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\/(1) Cochleagram (for Acoustic Feature Extraction)
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\/él) Time-frequency Analysis of Musical Instruments
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(12) Prediction Models Using Wavelet Transforms



12
I. Introduction

Fourier transform (FT)
X(f)= Iix(t)e‘fz”f ‘dt Time-Domain — Frequency Domain
T t varies from —oo~c0

Laplace Transform X (s)= Jm

—00

x(t)e_”dt

Cosine Transform, Sine Transform, Z Transform.

Some things make the FT not practical:
(1) It less happens that a signal has the interval of (—oo~c0)

Even for a signal with infinite length, we are only interested in the
characteristics in a finite interval.

(2) It is hard to observe the variation of spectrum with time by the FT.
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Example 1: x(¢) = cos(4407t) when £ < 0.5, 3 %}

x(¢) = cos(6607f) when 0.5 <¢ < 1,/3$0HZ M;
x(f) = cos(524xt)whent>1 —2L3Hz Do

~3
Do 24)<63 £ La 261-63¢2"
The Fourier transform of x(7) Mi ). 65)((3 Z _%
02" | | | ZONZOOOOHE
0.15+ il

l
0.1 I /\
. {
0.05 8 { R
‘ ) ( i
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| Hz

-0.1F :
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_0- 25 | | | | | |
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Frequency



14
(A) Finite-Supporting Fourier Transform (‘ 9, 00) e (t;B / %°+B>

ty+B

X(f) = LO_B x(t)e_jz”ftdt ]

L3 tiB
(B) Short-Time Fourier Transform (STFT)

: - W
X(t,f)zj_ww(t—r)x(f)e dr %{

w(?): window function g+ mask function \w (-7)

STFT » #- 1 windowed Fourier transform st \___/;_J&_,_)
Fo T

time-dependent Fourier transform
[Ref] L. Cohen, Time-Frequency Analysis, Prentice-Hall, New York, 1995.
[Ref] A. V. Oppenheim and R. W. Schafer, Discrete-Time Signal Processing,

London: Prentice-Hall, 3™ ed., 2010. w(t-T)
T wi) ;
|1 . % _ jk;
—_ ! T
-8B o B Tt
W(‘(’* T) f

— ot



X(t,f) = J._iW(l‘—T)x(T)e_jZ”deT

B H a3 w@)=1 for || <B,

>
w(f)=0  otherwise -B 0 B taxis

pt BF Short-time Fourier transform ¥ 12 :¢ %

t+B

X(t,f)= L_B x(r)e’*dr

H k|3 o

w(t)= exp(—atz)

> f-axis

0
— B3P e exp(- o) #-1F & Gaussian function ¢ Gabor function

pt B 1 Short-Time Fourier Transform 7+ 7}16. iT Gabor Transform

15



(C) Gabor Transform

G (t,.f)= j_oo e_m(f_t)ze_jz”ﬁx(r)dr

" _0'(T—t)2 '
Gx(t,a)):,/i_“we 2 e x(r)dr

¢ S. Qian and D. Chen, Joint Time-Frequency Analysis: Methods and
Applications, Prentice Hall, N.J., 1996.

Without cross term, poor clarity
(D) Wigner Distribution Function

G (t.f)= [ e ix(t+7/2)x" (t-7/2)dr

—0o0

G (t,a)) = e_j“”x(t+r/2)x* (t—r/2)dr

o —00

With cross term, high clarity

16
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Example: x(7) = cos(4407¢) when 1 < 0.5, 2042 Ot T 660 .
x(f) = cos(6607f) when 0.5<¢<1, 3304z =460x ).5= 99D
x(¢) = cos(524zf) whent> 1 262Hz mod i e

' (3
The Gabor transform of x(7) (o= 200) AL 7qp for 0Kt QS
— Ledzs for 0.5LEL]

400 MAe <’z_:‘,?q.
00 for 1<t <15
[ :ﬁ U'P Salul'?h‘lﬁ

7 ™ Dot <
E) 100 440X 0~5 ¥+
—660 | b6 6 X 05 +
R 524-X05
“~ liog | =gl

0 0.5 1 1.5
— _t—axis (Second) 15 /

* Gray level kX % 7 X(z,f) < amplitude



Instantaneous Frequency B pF 4 &
N

It x(1) = Zak -exp(j-¢,(¢))  around L
k=1

then the instantaneous frequency of x(¢) at ¢, are

8G9, '@) ')  o'E)

R (" HE & frequency # 7T )
2 2 2 2

$,'(t,),8,'(t,),8,'(t,), -, @y '(t,) (4 % 4F F angular frequency # 7 )

If the order of @, (¢) > 1, then instantaneous frequency varies with time

ex: ' B, (+): 4d0m€
QS\’H-) = 4ot

B s 220
270

18
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Frequency Modulation

Music

Speech

HST R % e

Others (Animal voice, Doppler effect, seismic waves, radar system, optics,
rectangular function)

i : sin ()
ﬂgsm(@) 2_7,”1__

In fact, in addition to sinusoid-like functions, the instantaneous frequencies
of other functions will inevitably vary with time.

COS(Zﬂ‘pt+¢) £or te(_w M)



lsé fove ZM tone 3d +fohe 20

€1
» Sinusoid Function

o] oK 72

* Chlrp funct1on T;\ASG S a Zhd orolel/ l?o /nowm'

(94 (04
exp[j (a2z2 +aot+ ao)] Instantaneous frequency = 7; f+ 5 71z

‘(t)-»@oc.

acoustics, wireless communication, radar system, optics
¢ Y (F,=900Hz, F,=1200Hz), — (F,=300Hz, F, =2300Hz)
Fod ka2 F,-F 4 4om g -2

 Higher order exponential function



Example 2

(1) x(t) =0.5cos(640071 — 60071* ) t € [0,3]
B(t)= £ (6qoumt —fooz )

¢H-) -+(32.00~ goot )

(2) x(1)=0.5c0s(6007* —270071* +50507¢) ¢ € [0, 3]
¢(+) u (6007L'65—— 2o nt24 5050 n{—)
¢ Lo ((H > 1 (10t — 200t +25 25)
=1 (900 ('&——) + 500)

21
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Fourier transform

¥(1)=0.5 cos (640071 —60071* ) x(t) = 0.5cos(60071* —270071> + 505071 )

0.015 ‘ ‘ ‘ 0.05

0.01}

0.005}

0

-0.005

-0.01¢

-0.015 | | | -0.05 | | |
0 1000 2000 3000 4000 0 1000 2000 3000 4000

J (Hz) f (Hz)
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(1) (2)
x(t) = 0.5cos (640071 —60071* ) x(t) = 0.5cos (60071 —270071> +50507¢)

4000 4000
2000 | 2000
T 1000 T 1000
> >
2 0 e 0
S S
g -1000 g -1000
-2000 -2000
-3000 -3000
-40000 1 5 3 -40000 1 5 3
time (Sec) At( ) time (Sec)
. - . 2X3300
:ﬂ:UP Qampl"‘a Pomfs . é400)(3 = H2°D
m OaliPl'eA

Sl for 0L, Dedler for 1642, B4 L5mn Por 24443
¥ of caw\p/n,.g Po?n'('S: ooy | +5200% | + 4000% | = 15600



E le 3
xample —

’—% 6
left: x,(¢#) =1 for |¢| £ 6, x,(¢) = 0 otherwise,
Gabor transform
-10
5

0

5

@ -axis

10
-10 -5 0 5 10

t -axis

right: x,(f) = cos(6¢ — 0.05¢?)

24



Example 4

Data source: http://oalib.hlsresearch.com/Whales/index.html

2500

2000

1500

1000

frequency (Hz)

time (sec)

25



26
Why Time-Frequency Analysis 1s Important?

« Many digital signal processing applications are related to the spectrum or

the bandwidth of a signal. F T apphations _._,( y;e ﬁo‘c;(:;hﬁ/ 2,::;] 4 % fq i)

cal culate—onvolut om
* If the spectrum and the bandwidth can be determined adaptive, the /
performance can be improved. cannot be repfareof

b/ time - 'Pveq,{elnc/

e modulation, e signal identification,
e multiplexing, e acoustics,

e filter design, ¢ system modeling,

e data compression, e radar system analysis

e signal analysis, e sampling A< _)_L_. .




Example: Generalization for sampling theory

Tﬁ’:\;{ﬁ}; - ﬂ_a?f?‘:, o

O The supporting of x(¢) is ¢, <t < ¢, + T, x(¢) = 0 otherwise

27

/
@ The supporting of X( /) #01s -B<f< B, X(f) = 0 otherwise TA
7B
) Fh t,+T
RHEPHTIZ > ALI/F ,F=2B, B¥% N\ >
STl B ELEe N m%ﬁ A -
N=T/A>2TF

R - BERTE R ARG T L $0 fﬂm




| c,(@) @ | = | GIP) )%

Q1 : Scaling ¥*t- B 3 %{,mﬁxﬁ }3‘5 %"Z{ ex: § )
Int: o Wl &
Hint: ¢ 4(t) g(t- ‘fl > G( e B 0/\T
g(at) NN G( j g(2t)
6 71 : narrowey ol \o PN
o <& wider t/2) o A
Py <
0 xT €
Q2: How to use time-frequency analysis to reduce the number of sampling points?
Glf)
’ 62
gy =
>F
~ 7177 \

\41

Time-frequency analysis 1s an efficient tool for adaptive signal processing.

. | Acquonys Mo T Pl 4
- ‘*‘\\]Z\AA/-‘:. me duvation =

t:0 'f:),

'f M ! 1 l N b 2 2ero crass?«g—— l Pewaa(
- ‘r’ "P e “"‘l)ef o"P Zero Crossin )/Z }
| ‘ o ”‘7 time Jurotion ¥ =35




BT A 47 % R 2

age ¥ 944 > spectrogram ___, generalized
1% oy ! : / square spectrogram
— (1) Short-time Fourier . . Asymmetric STFT
transform (STFT) improve

S transform

v

(rec-STFT, Gabor, ...)

combine, Gabor-Wigner Transform
prge 16, 1932 / HIPIOVE ,  windowed WDF
—(2) Wigner distribution HIPIOVE . Cohen’s Class Distribution
function (WDF) (Choi-Williams, Cone-Shape, Page,
: Levin, Kirkwood, Born-Jordan, ...)
improve . . L
. » Polynomial Wigner Distribution
HIPIOYE ., pseudo L-Wigner Distribution
1981 > Haar and Daubechies

Coiflet, Morlet
Directional Wavelet Transform

| (4) Time-Variant Matching Pursuit and 1993
Basis Expansion \ Compressive Sensing 2006
1996 .% 2% Prolate Spheroidal Wave Function

—(5) Hilbert-Huang Transform (& — #*#t Fourier transform 17 )

—(3) Wavelet transform

v v

v

v




e Continuous Wavelet Transform

forward wavelet transform:

Cl

b\fj

Y2 psy /sar/

"jdz
b

y(t): mother wavelet, a: location, b: scaling,

inverse wavelet transform:

- ;;X(a’b)%,b (t)

bd , €1
bt , £J

@,.5(?) 18 dual orthogonal to yAz).

output
Fourier transform X(f), f: frequency
time-frequency analysis X, f), t time, f: frequency

wavelet transform

X(a, b), a:time, b: scaling

30



[ ¢ t—a
(1) ﬁjw%l,b](f)‘ﬂ( P jdt:l when a, = a and b, = b,

1 o _
ﬁjw%v’% (t)l//(t bajdt =0 otherwise

(2) w(?) has a finite time interval

Two parameters, a: 2% i+ % |

f*  adaptive signal analysis

b: A E R

LY R ERRFRITR G D b i ol 9

31



Wavelet sifdzg 3 5

Mexican hat wavelet, Haar Wavelet, Daubechies wavelet, trlangular

wavelet,

2]

w(t)=

J3

a=2, b=1

L

5

10

a=6, b=0.5
2

high

"qu“ehd.'

10

2_(1-27*)e ™" 1

Layla(cah of Craus S8
Ca

(Lo

Mexican hat wavelet 4§ @ and b % i+ 2_ 2}

r—a

JEW

a=6, b=1

i

0 5 10
a=6, b=2
2

|

b

—

it

- €2
(snf

32

j (475‘( —2T) e ot

a=10, b=1
0 5 10
a=6, b=3
J:V(:Tpam
Que’y | +
it (s
0 5 10



¢ Discrete Wavelet Transform (DWT) >

The discrete wavelet transform is very different from the continuous wavelet
transform. It is simpler and more useful than the continuous one.

L-points
lowpass filter ( .H"'I) ”gown sam I,\)/ FJg
n]

i ) >, le[n] x[n] AR = (>

A 4

gln]
N-points L-points  (N+L-l)-points

x[n1—  highpass filter down samplin
[7] fighp x,[n] pling

1 hln] "4 2 WL_JXI,H[’/Z] x[n] rr-ltr’g ai’j:,\: >
Jto outpo
’ Nﬂ:l powrts
=N points
x, [n]= Zk:x[n—k]g[k] x . |[n]= Zk:x[2n—k] glk]

k

7(31:":\—5(@9 Xoln] Aol1=A:[20]

xy [n] =Y x[n—k]h[k] X [n] =D x[2n—k]h[k]




X1 [n] = Zx[2n—k]g[k]

k

|+ : 2-point Haar wavelet
gln]=12forn=-1,0

g[n] = 0 otherwise

x[2n] + x[2n + 1]

%, [1]= a
(7 Bh 19)

34

X 0= Zx[2n—k]h[k]

k

B0]=1/2, h[-1]=-1/2,

h[n] = 0 otherwise

hn] 72

x[2n] —x[2n + 1]
2

X 0=

(7 b2 %)



Discrete wavelet transform 3 % % f&

(discrete Haar wavelet, discrete Daubechies wavelet, B-spline DWT,
symlet, coilet,

— 4 e wavelet, g[n] fr h[n] Bb#c g 7 3+ 2 Bk
e _g[n] & ¥ 84 lowpass filter 73] f

N\

h[n] & ¥ ¥% &_highpass filter 53] i

35
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M [ - R 36
_QM:H-I)X_LQ‘:I N_\_ﬁi{x-’-\,—'&'—

2
(N4 /—
L—pointsm( )Mx_lgilfl g[m] /= 12 > xLL/[m, n] ,
e along m m IR, n MR
» g[n] > —»vLL[m, n|
Vv | alongn Him) |42 | )
x[m, n] — : along m m B A, n MR
L-points ] . 1)
. , |, glm] [+ 2 [ Xmlm
gl )2 Vil n]{ along m m AR, n B AR
along n
hlm] [ V2 - Xy 3lm, n]
along m m %4, n B A
n 3
M{.L.(X/_V__&_:_ o M)(_A_/ - MN
ml x[m, n] V7 y 2 4
%—9 $otal M -
A §lf(’ 4 )( l M /\/
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B Bt
Pepper.bmp
100 200 00 400 500
X, /[m, n
Ll g | Xy plm, n]
Compresciony § vertial edg e
2-D DWT
200
300
i orner
hovizon®al eo‘ge 400
X1 mlm, n] Xy lm, n]

500

100 200 300 400 500



3=x2-D DWT

y / IJ‘
ET‘J“‘:‘;‘ L%

300

350 |

400

450 §

500

50

100

150

200

300

350

400

450

500
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bk TR 047 I 4 # A5 TPEG
fe* R JR % (JPEG 2000) 27 ij_v

wae let 50 100

. edge detection

corner detection

filter design

pattern recognition
music signal processing
economical data
temperature analysis
feature extraction

biomedical signal processing

Py

I

(o'o»
|

20
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- LB AR

HES A

TP 0 R S REGOES A way 03]
3% P~ | audioread

#] - [x, fs] = audioread('C:\WINDOWS\Media\ringin.wav');
¥ 1 ¥-ringinwav M #kcF v £ x K T IR o fs: sampling frequency
T o3+ F ¢ osize(x) =9981 1 fs =11025

IS SEAERS 1 T
TREITRT PO
- BEI AR S L APY T OUR BT KA Gk

[x, fs]=audioread('C:\WINDOW S\Media\ringin.wav', [4001 5000]);
% 3 P~ %4001 1 50002k



~N.
-

L o R !

time = [0:length(x)-1]/fs;

plot(time, x)

%X ®&_a . * wavread #73§ !

0.8

0.6
0.4

0.2

(@)

02

-04
-0.6 -
-0.8-

$e B HY O A

—_

[ ]
o

| | | |
0.1 02 03 04 05
*wav th? AT B o |

F

i

| |
0.6 0.7 0.8
R —1 o+l 2 FF

0.9

r /2

X Rlics

E
B

41



o7 L HF A BEE (Stereo) 3 (FHZME)
»] + [x, fs]=audioread('C:\WINDOWS\Media\notify.wav');
size(x) =29823 2 fs = 22050

A s 32

notify.wa\} Ve —E i

0.2

04 0.6 0.8

1.2

Jofe —a L AL

notify.wav‘ e R

0.2

04 0.6 0.8

1.2



B. 3 &

X = fft(x); plot(abs(X)*dt); % dt= 1/fs
0.04
abs(X)zc;; ringin.wav rp 3 |

0.02 ]

0.01 - i -
0 MWMM isbsete sl ‘ — m g E\ A e ,‘,M( " Wil wLMWMJL
0 1000 2000 3000 4000 5@00 6000 7000 8000 9000 10000

m

fft 4 ph @3k e 2
(1) Using normalized frequency F:  F=m/ N.

(2) Using frequency f, f=F xf,=m x (f,/ N).

43



0.04
abs(X)*dt . DR
ringin.wav 73 ¥
0.03 - ]
0.02 ]
0.01+ .
WW{M\ mww\ A | hesdtesftichintm st n i _aonttM e - Nt - A,
0 0.05 0.1 0.15 0.2 0.25 0.35 0.45 0.5
F
0.04 |
abs(X)*dt L ey
ringin.wav 3§ ¥
0.03 .
0.02 ]
0.01+ ]
O WWMMWMMMW Dvidtresimaleboma ssssc asmrn sttt e il sevsndbirral gy Lot wn o A
0 1000 2000 3000 4000 5000

44



C. &3

(1) audioplay(x): #-x 2 11025Hz #Hg & §% &
(B A B IR = 1/11025 = 9.07 x 1075 #5)

(2) sound(x):  #-x 1 8192Hz HHf 5 43
(3) sound(x, fs) & sound(x, fs) #¢ audioplay(x , fs):
#-x 14 fs Hz a4 5 47

Note: (I)N(3) L % 5’—\1 i# column (E\“Zﬂ} columns) » 7o ﬁ”@i/,@;i
A% —1 o+l 2 fF

(4) soundsc(x, fs): p #* 3 x PED D] -1 fr+1 2 B L #c

45



D. @ 1% #% ¢ audiowrite

audiowrite(x, fs, waveFile)
g x %> - B *wav i BiEF 5 fsHz
O x & 7 &1 Bcolumn (21 columns) @ x E &% 13 -1 fo+1 2 F
3

® £ % fs 0 P % hfs 5 8000Hz
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E. &3 ¢h 2

i zw o BABTHRE FR > P RET NG oot

($8 & e notebooks # F K F 5L b TF &G )

# A2
Sec = 3;
Fs =8000;
recorder = audiorecorder(Fs, 16, 1);
recordblocking(recorder, Sec);

audioarray = getaudiodata(recorder);

H T e s TV ERE o
&5 PR 5 = ) 0 sampling frequency 5 8000 Hz

&4 %% %5 audioarray > ¥ - B column vector (4v % F_gF &g o B E_
% % column vectors)



# ol (F)

audioplay(audioarray, Fs);

t = [0:length(audioarray)-1]./Fs;
plot (t, audioarray®);
xlabel('sec','FontSize',16);

audiowrite(audioarray, Fs, ‘test.wav’)

% % Thg gk

% Mkt chit %t BlE Dk

% #dk5 i F 3 > Fwav i
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e mm
recorder = audiorecorder(Fs, nb, nch); (3% &4%F 40 M e % 80)

Fs: sampling frequency,
nb: using nb bits to record each data

nch: number of channels (1 or 2)

recordblocking(recorder, Sec); (&5 hdp £)
recorder: the parameters obtained by the command “audiorecorder”
Sec: the time length for recording
audioarray = getaudiodata(recorder);
(B-d5 chi % > % = audioarray i # column vector > 4r% &_

B #s¢ > P| audioarray #_= # column vectors)

Mz B L 0 BER 5 AT s
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I1. Short-time Fourier Transform

II-A Definition

Short-time Fourier transform (STFT)
X(t,f)= j_oo w(t—7)x(r)e >/ dz
Alternative definition

X(t,0)= on w(t—7)x(r)e’"de W 22nf

—00

\\\?’{.y

P =l

5 Bk

[1] S. Qian and D. Chen, Section 3-1 in Joint Time-Frequency Analysis:
Methods and Applications, Prentice-Hall, 1996.

[2] S. H. Nawab and T. F. Quatieri, “Short time Fourier transform,” in
Advanced Topics in Signal Processing, pp. 289-337, Prentice Hall, 1987.



STFT X(t,f):jiw(t_f)x(r)e-jzﬁffdr
X(to)=[" w(t=z)x(r)e " dr

Inverse of the STFT: To recover x(?),
x(t)=w(z, —t)jiX(tl,f)eﬂ”f’df

where w(t, —f) # 0.

For the alternative definition, the inverse transform is:

x(1) =iw1 (6= X(t,0)e" do
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The mask function w(¢) always has the property of

(@) even: w(t)=w(—f), (L% & R Bif* £ K &)
(b) max(w(#)) = w(0), w(t,) 2 w(t,) if [t > [t

(c) w(f) = 0 when |f] 1s large

wi(t-T) /3\ .
; T

réy mt T
w(f) = A(¢) (triangular function) w(t) = exp(—alt|?)

(hyper-Laplacian function)
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II-B Rec-STFT

Rectangular mask STFT (rec-STFT) W(f ) = rect ( 2“’.—3)
. t+B _jrfr
X(t,f)—_“t_B x(z)e*" ' dr l ‘ R
w(t-t) /B 0 /B t-axis
Inverse of the rec-STFT ,
o ' 1 / Vec{' ('(’) )
x(t):j X(tlaf)ejzﬂftdf T ‘t‘ T :
—0 t_B '{"'B _l/z_,r |4 "('
where t—B <t <t+B £:0
t < £t
W—_——T("‘l" ) w(o\em "" [{B rect ( )
'to: Ceh'éep 7:'6:%
The simplest form of the STFT RB:width  +- B4 E

Other types of the STFT may require more computation time than the rec-
STFT.



II-C Properties of the Rec-STFT

(1) Integration (recovery):

(a) J’ t f df—

ct+B 0 .

-j2xfr
|, x(r).[_ooe df dr
rt+B

|, x(r)5(r)d7

-

x(0) when t-B<0<t+B, —B<t<B

|0 otherwise

) | x(t.f)e”"df =x(v) whenv-B<t<v+B,

=0 otherwise
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(2) Shifting property (3% 7= = # #)

bt Fk
It eP

55

[ x(c+r,)e ™ dr = X (t+1,, ) RlAH) ePB) < y 0 _f)

T A(t-T5) X (£-T,, 8)e > T

(3) Modulation property (%77 v # #)

") 1P de = X (1.1~ ,)

STFT of STFT
/\
7723
— -
>4
(5,0 t/

A(T-2) €

iy
)!r

FOLT

!//@
(,3)




wg: (W), AlD=3F) ¢

56
(4) Special inputs:
(1) When x() = &), NIE ¢
X(t,f)=1 when-B<t<B, Xt f)=0 _otherwise §
( ) ( )/ /‘P Y YA, l_pd,w\?acl
(2) When x(¢) = 1 TR LC

f)=2Bsinc( 2B\8 e /21 %{— - S o
) RESAES ARl

X(.f
| Xet ?)I 2B|ctn e (23 .
o P8
.‘3;‘4; : B Eenk o }‘j-ﬁ 7 B R .53{!‘1‘}’;' 7

Sine () = Sin(7L ) |ow9,€ B better ra.coluhop,
nt

Poov Veso"l{@
along. f-axis along t-axic

) cmall B P*lmr re:c;lu*?w )loe’cvker1€ vesolutia
! R alon —-ox(s Qloa -Ax1s
/ -g:o t=2 ‘ét:ll % g
£ | U VIC"V'('Am f/ P KFin 67?16

sin¢ (ZB-P) 0
18 {.‘« y| S an 7h+egcr
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(5) Linearity property

\
Ifh(t)=ax(t)+ By(t) and H(t, ), X(¢, 1) and Y(¢, /) are their rec-STFTs, then

H(t,f)=aX(tf)+ Y1 f).
(6) Power integration property

t+B

[Clx@r)dr=]"|x(z) a -
(" |x (o) drde=28[|x(z)[ dz
(7) Energy sum property (Parseval’s theorem)

.[ j Y™ (¢, f)df dt = 2Bj V' (z)dr
f—w”f’f >Y*<f»f>df=Lifx(r)f(r)dr -



a .
’Jo

ny

(1) ¥Rit |+ & Fourier transform » 3 ?

(2) 3 3] fi ch STFT 2% 3 & 02 enje 4 2

Shifting jiw(t—r)x(r—fo)e_jz”f’dr
—J- (t—7-17,)x (T)e_jz”ffe_jz”f"’dr
= X(t—1,, f)e

Modulation
j_oo w(t—7)[x(z)e’*" e’/ Tdr =

X(t.f- 1)
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Example: x(f) = cos(27t) when ¢ < 10, 1| Hz Cof (27::1 Jan+t )
x(t) = cos(6r¢) when 10 <t < 20,*_-3}-[;_; s (e¢ te
x(f) = cos(47 1) when 1> 20+ 2H 3 3 (7| 4€77% )

B =1

Frequency (Hz)

A .
-5
0 5 10 15 20 25
Time (Sec)

sidelohe  problew, A7) wlt-T) )= X (6) % Fuwl£-1))



Frequency (Hz)

Frequency (Hz)

10

B=0.5

15

better recalution
v R

20 25

for 4+=0Xis

VRPN 'S

Time (Sec) betteor recolutton ‘Dor ‘P—GXE
B=2

Time (Sec)

'XY'Ra

t-axs




II-D Advantage and Disadvantage

e Compared with the Fourier transform:

All the time-frequency analysis methods has the advantage of:

The instantaneous frequency can be observed.

All the time-frequency analysis methods has the disadvantage of:

Higher complexity for computation

61



e Compared with other types of time-frequency analysis:

The rec-STFT has an advantage of the least computation time for digital

implementation

but its performance i1s worse than other types of time-frequency analysis.
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II-E STFT with Other Windows

2
(1) Rectangle ) i .é. RSin C’-(E,p) - 31 (.B/\B )
(2) Triangle i _
reduce the sidelobe ﬂ*:ﬁr—l_ ~—/\_— 7
(3) Hanning -B B 41 (Yecf(lg)* vec-l'( %))
W(t):{0.5+0.5cos(m/B) Wher}11|t|§B /Y\,
0 otherwise R+, B
(4) Hamming
0.54+0.46¢os(7t/B) when |t|<B
w(t) = .
0 otherwise ( Cen'('ml [imi< )
< theorem
5) Gaussian ~ 9./ % TN
0) JL¥ ML e L 2 Gaussian

no side lobe I
T w(?) exp( ﬂat)
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(6) Asymmetric window

B. 7B

gmeller B —7 swarller a{elq/
’Yec—\\ -"'67“«()
a\v\al)r_c?s

f&* @ seismic wave analysis, collision detection
(The applications that require real-time processing)

onset detection



B

-—

(1) Are there other ways to choose the mask of the STFT?
(2) Which mask is better?

23 - wPE %
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II-F Spectrogram

STFT e ¥+ & T > » A F 1% Spectrogram

2

I_iw(t —7)e*" x(7)dr

SP,(t,f)=|x (. 1) =
STFT

L fi ¢ ospectrum i Fourier transform 157 & T -

¥kt o spectrogram iz B &3 IR AR S S 2r STFT

e g ¥ b > spectrogram o STFT ¢4 5 & 4p e i
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Hték= & * Python EJZ 3 e &
FrAE A B

pip install numpy

pip install scipy

pip install matplotlib # plot

pip install pipwin

pipwin install simpleaudio # vocal files
pipwin install pyaudio

fe i H3R P9 z% * Python 3£ #% °
g o

PS: 31812021 # £ T 2t rendx g

R By o

RLACR

TRy I
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A. B FAh

& Limport 4p B $i-2 ©  import wave

ERa Ki
wavefile = wave.open('C:/WINDOWS/Media/Alarm01.wav', 'tb*)
B9 AT o3 R

fs =wavefile.getframerate()  # sampling frequency

num _frame = wavefile.getnframes() # length of the vocal signal

>>> {g
22050

>>>num_frame
122868
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=B R JE B 832

i timport fHEETEZH : import numpy as np

str data = wavefile.readframes(num_frame)

wave data = np.frombuffer(str data, dtype=np.int16)
# R B ORI R

wave data = wave data / max(abs(wave data)) # normalization

n_channel = 2

wave data = np.reshape(wave data, (num_frame, n channel))
T Ry R T R B A reshape



FHHEERIEE

i timport FHEETEZH :  import matplotlib.pyplot as plt
* time = np.arange(0, num_frame)™1/fs

* plt.plot(time, wave data)

* plt.show()

1.00 -

0.75

0.50 -

0.25 A

0.00 A

—0.25 -

—0.50 -

=0.75 -

—1.00 -
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B. % 1147 3

Hitimport fHEETEZH :  from scipy.fftpack import fft

 fft data = abs(fft(wave data[:,1]))/fs # only choose the 15 channel
#ITEE L UUfs

* nO=int(np.ceil(num_frame/2))

« fft _data1=np.concatenate([fft_data[nO:num_frame],fft data[0:n0]])
# R (& [ — R E R

freq=np.concatenate([range(n0-
num_frame,0),range(0,n0)])*fs/num_frame

# AR R PR P

plt.plot(freq,fft datal)

plt.xlim(-1000,1000)  # PR H R EHLE
plt.show() # & [&E




0.20 -

0.15+

0.10 A

0.05 A

0.00 -

1

-1000

=750

-500

-250

0

250

500

750

1000
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C. %% 83

& Limport 4p B $-% ©  import simpleaudio as sa

n bytes =2 # using two bytes to record a data

wave data= (2**15-1)* wave data

# change the range to -21°> ~ 215

wave data = wave data.astype(np.int16)

play obj =sa.play buffer(wave data, n _channel, n_bytes, {s)
play obj.wait done()
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D. #ic3 4

+ f=wave.open('testing.wav', 'wb')

. f.setnchannels(2) # I EEEE

« f.setsampwidth(2) # &-{[f samples 5 2&([E iz Jr2H
. f.setframerate(fs) # % E RS SER
 f.writeframes(wave_data.tobytes())

« f.close()
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y_ >
E. &3

& Limport 4p B i import pyaudio
#o b A2 50

import pyaudio

pa=pyaudio.PyAudio()

fs =44100

chunk = 1024

stream = pa.open(format=pyaudio.palntl6, channels=1,
rate=fs, input=True, frames_per buffer=chunk)

vocal=[]
count=0

75



while count<200: #$#4]4%5 =
audio = stream.read(chunk) #- =X {+4F5 Bt v 2 < /|
vocal.append(audio)
count +=1

save wave file('testrecord.wav',vocal)
stream.close()

https://codertw.com/%E7%A8%8B%E5%BC%8F%E8%AA%IE%ES
%A8%80/491427/
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k= 1 @ * Matlab #-FF4E £ 7.5 % Show I} %

?j,}ffrr%fé_" PV

(1) & * meshdp 4 & 1) = %8 ]

(2) #amplitude % 5 gray-level » * %1 A [F Blen™ jZ 8- 5 LR IR

Bk y AP A 413 E i %

image(abs(y)/max(max(abs(y)))*C) % C &~ & % #ic > & ¥ f§ i C=400
£ image(t, f, abs(y)/max(max(abs(y)))*C)

colormap(gray(256)) % % = gray-level ]

set(gea, Ydir’,'normal’) % % iLiz— 7, y-axis e v Z_F|iF K 0
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set(gca, ‘Fontsize’,12) % T % 5 4 dh#ic B o0 font sizes
xlabel("Time (Sec)','Fontsize',12) % x-axis
ylabel('Frequency (Hz)','Fontsize',12) % y-axis
title(‘STFT of x(t)','Fontsize',12) % title

FERANFER R £
tic (idp 4 4rle 3T HBiKR)
toc (show A 4kIET S e KHNiTH F PR
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III. Gabor Transform

I11-A Definition

Standard Definition: w({-7) w(t): e AT
Gx (Z,f) = j_oo e—ﬂ(r—t)2 e—jZﬁfrx(z_)dZ_
Alternative Definitions: Gy, (£ /.9) o B -Ip.e& (¢ -P)

ijl(l‘,f):“‘_ —n(r- t)2 —j2rf(z- ) ( )dZ'
Gx’2 (t,f) = Q/EJ‘_OO e‘ﬂ(r—t)ze—jzzrfrx( )

.— hormalization

ggc.,,,/bf’)l oM = (e o
G, (t.w)=[" e % x(r)dr

(t,0) \/7.[00 ;D x(7)dz
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Main Reference

* S. Qian and D. Chen, Sections 3-2 ~ 3-6 in Joint Time-Frequency Analysis:
Methods and Applications, Prentice-Hall, 1996.

Other References

* D. Gabor, “Theory of communication”, J. Inst. Elec. Eng., vol. 93, pp.
429-457, Nov. 1946. (&% #& ! Gabor transform)

* M. J. Bastiaans, “Gabor’s expansion of a signal into Gaussian elementary
signals,” Proc. IEEE, vol. 68, pp. 594-598, 1980.

* R. L. Allen and D. W. Mills, Signal Analysis: Time, Frequency, Scale, and
Structure, Wiley- Interscience.

S. C. Pel and J. J. Ding, “Relations between Gabor transforms and
fractional Fourier transforms and their applications for signal processing,”

IEEE Trans. Signal Processing, vol. 55, no. 10, pp. 4839-4850, Oct. 2007.



=Ry

Wi /I?% 3= Gabor transform E 3% 34 1% short-time Fourier transform
(STFT) » § %+ » Gabor transform ¥_STFT § ¥ - i special case.
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III-B Approximation of the Gabor Transform

Although the range of integration is from —oo to o, due to the fact that
2 —7'
e " <0.00001 when |a| > 1.9143 bt £ 10 =
e 2 <0.00001  when |a| >4.7985 W“e“ 1> —"%__"sié

the Gabor transform can be simplified as:

(t f)NJ‘_:*:;_%P—n(r—r)Z _j2xfr (Z‘)di’

T— t
t+47985 - —]a)(r——)
t a) ‘/ 2 x(r)dr
t 47985
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IHI-C Why Do We Choose the Gaussian Function as a Mask

(1) Among all functions, the Gaussian function has the advantage that the
area in time-frequency distribution is minimal.

(foH s e STFT Ap vt >+t $se 49 e B9 3B time-domain fv frequency
domain #&5 4+ iR )

w(t) = & — time domain 3§47 & & £

w(t) ~ % — W()=FIw(®)]+~ & — frequency domain =13f£+7 & i £

(2) ¢ ** Gaussian function ¥_FT &7 eigenfunction > F]} Gabor
transform 7 time domain fr frequency domain =+ " #-3 4p ¥+ 4

on e—m‘z e—j27zftdt — e—ﬂfz y‘{e—ﬂ-&l - e-——n-('z‘

— ———
————

© 2 )
J e Pe gt =/
—0



Uncertainty Principle (Heisenberg, 1927)

For a signal x(¢), if /¢ x(¢)=0 when [f{ — oo, then

6,6, 2 1/4n

3

standavd devratioys (v He + aad -Po‘OlManS

where -o-f :I(t—,ut)sz(t),dt O'j% = J(f—ﬂf)ZPX (f)df.
VaYianc e
u =[P (1)dr, up = f PSS
[ x(®) 2
P.(1)= —, _ X
[1x)F ar P (f) [xPdr

/\
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(Proof of Henseinberg’s uncertainty principle):

From simplification, we consider the case where u, = =0

Then, use Parseval’s theorem

1 [P de 1o ar

O .0, =

T ar (Ix@ Pt [|x()[ de

[Ix)F ar=[1 XN df if X(f) = FT[x(0)]
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From Schwarz’s inequality (x(@),x(0)){(y(®), (1)) 2 Kx(f)a)/(f»‘z

3 (t)%x(t)dt + Itx(t)%x*(t)dt

2
]/z

/4 (using |at+b]?> + |a—b|* > 2|al?)

jtz [ x(6) ] dtj| X @) dt z(

2
>

I(tx* ()L x)+ tx(t)%x* (t)jdt

dt

2 2
/4 = /4

= t%[x(t)x* (1) |dt te()x' (1)) =[x (O)x(0)dt

- [zx(r)x* (1), —ox(o)x’ (z)\H_w] - [ ()x(e) dt "4

=[x di| 14
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For Gaussian function

| (o) de=]" e de=2

© 2 2
use j et = /a-e"

—Q0
~—

| (o) de=] rer de=2] re’ ™ di=2

T[(m+1)/2]
G

r(1/2)=+r ['(n+1)=nl(n)

[1 £ % ] M. R. Spiegel, Mathematical Handbook of Formulas and Tables,
McGraw-Hill, 31 Ed., 2009.

use f Cmet gy =
0
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, 2P d 1
O, = — 5 = ,.|—
" IxPar 4n N e
1 led Gausstan Function
o L S el uss 3
¢ Ve Gt): ™t Gelt) ke ™s
i
#1114 Gaussian function @ 3 > giel:e "
: gslt): 3 (484 T Gel®)-L a(ﬂg)
Gto-f:4— 66~ \ ° 4‘§46 e
= 7T = .
BT MG

]

S¢ 6:P - %‘? (u\h(l\cmgeo{)



Special relation between the Gaussian function and the rectangular
function

Gaussian function is also an eigenmode 1n optics, radar system, and other
electromagnetic wave systems.

(will be illustrated in the 8™ week)
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f~axis

I1I-D Simulations

Gabor transform for rec-STFT, B = 0.5 for

Gaussian function exp(—#?) Gaussian function exp(—7?)

4

f-axis

90




x(f) = cos(2xt) when ¢ < 10,
x(¢) = cos(6 ) when 10 <7 <20,
x(f) = cos(4t) when ¢ > 20

Frequency (Hz)

Gabor

15
Time (Sec)

20

25

30
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Gabor transform of s(7) Gabor transform of #(7)

f-axis
f-axis

-10 5 0o . 5 10 -10 -5 0 5 10
t-axis t-axis
Alx) €dP(E)
s(1) =expl/10-31) for 9 <151, (£)=exp( j* 1 2+ j6t ) exp| ~(t ~4)* /10]
r(t)=ex exp| (¢ —
s(f) = 0 otherwise, P\ / P 7 —=,
a“(?h'l’uo(e

+ _3
o Als)



f-axis

Gabor transform for s(7) + 7(¢)

f-axis
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III-E Properties of Gabor Transforms

G (t,.f)= f e‘jz”ffe_”(f_t)zx(r)dr

(1) Integration property

When k£ # 0,
When £ =0,
When k£ =1,

[ G.(t,f)e*™ df = x(kt)
" G.(t,f)df =" x(0)

_OO G. (t, f )efz’”f df = x( t) (recovery property)

(2) Shifting property

If y()=x(t—1,), then G (1,/)=G, (t—t,,[f)e*™'".
(3) Modulation property

If y(t) = x(Oexp(27f), then G (1, £)=G, (1, f - f;)

94



Aryslvy 4T 05
(4) Special inputs:

(a) When x(7) = 1), Gx(f,f)I
(b) When x(z) =1, G.(tf)=e e [Gothp)]: €

+

A
symmetric for the time and frequency domains A(T)> '
F A= 8 4 poge 13% (4 Y )

G?“'+/p fﬂ‘T) (= T) d»UE‘P‘L'd {8 [T)e)f e‘d’>7£ta"( ‘#W{_
(5) Linearity property  =c W(f-t)‘e‘a‘”"? T‘ o * e‘nt"
Ifz(r)=ax(r)+ py(r)and G (1, 1), G(t,f) and G (¢, f) are their

Gabor transforms, then I A(T)=( 7\ s
G(t f)= CZG(Z‘ f)+ﬁG(t /) e-'t't‘j ‘nt;—T(*ZD‘t ‘_}zm_p)
(6) Power integration property: € at

(az7, b:-274_
‘ dT~Iu+1 9143 _2”(7 e ‘ dz- )i'F

1.9143

qa AR -47‘,#* ‘8m’1£
:¢C e 470

G = e
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(7) Power decayed property

o I x(¢)=0 for > ¢, then

f:o Gx (t,f)‘2 df < 8—27Z'(t—t0)2 J-:
2

2 (=t )
i, averageof|G, (t,f)‘ < e 7" xaverage of ‘Gx (to,f)‘ for t > ¢,.
(fix ¢, vary f) (fix ¢y, vary )

G.(t,. /) df

(;Proof):
Gx (t,f) _ J‘_fo e—ﬂ(r—t)Ze—j2ﬂfo(T)dT Gx (fO,f) :J'to e_ﬂ(r—to)ze—jbrfrx(z_)dz_

—00

Since (T — l‘)2 > (Z' — to)z + (to — f)z e—ﬂ(t—7)2 < e—ﬂ(t—to)2 e—ﬁ(to—r)2

G.(t,1)<e™ ™ G (t,, f)

o If X(f):FT[x(t)]:O for > f,, then

2 _ Ry
average of ‘Gx (t,f)‘ < e "YU x average of
(fix f,vary t) (fix f,, vary t)

G, (t’fO)‘2 for > f,.



(8) Energy sum property
[ [ e.(.nNG(r)dfdi=] x(z)y (r)dz

where G, (¢, /) and G (¢, /) are the Gabor transforms of x(z ) and y(7 ),

respectively.
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III-F Scaled Gabor Transforms

wilD): o=6T T
G, (t,f) = (‘/;J‘_OO e_a”(f_t)ze_jz”ﬁx(f)df
(finite interval form)

CZ‘X(*" 'F) ‘f\/’f“")ﬁi/ﬁ ~67t(T- -(-)’-e~d. -P-(

t- 19143 / fE [)Ofl.

larger o: higher resolution in the time domain j\-

lower resolution in the frequency domain

smaller o: higher resolution in the frequency domain

lower resolution in the time domain /\



Gabor transform for
Gaussian function exp(—7?)

o=0.2

f-axis

¢
Gabor transform for
Gaussian function exp(—7?)

o=15
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2 %t time resolution 4p #f + ¢ frequency resolution 5 g £773 5L

(1) Using the generalized Gabor transform with larger o

(2) Using other time unit instead of second

e Bt (H > Cosec) f(Hd = ¢ Hz)
fj’%\ﬂ ZELF 1T a
t(H = 0.1sec) f(H = :10Hz)
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III-G Gabor Transforms with Adaptive Window Width

For a signal,

when the instantaneous frequency varies fast — larger o

when instantaneous frequency varies slowly — smaller ¢

G ()=o) e x(e)ar

Q0

o(?) 1s a function of ¢

S. C. Pe1 and S. G. Huang, “STFT with adaptive window width based on
the chirp rate,” IEEE Trans. Signal Processing, vol. 60, issue 8, pp. 4065-
4080, 2012.
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M4k ¢ Matlab g 2.3\ e R B

(1) & PB] su ¥ & ﬂ}wﬁ»_a il

(2) & ¥ & i@ * Matrix % Vector operation

(3) 4 477 foir BN wcmB B o I 3l B0

(4) B— 30& TR > 7 & 230E R A RIE (5 B9 F B debug)
(5) A PIEE H chb| 3 > =20 # {8 PIRAE b S

3L ! ¥ ¥ Matlab Program (or Python program) 29 i Rl FET KB
M i e 388 o Program 3 {7 iE B AR 0 & ﬁmj}éf\rs o
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~ # £ & th Matlab #; 4

(1) function: 3 &% — 7 » 7 M E-FE B A2 S 50 1
(2) tic, toc: 3+ & PF R
tic = B 4n2-PF > toc & BEor PR RF
(3) find: 3% & — B vector § » # &3t 0 erentry i ¥
# & find([1 00 1]) =1, 4]
find(abs([-5:5])<=2)=[4, 5, 6, 7, 8]
(%1% abs([-5:5])<=2=[00011111000])
(4) " : Hermitian (transpose + conjugation) > . ' : transpose
(5) imread: 3% ] ° image, imshow, imagesc: #-Bl &+ 1) Xk »
(X ¢ #¥ a7 Matlab "% & imread & {- double ¥ *
A=double(imread(‘Lena.bmp’));
(6) imwrite: % # Bl F%



(7) xlsread: & Excel ##3% B~ F L

(8) xIswrite: #-F #L B = Excel 4%

(9) aviread: 3% B~ video #% @ "L &4 & 5 avi

(10) VideoReader: 3% B~ video #%

(11) VideoWriter: % i video #%

(12) dlmread: 3 B~ *.txt &« H {s iﬁf‘;lﬁj =N
(13) dimwrite: #-FALE = *txt & H & A5 %

104



105

MHéT % * Python #-PF4g 4 45 eh@E O ok

AR o TR
pip install numpy
pip install matplotlib

Bakys A A 1T 8% (B 5 - Gaved ic)) > #y AR N F Mk
import numpy as np

import matplotlib.pyplot as plt

C =400

y = np.abs(y) / np.max(np.abs(y)) * C

plt.imshow(y, cmap='gray', origin='lower")

# 4c + origin='lower' # % + T 4p &

plt.xlabel("Time (Sec)')

plt.ylabel('Frequency (Hz)")

-\, =f £ 7 % JREVREPES - £
plt.show() B 2021 F E et freniE B B
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& 4o b g AR dhi#ic @ (fplt.show() 2 0 e F 12T 425N 7))

x_label =[°0°, ‘10°, <20°, ‘30°] # H dh &
y label =[*-5", 0, ‘5] # G h s B
plt.xticks(np.arange(0, x_max, step=int(x_max/(len(x_label)-1)), x_label)
plt.yticks(np.arange(0, y max, step=int(y _max/(len(y label)-1)), y label)

Reference :
https://matplotlib.org/stable/api/ as gen/matplotlib.pyplot.xticks.html
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‘it ¢ B Python B A 4238 ¥ o ¢ * DlenE &g £

Fechs FUACE N Skl

pip install numpy

pip install scipy

pip install scipy

pip install opencv-python

(1) Z_& J 3% ;@ % def

Q)3 BB

import time

start time = time.time() #EB~§ = F
end time = time.time()

total time = end time - start time #3* & PR A R {F DB R R F

B 2021 & 2 3 04 HerdE g i e B
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(3) W B~WlAn ~ 3 & BlAR(E 3R & ™ opency)
import cv2
image = cv2.imread(file name) #3f %k color channel = BGR

cv2.imwrite(file name, image) #7% “#-color channel# 3> BGR

(4) & tHarray® s X 4F T i ahip i ¥
(#p % *% Matlab #~ find :}% Z)
import numpy as np
a =np.array([0, 1, 2, 3, 4, 5])
index = np.where(a > 3) # ® @ array([4, 5])
print(index)
(array([4, 5], dtype=int64),)
index[0][0]
4
index[0][1]
5
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Al=np.array([[1,3,6],[2.,4,5]]) A = B j 2}
index = np.where(Al > 3)
print(index)

(array([0, 1, 1], dtype=int64), array([2, 1, 2], dtype=int64))

(&8 LAl >3 ehgbeniz ¥ AR5 [0,2], [1, 1], [1, 2]
[index[0][0], index[1][0]]

[0, 2]
[index[0][1], index[1][1]]

[1, 1]
[index[0][2], index[1][2]]

[1, 2]
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(5) Hermitian ~ transpose
import numpy as np
result = np.conj(matrix.T) # Hermitian
result = matrix. T # transpose

(6) 3% B~ Matlab § ® 7 mat 4%

data = scipy.10.loadmat('***.mat")
y =np.array(data['y']) # 3K y £ ***mat § ¢ &5 aF R



