XIV. Discrete Wavelet Transform (DWT)

14.1 ¥4

(1) discrete input to discrete output

(2) ¢ continuous wavelet transform with discrete coefficients j& % @ X &7 >
(** # page 418)
AR = LI s O ) 4

(3) & ¢ 7 scaling function §= mother wavelet function =14 +7

SR RN CY A




14.2 1-D Discrete Wavelet Transform (1D DWT)
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> xl,L[n]

Aln] ¥ 0]
lowpass ﬁ};[f}rL
» gln] >
put L-points
x[n]—— highpass filter
- 1 i
N-points [ hp :
L-points
12
x[nl— | o — =[]

12

: downsampling by the factor of 2

z[n] = x[Qn]

simplified from page 421

+o+tale N4LA poiuts
LN =N Po?u\“(

+ B2, .Z[y\]: 'thh]



Input : x[n] (* £ ¥ Zw(nﬂm)|m_>oo’

® ¥ 2 x[n] ¥ % initial

Low pass filter g[n] High pass filter A[n]

& ¢ 12 scaling function & ¢ 17 wavelet function
(18 % ** page 418<hg,) (4% ** page 418 &k,

K-1
st stage X n] Zx 2n— k
k=0

N

v [1]= x[2n—k]H[K)

0

L
Il

461



462
further decomposition (from the (a—1)™ stage to the a™ stage)

v [n] =sz (20— kg[K]

X, b [n] =) X, [2n - k]h[k]
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(1) 7 ehpFig » $430 x, pln] & £ T i

(2) % input s x[n] =7 length % N,

R a'h stage x, (1], x, y[n] 7 length % N/2¢

(3) i5i8 DWT 2. 18 » > 3RBEfici™m 4537 N 2k
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14.3 2-D Discrete Wavelet Transform (2D DWT)

() VALY
lengh (9) M_gﬂ_tﬁ). glm] [ ¥2 x[mon] 4
1 Ay
o g[n] 142 v, [m, m{ along m =
along n hm] 42 — X i [m, 1]
x[m, n] — along m
m KN —> -
s h[n] 42 v, m, n]{ glm] L2 1 X1mlm, n]
’ along m
" along n
— him] [ V2 X1 3lm, n]
Ml along m
tota|l stzc<
a (M+L2))Y (ML)
; MYXN

See page 40
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ﬁ;f] *~ t x[m, n]

Low pass filter g[n] High pass filter A[n]
e along n
K-1 K—1
vip[m.n]=2 x[m2n—k|g[k] Vo lmn] =) x[m,2n—k|h|k]
k=0 ’ k=0
e along m
K-1 K-l
X, [m.n]= Zvl L [2m—k.n]g[k] Aty [m.n]= ZVI’H [2m—k.n]g|k]
: i k=0

K-1
Xip, [m,n]= ZVLL [2m—k,n|h|k] Xiu, [m,n]= ZVLH [2m—k,n|h|k]
k=0
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Input image:

A square.

U

from R. C. Gonzalez and R. E. Woods, Digital Image Processing, Chap. 7, 2™
edition, Prentice Hall, New Jersey, 2002.
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e compression & noise removing

TF xIm,n] > ¥R H I

e (directional) edge detection
= X1 gilm, n]
1,HI IR RTI PN

BT X plm, n]

® X i3lm, n] B POTE T A Rb

corner detection?
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14.4 Complexity of the DWT

x[n] * y[n], length(x[n])= N, length(y[n])=L,

IDFTN+L—1 |:DFTN+L—1(X[n])DFTN+L—1(y[n]):|

I

(N+L—1)-point discrete Fourier transform (DFT)

(N+L—1)-point inverse discrete Fourier transform (IDFT)

(1) Complexity of the 1-D DWT (without sectioned convolution)

3(N+L-1)log,(N+L-1)~3Nlog, N

& (Mogn) =2 G-V
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(2) 5 N>>Lps - ig® ]gectioned convolution”] ek 77

el ol el el

Y Y
NN
AL
\_.)<_/
Bexn]l xR FE o FEER SN, (N> N,>>L)

o Ex* gooo 200 ]9
w2+ S=N/N, £
20

A D)% gTn] vieeds N A pourt

x[n] = x,[n]+ x, [n] + oo x 1] DET
d[n]*gln]=x[n]xg[n]+x[n]egln] oo toxs[n]* g ]
N, L : L ML

)f[n]*h[n] =x1[n]*h[n]+x2[n]*h[n]+ ------ +xS[n]*h[n]

—_—
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complexity:
3S(N,+L-1log,(N,+L-1)= 38N, log, (N, +L-1)
=3Nlog,(N,+L-1)
~3Nlog, N,

N, Coin )x de(epeudw‘(' O'P' A/

e £ LS ¢

The complexity of the 1-D DWT is linear with NV
O(N)

when N >>> [,



(3) Multiple stages 3535

° & X, yln] * £ ~ fF

lexity iT 02 3%
Complexity 1T 12 (]\H_NJFNJFNJr ...... +2)log2N1
_ (2N—2)10g2 N1 ~ 2Nlog2 Nl

|

e 2 N\
* % xa’[_][n] SR £
Complexity iT i 3%

N_ 4N _ oN .. N
(N+22+44+88+ +2 2)10g2N1

=(Nlog, N)log, N,
(4= DFT 4pi7)
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(4) Complexity of the 2-D DWT on page 465 (without sectioned convolution )

SM(N+L-1Dlog,( N+L-D)+3(N+L-1)(M +L-1)log,(M +L~-1)

The first part needs M 1-D DWTs and
the input for each 1-D DWT has N points

The second part needs N+L—1 1-D DWTs and
the input for each 1-D DWT has M points

complexity ~ 3MN log, N +3MN log, M
=3MN(log, N +log, M)
=3MN log,(MN)



(5) Complexity of the 2-D DWT (with Sectioned Convolution) 476

Image
S T i % The original size: M x N
R The size of each part: M| x N,
--------------------------------------------------- . M
____________________________________________________ complexity = ( A j3M1N1 log,(M,N,)
=3MNlog,(M,N,)
e L EPLA

If the method of the sectioned convolution is applied,
the complexity of the 2-D DWT is linear with M.

O(MN)

)

s



(6) Multiple stages, two dimension 477

x[m, n] Fsize 3 MxN

° % Xomlnls X, mlnl, X, 3ln] 7 o Ao B X, ln]

total complexity

(MN+ f‘{lN + f‘fg’ T )logz(MlNl) z%MNlogz(MlNl)

° % Xa,H1 [n], xa,H2[n]9 xa,H3[n] - S
total complexity

MN  1eMN, . ...
(MN+4 > +16 447 )logz(MlNl)

=[ MNlog, (min(M,N)) |log, (M, N,)



14.5 Many Operations Also Have Linear Complexities

e £ F + » & 7 wavelet ’ﬁ linear complexity
% input v filter £ & & * /| 49 £ T 7R PF
1-D convolution =7 complexity &_linear with V.

2-D convolution =7 complexity #_linear with MN.

(= & %t Nlog,N, MNlog,(MN) .4 7+ IF )

%E‘Lg— ‘2 mj}ab:u
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e Note : DCT = complexity » #_linear with MN

(divided into 8 x 8 blocks)

complexity : M—iV(S x8log, 8+ 8x8log, 8) = MN log, 64

6
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14.6 Reconstruction

-Povwo\rA PWT Thverse DWT

—_— -

x[n]—-

X(2)

A 4

— —

gln] 42 —x [nl—{ T2 —{gn]

—X@)G(?)
h[n] b2 yn]— T2 h,[n]

\ 4

A

X(®OHER) ’

gi[n], hy[n] &% RHEBEE S 47 0@ 18 x[n ] 1?2 ¥ (2)X(2)

T2

: upsampling by the factor of 2

S

YO bl b[on]=a[n] ih—"@ Ll

b[On+r|=0 forr=1,2,0-1
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the analysis part of the 2D DW'T: page 465

the synthesis part of the 2)]_) DWT N4 .-)

fL2)—
Xy lm, n]  — T2 ° gilm] ™ ) >

S

g[n]

Xy mlm, n] — T2 hy[m]

L P— x[m, n]

xl,Hz[ma n] — 712 glm]

y

T2

v
»—b
)
| —

o N
A\

>
[\

\ 4
F
3

X1 alm, n] —

along n




Reconstruction Problem 482

* Ztransform X 4 37 X(z!: Z x[n]z_”

Z transform — -
_ | _ 1 1/2 1/2
e If a[n] = b[2n], —— A(z)=5|B(=")+B(-=")]
| 2 (downsampling) —
(Proof):
B( 1/2)+B( 1/2): i b[n]z_"/z n i (_l)nb[n]z—n/2
= 2 (10 )plal =2 3 2] <2 Bl =24(:)
e If a[2n] = b[n], | ~  A4(z)=B(2) B(2%): S pl] 2™
a[2n+1]=0 i 2ol 2
T 2 (upsampling) % a1z F al211: b2

-go\b[‘,-zhjz Z:SC\CZM'HJZ‘Z" A2h¥1] =0
=2 bln]7
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¢ O
Aet (A)
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14.7 Reconstruction % »%if it

o e
if and only if

;g[p]gl[2n—p]=5[n]

Zh[p]h[zn_p]:5[n] T FE l-—;f»}t%q_lf

biorthogonal conditions

0

> glp]h[2n-p]

Zgl h[2n p =




(Proof)
Note: (a) det(Hm (—Z)) = —det(Hm (z))

G(2)G,(z)+G(~2)G,(~z) =2

inverse Z transform

Zg[p]gl[n—ph(—l)";g[P]gl[fl—p]=25[n]

487



2.glplan-pl+(-1)" X g[r]e[n-p]=26]n]

p p

l

>.glple[2n-p]=d[n].____ orthogonality #% i 1

p

(c) Similarly, substitute  G(z2)G, (z) = H (~z) H, (~2)
into  G(2)G(2)+H(z)H,(z)=2
H(-2)H,(~2)+ H(2)H,(z) =2
after the process the same as

that of the above

v

Z:h[p]h1 2n—p|=6[n]«—— orthogonality % * 2

P

488



(d) Since  G(z)H,(z)+G(-z)H,(-=2)
G(—z G Z)
=0(2) det(l(im ()z)) ~0(=2) det(Hi (=2))
_ G(:)6(-2)_G(-2)6(2) _
det(H, (z))  det(H,, (z))

Zg[p]h [n=p]+(-1) ;g[p]’h [n—p]=0

Zg 2”1 P :0 «—— orthogonality % i+ 3

) k2 G(z2)H(z)+G,(-z)H(-z)=0

2 & [r]h[2n-p]=0

orthogonality i i+ 4

489
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14.8 DWT % 3+ F ehig 12

e Reconstruction

e Finite length % 7 implementation & & 7% &

g[n]#0 only when —-L <n<L

h[n] #0 only when-L<n<L
hn], gn]?

£ det(Hm (z)) =az" By 295 page 484,

GI(Z)=2C¥_IZ_kH(—Z) Hl(z):—2a_lz_kG(—z)

Z transform

Y x[n—k] )Z_kX(Z)

g [n] = 2a‘1(—1)”_kh[n — k] h, [n] = —205_1(—1)”_kg[n — k]



e M5 det(H,(2))=G(z)H(-z)-H(z)G(-z) 491

det(H, (z))=—det(H, (-z)) | k% F = odd

e [owpass-highpass pair



492

14.9 %EIE-'_ : DWT e * % 2
(2)°Z hin] Zz= "

G(z)| 2 H(-z) t[-[( )) s hpea -2 2)y=3(-) "[“']E
(1) Hl(z) _det(Hm (Z)) —G(—Z) (forreconstructlon)
— ; ST -k]
det(H,, (z)) = G(2) H (~z)- H(Z)G(_Z)L.B«J- ™'
Gu(2) =2z ¥ H(= 2) Hi-2) 25 ()" hTn]

Gal2) Z5 Frox )" ¥hin 4= %]

(2) h[n]#0 only when 0 <n<L-1

] (h[n], g[n] have finite lengths)
g[n]#0 only when 0 <n<L-1 et (HM(-z))z—O‘G'{[Hw{Z))
(3) det(Hm :@Zj’ k&3 5 @ (h,[n], g,[n] have finite lengths)

Se—

(4) hln] % highpass filler hiTn) highpass
gln] % lowpass filter g1 lowpass

Y

(lowpass and highpass pair)




14.10 Two Types of Perfect Reconstruction Filters

(1) QMF (quadrature mirror filter)

G(z) satisfy | G*(z)-G*(—z)=2z" k is odd

o[n] has finite length
H(2)= G(=2) W)= 1y g[n]
G(:)=G(z)=*  aln]=gln-ik]
H\(z)= -G(-z)z*  R[n]=(-1) " g[n—k]

493



IP 7£O_]=9'0 ? 9’0]:?. , ?D"]:O O'H"CSWTSQI .
(2) Orthonormal G (2)= Fotd 2 G(RG(2Y) %9, Z 7+ 35+ 494
T3t 2

G(z) satisfy |G(z)G(z")+G(-z)G(-z")=2
g[n] has finite length

H(z)z—sz(—Z_l) kis odd _4 h[n]=(1)"g|-n—k]

§ G ("‘Z-‘) ‘2'?("‘)’.35“'] ¢z =M
G, (Z) = G(Z ) g, [n] = g[—n] 'F(W Daubech e
HI(Z)Z—Z_kG(—Z)ZH(Z_I) h[n]:h[—n]
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+ ¥R 4 e wavelet &> orthonormal wavelet

For the orthonormal wavelet

N-7-1

Z g[n]g[n+r]=0

Nn_:,O_I forr=2,4, ..., N-2
Z h[n]h[n+r]=0

n=0

(orthonormal to the shift versions of themselves)

It can be proved by pages 486 and 494.

(Note): gkt » § p¥ ¢ NI ¥ — & perfect reconstruction filter, f i€
CQF (conjugate quadrature filter)

Ra > CQF &t {r orthonormal filter 4p



14.11 Several Types of Discrete Wavelets

/ Z—Poi“lf P’\"‘bfc(" Tf}
e discrete Haar wavelet (& f§ ¥ )

496

g[-1]=g[0]=1 Y2 g[n]=0 otherwise (le=1)

2= ("¢

h[-1]=-1, h[0]=1 h[n]=0  otherwise

—l/2 /2
g [O] =g [1] =1 g, [n] =0 otherwise s [:V'] E ?‘ E‘"]
m[0]=1, m[l]=-1 h|n]=0  otherwise Jy,ln] = h, -h1

X_— #& orthonormal filter



: . , = 497
e discrete Daubechies wavelet (8-point case) V- m. 4

g[n]z[—0.0106 0.0329 0.0308 -0.1870 -0.0280 0.6309 0.7148 0.2304]

— . —

n=0~7 g[n]=0 otherwise

~—_ —

h[n]:[0.2304 —-0.7148 0.6309 0.0280 -0.1870 -0.0308 0.0329 0.0106]

- n _
n=0~7 h[l’l] =0 otherwise I"Ch] ] (—‘> 9’:’] M]
(k=)
g, [n] = [0.2304 0.7148 0.6309 -0.0280 -0.1870 0.0308 0.0329 —0.0106]
=— ~0 - %001 = 9T-h]
n=-7~0 g ["] otherwise
—_—
h, [n] = [0.0106 0.0329 -0.0308 —0.1870 0.0280 0.6309 -0.7148 0.2304]
=70 h[n]=0 otherwise WISE hi-n]

https://wavelets.pybytes.com/



lz - -V
: : : =3 498
e discrete Daubechies wavelet (4-point case) V-m=

g[n]=[-0.1294 0.2241 0.8365 0.4830] k=3

e discrete Daubechies wavelet (6-point case) V. m.=3

g[n]:[0.0SSZ —0.0854 -0.1350 0.4599 0.8069 0.3327] k:-5%

e discrete Daubechies wavelet (10-point case) V. WI- =5

g[n]:[0.0033 -0.0126 -0.0062 0.0776 -0.0322 -0.2423
0.1384 0.7243 0.6038 0.1601]

—m—

e+~
e discrete Daubechies wavelet (12-point case) V. W= 6

g[n]=[-0.0011 0.0048 0.0006 —0.0316 0.0275 0.0975
~0.1298 —0.2263 0.3153 0.7511 0.4946 0.1115] k==l

— ey



/7 symme{v'(c wWAave |e-L

symlet (6-point case) V-m. =3 499

g[n]2[0.0352 —0.0854 —0.1350 0.4599 0.8069 0.3327]
symlet (8-point case) Vv-wn.=4

g[n]:[—0.0757 —-0.0296 0.4976 0.8037 0.2978 -0.0992
—-0.0126 0.0322]

symlet (10-point case) v.m.=5

g[n]=[0.0273 0.0295 -0.0391 0.1993 0.7234 0.6339

W

0.0166 —-0.1753 -0.0211 0.0195]

Daubechies wavelets and symlets are defined for NV 1s a multiple of 2

https://wavelets.pybytes.com/
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coiflet (6-point case) | W13

g[n]=[-0.0157 —0.0727 0.3849 0.8526 0.3379 -0.0727]

coiflet (12-point case) V-M=2
g[n] = [0.0232 —0.0586 —0.0953 0.5460 1.1494 0.5897
—0.1082 —-0.0841 0.0335 0.0079 -0.0026 —0.00IO]

Coiflets are defined for N 1s a multiple of 6

The Daubechies wavelet, the symlet, and the coiflet are all orthonormal filters.

https://wavelets.pybytes.com/
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The Daubechies wavelet, the symlet, and the coiflet are all derived from the
“continuous wavelet with discrete coefficients” case.

Physical meanings:

* Daubechies wavelet
2p

The ? point Daubechies wavelet has the vanishing moment of p.

e Symlet
The vanishing moment is the same as that of the Daubechies wavelet,
but the filter 1s more symmetric.

- Coiflet 67 2 S Hot:0 o 02 < P
The ? point coiflet has the vanishing moment of p.

The scaling function also has the vanishing moment.

| #(r)dr =0 | #g(t)dt=0 for1=k=p

—00
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14.12 Z # Discrete Daubechies Wavelet =77/ 2

-1
Step 1 P(y): Cr eyt

0

S

P
Il

Q: 4cf@ * Matlab g ) C
(Whenp =2, P(y)=2y+1)

-1
Step 2 3(z)=P(2—Z4—Z )

Hint:((2-z-2")/4) & Matlab 4 # » 7 2 % [-25,.5,-25]

p e 4op @ convolution k-1 =X & 41 &
(Whenp =2, P,(z)=2—-0.5z— 0.5z 1)
Step3 ¥ 41 2P (2) 12 (ie., 2P, (2) = 0 £ )
Q: & Matlab % ¢ iz * & A4y 4
(When p =2, roots = 3.7321, 0.2679)



Step4 & )
]’2(2):(2—21)(2—22) (Z—Zp_l)
2152 oon 2y » 2P(2) F P 7 4t *> 1 hroots
Step 5 &

1 R - Ztransform fhE_& A GO(Z)=ZgO[n]Z‘”
n

S 120 coefficients & #a reverse
(Whenp =2, g [n]=[1 1.7321 0.4641 -0.2679])
n=-3~0

503
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Step 6 Normalization

(When p =2, g,[n] =[0.4830 0.8365 0.2241 -0.1294])
n=-3~0

Step 7 Time reverse

g[n]=g[-n] hln]=(-1)"g[2p-1-n]

Then, the (2p)-point discrete Daubechies wavelet transform can
be obtained



14.13 2x2 Structure Form and the Lifting Scheme 505

The analysis part

42—y 0]

v
2
S
| —

xX[n}—

v
=
|
S
| S
y

V2 —x ln]

can be changed into the following 2x2 structure

o4 2 — X, [n] g.ln] “P—x, 1] V[Vh]ere 12n]
Cn]— . 8l = 8len
Xe n] x[2n] h[n] g |n]=g[2n+1]

g,[n] h,[n] = h[2n]
Z 2 axo[n]l holn) B, ] Aoln] = Al2mHL]

o

x,[n]=x[2n-1] 7! means delayed by 1



(Proof): From page 461,

%, [n]= Y x[2n—k]g[k]
k=0
X, [n 22: x|2n—-2k|g 2k]+Kflx[2n—2k—1]g[2k+1]
k=0
K/2— K/2-1
=S [n ke K]+ 3 n ke, [4]
k=0 k=0
where
X, [n] = x[2n], X, [n] = x[Zn—l]
x[n]— Z' =42 — x[2n-1]
Similarly,

K/2-1 K/2-1

X1 1 [n]z Z xe[n—k]he [k]+ Z X, [n—k]ho [k]

k=0 k=0

506
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Original Structure:

Two Convolutions of an N-length input and an L-length filter

New Structure:

Four Convolutions of an (N/2)-length input and an (L/2)-length filter, which
1s more efficient. (Why?)



Similarly, the synthesis part 508

-

D— xoln]

T2 —T

can be changed into the following 2x2 structure

xpln] T g1 7] T2 where
gl e[n] = gl [21’1]

gl,o[n]
O— xoln] g ln

[n] =
j hl,e[n] [n] [ ]
xl,H[n] hLO[n] > T 7 > Z'1 hl o[n] h [27’1"’1]

xyn] — T2

A 4
o3
)
| S

xl,H[n] —

v
’_‘b‘
)
| —

g, [2n+1]




14.14 Lifting Scheme 509

After performing quantization, the DWT may not be perfectly reversible

\ 4

O(gln)—1 ¥ 2 —*x [n] — T2

0(g, [n])‘l
S J@—’ xoln]
# x|
{ohim—{4 2 F—x, 1 —{ T 2 =00 1) o
Q( ) means quantization (rounding, flooring, ceiling ...... )

Lifting Scheme:

Reversible After Quantization
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From page 505
Ge(z) GO(Z) Xe(Z) XI,L(Z)
{He(z) HO(Z)}{XO(Z)}:{XLH(ZJ
Since
Ge(Z):;G(Zl/2)+G(—Zl/2)]/2 G = 1/Z[G(zm) G(—Zl/z):|
He(Z):_H(ZI/z +H(—Zl/2)]/2 H = 1/2[[_[(21/2) H(-Zz 2)]

(-
o[ f[ji?)}}*(d— Yo ol (<)
from page 492, one set that, if « =-1 and k= -2m-1,
det(Hm (z)) = G(2)H(-z)-H(z)G(~z) = -z

then

detﬂlii(z) % (Z)D =2



511

Then L(; (é)) g ((?J be decomposed into
S A A P
where
e L CRICERRCE e

Then the DWT can be approximated by

P P i YR el S el

where T,(z) = L,(z), T5(z) = L,(2), T5(z) = L;(2)




Lifting Scheme

x[n]—

12

analysis part

AN

2

—>x0[n]

T

b[n]

{]

tn

l

— xl,L[n]

i
¢/

\ 4

M2

— xl,H[n]

512

The Z transforms of #,[n], t,[n], and #[n] are T,(z), T5(z), and T5(z), respectively.



Lifting Scheme
synthesis part
xl,L[n] gk \ T2
-t,[n]| | -tlnl | -tln]
xLH[n]—> 2 7m D D T2 | /

A

4

; Xoln—m]

513
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If one perform quantization for #,[n], t,[n], and #[n], then the discrete wavelet
transform 1is still reversible.

W. Sweldens, “The lifting scheme: a construction of second generation wavelets,”
Applied Comput. Harmon. Anal., vol. 3, no. 2, pp. 186-200, 1996.

I. Daubechies and W. Sweldens, “Factoring wavelet transforms into lifting steps,”
J. Fourier Anal. Applicat., vol. 4, pp. 246-269. 1998.



> a2

A

- i

%,}"—? ji E’J/’_”‘?\; JU{x[ma n] ’ %\‘L‘;E'; y[ma I’l] fr’ .X[m, I’l]

} TS K R i
(1) maximal error
Max(‘y[m,n] —x[m,n]\)

(2) square error
M-1N-1

Z Z‘y[m,n] —x[m,n]‘2

m=0 n=0

(3) error norm (i.e., Euclidean distance)

1)3) T

M-1N-
mO

1
n=0

yim,n]=x{m,n]

(4) mean square error (MSE) » % 5L a2 o a2 § *
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(5) root mean square error (RMSE)

\/ Z ‘y[m n|—x[m, n]‘

n=

(6) normalized mean square error (NMSE)

ii‘y[m,n] x[m, n]‘
Z‘x[m n]‘

(7) normalized root mean square error (NRMSE) >

% S J2 'fr’,‘? @\/%:&5“1 ¥

M-1N-1

Z Z‘y[m,n] —x[m,n]‘2

m=0 n=0
M-1N-1

\ ‘x[m,n]‘2
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(8) signal to noise ratio (SNR) » = 5L J2 § *

M-1N-1

> 2 \almn]
10log,, | 7"
‘ [man]_x man]f

i
(=]
S
Il
(=]

(9) peak signal to noise ratio (PSNR) » 82 /a2 § *

Xy the maximal possible
X value of x[m, n]
10log,, Ty )
m,n]—x[m,n In 1image processing, X, = 255
N nzo\y[ ]-x{m,n] gep & Xy
X]%lax

for color image: 1()10g10

ycolor[m I’l] xcolor[m n:”

color=R, G, or B



(10) structural dissimilarity (DSSIM)

518

4 &> MSE fr PSNR & i % 2 7 Jb 4 AR 1“7 £ ef £ > % 2004

E RPN RPFTERELRIE 2 2

DSSIM (x,y)=1-SSIM (x, )

(2,ux,uy +clL) (20‘xy +02L)

SSIM (x,y) =
(x.) (,ui+,u§+clL)(G§+0§+ch)
My, means of x and y o, o, variances of x and y
o,0,: covariance of x and y ¢, C,: adjustable constants

L: the maximal possible value of x — the minimal possible value of x

Z. Wang, A. C. Bovik, H. R. Sheikh, and E. P. Simoncelli, “Image quality
assessment: From error visibility to structural similarity,” IEEE Trans. Image

Processing, vol. 13, no. 4, pp. 600—612, Apr. 2004.
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XV. Applications of Wavelet Transtorms

Wavelet #7i§ * ¢ applications » i ¥ 3 4T & + $FEL !
(1) BEAHEE 0T > §EF o PP (83 )5 o~ %3
(2) Multiscale 4 3737 & & 4 4

Larger sampling interval — 1gnoring the detail

Smaller sampling interval — requiring a lot of data

Wavelet transforms compromise them.

P 2kl > 80% 11 F ™ {v image processing B



(1) Image Compression (JPEG 2000)

JPEG 2000 7 &

Image

A 4

RGB to
YCbCr

Discrete

» 4:2:0 - Wavelet

Transform

JPEG Tier 2 )

2000 file Encoder
|

Quantization
Table

9 an:i —tion Bit Plane
| Hantzatio | Conversion
Binary Fractional
arithmetic Bit-plane
coding coding
(Tier 1)

520

Tier 1: zero coding, sign coding, magnitude refinement coding, run length coding

Tier 2: * M FH14H % < /) (Blde R Bt i & Gk > 555)

o RBE2010E 3 ke b A

pA:l

L=



The subbands of the discrete wavelet transform (DWT)

LL3 | HL3

LH3 | HH3

LH2

HH2

HL1

LH1

HH1

10

50

100

150 200 250 300 350 400 450 500
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L 95 JPEG %

Image

A 4

RGB to
YCbCr

4:2:0

A 4

8x8

DCT -

522

JPEG

e ACIHEL | Zigzag Huffman
+ Scan » Coding
= DCRE] 74y Huffman
BTER YT > Coding

file

AR D d 2 8x 873 BB @‘{ﬁj‘ F¥ ¢ 13 = blocking effect
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Original image

DCT-based Wavelet-based
Image compression Image compression

CR =80 CR =380

CR: compression ratio P R 2006 13 ey KALFE F



PSHNR

42

40+

36+

36+

34

32¢

30+

28

26

24

Lena

—&=— JPEG
—*— JPEG2000

0

02 04 0.6
bpp

0.8 1

1.2

bpp: bit per pixel (+ — gL 35%F & 5 © i bits)

14

PSNR: peak signal to noise ratio (PSNR), see page 517
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2 * JPEG 2000 w g’ SR A»Fﬂ—mnﬁ.‘ﬂ‘b :

(D

(2)
)

VAR f___p.,:g @%ﬁﬁ

i

‘2T o B v A &

Question:
Why JPEG 2000 has not replaced the status of JPEG now?

\\\?{y

C. Christopoulos, A. Skodras, and T. Ebrahimi, “The JPEG2000 still image
coding system: An overview,” IEEE Trans. Consumer Electronics, vol. 46, no.
4, pp.1103-1127, Nov. 2000.
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Another Compression Algorithm: SPIHT

Using the correlation among high frequency parts in different layers

B.J. Kim, Z. Xiong, and W.A. Pearlman. “Low bit-rate scalable video coding
with 3-D set partitioning in hierarchical trees (3-D SPIHT),” IEEE Trans.
Circuits Syst. Video Technol., vol. 10, pp. 1374-1387, 2000.
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(2) Edge and Corner Detection

(3) Pattern recognition

(a) Feature extraction
(Using the wavelet features)

(b) Computation Time {r¥7-| &1 pattern & 41" # (54 & &)

OFCEERY T2 5
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(5) Filter Design

4oim 7 if F| edge > * A #9 #noise 2 “,fﬁ- ?

0.5 -

| | | | |
20 40 60 80 100 120 140 160 180 200

1
20 40 60 80 100 120 140 160 180 200

— )bwpqss Ye movi1 g bo-*"b
noise and Po(%e




One-stage wavelet filter 529
a,[n]

analysis synthesis
gln] —{ 12 qu[n]% 12— hy[n] B
x[n]— az[n] j_’ xO[n]
h[n] ) —»xLH[n]—»@g—» T2 1 &iln]

(#- page 480 =ZE f]i ? R 4v + transfer functions a,[n] and a,[n])

A 4
\ 4

\ 4

\ 4

\ 4

i filter design pF » ¥ 12 £
™ x, y[n] 7 amplitude
a,[n] =0 for non-edge fegion// % ?1,5[ ] p
— v
a,[n] =1 for edge region

B PET R two-stage 14t er1 wavelet filter




wovelets 2 stages 530
Input: Page 528

x2,L[n]

(2" stage, |
lowpass) ‘ ‘ ‘ w w w ‘ ‘ ‘

xz,H[n]

(2 stage,
highpass)

X 1,H[”l]

(1% stage,
highpass)

Jc:lm'es)ﬂold = Xiou (13X 06145



5 o
RS 5

iz * one-stage
¢ wavelet filter
0.5

0
iz * two-stage

1 wavelet filter
0.5

0

20

| | | | |
40 60 80 100 120 140 160 180 200

20

| | | | |
40 60 80 100 120 140 160 180 200

531



VRS S X I - 2 Ve Y - 2
REP ORFR-BRE ORI LR

532

’ i%é' by — f@; L -% ’ J};FT _3 i%?’ v 21/12 f%
(51 de)
Do |FfDo| Re | FfRe | Me Fa | FfFa| So | F#fSo | La | FfLa | Si
Hz 270 286 | 303 | 321 | 340 | 360 | 382 | 405 | 429 | 454 | 481 | 510
Hz 540 572 | 606 | 642 | 680 | 721 | 764 | 810 | 857 | 908 | 962 | 1019

(7) Acoustics



(8) Analyzing the Electrocardiogram (ECG) 533

e [s the rhythm of the cardiac valve in synchronization with that of the
heart muscle?

e Does the heart muscle relax between beats?

AJ ﬂl& J(’k s J o ”r | J|l .

)

e

2

p LA e e
B EU( \/ \\ S

From: A. K. Louis, P. Maab, and A. Rieder, “Wavelets Theory and Applications”,
John Wiley & Sons, Chichester, 1997.




O) "= FE o TEBHFE | a7 534

population

economical data

temperature

(10) 2 # 4 4 2 fr e

Ip KPR
X £ grju SR e



7 F : Time frequency analysis ¥+>% gz ¥ 47 5 e 7 v ol Fe

Wavelet ¥ iF " BB | fo T iep | ahk 47

d 3% memory requirement > > iF & 2D 0
image analysis fr 3D 7 video analysis
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e T FWER AL BEEL - T

<~ B A B I A E Z H C)

B o B Y 0 g C N 6
¥ < $i;2 | alpha beta | gamma | delta | epsilon | zeta cta theta
KK 5 # “eelfo “beto ‘gaemo ‘delto | “epsalon | “zeto "ito "Bito

<~ 8 I K A M N = O I1

B 1 K A 1l \% & 0 T
g e iota kappa | lambda mu nu Xi omicron pi
KK 5 # | aroto ‘kaepo | “lemdo mju nu kst | ‘amikran| par
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<~ B P ) T Y d X ¥ Q

B p o T v P, ¢ X v ®, ®
B2 E rho sigma tau | upsilon | phi chi psi omega
KK § 1% ro ‘sigmo | tau [jupselan| far kar sar “omIige
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‘451 = Generalization for the Wavelet Transforms

1. Directional Form 2-D Wavelet Transforms

— g 11 2-D wavelet transform ¥ OA RS s F x-axis A L F p-axis

H =
=11 1-D wavelet transforms =% &

HF » 2-D wavelet transform 7 - % _& ;> ¥ x-axis > y-axis K it

Directional 2-D wavelet transforms:

e curvelet e Fresnelet
e contourlet e wedgelet
e bandlet e brushlet

e shearlet



o Curvelet (ridgelet) 539

1 (o ] r—
Fw(a,b ﬁj_wf(rcos¢,rs1n¢)w(

rotation

Ll R A fh 1-D wavelet

(a,b)= (Jw ( ;ajdx

E. Candes and D. Donoho, "Curvelets — a surprisingly effective nonadaptive
representation for objects with edges." In: A. Cohen, C. Rabut and L. Schumaker,
Editors, Curves and Surface Fitting: Saint-Malo 1999, Vanderbilt University Press,

Nashville (2000), pp. 105-120.



540

input
n.5°
157> 22057
the curvelet transforn
of the input
-22:5°

~157%5°

CIR5° ~ 615"

results with different ¢

(four direction for the high-frequency part)
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e Contourlet >

) masks 1rC11 the | g 20 2
requency domain . ‘ oL
q M EA VARSIV B K

- 2 -

L B
AR EFET

Image

Laplacian pyramid Directional filters

M. Do and M. Vetterli, "The contourlet transform: An efficient directional

multiresolution image representation," IEEE Trans. Image Processing, vol.14,
no.12, pp.2091-2106, Dec. 2005.



e Bandlet 42

RE/ ok iz g R R

o

k34 & wavelet transforms 77 =

Stephane Mallet and Gabriel Peyre, "A review of bandlet methods for
geometrical image representation," Numerical Algorithms, Apr. 2002.



2. Stationary Wavelet Transforms

&ln] —x, ;]
giln] —>x; ;[n]—
x[n]— hy[n] —>X, 1]
h[n] —x, yln]
#e | gn] 12 gj+117] hjin]

—>X3 [n]

—>X;3 1]

12

hj+1[n]

Q: = # discrete wavelet transform 7 — e = fvRim ?

G. P. Nason and B. W. Silverman, “The stationary wavelet transform and
Lecture Notes in Statistics,

some statistical applications,”

http://citeseerx.ist.psu.edu/viewdoc/download?doi=10.1.1.49.2662&rep=rep

&type=pdf

available in
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3. Bandwidth Form Wavelet Transforms

A little modification for g[n] and A[n]

4. Multi-Band Wavelet Transforms

Instead of only two outputs
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Happy New Year!

AL IR R g A |



