IV. Implementation !

IV-A Method 1: Direct Implementation

2 STFT % o

X (1) =" w(t=r)x(z)e > {ir)

-j

Converting into the Discrete Form

=) iy o)

X(nAt,mAf) = i w((n —p)At)x(pAt)e_jzﬁpmAtAfé)

p=—»

w((r-PDE)=E O

Suppose that w(£) =0 for |{{>B, B/ A,=0Q for |n-p| ) B
ALADS
n+0 S |P-h
X(nAt,nZéf): Z w((n—p)At)x(pAt) e AAfj Thevefore , ,,,,‘, >WQA'{,,
T E s 0lihe B,
Problem : #} scaled Gabor transform @ % > Q=7 w((n- P)A-\:) s

W({) < 9’756 ) & B: 43 Q: "7’45 non 2z evro
76 ' VB Ot
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¢ Constraint for A, (The only constraint for the direct implementation method)

To avoid the aliasing effect, suppose thot
A <120, Qis the bandwidth of 2 A (D) wlt=T) bavdwrdth of X : Ny
N: Ny + 0w w(D &;W(P ) banotwid+h o wi (lw

W(-'() — Ww(-¢ )

w(t-t )_> 6‘6-27(:('{3 W[“P)

There is no constraint for A, when using the direct implementation method.



Four Implementation Methods 113

(1) Direct implementation

Complexity: T F(2@+)=2T7FQ  G(TF a)

B3k t-axis 3 T # sampling points, f-axis 3 F i# sampling points
(2) FFT-based method vn ’Jalm«uted 'Po N
T
Complexity: O(TN [og N) 9(2 N l‘? /V)

(3) FFT-based method with recursive formula
Complexity: @/( TF )

(4) Chirp-Z transform method
Complexity: & éT N [03 N)
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4— (A) Direct Implementation

Advantage : simple, flexible the onl/ constveint ¢ Ae< T—-——-S-
Disadvantage - higher complexity

2 (B) DFT-Based Method
Advantage : lower complexity

=N/ must be an Tuteger
Disadvantage : with some constraints 5“’4@ <7
N 2@*1 : 23; 4

/ (C) Recursive Method JAYR 2lJ1x-LS1 =~

Advantage : lfOLS'(' CoMPle)(r‘(’)l

Disadvantage (Tloh]/ sattable for the vea‘auﬁular winoflow/
(D) accumulotel evror
3 (D) Chirp Z Transform

Advantage : N0 (onstinint (emept or At(z(_ﬂ.xﬂld)
Disadvantage - Complexity T higher thap DF T- hogestmedhaot
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IV-B Method 2: FFT-Based Method

Constraints (?)A,Af= 1/N,
() N=1/(AA) Z20+1: (AN, R I ficshis) i)

n+Q 2ﬁpm

X (nA,,mA )= ZQ ((n—rp)A) (pA) N A,

w((n- 6{-n+é\)A§)7( \LOI-U\‘&)A{—)
Note that the input jof the FFT has less than N points (others are set to zero).

Zﬂmn

Standard form of the DFT Y Z y[n]e

27(Q-m)m N1 27zqm G’(Aij—-b O (Nlog;N)
X(ndomi)=te  2(a)e " g=pn"Q) ~p=(n-0rq
m»ééﬁ"““g"q n-8.< p < n+6.
window X % (n) | w((1-6)a¢) N—l 2 28 O <Y<t
where ¥, (¢)=w((Q-9)A,)x((n=0+q)A,)  for 1029520,
x,(q)=0 / Z for 20 < g < N. \
0< 98 n-Q < n-O+q < ntQ
BETRLB Ty Cherq swl  020-92-0




2rx(Q-n)m N-1 _ 2mgm 116

X | nA,,mA =Ate] N X qe]N
(_T Ff) qz_(:) 1( )

where x,(q)=w(kA,)x((n+k)A,) for 0<q<20, k=¢-0 -0<k<Q

x(q)=0 for 20 < g < N.
(Suppose that w(z) = w(-t))
E I 9(/\//09_/\0
L N-1 —]M
(1) ¥ 2 i¢ * Matlab sH FFT 4 4 k3*+ % x(q)e ¥ =X, (m)
If mco, we can appl e
X (N =X (W) 7 q.-o,[, V-
M'Ol l) “"/V.—‘
S & Fam SN
Xlming = X (2) g% 7 K(m)

() $15 - BERS > WEFH - £ T 2 kS

27(Q-n)m N1 2rgm

X(ndm)=ne" N Yx(a)e N T(F4N log w)
(ﬁxedn_)T E +qu|09N QTNIoal\/




fop

BiX 1= nOAts (n0+1) Ata (n0+2) At’ ...... , (n 0+T_1)Af

f=myAy (mgtl) Ay (mg+2) A, /v (mo+F-1)Af
ad
Step 1: Calculate ny, my, T, F, N, Q — AéAP
Step 2: n = n, 6 B¢

—_

rStep 3: Determine x,(q)
Step 4: X,(m) = FFT[x,(q)] — page 115

Step 5: Convert X,(m) into X( nA, mA,)

X (nA,,mA )= X, (?)x?

< X (modm ) gFTE™A,

WﬁoalﬁﬂUJv>:.Mn+¢V
H -N<meo X,[m]= le

2ﬂqm

(_Step 6: Set n = n+1 and return to Step 3 until n = ny+7-1.

117
m= fl A
m, = mod(m,
Matla b
E ik
ext W N=400

X ([-l001 =X, [200]
X,[m]=X[m+N]
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IV-C Method 3: Recursive Method  Te4

J
« A very fast way for implementing th At 7:, \i/ff-): |

. 2 22 n+Q 27rpm ‘-‘:\éB
(n frn—17 recursive:Hig %) X(nAt,mAf) = Y x(pA, Je ' VA,
N nY\Q-H'@ J’ P
X((n-DA,mA,)=>APAe) 7" Ay
(1) Calculate X(min(n)A,, mA)) by the N-point FFT Py-1-8-
j27r(Q—n0)m N-=1 _j27zqm .
X(noAt,mAf)zAte N le(q)e Nl ng=min(n),
q=0
xl(Q) = x((n—Q-I—q)At) forg <20, x,(g)=0 forg>20
OH(TF)

(2) Applying the recurswe formula to calculate X(nA,, mA)),
FtNbgh + (T-)(2F) = L—r-n(u') =2 F

n =ny, +1~max(n) / =hn-|-
{

X(nA,,mA,)=X((n=DA,,mA,)-x((n—0-1A,)e g /A OmIN A
T:ﬂé:' F;Elé" +X((n+Q)A ) J27z(n+Q)m/NA

A _pnta
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IV-D Method 4: Chirp Z Transform

exp(—jZﬂpmAtAf) = exp(—jﬂpzAtAf )exp(jﬂ(p —m)’ AtAf)eXp(—jﬂmzAtAf)

P=2pmM—time
For the STFT )’Cn]: A[n]s¢hin]
S - (h] = wm)h (n~-m]
X(nA,mA )= w((n-p)A,)x(pA,)e """V A, I = S Alw]

Y(€): X(€)HE)
- p{UVE IFT( FT(ﬂ”»FTﬂ[»:)
X(nAt’mAf) - Ate_jﬁm h Z W((n - DA, )X(PAt )e_jﬂp Ay ej”(p_m)zA’Af
T p=n-0

p=n—0

Step 1 multiplication

Step 2 convolution

Step 3 multiplication

T3 Nleg N O (TN logn
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Step 1 x[p]=w((n—p)A,)x(pA,)e n-Q <p <n+Q
n+Q
Step 2 X, [n,m]= Z x [ ple[m—p] c[m]= JEmAA
p=n—-0Q —

Step2 f3+& + » Z & * 7 linear convolution sk 37

Question: Step 2 & * % * 28Len DFT?




e Illustration for the Question on Page 120 121

ylnl= ) x{n—k]h[k]

e Case 1
When length(x[n]) =N, length( h[n]) =K, N and K are finite,
» length(y[n]) = N+K-1,

Using the (NV+K—1)-point DFTs (5 2 BLASE 4 — & i 0§ 23%)

e Case 2
x[n] has finite length but 4[n] has infinite length ????



yinl= D x{n—k]h[K]

k

Case 2

x[n] has finite length but /4[n] has infinite length

n] gl s neln,nl #R=] 5 N=n—n+1

i3

EAN AR GO

yn] * - BFRG & (§ [

yln] enE ¢ - £

&%)

# H

¥ & dvehyn]

| S 0 [my,my] 0 F R

hn] mgw ) ?

£ %

5 > gL FFT ?
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—
S

—
Il

- y[n]=x{n]#hln]= ) x[s]h[n—s]

x[n  h[n—n ]+ x[n, +1]A[n—n, =1]+x[n, + 21h[n—n, — 2]
------ + 2, h{n—n,]
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my—n, m,—n e
| , yin)=Y x{sThin—s]
m,n,+1 m,—n+1 o
: i 4
m—ny+2 my—n+2
: N 7
n=m P |
n—s kel
n=m +1pF .
i n—s R S omym my—n,
: . :
n=m +2 P n=my B
i n=s e B n—s e §l

7 % D hlk] g R ke [m)— ny, my—n]
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#0000 3 % Plen h[K] enfe BE_k € [m;—ny, my—n, ]

FFT implementation for Case 2
x[n]=x[n+n] forn=0,1,2,..., N-1

x,[n]=0 forn=N,N+1,N+2, ...... , L —1 L=N+M-1

hinl=hn+m —n,] forn=0,1,2,...,L-1

w[nl=IFFT, (FFT,{x[n]} FFT, {h[n]})

ylnl=y[n—-m+N-1] forn=m,m+1, m+2,..,m,
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IV-E Unbalanced Sampling for STFT and WDF

~
~

#-pages 111 and 115 e & ivig ¢

- ,2 w(t-T)
X(t,f)zj._ww(t—r)x(r)e_f "It dr *W (ndy—Par)
l *W(ng A -PAT)
nS+Q .
X(nAt,mAf) = Z w((nS —p)Ar)x(pAT)e_ﬂ”pmA’AfAr
p=nS—Q

where t=nA, f=mA; t=pA, B=0A, (EX w()=0 for||> B),

—_— Ex'l At < )‘
44100
S=ALA, Az A Atign |, S:244)

3L ¢ A, (sampling interval for the input signal)
A, (sampling interval for the output 7-axis) can be different.

However, it 1s better that S = A/ A_1s an integer.
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When (1) AA=1/N, Q) N=1/(AA)>20+1: (AAF & EFEHDF| )
(3) A, <1/2Q,  (1s the bandwidth of w(r — t)x(r)

ie., |FT{w(r—t)x(r)}|=|X(tf)|=0 when|f|>Q

nS+ _.m
X(nAt,mAf) = w((nS—p)A,)x(pA,)e T A,

p=nS-Q

d q=p—(nS}Q)_—>\p=(nSﬂQ)+q
2(Q-nS)m Yy ram AR - n=ng
X(nd.ma;)=Ne 72 x(q)e AR =48 Ap:d
q (hot A%

xl(q):w((Q—q)AT)x((nS—Q+q)AT) for0<¢g <20,
x,(g)=0 for 20 <g <N.

If w(t) = w(-1)) _Q k<n
xl(q)zw(kAT)x((nS+k)Af) for0< ¢ <20, k=q-0
x(q)=0 for2Q0 <qg <N.



B3k t=coA, (cgt1) A, (cgt2) A, =-o- ,(cg+ C-1)A, 128

= oA, (€oS+S) Ay (€528) A ooov, [ S+ (C-1)S] A
f: mo Af’ (m0+1) Af’ (m0+2) Af’ """ N (m0+F‘1) Af
T =nyA, (nyt) A, (ngt2) A, =+ , (ngtT-1)A S=A/A,

Step 1: Calculate ¢y, my, n,, C, F, T, N, Q

Step 2: n = c,

Step 3: Determine x,(q) (ow paved with +the ovig ina [ methe
Step 4: X,(m) = FFT[x,(q)] " ns

Step 5: Convert X;(m) into X( nA,, mA))

Step 6: Set n = n+1 and return to Step 3 until n = c,+ C -1.

Complexity = ?



129

IV-F Non-Uniform A,

(A) £ % gt A,

(B) 4o 3 X (nA,mA, )| 4o [X (4 DA mA, )| 2 R4 kL B

Bl & nA, (ntl) A, 2. FFiE * #] 0 sampling interval A,
(A, <A, <A, A/JA; oA AL % 5 F )
£ * page 127 &1 2 B )

X(nA + A, mA ) X(nA

t1°

+2A  mA ), e X((n+1A, - A

t 112 f)’ ’ mAf)

11?

(C) 12 - 8541 » 4ok ‘X (nA, +kA,,mA,)

. X (nA, + (R 1)A,mA )

L BER A < < o PR E* { /] evsampling interval A,

(A1 <At,<At,, At/ Aty FeAt,) At ‘¢ 5 B #)
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Gabor transform of a music signal

\\

-~
-

1000
900
800

700

3@% 600

A,=1/44100 (34 + 7 44100 x 1.6077 sec + 1 = 70902 gt

Clqom‘- wo V



(A) Choose A, = A, 131

running time = out of memory
(B) Choose A, =0.01 =441A, (1.6/0.01 +1 =161 points)
running time = 1.0940 sec (2008 )

(C) Choose the sampling points on the #-axis as
t=0,0.05,0.1,0.15,0.2, 0.4, 0.45, 046, 0.47, 0.48, 0.49, 0.5, 0.55, 0.6, 0.8,
0.85,0.9,0.95,0.96,0.97,0.98,0.99, 1,1.05, 1.1, 1.15, 1.2, 1.4, 1.6
(29 points)

8¢° 02 =7 8¢=0.08 S 4:0.0]

running time = 0.2970 sec



with adaptive output sampling intervals 132

1000
900
800
700
600
500
400
300

200

100
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*$+4%— Fr Dirac Delta Function 4p B s ¥ * 2 30

© ot Si4)
_(’1_)' .L;oe J fdt=5(f) (SH:)OH?' —J—L
(_%}__ 5(t)=‘a‘5(at) (scaling property) S(at)

@) e Pdi=5(g(1)=2lg' S 8(f~1,) j[,r{‘;
n h

where f, are the zeros of g(f)

4) _E; 5(t —1, )y(t, ------ )dt = y(to, ------ ) (sifting property I)

(5) 5(t_t0)y(t9 """ )25(f—to)]7(fo, """ ) (sifting property II)



V. Wigner Distribution Function

V-A Wigner Distribution Function (WDF)

| x(t+7/2)x (t-7/2)e " dr

Definition 1: W, (t,f) = |

o 00

Definition 2: W (¢,0) x(t+7/2)x" (t—7/2)e”’ dr

o —Q0

134
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Another way for computation from the frequency domain
[output Ts the same)
Definition 1: W, (t, /)= [ X(f+n/2)-X"(f-n/2)e”"dn

—~—

where X(f) is the Fourier transform of x(¢)

o0

Definition 2: W (t,a)) — j

—00

X(o+n/2)X (0-n12)e’"dny
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The operators that are related to the WDF:
£t é}i In ra nohoun protess

(a) Signal auto-correlation function: 45 < ,0,rvelation =

C(t,7)=x(t+7/2)-x"(t—7/2) R T):E (# (€) 7??-(--} 'c))
(b) Spectrum auto-correlation function: h (R&D) = S (t,+)

S.(mf)=X(f+n/2)-X"(f-n/2) 7 7

power spectra |

(c) Ambiguity function (AF): Aensity (PSp)
AX(T,U)ZI:X(f+f/2)x*(f—7/2)€_j27[t77dt N: fits/
x(?)
o [0, o) e
/ Ioww.\A
W) [ Lok  FToy, WFT,,, @) as )

X(N:=FT(#H)
K =5 mﬂﬁﬁ\ /

IFT IFT,,,

n—t
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V-B Why the WDF Has Higher Clarity?

Due to signal auto-correlation function

Af
(N IFx0) =1<_, | /fzo
(2) If x(¥) = exp(j2 7 h ©) ?Sﬁ) - h . t
A(4+E) AE-T) T b allt
W (t,f) _ [ ej27rh(z‘+r/Z)e—j27rh(t—r/2) .e—j27zrfdz_
_ 0 ej27rhr.e—j27m'fdz_ Af
e g+)=+-h £=h
— e_jZﬁT(f_h)dz- Fo'?_c |33 (5) >
J—o t
= 5(f—hl

-

Comparing: for the case of the STFT




Ql(i) -2kt

(3) If x(¢) = exp(2 7k 2) "
Walt £ )2 (2ct4 D 7204-F)e T ¢

[ePMU(t+5) o HE-3TY Fonfr

] fe ;nldz{--c)e-J:a:Pro{z_

fl e—;zn T(f-2th) |

SS(F-2kt ) (vege B3GBY

(4) If x(r) = A1)
Wc(taf)zjw

—00

127, {,=>-2t

5(t+r/2)~5(t—2'/2)e_j2’”fdr

139

4/ feakt

/

Y (O

Pae 133 =4[" 5(2r4 7)o (2 —7)e P de

2 59(2) Se iy
:45(4f)€j4mf :5(t)€j4mf‘£5((t))/ )AT

Page 133 Page 133 Page 133
N G RN ) = 3(5),
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V-C The WDF is not a Linear Distribution

W, (1. f) =" x(t+0/2)#{t-1/2)e > de

If h(t) = a g(t) + S 5(2)
W, (t.f)= h(t+z/2)h (t-z/2)e " -dr

-

/ .
= ag(t+r/2)+,8s(t+r/2_)][a* g (t—c/2)+p S*(t—Z'/z):Ie_]sz dr
T b N —

=[ llafg(r+ei2)g (t-/2)+| BF s(t+7/2)s (1-7/2)
vaf'g(t+7/2)s (t-t/2)+a Bg (t-1/2)s(t+7/2) e dr

— 2 2

- el (t,f%+|,8| mit’f\___’:g)‘ auto terms
+[ [apg(t+ri2)s (t-7/12) +a" B (t-7/2)s(t+7/2) | e dr

/

Cross terms
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V-D Examples of the WDF

Simulations

x(¢) = cos(2nt) = 0.5[exp(j2 nt) + exp(-j2 7t)]

by the WDF (with “,""T"d °“’) by the Gabor transform
5

A n
7 X
= <L
1 1
0
-1 -1
Crosg
tern
-5 5
0 2 4 6 8 10 0 2 4 6 . 8 10
-ax1s



I e S
3 1
x(¢)=TI((t— 5)/4{
[
(eh‘(Py
by the WDF
5
4
» g3
.5 )
S 4
0
1
2
3
4

o
N
N
»

IT: rectangular function
widh

by the Gabor transform

f-axis

{-axis t-axis

142



f-axis
I P NN S S

x(t)= exp[—ﬂ(t —~ 5)2]

by the WDF by the Gabor transform

f-axis

6 ) 8 10
[-axis

o
N
N

f2

. ) —7t? FT 7
Gaussian function: € —>e

Gaussian function’s T-F area 1s minimal.

143
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s(t)=exp(jt* /10— j3t) for -9 <t<1,s(f) = 0 otherwise,

r(t)=exp( jt* 12+ jot)exp| ~(t—4) /10| Cross
S @ =s)+n@)

terw,

10 5 0 5 10 10 5 0 5 10 -10 5 0 5 10

WDF of s(0), WDF of 1), WDF of s(£) + (1)

felil: r-axis, cdH: f-axis
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2
/)]
o
<
B
—
3
o\ <
Z~ G
~~ (D)
LN =
) ~N—
3+, 2
3_%
"
—
AR
AL
AN
3 3
a.a?
< I
k Lg°P
\O 33 w
™~ .
| €
i~ Sk
2
A
= =
) ——
>
= o
O

x(1)

f-axis

f-axis
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V-E Digital Implementation of the WDF

W.(t,f)= j x(t+7/2)x (t—7/2)e”*™ -dr ;

(t f)z j (t+r')-x*(t—z")e_j4”'f dr') (using 7 = 7/2)

o dt'=dc /2
AT=24T"'

Sampling: £ =nA, f=mA, 7 =pA,

7, (ns,m ) =23 x((n+ pIA) (= p)A, Jexp(—jazmpA, A, J&)

p——OO

When x(7) is not a time-limited signal, it is hard to implement.
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Suppose that x(#) = 0 for #<n;A, and ¢ > n,A,

x(?)
I — A A
82y (M-H,)A(_ t\(V\;—V\)A{ 28
x((n-l—p)At)x*((n—p)At):O 1fn+p & [nlanZ]

orn—p & [n, n,|
o p chiie [Fl chk AR (5 n F L)

n<ntp<n, ——> n—n<p<n,—n

n<n—p<n, n—n<—ps<n,— n N—N,<p<n—n

™)
max(n,—n,n—n,) < p<min(n,—n,n—n,) n.a\,([—%,—S)
—min(n, —n,n—n;)) < p<min(n,—n,n—n;) _ = — min(35)
\




x(?)

M)
\,

—/
nA, nA, n,A,

(nmn)A T (- n)A,T
—min(n, —n,n—n;)) < p<mmnn, —n,n—n,)

-0 0
(ny=mA,, (n—ny)A,:

AR En>n, BEn<n B

B2 G p i AL G B

A BN ped

148
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Ifx(z) =0 for #<mnA,and t > n,A,

Wx( ) Z x((n+p)A,)x ((n—p)At)exp(—j47rmpAtAf)At
@é F@-\b p=—0
B () A Q = min(n,—n, n—n;).  (varies with n)
( >
/\ JZRS [_Qa Q]a n e [nl, nz],
hn, h..‘**:e n, >h possible for implementation

Method 1: Direct Implementation (brute force method)

- U] 9 compleTy s T Fmean|@.)
. - 2\
Ste WDF: F(xit3) 2t -1)) *TF 22 o~ TF
TP : , S
I£ Dx 15 he bowdvudth of %(3) & (T*F)
Pondvidth o % (¢42) 0 (t-F) 5 Ac X
by == :0¢

*3 bw of AT ator) - 1(204) '
-._()_7( ‘ AT 2J2,7( p Z'Atéz,ﬂ-;( A+<4ﬁ‘x
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Method 2: Using the DFT 3 < H]iE 2

When{ AA, = ﬁ) and N > 2Max(Q)+1 = 2(ny-n,)2+1 = n,-n,+1=T

Q 27xmp
Wx(nA,,mAf) =2A, Z x((n+p)A,)x" ((n—p)A,)e " ¥
T8 FEL p=—0

q=p+tQ—>p=q -0 N
Covnple)(?*f/ N G’(TN«IO(?A/) = @’(T log—lj

.2rmQ 2 mq

Wx(nAt,mAf) = 2Ate]T§Q:x((n+q—Q)At)x*((n—q+Q)At)e‘fT

w (nA mA ) —2A ¢’ s Nz_lc ( - Q = min(n,—n, n—n).
x > f] t 1 Q)e
a=0 n e [ny, nyl,

¢(q)=x((n+q=0)A)x" ((n=qg+QA,) for0<g<20
1Le., ¢ (Q+k) = x((n +k)At)x* ((n —k)At) for-O<k<Q (k=qg-0)
¢ (g)=0 for 20+1 < g < N—1



Bk t=nA, (ngt1) A, (ngt2) A, -+ A, 151

f: m() Af’ (m0+1) Af’ (m0+2) Af’ """ ) ml Af

Step 1: Calculate ny, n,, my, my, N

Step 2: n=n,

Step 3: Determine Q ,
Step 4: Determine c,(g)

Step 5: C,(m) =FFT[c,(9)]

Step 6: Convert C,(m) into C( nA,, mA))

Step 7: Set n = n+1 and return to Step 3 until n = n,.
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Method 3: Using the Chirp Z Transform

v, ) =2 3 el o ps ool )
W, (A, ) =28, TS x{(n p)A ) (= p)A e T T
p=—0

/S

Step I X (n,p) =X (n + p)At)x* ((l’l _p)At)e—j2ﬂp2AtAf
N j2rm*AA
Steszz[n,m]= Z xl[n,p]c[m—p] C[m]:e Ay

—j2x m*AA
e ’fXZ[n,m]

(OW\PkKT"/t :7 (9( >
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! Method 1 edg fe 2 5 %

! Method 2 erdg fe & 5 5 °

: Method 3 sig 36 B 5 % °°

The computation time of the WDF 1s more than those of the rec-STFT
and the Gabor transform.



V-F Properties of the WDF

(1) Projection
property

(O =] w(e.)dr (X)) =] W ()

(2) Energy
preservation property

Lo pydrar =[” (o) de=[” ¥ (1) df

(3) Recovery
property

X*(0) & v

[ w12, )" " df =x(1)-x"(0)
[“w.(nri2)e” ar=x(r) -x(0)

(4) Mean condition
frequency and mean
condition time

it x(e)=lx(e) -, X () =X ()"
then g/ (e) =[x()"- [ /W (6. f)-f
()= (N e (e f)-di

(5) Moment
properties

x(@) dt

B t”I/Vx(t,f)a’ta’fzJ'_Oo "

[ rw (e f)ddf = 1

X df
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(6) W (¢, /) 1s bound to
be real

W, f)=w.(@[)

(7) Region properties If x(#) = 0 for ¢ > ¢, then W (¢, /) = 0 for > ¢,
If x(#) =0 for t < ¢, then W (¢, /) =0 for t <,

(8) Multiplication If y(z)=x(t)h(z), then

theory

W, (e.f)= | W (t.o)W, (1.1 ~p)-dp

(9) Convolution theory

Ify(t)= joo x(t—7)h(r)dz , then

—00

W, (t.1) = j:m(p,f)-m(r—p,f)-dp

(10) Correlation theory

t) j x(t+2' a’r , then

o0

w,(.0)=] W.(p. ) (~t4pf)dp
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(11) Time-shifting
property

If y(t)=x(t-1,), then
Wy(t’f):Wx(t_toaf)

(12) Modulation
property

It y(r)=exp(j27f,t)x(t), then
W (t.f)=W.(t.f- 1)

(13) Constant
multiplication property

If y(t) = cx(t) , then
(6 1) =1l W (1, f)

(14) Conjugation If y(z)=x"(¢), then

property AHRAS)

(15) Scaling property If )/( )= ( ) then
y(t,f):|i|W(ct lf)

The STFT (including the rec-STFT, the Gabor transform) does not have real
region, multiplication, convolution, and correlation properties.



rewembei > IF x (4) = X*(=1) .
e Why the WDF is always real? ten X (£) Ts veal

What are the advantages and disadvantages it causes?
Walt/€): [ XEET) A1) @ T2 TRy e et
W " (4f): xS (-3) ed2n Ty T,2-T AT.z-dT
- A};”;?f-'})xtf +;f-')e-52”' f-dr,)
< <[ TAH if’)ﬁf-}") o Ut = W (4,P)
Note: l‘p J(2) = efﬂ‘;({—(-) , }é % a constant, 'Hleu \/(/7 (.(./-p) :W({}ﬂ

e Try to prove of the projection and recovery properties  —
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Wx(t,f):_“ x(t+7/2)x (t—7/2)e’* -dr

—00

e Proof of the region properties
[ RN

If x(z) = 0 for ¢ < ¢,
x(t+ 72)=0 forz <(t,—1)/2=—(t—1,)/2,
x(t—72)=0 ,for ¢ > (¢t —t,)/2,
Therefore, if  — #, < 0, the nonzero regions of x(z + 7/2) and x(t — 7/2)
does not overlap and x(¢ + 7/2) x*(t — 7/2) = 0 for all .

The importance of region property
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V-G Advantages and Disadvantages of the WDF

Advantages: clarity
many good properties

suitable for analyzing the random process

Disadvantages: cross-term problem

more time for computation, especial for the signal with
long time duration

not one-to-one

not suitable for GXP(jf " ), n#0,1,2



V-H Windowed Wigner Distribution Function

When x(7) 1s not time-limited, its WDF is hard for implementation
W1 f) =" x(t+e12) (1-2/2)e 2 dz
l with mask
W.(t,f)= j_zmx(ﬂrr/Z)-x*(t—r/2)e_j2’”f -drt

w(7) 1s real and time-limited

Advantages: (1) reduce the computation time

(2) may reduce the cross term problem
) T

Disadvantages:

160



-1 T R
t =g, 127 161

Wc(t,f)=2jiw(2 Vx(t+7)x (t—7")e /7 -dr’
{'-V\A’c, T ZFA'I: -Fll/lr\Ag

/8 (nAt,mAf) =2 i w(2pA,)x((n+p)A,)x" ((n—p)At)e_ijPAtAfAt

p=—0

Suppose that w(¢) =0 for |¢f| > B
w(2pA,)=0 forp<—Oand p>0

B
(0
Wx( ) 2 Z ZpA (n + p)A, ) ((n —p)At)e_ijpAtAfAt

pP=

R0 k! mask2 i85 - EEFEFTHR-G A



(B) Why the cross term problem can be avoided ?

W (¢, 1) :J.joW(T)x(t+r/2)-x*(t—r/Z)e_jsz -drt

w(7) 1s real

Viewing the case where x(7) = ot — ¢,) + At — t,)

x(1)

tl \/ t2 > t-aXiS

162
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ZREA D W(t,f)=0 fort+#1t,t,

Xm > ¢ mask function w(7) =1 (» 3}‘5{;‘2”)3 i# * mask function)
y(tr)=x(t+7/2) Y (t,-r)=x"(t-7/2)
W (1. f)=| x(t+7/2)x (t-7/2)e dr

—0o0

= Z[é(t+%—tl)+5(r+%—t2ﬂ[5(t—%—tl)+5(r—%—t2ﬂefz’”f -dt
from page 133, property 2

= 4j_°° [6(7+2t=21)+6(z+2t=21,)|[6(7 =2t + 21, )+ 5 (7 =2t + 21, ) |[e /> - dr

¥ - 7 i
= 7
S(t+2t=2t)+8(r+2t-2t,)
2,2t  2t,2t - T-axis
%= %
S(r—-2t+2t)+5(r—-2t+21,)

v

Zt_2t2 2t_2t1 7-ax1s
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37f§‘ohgi-l'l7 [/Vx(t,f)_—,t() S(r+2t-24)+8(z+2t-2t,) [ {
X 26,2t 24,21 " T-axis
-3
6(1—2t+2tl)+§(r—2t+2t2){ {
_ 212t ” r-axis
() Ift=1¢, Y- 1 T T 2621,
auto +teywy 0 2,21, " r-axis 24, -2t =2t-27%,
¥ -3 T I 442 4f
., : <, =
2t1—212 0 > 7-ax1S
Q) Ift=¢, i}’_;EI I
{' > . 2'{2"2{' = 2":-2":2
auto +elun GTR=T 7-axis 41 = 4+,
% -1 T + =t
0 > 7-axi1s

B)Ift=( +1)/2
—_— s

cross *— I I

26,21,

tl_-tz tz_tl

»  7-axis

»  7-axis

Z,{t"Z‘tJ 2‘6‘2‘6}

ot 2t = 4+
't = 1-:.11?-
2
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With mask function

w.(t,f)=[ w(t)x(t+7/2)x (t-7/2)e> 7 dr

o —00

® OO

( =| w(o)[6(r+2t-28)+5(z+2t-21,)]

o —00

x[6(r—2t+24)+6 (7 =2t +2t,)]|e > -dr

Suppose that w(7) =0 for |7 > B, B 1s positive.

e
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Q) t=t,

3)t=(t, +1,)/2
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N B TR Y R R B

(1) Concepts: :=iF > /2 i 2L ~ AR ~fFAH L2 A

$ P AAR R e

(3) Advantages: iz > /2 iR BER_ -
(3-1) Why? i & izt 8henR 580 A
(4) Disadvantages: i& = ;% ek 2L 4+ -

(4-1) Why? i = ig & 4> Bben iy B A

(5) Applications: iz =/ & * K ad® P A48 - 5 F AR
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