .
K G (£): —3m 35T (,). 3n#0
g01=1/2, gll1=12  G(f)=[1+exp(-j27f)]/2

HOT=12, W[11==12  H(f)=[1-exp(-j22f)]/2

vanishing moment = ?




) cince G(F)=0 448

(2) Sinc Wavelet (‘? IE ) Sor 15 awuhd}/e
4} \
G(f)=1  forlfl<1/4 4 -4 Y, %‘G(Q)\‘F_ e for
sl
G(f) =0 oth‘erwise : el I
Z< lcl(; vanishing moment = ?
problev 2 (1) G hog nfinite logth ® nfiart,

(3) 4-point Daubechies Wavelet ~ Ci7) moy “"“9""?6 {he hoig ¢
(Paae 491 -499)

11443 343 3-43 1-3
SirlTg g 8 3
The i"\?(ﬁh‘t Daube chies wave let  hes the va hish mowent of 1:_-

vanishing moment = ? 2

vanishing moment VS the number of coefficients

P\ &« > P> M
Haar Dan bechies sin ¢




Daubechies Wavelet: 449

It can be viewed as a generalization of the Haar wavelet.
(Haar wavelet = 2-point Daubechies wavelet).

The 2p-point Daubechies wavelet has the vanish moment of p.

[Ref]: Ingrid Daubechies: Ten Lectures on Wavelets, SIAM 1992.

[Ref]: "Daubechies wavelets", Encyclopedia of Mathematics, EMS Press,
2001, https://encyclopediaofmath.org/index.php?title=Daubechies wavelets.

Ingrid Daubechies
https://en.wikipedia.org/wiki/Ingrid Daubechies



From: S. Qian and D. Chen, Joint Time-Frequency Analysis: Methods and

Applications, Prentice Hall, N.J., 1996.
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13-L Continuous Wavelet with Discrete Coefficients &% Bk

e Advantages:

(1) Fast algorithm for MRA

(2) Non-uniform frequency analysis

w(2mt—n) Ll NN 2_m€_j2”n2me(2_mf)

(3) Orthogonal

451



: 452
e Disadvantages:

(a) &9 5 b 5
(b) problem of 1nitial
x,(n,m), X (n,m) ¥4 y (n,m+1) &

m—»0

(c) ¥E 17 i%3% compact support

e

(d) i 25 % 4F 3¢
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i 2 B R R S

(1) JPEG: # * discrete cosine transform (DCT) = 8x8 blocks

Lg P BE Y OREHS (Bl 5 T jpg B RL* JPEG

kR )

TR-BAET R ERY BigL IR KRS (HAFERE §m 3) & 1/16

(¥t42¢ R ifm 3)
(2) JPEG2000: i * discrete wavelet transform (DWT)

B A5 L JPEG 05 & =+
(3) JPEG-LS: #_— #& lossless compression

Fiéfﬁfﬁ > e gV R >EiER KRR
(4) JPEG2000-LS: #_JPEF2000 =77 lossless compression &< &

(5) JBIG: 4%} bi-level image (222 v 072 i) K 3 /R ‘{ﬁq‘é ;u
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(6) GIF: & * LZW (Lempel-Ziv—Welch) algorithm (3 02 & & &uE f#)

it &+ Bl &xAod F W iT > lossless
7) PNG: & * LZ77 algorithm (#f i1 3 & cuzH > ¥ & * sliding window)
g

lossless

(8) JPEG XR (* # HD Photo): # * Integer DCT - lossless
A lossy compression {535 & ‘{ﬁff ¥ 4= JPEG 2000 £ 7 7

(9) TIFF: i * =44 » & A4~ 4_5 B cnE k| fodFfa @ K 37 lossless



