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(1) Conventional method for signal analysis

e Fourier transform : X (f)= Jmo x(t)e > dt

—00

e (Cosine and Sine transforms: 1f x(7) is even and odd
e Orthogonal Polynomial Expansion

B R R R

(2) Time frequency analysis
For example > STFT
X(t,f) = fo w(t — r)x(r)e‘jzﬁfrdr

Time frequency analysis * i eF° 42 °
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12-A Haar Transform 1910

- 85 4 B x ¥ 11k g time-variant spectrum 77 signal representation

8-point Haar transform
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8-point Haar transform 373

y1 7t 1 1 1 1 1 1 17x

¥, 1 1 1 1 -1 -1 -1 —-1}{x,
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General way to generate the Haar transform:

2N

- {HN ® [1’1]} where ® means the Kronecker product

el | al,lB a1,2B al,NB |
1 0 --- 0 0] AQB = az’.lB az’.ZB x azyva
0 1 0 0
Ly={: + -t ay,B a,,B - a, B
O 0 -1 0 - =
0 0 1 where dy, dp 0 iy
A = ay) az’,z )N




N =2k p=

hk—l,l
hk—1,2

Vi

H*% 0 % 1 Brow & g=[1 1 1 - 1] e

N B 1
% 20 +q Brow & hy, [n]
p=0,1,..,k1, g=1,2,...,2°
k=1log,N
h,,n]=1  when (g-1)2kP < n < (g-1/2)2k»

h, [n]=-1 when (g-1/2)2k7 < n < g2k
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e Inverse 2*-point Haar Transform

H'=H'D

Dim,n|=01fm#n
D[1, 1]=27% D[2,2] =27,

D[n, n]=27%7 if 2» <p < 2p*!

(1/8 0 0 0 0 0 0 0
When k = 3, 0O 1/8 0 0 0 0 0 0
0O 0 1/4 0 0 0 0 0
Do 0O 0 0 1/4 0 0 0 0
0O 0 O 0 1/2 0 0 0
0O 0 O 0 0O 1/2 0 0
0O 0 0 0 0 0O 1/2 0
0 0 O 0 0 0 0 1/2




12-B Characteristics of Haar Transform

(1) No multiplications
(2) Input §= Output B:#Hcip e

(4) ¥ 1 &2 37— B 5 localized feature

(5) Very fast, but not accurate

Example: (1.2] 13
1.2 -3
1.8 —-0.2
H 0.8 _ 0
2 0
2 1
1.9 0
12.1] | 0.2 |
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Transforms Running Time terms required for NRMSE < 107>
DFT 95sec (077 43
Haar Transform 0.3 sec Lg; 128

References

e A. Haar, “Zur theorie der orthogonalen funktionensysteme ,” Math. Annal.,
vol. 69, pp. 331-371, 1910.

e H. F. Harmuth, Transmission of Information by Orthogonal Functions,
Springer-Verlag, New York, 1972.

The Haar Transform is closely related to the Wavelet transform (especially
the discrete wavelet transform).
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12-C History of the Wavelet Transform

e 1910, Haar families.

e 1981, Morlet, wavelet concept.

e 1984, Morlet and Grossman, "wavelet".

e 1985, Meyer, "orthogonal wavelet".

e 1987, International conference in France.

e 1988, Mallat and Meyer, multiresolution.

e 1988, Daubechies, compact support orthogonal wavelet.
e 1989, Mallat, fast wavelet transform.

e 1990s, Discrete wavelet transforms

e 1999, Directional wavelet transform
¢ 2000, JPEG 2000
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12-D Three Types of Wavelets

Wavelet 12 continuous / discrete * 4 > 3 3f4

Input

Type 1 Continuous

Type 2 Continuous

Type 3 Discrete

Wb i ¢ Fourler IV\fu'l

transform 7 = f& C
C: 6°A'ﬁhuoqs C
D! disirge D

%

Output

Continuous

Discrete

Discrete

O ut \)h'f

C
4
C
v

Name

Continuous Wavelet Transform

7 FFALAL S discrete wavelet
transform » e # & ¥ _continuous
wavelet transform with discrete
coefficients

Discrete Wavelet Transform

continvuows T T
Fouvier ceries

Adiscrete —time FT
discete FT (DFD
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12-E Continuous Wavelet Transform (WT)

psy /‘57.11/'
cer a
Definition: a b \/, j ( p )dt
eFef 'fo

x(f): input, y(7): mother wavelet
> high - 'Pktl;uem/ Funckron

a: location,  b: scaling

<€ ->

b

a 1s any real number, b is any positive real number

-0, ), b € (0, ). -4
a ( ) S ( ) e ddm:(OS(ZI‘FfH}STn(ZE‘F’v

JAVAVAVAY

Compare with time-frequency analysis:

location + modulation ¢-I>
0 Y £
Gabor Transform G, (t,f) = J‘_ e " e_]zﬂfrx(r)dr
te a smal| |, - fast voviation— 'cwge &

¢ JG lavae b Swmall £
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width of the kernel
Gabor Wavelet transform
f'aXiS b_aids ,m,aek poor +time recolutloy
(small £) be ther 'F'“’l“m/ vesolutia
frequency
> f-axis /( >a—axis
n(t-t5* -
e g4
small b (\ T
(large €)

be tter +ime vegolution
poor Qvequm/ re solution



384

jdt a: location, b: scaling

Ja.b)= (Lo (b“

¢ The resolution of the wavelet transform is invariant along a (location-
axis) but variant along b (scaling axis).

Ifx(f) = At —t,) + At —t,) + exp(2rft) + exp(j2 7 [,1),

Sy b,

/i (e b,

f t / t t,

b-axis 1> = fp K WT
b7 by
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12-F Mother Wavelet

There are many ways to choose the mother wavelet. For example,

Odd S]MWC*V/ N B |
e Haar basis 4____” -1 DP Cq'

- — ¢ : 3 d't; 7 "'2"'
@‘L’i‘i@ e 25/4 —m"E m,= (% tl/l+)olt
S L% Mexican hat function ¥ ()= NG (1—27Zt )e LY
/ Lo G (Lapacian of Gausgian) 3 B T oda Veven
even Sywmmetry vonich wmoment =2 ° )isodd , M =0

In fact, the Mexican hat function is the 2" order derivation of the 4,

gaussmn fu;lctloél*z W’z. f‘( Yt [C d oﬁ-t
M : et 15 i . ! , s
. é%’,'j fCRE™ | FT(*"&‘% 'M)
=273 ("J ) d'F’ (FT(dt‘

1+ X(£)- Fr(m)) 7 e %l'(')jy
()= “xr6rdt

FLd e™9)=fat)e ™ |
Myt CQ»‘” -,W‘\Q-O 3 2 0 i 2 3 #O .[.‘:Q
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Constraints for the mother wavelet:

(1) Compact Support

support: the region where a function is not equal to zero

compact support: the width of the support is not infinite

0‘{ z -d-t
+ =2 -1,
a b Sihce J 7((1')4’( £ N4
(2) Real B "5 mx(za— )¢ (a hx'”'{')

= -t
(3) Even Symmetric or Odd Symmetric If w(y= Y-

t-o) - Y (o-t
! ¢ O = ¢
1(&)1: A=) At = A=) J %ol’c) Y (t~o|) dt
K (*)sza-t»wt Aol




lovge Vanish woment — high Prequeny

swall vauish moweut —> Jow Frequeny 387

(4) Vanishing Moments

k™ moment: m, = J‘_OO t“w(t)dt

P-l A
btm£o  fyh3 o =0
[tmy=m,=m,=....=m, =0, we say y(f) has p vanishing moments.
HMV \ - I “:7tc
m,:f 1 ¢t #0 N proc /

j -{—To:%— — 1/'\!_— Vantsh wo ment = 4 ;5 s €”°‘(9‘1~

gedt-0 KN .

mer® pe) ]

Vanishing moment 4% % > (S:iE P A% (840 bl cn O & 4 4% %
g - Y

Question @ 4 H A& & [ w(t)dt=07

TR 2006E 1B kR T LR
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vanishing moment = 1
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B8
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the 1%t order derivation of
the Gaussian function

n

gaus Wavelet --= gaus1

Wavelet function psi
T T T

[Ref] S. Mallat, 4 Wavelet Tour of Signal Processing, 2" Ed., Academic Press,

San Diego, 1999.
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the 2" order derivation of

vanishing moment = 2 . .
g the Gaussian function

50 100 150 200 25[5
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Similarly, when

the Van1sh1ng moment 1S p

mks= [ k2 Eﬁ:' e w’cz'
-Fr (kg ""’")\ 6o
’FT((‘;;"'_“FQ &)~ ;ﬁ?))‘.@ —PP*-“/ _PP-\-L-'Z L -P?
P 4 ’
I‘(:( k< r ) 0‘ (‘d—z'lc‘F) (F27) a,l:{)fc —+ re malved fevune
m"=0 \

If kz_?l mK£0 (stnce the (mstamt termn appea\rs)

.v WO, W\. y) Wi?’l‘"' mP—-\zo
voinish womend = P
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(5) Admissibility Criterion

2
C, = jo || df < oo ,where W ( 1) is the Fourier transform of y(¢)

e

For reversible

[Ref] A. Grossman and J. Morlet, “Decomposition of hardy functions into

square integrable wavelets of constant shape,” SIAM J. Appl. Math., vol. 15,
pp. 723-736, 1984.



12-G Inverse Wavelet Transform

392

o0 Z‘_
[ b51/2 X ( jdadb
() w(*2)20
where Cflfl _____ ?f_fi‘f _________ v e o,
o 1 a\ - t-bte< a < ++b-(°
mmphﬁed x( j J-t N b5/2 l//( p jdadb if y(¢)=0 for [¢|>1,




ZC%IO)C ( j (bj% Y(f):FT[y(;);%
T

:L db  where X(f)=FT[x()]
C, jo X (bf) b \P(f):FT[w(t)]

If yA?) is real, W(—f) = Y*(f), Y(—bf) Y(bf) = Y*(bf) Y(bf) = VY (bf)?

Y(f)=X(f)C¢W, ¥ (b)) 4L
2 d
=X(f)%.\ \f (f; = bf. df, = fdb)
2a’1
Sl erG
—X(f)

Therefore, y(¢) = x(¢).
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12-H Scaling Function (lew frequeacy)

I+ c¢an $7m[>l¢'p/ ‘tlﬂc calculafionw

Z_#& scaling function &
of  +the Tmverse wowele €

¢(f)=ji®(f)ej2”ftdf *van sform -
where J‘ [Y(/) | df for f >0, ®(—f)=D*()
Al

[0y e3 8O = 3O

@(t) 1s usually a lowpass filter (Why?)

£ (FIEEE e |

18()* decays with £
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3 i+ A e Wavelet transform

(1) Xw(a,b):%jix(t)w(t;

a 1s any real number, 0 <5 <(b0

“jdt

$lo ’ma. fancfion

@ wx.(on)= L0 52 o
reconstruction:
x( D%L L x (tbajdaderLo L W(a,bo)gz{tlzoajda}

\

d by 3 oo fifE Ak 2 IF B

N—-
If y(¢)=0 for |¢| > 1,, #(¢)=0 for |¢| >, f s veplated L)’

be +hits tevm

1 by ) t+bt, I—a t+byt 1 I—a i
:C—{pjt ) b” ( - jdader - bSTLXW(a,bOM( - ]da}
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(Proof): If yl(f)=%jbojibg/2 Xw(a,b)w(t_a da db

0 b
00 l"_
v (=2 3/2wa<a,bo>¢( ajda
v 0 0
by 2
h (f) N X(f)CLjo T(bf)‘ % (from the similar process on
s df pages 392 and 393)
1 0 2 :
- X . W Y
(f) Cy/ jo (fl)‘ 1.

g2
()= X () a (=S )O(bef) = X (/)2 (b, ) (b f)

1
Ct// W
zx(f)CLW@(bof)f

B(F) |> Key process
* 1

_ 1
_X(f)cwjbof e




Therefore, if y(7) = y,(f) + y,(?), 397

Y(f)=Y(f)+%(f)

by 2 d .  df,
=X O Frx (N[ e 7
2 d
XN
=X(/f)
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12-1 Property

(1) real input > real output

(2) If x(7) X (a, b), then x(t— 7 — X, (a1, b),

v

v

(3) It x(¥) X,(a, b), then x(¢/0) —’\/EXW(a /o,b/ o)

(4) Parseval’s Theory:

[1x(e) ar =%jo°°j:b%|xw(a,b) ? dadb



12-J Scalogram

Scalogram ** Wavelet transform 1.5 %f & - -

2

2 ] |p _
Scx(a,b):‘XW(a,b)‘ :mfwx(t)w(t bajdf
% B% > € ¥ Scalogram #_& =

2 * N7 2d
Se, (a,8)= Xw(a,ﬁj UJO / | (f)J f
1 : [l ar

2eko )

g: W(f)=["w(e)e "

T
E ¢t 5 'ﬂequehc7

£t izi srec‘(’mgmm

399
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12-K Problems

Problems of the continuous WT

(1) hard to implement
(2) hard to find @(¢)

Continuous WT is good in mathematics.

In practical, the discrete WT and the continuous WT with discrete coefficients
are more useful.
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XIII. Continuous WT with Discrete Coefficients

13-A Definition

The parameters a and b are not chosen arbitrarily.

For example, aznb LV(-E:QD = “l’ (:E "“) = q’(zm'(' "M)
a=n2"" and b=2".

o neZ, ne(—wo,)

X (n,m)=2"" j x(y (2"t n)dt

meZ, me (—oo,oo)

EE SR }}%# iT B 7 + F 7 H_discrete wavelet transform » F % v FRE_

continuous wavelet transform =3 &
ol It A < ovthegam)
e Main reason for constraina and btobe »n2™ and 27 : A AT =D
Easy to implementation AATDT) =T

y A=A
X, (n, m) can be computed from X (n, m—1) by digital convolution.
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13-B Inverse Wavelet Transform

x(t) = i i 2’"/2(,y(2mt—n)2M/2j:x(tl)w(2mtl—n)dtl

m=—0o0 n=—0o0

= [ 03 X 2w (2= n)w @7 = ()

since  x(r)=[" &(t-1)x(t,)dt,

Constraint: i i 2’"1//(2’"t—n)z//(2’"t1 —n)z&(t—tl)

=—00 —=—00

(ongctrvatnt

should be satisfied.



13-C Haar Wavelet

406

() mother wavelet
(wavelet function)

=0 =

0.5

=1

GRM-n) = ¢(2"(t-n2))

W™ -1)

-y.5M
/t-zz

-

¢R"t-n)

Y

t1527"

4= (n+2)2™

'

't: M.Z-W '

7

= (h )™
S\t =0

Y(21)
+z0235
+05
t0
- 0% 27
G (2" ﬂ/[ te”
t

* Ul Q()_“"{)M-(: >0
= {T wembrdt = 0

- fU(2"™) Y(MEW)dt =0

h l Lor h'-f-o
\a'/(-:; ts";%on stont Wt%?“

NI Lt L (I
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The Haar wavelet satisfies

Without the loss of generalization, suppose that m, > m. Set
t,=2"t—n dt, =2"dt

2"t —n, =2""" + 2" " n—n,

2mjiw(2mlt—nl)w(2mt—n)dt =j

—00

o0

W(Z’"l_m t+2" " n—n, )w(tl)a’t1

=N, - mt-m
Therefore, we only have to prove that Whew="M— 2 n
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y(t) mother wavelet @(t) scaling function

(wavelet function)
1

=0 0.5 =1 =0 =1

y(21) #2t) 2420 = Hb) + U

0 0.5

0 05 gt
144 (U‘VST;C ¢(2M{)

{¢(t) = §21) + H2t-1) __\ 05 )

() = §20) — §2t-1) —



(2"t — n)

=n2" t=(n

+.5)2"™

=(n+1)2"

e Advantages of Haar wavelet

(1) Simple
(2) Fast algorithm

(3) Orthogonal —reversible

(4) Compact, real, odd

e Disadvantages of Haar wavelet

vanishing moment =

A2™"t — n)

=n2"

=(n+1)2"

409



Properties 410

(1) Any function can be expressed by a linear combination of &), & 2¢), ¢(4t),
A8t), H161), .......... , and their shifting.

(2) = L 5% 0 ehfunction ;‘5'3? vd ), p21), y(4t), p(8h), y(161), ...........
LR RCN

E e T iz i function 38 ¥ r4d constant, y(7), y(21), y(41), y(81),
u(167), ........... RIS
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4) % F B & (+ ,T&z‘i% fe m) 3 wavelet / scaling functions 2 fF € 7 — & B 1%

At)= d2t)+ d2t— 1)
At—n)= @2t —2n)+ 2t —2n—1)

K27t —n) = F27 = 2n) + F27 't — 20 — 1)

) = 20 — p2t — 1)

Ut —n)= @2t —2n)— 2t —2n—1)

(2™t —n) = @2t —2n) — H2™ Nt —2n— 1)
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(5) ¥ 2 % m+l1 “hcoefficients k & m 0 coefficients
A /kat/ '
£ 72, (um)=2"2[" x(O)p(2" 1~ n)dt )= BCH +gt+1)

2,(m)=2"" [ x()p2" "t =2m)dt +2" [ x(6)p(2"t —2n—)dt

= \/%(;(W@n,m +D+y, 2n+1,m +1))
avelet twnsfors,

o - W
_)_(w(n,m) = 2" j_wx(f)W(2mf—”)df & :%%E dicc. coe€ficrents
Y (4> = g (t) =Pt D

X, (n,m)=2""| Z x()p(2"" t = 2m)dt =2 | O:Ox(t)¢(2m“t —2n—1)dt

- \g(lw(zn,mﬂ)—gw(znﬂ,m +1))



recuvsive 413

layer:
b= 2—(m+2) b _ 2—(m+1) b — 2_’"
k> o B 2
| Awldnm A2 D xl2n, m +1] B xln. m]

Origina —

Tupyt: >< \/%

s l %[41’14'1, m —I—Z] 1 =@—>Xw[2n, m -|-1]

wples o

dota \/I \/%
(pivels 0y [4n+2, m +2] 2 2n+ 1, mil]—— D X [n, m)
imoges y

SQ 7, of
0“:;\ ‘:‘(’) X [4nt3, m+2]

X, [2n+1, m +1] butter+ hes

structure of multiresolution analysis (MRA)




13-D General Methods to Define the Mother Wavelet and e

the Scaling Function

Constraints: (a) nearly compact support

— (b) fast algorithm

-~ (c)real g -point Paubechiec wowele &

—— (d) vanishing moment °Y 10 potnt

—— (e) orthogonal

Fo continuous wavelet transform * $2 :

(1) compact support *t % = “nearly compact support”

(2) iX 3 even, odd symmetric ']

(3) ¢ ** © & §_complete and orthogonal, ¢ Z_¥ 1 reconstruction
#rrd F Z & admissibility criterion 74

(4) % 7 %} fast algorithm 1 & f
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13-E Fast Algorithm Constraints

Higher and lower resolutions £ recursive relation - #& it

22 k¢ (2t k) # 1% dilation equation
2Zh ¢(2t k) compared to page 4l
k 0 /
u(t): mother wavelet, ¢(¢): scaling function 29,2 1/2

hoz l/& ! h\°-—\/2¢
iTd B 258 =2 = 5 4 3 fast algorithms

P : Jow -fre Quehey  sequeh(e
}]k : hzah,-erequvh(7 SGQWQ“\(.‘
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= ZZk:gk¢(2t—k) w(t)= ZZk:hk¢(2t—k)

it z,(n,m)=2"" j x(O)P(2"t —n)dt

T pw
then 7, (n.m) = >2? | x(gp@"" 1 =2n—k)dt

1
Zng;(W(2n+k m+1)

It X, (nm)=2"" j x(Ow (2"t —n)dt

T poo m+1
then X, (n,m)=>27 [ x()hpQ2""t-2n—k)dt
T k —00

1
=223 by, 2n+k,m+1)
k

s



(Step 1) convolution %, [w) : 2% (% ;(..7(W(V',M-H)) 417
N __ hla#ali] - 3 a0
Zo(m)=22) gy, (n—k,m+1) g =g,

k
- 1 .
X,( 22}% (n—k,m+1) c=hy
(Step 2) down sampling

2,(nm)=7,2n) = 33 E.g,(xv;m-kmﬂ] ph E%_‘,Xw(z»-k,m-h]

> : 2.“ ; G Awl2t men)
X, (n,m)=X (2n)



AwiMt) X 39,

J2g,

[

X, (n,m+1) —

J2n,

2

— x,(n,m)

m AR L o AR &

2

- X (n,m)

418
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e To satisfy (! 2ng¢ 2t k),

#(t/2) Zng¢t k)=2> g,6(t—k)=¢(1)

FTJ FTJ where ®(f)=FT[¢(r)]=[" ¢(r)e**" dr
e G —FT_Z 5(t—k)}
CD(f)=G(§jcp(§j CU)=FT| 22

D(f) E_(¢) 12 continuous Fourier transform Gi(0)= % A"

G(f) &_{g,}  discrete time Fourier transform
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cb(f):G(%
o0 =a{ = JTTe{ 5 J-e el )
@
®(0)=[" g(r)dt (¥ 1354 normalization, 3 ®(0) = 1)

FT o€ &)
O(f)=|1G|= FG() AT 0 RO T A s ok
(f)=1] (2qj (f) i+ ()

\)o‘?suefe -4 me Fourigy Lransfon of Fx
G(f): # AL 1% generating function

constraint 1



(f=0#*»)

.o »gmx

constraint 3

421



422

13-F Real Coefficient Constraints

sinee - o(7)=TT6(L]  w(r)-n(4][T6(£)

q=2

If G(f)=G"(-f) |H(f)=H (-f) are satisfied,

N

constraint 4 constraint 5

then ©(f) = ©*(— /), Y(f) = Y*(—f), and @(¢), y(t) are real.

Note: If these constraints are satisfied, g,, s, on page 415 are also real.
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13-G Vanishing Moment Constraint

If yAt) has p vanishing moments,

[“tw()dr=0  fork=0,1,2,...,p-1

Since FT[tky/(t)}z(zizjk d- Y(f)

dr’
[ x(e)de=x(0) if X(f)=FT(x(1))
I:tk,/,(t)dt =0 FT[tkW(t)]‘fzo _ (ijzj ;kk ‘P(f)fo L,

=0 fork=0,1,2, ..., p—1
£=0

dk
Therefore, W\P(f )



;Tiq’(f)f_ozo fork=0,1,2, ..., p—1
Since ‘P(f)=H(§jQG ziqj
M Gl CE)
2 =Tl
it %H(f) —0| fork=0,1,2, ..., p—1 is satisfied,

=0 N

constraint 6

=0 fork=0,1,2, ..., p—1 are satisfied
f=0

then %\P(f)

and the wavelet function has p vanishing moments.

424
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13-H Orthogonality Constraints

e orthogonality constraint:

I:th//(Zmlt—nl)w(th—n)dt =§(m—ml)5(n—nl)

y(t): wavelet function

If the above equality 1s satisfied,

forward wavelet transform:

X (n,m)=2"" j x(Ow (2"t —n)dt

inverse wavelet transform:

=C+ Z 22’"/2 (th—n)Xw(m,n)

m=—o0 n=

(much easier for inverse) C = mean of x(¢)

(FEM 2 })
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If =C+ Z 22’"/2 (2mt—n)XW(m,n)

Mm=—00 n=

and j_mew 2m1t—nl)w(2mt—n)dt =6(m—m)S6(n—n,),

then 72 j x(Ow (2"t - n)dt

_2m/2j C+ Z 22’"1/2 (Zmlt—nl)Xw(ml,nl) w (2"t —n)dt

=—00 I’Zl =—00

:2M/2J:Cw(2mt—n)dt+2m/2 i szl/zj w (2" t=n )y Q2" t—n)diX,, (m,n,)

0+ S S 5(m,—m)S(n, - )X, ()

AN Ny =—00 1; =—00
N

~

=X, (m’n)

““due to f w(t)dt =0
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Therefore, 2"”2_[00 x(H)w (2"t —n)dt is the inverse operation of

C+ i iZm/zt//(th—n)Xw(m,n) #

m=—0o0 n=—00
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X &R

Jime(2mlt—nl)w(2mt—n)dt:5(m—m1)5(n—nl)

2w oo FRGRE T Z ik
(1) Iwt//(t—nl)y/(t—n)dt=5(nl—n) for mother wavelet

B E R jizm://(zmt—nl)z//(zmt—n)dt =5(n—-n,)

Herp am o =
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(3) j t n, w(2_kt—n)dt=0 for any n, n, if k>0

£ (1) (3) e 3% &>

jime(2mlt—nl)l//(2mt—n)dt:5(m—m1)5(n—nl)

5 Hik A
(Proof): Set ¢ =2"¢, dt, =2"dt
[ 2w (2me—n)y(2mt-n)de=] w(2" "t =n)w(t—n)ds
If (3) 1s satisfied,
Iizmz//(zmlt—nl)w(zmt—n)dt =0 whenm=m,
In the case where m = m, if (1) 1s satisfied, then

jj:o2mt//(2mt—nl)y/(2mt—n)dt = j_o;w(tl —nl)l,u(t1 —n)a’t1 = 5(111 —n)
#



o d Page 428 =hix it (1) 430

j:w(t —n) )y (t—n)dt / Parseval’s theorem

:J‘w e—jzﬂnlqu(f)ejszqj* (f)df J-_O;x(t)y* (t)dt:j._iX(f)Y*(f)df

_ [~ ejzn(n—nl)qu(f)qj*(f)df

—00

= ' , e ,
— Z joej2ﬂ(n—n1)(f P)LIJ(f _|_p)LP (f +p)df

p=—° ej27f(n—n1)(f'+p) — ej27r(n—n1)f’
1. N . : i
= joefz”(” "W/ Z W(f'+p)df =6(n—n) if p is an integer
p=—x
Therefore,

0

Jnle—jZﬂnzf' i |LP(fr+p)|2 df=5(—n2)=5(n2)

o0

Z W(f'+p) =1 forallf” should be satisfied

p=—®




o =32 » d Page 428 g it (2)

j_i¢(t —m)@(t—n)dt=5(n—n) for scaling function

J8 3 #2757 12 page 430

o0

Y o(f+p)f

p=—®

1

for all /* should be satisfied

431



432

2 p=—o0
2|H(§+§j®(£+§j|z _ (page 430)
gm@wj@@wj'z+§'H(§W+%}®(§W+%}P -

¥] 5 h, A_discrete sequence, H(f) €_h, 7 discrete-time Fourier transform

H(f)=H(f+1)=H(f+2)=-
1(4)r L10(4+a)rra(51)p Lio(5rard)e -1

g=—0



o4 S (et Sro{fennt)

o0

512 D |O(f+p)f=1 forallf

p=—©

(page 430 g i+)

constraint 7

433



constraint &

434



o Page 429 if 12 (3) e IT 435

BN

l//(2_kf - n) ¢(2 i ) 1 linear combination v (1)=2> h¢(2t—k)
k
¢(2 i 1) 5’—\¢(2_k+2f — nz) 77 linear combination ¢(t) = 22 g,8(2t - k)

¢(2"‘+2 ) n\¢(2‘k+3t — n3) ¢ linear combination

¢(2_1t —-n, ) X ¢(f — Ny ) 77 linear combination

~k : 4 = o L
w(2 t—n) % FF Aot & @(t—n) ¢ linear combination
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w(2_kt—n) - ank¢(t_”k)

w005 5 [Ty (t-n)@(t-n)dt=0 forany n,,n, ¥ % &

Al fiV/(f—nl)w(Z‘kt—n)dﬁO for any n,, n, & Tt 43 = =

Page 429 i #* (3) ¥ 2§ =

Ii‘”(‘_”l)cﬁ(f—nk)dt:o

I_Oow(f)fl’(f—f)dfzo (Bet—n = £, 7= m—n)

j‘_iql (f )(D* (f )ejsz df =0 (from Parseval’s theorem)



437

ej27zr(f+p) — ej27”f (SiIlCG from page 4369

T1s an integer)
2
A
(I) J

1 q)(§+q+%)2 |

qif;H(g“Lq)G* (§+q) 7 gf




Since  H(f)=H(f+1)=H(f+2)="- 438

constraint 9



—

3-1 Nine Constraints

439

(D

(2)
3)

4
)

(6)

FEI® 0 2k 3+ mother wavelet fr scaling function 4 « if i#

(% d page 414  constraints 74 @ K)

=0
/=0

fork=0,1, ..

for fast algorithm , page 420

for fast algorithm , page 421
for fast algorithm , page 421
for real , page 422

for real , page 422

for p vanishing moments , page 424

L p-1
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(7) [H(f)] +] H(f+é) =1 for orthogonal , page 433

8) | G(f) I+ G(f+%) =1 for orthogonal , page 434

9) H(f)G*(f)+H(f+;)G*(f+£):0 for orthogonal , page 438

g

are the discrete-time Fourier transform of on page 4135.

k



e Simplification
Let
H()|=6(/+1/2)

G(f)zzk:gke_ﬂ”ﬂ‘, H(f):Zk:lfzke_jz”ﬂC
G(f)=G(f+1), H(f)=H(f+1)

Low frequency: around /=0

High frequency: around f=+1/2

441
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Specially, if we set that
he=(D"g., H(f)=-e "G (f+1/2)
when the following constraints are satisfied:

G(/)F+1G(f+L)P=1
G(f)=G"(-f) (% = (5), (8) i &)
then (/)] + H(/+1)P=1G(r+1)F+16(0) =1
H(f)G*(f)+H(f+%)G*(f+%)
2 )1 e e+
G (1 1)6 (1) re PG ()G (1) =0

H (—f)=—e?"G(-f+1/2)==e>"'G"(f-1/2)=H(f)
i (4),(7), (9) » #is &



5
i

(D)

(2)
3)
(4)

()

(6

N

(7)

o(1)-116(£)
v(n)=a (5 )e( 5
G(0)=1

G(f)=G"(-f)

4 H(f) =0

v = fork=0,1, ...,
felo, ) ++1eW,d
G(/)F+IG(f+L)P=1
H(f)=-e>"G" (f+1/2)

443

: 2K 3+ mother wavelet {r scaling function 5% i & & (f§ it 4K)

for fast algorithm

for fast algorithm
for fast algorithm

for real

for p vanishing moments
G,(¢+'zl.): GH\'%)
p-1 - C¥(L
£ £60:2) _a‘- G} (- R
[} n—o -
for ortiganefl -fe(z3)

1(97, of des?qh‘hg the Continuaug

waveled €ranstoran with discele

coefronts G (€)



13-J Design Process 444
KPP R & G(f) (0<f<1/4) ;&7 > mother wavelet frscaling function
(R

G(/) #FL 1T generating functlon C't('F)‘ > 9 e‘iwck

k
Gl 3 g, () k

%yiff?‘ e-;z'lt-ﬁk

(Step 1): L2 G (0<f<1/4)» mE =~ aige = GHE)
@ G(0)=1 -(3€( Vo, )

gk G fe(o, 172
(b) WG(f)le for k=0, 1,2, ..., p- 1(,{_,(0/ )

)
Design Process (3% 3+ 7~ 4%): /\ /\ ./;;\

£0 £
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(Step2) ¥ G(f)=G"(~f) A2 G (-1/4 < f<0)

(Step 3) d |G(f)|2+|G(f+;)|2=1 A% G (1/4 < f<1/2)
(12 < f<-1/4)

15 G = G(f+1) » -5 S G(f) &

(Step4) & H(f)=—e"G(f+1/2) Az H()

LP(f):H(%jﬁG(ziqj -2 O(f), P(f)
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x 0 (1) % Stepl ehd B ks &0 d |G +|G(f+1/2)}=1

dk
LLG(f) =0 fork=01.2 1
dfk P or N O N ¥

/‘_—__—‘

x i H(f)=—e?"G (f+1/2)

k
equivalent d—H(f) =0 fork=0,1,2, ..., p-1

(2) \G(f)\2+\G(f+1/2)\2:1 1G(f)P=lG(=f)F
s G (0<f< 1/4) B30 |G| $ v - 2

(3) ﬁ'%’/\%ﬁf}{% )L,':‘r'l —‘;; ’ G(f):G(f+1) G(f)zzgke_jzﬂfk
P REMESFER S -12<f<12 P
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13-K Several Continuous Wavelets with Discrete Coefficients

(1) Haar Wavelet = Paubechies wavelet 2 petats

(p=1)
zgl0]=1, g[l]=1 G(f):1+exp(—j27rf)
f
h[0]=1, A[1]=-1 H(f)=1-exp(-j27f) GV 29k pr N
Gale): nge
2 G,U/z) (N-0AC  6'¢)- -,;n#e-am#-
g0]= 172, g[11=172 F=fixexp(ojarry] 2 & ()2 3 ey

HOT=12, W[11==12  H(f)=[1-exp(-j22f)]/2

vanishing moment = ? I



Daubechies wich woment —
wHly T fiurte potats 20 448

inc Wavelet ""!—I_—'M“-‘
for |f|< 1/4 ) Va V"l-"\i Iis’\
G(f)zl Orlf|— ) > 2 r3 _g-
S

G(f)=0  otherwise éf_ (a(_p)\{:___;
G(H= G EH) d ek Va’flishing moment = ?
*0 0522 0 gor all K

(3) 4-point Daubechies Wavelet k
4% 8% G(V2)-= 2 9 (-

1443 3443 3-43 1—\6} * G-t 3= G5 =0

] - <3xf
e | Gl E gelamky e

. '\ 9’ l& (__\>k
| o bodbeckics | 5, GE( 2):-3m 2 T
l-[-:alqrs 2p points ¥ ¢ih 5—327‘0(..%. "'291—3 93) =0

Vaish moment = Y vanishing moment = ?

i

vanishing moment VS the number of coefficients

p 2p




Daubechies Wavelet: 449

It can be viewed as a generalization of the Haar wavelet.
(Haar wavelet = 2-point Daubechies wavelet).

The 2p-point Daubechies wavelet has the vanish moment of p.

[Ref]: Ingrid Daubechies: Ten Lectures on Wavelets, SIAM 1992.

[Ref]: "Daubechies wavelets", Encyclopedia of Mathematics, EMS Press,
2001, https://encyclopediaofmath.org/index.php?title=Daubechies wavelets.

Ingrid Daubechies
https://en.wikipedia.org/wiki/Ingrid Daubechies



From: S. Qian and D. Chen, Joint Time-Frequency Analysis: Methods and

Applications, Prentice Hall, N.J., 1996.

1.4 T T T — 35 - ——
|
|
1.2f /\ 1 2o Illl(_\lll
it I .
\ a5 - |I l
oal ! | |
o6} 20]‘ ’ \
|
] .
10 | |
o P il [
L o '
0.2t / _i 5 ,."l \",I I| || fn*,
| . ; | ,-’m i lJI {7
_0'40 0.5 1 1.5 2 25 3 J]50- —40 —:::\ -20 \-1|0 a : 1|0\ /\2{;\ 30 :l;l\ 56
Frequency [radians]
(a) Scaling function ¢(#) (b) 1®(w) |
2— ao;
—r 25.' Ifr.ll I'Iqll
\ III | | ||
ny |
20+ II | ,l ‘I
05F Il ] f \
AN
15%— I| I |i || B
U\/ \ /K/K" Lo
Jf | 10 il ,l l
—osh . | [
/ | |I \ |
| AL A
JAR | ( [ \
15 ' : = . - L~ b o N WA
T50 0.5 1 1.5 2 25 3 _050 —40 -30 -20 -10 llc'zl 10 20\ a0 ;o/—\so
Freguency [radians]
(c) Daubechies wavelet y(z) (d) 'P(w)I
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13-L Continuous Wavelet with Discrete Coefficients &% Bk

e Advantages:

(1) Fast algorithm for MRA

(2) Non-uniform frequency analysis

w(2mt—n) Ll NN 2_m€_j2”n2me(2_mf)

(3) Orthogonal

451



: 452
e Disadvantages:

(a) &9 5 b 5
(b) problem of 1nitial
x,(n,m), X (n,m) ¥4 y (n,m+1) &

m—»0

(c) ¥E 17 i%3% compact support

e

(d) i 25 % 4F 3¢
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i 2 B R R S

(1) JPEG: # * discrete cosine transform (DCT) = 8x8 blocks

Lg P BE Y OREHS (Bl 5 T jpg B RL* JPEG

kR )

TR-BAET R ERY BigL IR KRS (HAFERE §m 3) & 1/16

(¥t42¢ R ifm 3)
(2) JPEG2000: i * discrete wavelet transform (DWT)

B A5 L JPEG 05 & =+
(3) JPEG-LS: #_— #& lossless compression

Fiéfﬁfﬁ > e gV R >EiER KRR
(4) JPEG2000-LS: #_JPEF2000 =77 lossless compression &< &

(5) JBIG: 4%} bi-level image (222 v 072 i) K 3 /R ‘{ﬁq‘é ;u
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(6) GIF: & * LZW (Lempel-Ziv—Welch) algorithm (3 02 & & &uE f#)

it &+ Bl &xAod F W iT > lossless
7) PNG: & * LZ77 algorithm (#f i1 3 & cuzH > ¥ & * sliding window)
g

lossless

(8) JPEG XR (* # HD Photo): # * Integer DCT - lossless
A lossy compression {535 & ‘{ﬁff ¥ 4= JPEG 2000 £ 7 7

(9) TIFF: i * =44 » & A4~ 4_5 B cnE k| fodFfa @ K 37 lossless



