169
V1. Other Time Frequency Distributions

Main Reference

[Ref] S. Qian and D. Chen, Joint Time-Frequency Analysis: Methods and
Applications, Chap. 6, Prentice Hall, N.J., 1996.

Requirements for time-frequency analysis:

tradeoff

(1) higher clarity (2) avoid cross-term

(3) less computation time (4) good mathematical properties
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VI-A-1 Ambj’guit Function
T

¥

Ax(r,ry)z_.‘_oo x(t+7/2)x (t—7/2) > -dt

Goaus sTon + S(Mh“l

(D) If x(¢)= exp[—om(t—to)2 + j27zf0t} £ chift 4 modu| antion

N

A (7,n)= [~ ¢

o0 —aﬁ[Z(t—t0)2+fz/2]+j27rfoz'
e

—an(t+7/2-1y) + 27 fO(t+z‘/2)e—a7r(t—r/2—t0)2— J27 fo (t=7/2) Lo 2T gy

—00

_'2
ce L dt

o —00

(* © —aﬂ[2t2+z'2 /2}+j27rf0 T

—j2rntn —j2nt,
e e]”ﬂefﬁoﬁ.dt

o —00

Ax(T,n)=\/%eXp[—7f(a§2+gaﬂexp[j2ﬂ(f07_t0n)]

|A%(TN)] ie mayima! a

i 2
A (v )| = [E exp(-n (374 gz)) (T, n): (0,0)

no matker what the values of
( ""I'O' 'p?) ?S
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WDF and AF for the signal with only 1 term

WDF AF
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2) If x(t) = exp[—alﬂ(t —1,)" + j27zf1t] + exp[—azﬂ(t —1,)" + j27zf2t]
x,(?) X,(?) cuto ter mg

A, (r) = x(t+7/2)x (t-7/2)-e/>™ dt+

| x(t+zr2)x(t-7/2)- " dt +
| x(t+/2)x (t-7/2)-e P dt +
:_O:Oxz(t+r/2)~x1*(z—r/z)-e‘ﬁ“”-dr+

)

A (z,n)= A, (z,17)+ A, (z,7)+ A, (z,7)+ A, (z,7)

a,r? 2 .
oo 2 oot

1 1

a, > n’ .
A, (z.n)= ;%exp{—ﬂﬁ o +27;2Hexp[127f(127—f277)]



Amz(Tﬂ\)l s maXimal at
I (TN)= (tu,fd)

(1) = i) a0, S L

205# )

When ¢, = «, 173

xexp[j27z(fﬂr—tﬂ77+fdtﬂ)]
tﬂz(tl+t2)/2, fﬂ:(fl—l—f2)/2, aﬂ:(al+052)/2,
I, =41, Ja=h—1as ;=0 —Q,

szxl (T’n):A;xz (_79_77) lAﬂ'z‘X.h) 'l)l (s Wl\lmnl at
(v h): (- td,~Fa)

When o, # o,

—_— by _ . 2
A, ()= [5k eXp{_ﬂ[(n fd)+J(a1t12;a2z2) ]adr/Z]}

# H

GXp|:—7Z'(0£1 (f, - %)2 +a, (L, + %)2 )} exp[janﬂr}

*

szxl (2-777) Axlxz (_T’ _77)
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WDF and AF for the signal with 2 terms

'WDF|

 f auto term
?o‘?c 4]

auto term

{
N

(ta, f2) = (2, 2)
@cross terms

< % 1 |AF]| Cross term
(0,2)
® d)

- 0N —

auto tefm%\‘l

mas k.
Cross term

v
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For the ambiguity function

The auto term is always near to the origin

The cross-term 1s always far from the origin
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VI-A-2 Definition of Cohen’s Class Distribution

The Cohen’s Class distribution is a further generalization of the Wigner
distribution function

C (1) I I A (z,n)®(7,n)exp(j27n(nt—17 f))dndr

where 4, ( 77) j (t+2‘/2) (t—T/Z)-e_ﬂ’””.dt
is the ambiguity function (AF).

d(7, ) =1—> WDF
C(t.f)=] [ x(u+ri2)x" (u—z/2)g(t—u,v)du e > dz

where ¢(1,7)= j:@(f,n)exp(jZﬂn t)dn

whes Bt O = 1 For (ULB L o
D It >B 7 whF
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How does the Cohen’s class distribution avoid the cross term?

Chose O(z, 17) low pass function.

d(z7, ) =1 forsmall|rn|, | 7]
d(z7, ) =0 forlarge|n|, | 7|

[Ref] L. Cohen, “Generalized phase-space distribution functions,” J. Math.
Phys., vol. 7, pp. 781-806, 1966.

[Ref] L. Cohen, Time-Frequency Analysis, Prentice-Hall, New York, 1995.
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VI-A-3 Several Types of Cohen’s Class Distribution

Choi-Williams Distribution (One of the Cohen’s class distribution)
7

O(7,n7)= exp[—a(nr)z}

[Ref] H. Choi and W. J. Williams, “Improved time-frequency representation of
multicomponent signals using exponential kernels,” IEEE. Trans.
Acoustics, Speech, Signal Processing, vol. 37, no. 6, pp. 862-871, June
1989.
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Cone-Shape Distribution (One of the Cohen’s class distribution)

$(t,7)= ﬁexp(—bzarz )H (i)

D(z,m7)= SiﬂC(UT)GXp(—Z?Z’O!Tz)

[Ref] Y. Zhao, L. E. Atlas, and R. J. Marks, “The use of cone-shape kernels for
generalized time-frequency representations of nonstationary signals,”

IEEE Trans. Acoustics, Speech, Signal Processing, vol. 38, no. 7, pp.
1084-1091, July 1990.
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Cone-Shape distribution for the example on pages 93, 144

(a=1)

frequency

time (sec)



Distributions

D(z, n7)

Wigner

1

Cohen (circular)

O(z7, ) =1for \n?+7° <7

d(z, n) =0 otherwise

Cohen (rectangular)

d(z, n) =1 for Max(‘n )< T
d(z, n) =0 otherwise

T

9

Choi-Williams

exp(—a(nr)ﬂ

Cone-Sh
one-Shape sinc(nr)exp(—27w£72)
B exp (el
Levin (Margenau-Hill) cos ( n z')
Born-Jordan sinc(77)

DR BE2007# B kehd 2 4 8
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VI-A-4 Advantages and Disadvantages of Cohen’s Class Distributions

The Cohen’s class distribution may avoid the cross term and has higher clarity.

However, it requires more computation time and lacks of well mathematical
properties.

Moreover, there is a tradeoff between the quality of the auto term and the ability
of removing the cross terms.
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VI-A-5 Implementation for the Cohen’s Class Distribution

C.(t.1)=

R

If ®(z,7)=0

o —Q0

B J‘OO x(u + L)x* (u — L)-(D (z,m)e /27722 Daydndr

® 0O

A (z,n)®(z,n)exp(j2n(nt—7 f))dndz

2

2020

PR R Ay, ) HEFRE & BT

for|n|>Bor|d>C

C. (t,f) = I_CC I_BB Iix(u + %)x* (u - %)(D (7,77)e_ﬂ””"”z”(’”_ff)dud?]df
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v 2 1% » niz® $%&frinput % output A

Cot ) =[xl 5) (=), @ (mm)e 7 e 2 dudz
= ._CC ._OO x(u +% X \u —% -‘I’(T,t—u)e_jz’”fdudr
¥ (z.0)= [ ®(r.)e " dn

395 (o) T input B 0 TR RE S 082 A R
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VI-B Modified Wigner Distribution Function

W.(t,f)= [ x(t+7/2)x (t—7/2)e’> -dr

o —00

= [T X(f+n/2)X"(f-n/2)e”"" dy
where X(f) = FTx(1)]

Modified Form I

Wx(t,f)=wa(r)x(t+r/2)-x*(t—r/2)e‘j2”’f -dt

Modified Form II
Wx(t,f)=Jiw_(n_)X(fﬂy/2)-X*(f—77/2)ej2””7 dn
T A= (o5 ift) (£t 3 page 13D

X(8) 2 3(SE-£)+ S 4FD)
when BL 2, the craes term can be ve mo ved.
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Modified Form III (Pseudo L-Wigner Distribution)

W (t,f)= I:w(f)xL (t+ﬁ)-xL (t—ﬁ)e‘jz’”f -dt

B4 L ¥ 1L cross term B 50 (R BL7 € = 200k

[Ref] L. J. Stankovic, S. Stankovic, and E. Fakultet, “An analysis of instantaneous
frequency representation using time frequency distributions-generalized
Wigner distribution,” IEEE Trans. on Signal Processing, pp. 549-552, vol. 43,
no. 2, Feb. 1995

PS.: B #2006 i% ks $ k5
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Modified Form IV (Polynomial Wigner Distribution Function) M: g 3&

N ik *r, —j2ncf €xs -1 w
I/I/; (t’f) = jw|:];[X(t -|-le))€ (t le):| € dr < (:‘._“) (7(*'-)) (7{"&)

When g =2and d, =d =0.5, it becomes the original Wigner distribution
function.

1t can avoid the cross term when the order of_phase of the gxponential

function is no larger than ¢/2 + 1. whea 3 +1=3, 9= s¥=4 q- 6
413 94 5 g

However, the cross term between two components cannot be removed.

[Ref] B. Boashash and P. O’Shea, “Polynomial Wigner-Ville distributions & their
relationship to time-varying higher order spectra,” IEEE Trans. Signal
Processing, vol. 42, pp. 216-220, Jan. 1994.

[Ref] J. J. Ding, S. C. Pei, and Y. F. Chang, “Generalized polynomial Wigner
spectrogram for high-resolution time-frequency analysis,” APSIPA ASC,
Kaohsiung, Taiwan, Oct. 2013.
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nstantaneous
d, should be chosen properly such that v prequaency

q/2
[=1

/2+1
when x(t) = eXP£j27ZqZ ant”j
n=1

then

q/2+1 q/2+1

VK(f,f)zjiexp(—jZ;z(f_ Z nanfnl)fjd2'§5 f - Z nant”_l
) Page 33 (1) -
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q/2 q/2+1 P
Hx(z‘ +d )X (t—d 1) = exp(j27z Z nant’”f]
=1 n=l1

q/2+1
x(1) = exp(j27z > ant”j
n=1
wheng=2  x(7)= exp(j27t(alf + azfz))

x(t+d7)x"(t—d_v) =exp(j27(a, +2a,t)7)
a, (t+ dlr)2 +a,(t+dr)—a,(t- a’_lr)2 —a,(t—d_7)=2aytt+ar

2a,(d, +d )t +a,(d’ —d>)r* +a,(d +d )t =2a,tt+ar

d+d =1 d-d, =0
d=d =1/2
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When g =4 x(1)= exp(jzﬂ(alt ra’ +a3t3))

2 3
Hx(t + dlr)x* (t—d_7)= exp(jbzz nant”lrj
/=1

n=l1

3
x(t+do)x (t—d_7)x(t+d,0)x" (t—d_r)=exp £j27zz nant’”rj
n=1

a,(t+dz) +a,(t+dz) +a(t+d7)

+a, (t+a’2r)3 +a, (t+a’27)2 +a,(t+d,7)
—a, (t — a’_lr)3 —-a, (t — a’_lr)2 —-a, (t — d_lr)
—a, (t — d_27)3 —a, (t — a’_zr)2 —-a, (t — d_zz')
= 3a3t27 +2att+at

Cd+d,+d, +d, =1

4 dl+d;-d*-d’ =0

d’+d, +d’ +d°’, =0

—



frequency

frequency

1414

x(t) =exp(j(t =5)" - j57(t =5)") Q=6

Gabor Transform with sgm= 2.5 WDF

frequency

1 2 3 4 i 5] 7 a
time (sec)

Proposed GPWS

2 3 4 5 B 7 g 3 10 “o
time (sec)

Cohen’s Class Distribution

frequency

6 7 8 9 10

time (sec)

1 2 3
time (sec)
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frequency

frequency

x(t) =2cos((t —5)° + 4xt)

Gabor Transform with sgm=0.5

frequency

time (sec)

Cohen’s Class Distribution

frequency

1 2 3 4 <] 5] 7 g 9 10
time (sec)

WDF

time (sec)

8-order PWVD(B= 1)

LR LR LT

time (sec)

C LA
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VI-C Gabor-Wigner Transform

[Ref] S. C. Pei and J. J. Ding, “Relations between Gabor transforms and fractional
Fourier transforms and their applications for signal processing,” IEEE Trans.
Signal Processing, vol. 55, no. 10, pp. 4839-4850, Oct. 2007.

Advantages:
combine the advantage of the WDF and the Gabor transform

advantage of the WDF — higher clarity

advantage of the Gabor transform — no cross-term



D,(t.f)=G.(t. /(. [)

x(t) = cos(2xt)

(a) x(t)

05 |

050 ||

T

i

R

NN

(b) Gabor

2 4 6 8 10

(d) Gabor-Wigner
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@ D, (t,f)=G (&, W, (t.f)  (b) D(t,0)=min(| G, N |W,(t1)])19
(©) D, (£.f) =W, (t. /)x{| G, (t. 1) > 0.25)

(d) D(.f)=G (6, /W (t. f)
(a)

f-axis
f-axis

t-axis (b) ~ (¢) are real

f-axis
f-axis
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Ly

(1) Which type of the Gabor-Wigner transform is better?

(2) Can we further generalize the results?



Implementation of the Gabor-Wigner Transform @ f§ it H 37
(1) When G (6, ) = 0, D, (1.f)=GE(t, I/ (1, £) =0
L5 Gt
W) 5 zE Gf) » T30 >

0y
—

(2) When x(¢) 1s real » ¥t Gabor transform @ =

X(f)=X"(-f) ifx(¢) is real, where X(f) = FT[x(?)]

197



“t4%4 : Fourier Transform ¥ * & 5

()] = I t)exp(—j27zft)dt

(1) Recovery

(inverse Fourier transform)

(2) Integration

(3) Modulation

(4) Time Shifting

(5) Scaling

(6) Time Reverse

198



(7) Real / Imaginary Input

If x(¢) is real, then X(f) = X*(-);
If x(¢) 1s pure imaginary, then X(f) = —X*(—f)

(8) Even / Odd Input

If x(¢) = x(~1), then X(f) = X(-);
If x(¢) = —x(~7), then X(f) = —X(-);

(9) Conjugation

FT[x*(t)] =X"(=f)

(10) Differentiation

FT|x'(t)]=j2zf X (f)

(11) Multiplication by ¢

Fr[ex(r)] =22 x(f)

2r
. [ x(1) | o~ [/
(12) Division by ¢ FT = =—]27Z_[_ X(p)du
13) Parseval’s Theorem © 2 o 2
- [ ey ar=[" lx(f) o

(Energy Preservation)

(14) Generalized Parseval’s
Theorem

199



(15) Linearity

FTax(t)+by(1)]=aX (1) +bY (/)

(16) Convolution

If z(t)=x(t)*y(t)=[ x(r)y(t-7)dr,

then Z(f)zX(f) (f)

(17) Multiplication

Y
If z(¢)=x(¢)y(¢), then

Z(f) X(f)*Y( ) X ()Y (f ~p)dp

(18) Correlation

If z j X Z' tdr
then Z(f)=X(/ ) (/)

(19) Two Times of Fourier
Transforms

(20) Four Times of Fourier
Transforms

FT| FT(FT{FT[x(t)]})|=x(¢)

200
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VII. Other Time Frequency Distributions (1I)

The trend of time-frequency analysis in recent years:
(1) S transform and its generalization
(2) Time-variant signal expansion (Compressive sensing)

(3) Improvement for the Hilbert-Huang transform
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VII-A S Transform

(Modification from the Gabor transform) wi(t)= EXP (- T z)
S.(t,f)= \f” exp[ (t—r@exp(—janr)dr 6 32
Rt
closely related to the wavelet transform
: £ freque
advantages and disadvantages ~(3 veso lickion vesglu:Zm

+ime -CVC’ uensy
+ vego|utoun jf ves o lu'ho“ ,(

[Ref] R. G. Stockwell, L. Mansinha, and R. P. Lowe, “Localization of the
complex spectrum: the S transform,” IEEE Trans. Signal Processing,
vol. 44, no. 4, pp. 998—1001, Apr. 1996.
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S transform 4= Gabor transform #p ir2 o

iz §_QGaussian window 0% & € KL F f 7 2T
“4E o worse time resolution, better frequency resolution

B #f  better time resolution, worse frequency resolution

ulx

The result of the S transform (compared with page 91) 26063 2 '

%

f-axis

——

f-axis
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e General form

S.(tf)= ‘S(f)”jox(r)exp[—ﬂ(t—r)z s’ (f)}exp(—jZﬂfr)dr

w(T): e« |? (~7L T? S}(C))
s(f) increases with f = S )

s(f)

fo

C. R. Pinnegar and L. Mansinha, “The S-transform with windows of arbitrary
and varying shape,” Geophysics, vol. 68, pp. 381-385, 2003.
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Fast algorithm of the S transform

When f'is fixed, the S transform can be expressed as a convolution form:

SN =ls(N[” x(c)exp| ~z(t-7)'s*(f) |exp(-j27 f7)dz

convolution
along t—axis

S.(t,f)=s(f { Jexp(—j2zft) * exp|—xt’s’(f)]
(for every fixed f)

Remember:  g(¢)* h(t) = j (D)t -1)dr

Q: Can we use the FFT-based method on page 115 to implement the S
transform?
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VII-B Generalized Spectrogram

[Ref] P. Boggiatto, G. De Donno, and A. Oliaro, “Two window spectrogram and
their integrals," Advances and Applications, vol. 205, pp. 251-268, 2009.

Generalized spectrogram: SP,, (l‘,f ) =G, (f f )G:,Wz (f,f )

o0

w (t—7)x(7)e’*" "dr

G, (t.f)=]

G,., (¢,f)= J._i w,(t—7)x(r)e > dr
Original spectrogram: w,(?) = w, (%)

To achieve better clarity, w,(#) can be chosen as a wider window,
W,(#) can be chosen as a narrower window.



x(¢) = cos(27t) when ¢ < 10, 7_207
x(?) = cos(6¢t) when 10 < ¢ <20, wi(T): e-ndt'
x(f) = cos(4t) when ¢ > 20

5

(a) Gabor, sigma =0.1 ch‘er

f-axis
(e}

0 5 10 15 20 o %
t-axis
(b) Gabor, sigmal = 1.6 NNarrow

f-axis

30

t-axis



x(f) = cos(2xt) when ¢ < 10, 208
x(f) = cos(6 ) when 10 <7 <20,
x(f) = cos(4t) when ¢ > 20

(c) Generalized spectrogram

5

f-axis
(e}

0 5 10 15 20 25 30
t-axis

(d) Gabor, sigmal = 0.4

f-axis

t-axis



Generalized spectrogram:  SP.,, . (t.f)=G,, (t.f)G., (t.1)

Further Generalization for the spectrogram:

or

SPx,Wl,Wz (t’f) - G;Cxawl (t’f)G;sz (t’f)
SP)C,WlaW2 (t’f) - Gxawl (t’f)|a Gx,W2 (t’f)|ﬂ

209



BB 210
VII-C Reassignment Method

After computing the time-frequency distribution, we can use the following
way to make the energy even more concentrated.

(1) First, estimate the offset.
f_oooo fjooou co(u—t,v—f) - X(u,v)dudv

t(t, f) = [2 %2 @u—t,v—f)-X(u,v)dudv

[ 1% ve@u—tv—f) X(uv)dudv
12 1% o —t,v—f) - X(u,v)dudv

X(¢, f): time-frequency analysis (STFT, WDF...) of x(?),
o(u, v) =1 when |u|, |[v|<B
o(u, v) = 0 otherwise

ft, )=

(p(u—t,v—f)

(2) Then, shift the time frequency distribution at (¢, /) to (f (f J ),f (f J ))
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(2) Then, shift the time frequency distribution at (¢, /) to (f (f . ),f (l‘ f ))

X(e.)=] ] X (0. £)8(=1 (1. 1))(f =7 (5.1))dudl

References

[1] F. Auger and P. Flandrin, “Improving the readability of time-frequency and
time-scale representations by the reassignment method,” IEEE Trans. Signal
Processing, vol. 43, issue 5, pp. 1068-1089, May 1995.

[2] F. Auger, P. Flandrin, Y.T. Lin, S. McLaughlin, S. Meignen, T. Oberlin, and
H.T. Wu, “Time-frequency reassignment and synchrosqueezing: An

overview,” IEEE Signal Processing Magazine, vol. 30, issue 6, pp. 32-41,
2013.

PS: & #2017 & i tkerh 1 4% b 5
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VII-D Basis Expansion Time-Frequency Analysis

,Tk‘nkr fe

e Fourier series: ¢, (f) = exp(j27f,1), x(t ) ~ iam exp(j27 f,1)
T —wr
m— M
a, = <x(t) t)> T-[ exp( Jj2r f, t)dt

(2. (1), 07(1))

2R 4 ¢ Time- Frequency Analysis » &_% Bl & #-signal % 77 = 4= 93] fi

zZam(pm(t) . L Oult), tP 4y > =0 1 m#n
: ), Qul) D = 2 Al Punl), Pl 4)>
__'.E‘Qj\l,.Merm'rifl'T ’ 2»0\h<cphl+) (‘p (+)>
approximation error = | > a,p,(t) d =)

#- (1) — Bt A e ihibasis 22 P A B A3 frequency s4 &
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(1) Three Parameter Atoms

1/4 )
@, ol)= 21 —exp(j27 fyt)exp(— al _ZtO) ) The awp [t{uole
° o Ts ho longer
3 parameters: #, controls the central time a (onstant.
f, controls the frequency JL
Eontrols the scaling factor /\

[Ref] S. G. Mallat and Z. Zhang, “Matching pursuits with time-frequency
dictionaries,” IEEE Trans. Signal Processing, vol. 41, no. 12, pp.
3397-3415, Dec. 1993.

Since ?i,./,.0 (1) are ‘not orthogonal, 4,5, should be determined by a
matching pursuit process.



(2) Four Parameter Atoms (Chirplet)
Tnstantancous 'p"equ"“‘
x(t)zzafmfo 077(0’«‘0 fo:U:ﬂ(t) N 'F‘\>+ 'l{ /

2l 7(t— t)
a0 =S exp (27 fy+ 1) - (

)

4 parameters: ¢, controls the central time
/o controls the initial frequency
o controls the scaling factor
77 controls the chirp rate

[Ref] A. Bultan, “A four-parameter atomic decomposition of chirplets,”
IEEE Trans. Signal Processing, vol. 47, no. 3, pp. 731-745, Mar. 1999.

[Ref] C. Capus, and K. Brown. "Short-time fractional Fourier methods for
the time-frequency representation of chirp signals," J. Acoust. Soc. Am.

vol. 113, issue 6, pp. 3253-3263, 2003.
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f-axis

f-axis

f-axis

(@) STFT of a Fourier basis

4 6 8 10 12
t-axis
(b) STFT of a 3-parameter atom

4 6 8 10 12
t-axis
(c) STFT of a chirplet (4-parameter atom)

t-axis
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(3) Prolate Spheroidal Wave Function (PSWF) 216

x(t)% Z an,T,Q,zO,fOWn,T,Q(t_to)exp(jzﬂfot)

naTeget() af()

where Ynr.0(t) is the prolate spheroidal wave function

[Ref] D. Slepian and H. O. Pollak, “Prolate spheroidal wave functions, Fourier
analysis and uncertainty-1,” Bell Syst. Tech. J., vol. 40, pp. 43-63, 1961.



Concept of the prolate spheroidal wave function (PSWF): 217

e FT: X(f) :I:exp(—j2ﬂft)x(t)dt , X, f e (—o0,0).

energy preservation property (Parseval’s property)

j_“;\X( NI df = j_i\x(r)f dt

e finite Fourier transform (fi-FT):
T .
X, (f)= I_Texp(—]ZEft)x(t)dt

space interval: ¢t € [T, T], frequency interval: f € [-Q, Q]
Q 2
x|
0 < energy preservation ratio ===~ . <1

| [x(@)f ar
-T
0 2

| X 0) dr

The PWSF ¥, 1 (¢) can maximize == .
| [xf dt
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[ oXanf ar
I_TT\x(t)\z dt

The PWSF ¥, (¢) can maximize

Among the functions orthogonal to ¥ 1 o

[ X, ar
j_TT\x(t)f dt

W, ro(t) can maximize

Among the functions orthogonal to ¥ 1 o andy; r g

[ X, df
j_TT\x(r)\z dt

W, 1o (t) can maximize

and so on.
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* Prolate spheroidal wave functions (PSWFs) are the continuous functions

that satisfy: I Ke ot r0(t)dt =2, oW, 1 0(1)

9

sin[272Q(#, — )]
ﬁ(tl B t)

where

KF,Q (tvt):

PSWFs are orthonormal and can be sorted according to the values of 4, ;. ’s:
T
I_T Yo (t)wn,T,Q (t)dt =90,

1> 0> Aira> g™ oo > 0. (Allof 4, ;s are real)



220

4% . Compressive Sensing and Matching Pursuit 8. 4

Pt 45 B %=
Different from orthogonal basis expansion, which applies a complete and

orthogonal basis set, compressive sensing 1s to use an over-complete and
non-orthogonal basis set to expand a signal.

Example:

Fourier series expansion i1s an orthogonal basis expansion method:

M
x(t)~ Y a, exp(j27 f,1)
m=1

j exp(j2rf,exp(j2f)di=0  iff, #f,

Three-parameter atom expansion, Four-parameter atom (chirplet) expansion,
and PSWF expansion are over-complete and non-orthogonal basis expansion

methods.
)C(t) ~ Zato,fo,dgploafoﬁ (t)

e ———

P t,.fo,0 (£) donot form a complete and orthogonal set.
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The problems that compressive sensing deals with:

Suppose that by(¢), b,(?), by(?), b3(¢) onnvennn. .. form an over-complete and
non-orthogonal basis set.

(Problem 1) We want to minimize |c[l, (|| [ly # Lo norm > [iclly & 4pc,, &7

w74 % 0 cip#) such that

x(t)= ;cmbm (¢)

(Problem 2) We want to minimize ||c||, such that

| (x(t) - ;cmbm (t)T dt < threshold

(Problem 3) When ||c||, 1s limited to M, we want to minimize

j(x(t)—zm:cmbm (t)T dt
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For example, in the above figure, the blue line 1s the original signal
e When using three-parameter atoms, the expansion result is the red line
x(t) _ 38—0.27r(t—5)2 n 2'56—0.47r(t—8)2+j2m n 2'58—0.47r(t—8)2—j27rt

Only 3 terms are used and the normalized root square error 1s 0.39%

e When using Fourier basis, if 31 terms are used, the expansion result is the
green line and the normalized root square error is 3.22%
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Question: How do we solve the optimization problems on page 2217

Method 1: Matching Pursuit (Greedy Algorithm)

Input: x(¥) atoms: b, (1), m=1,2,3, ....
Initial: 7 = 0, x,(f) = x(?) (b, (), (1)at =1
l (normalized)
— > Find m such that er (¢)b, (t)dt‘ is maximal
|
Set 4,(1) = b, (0, 1, = [ x(1)b,,(1)ds
!
No xr(t) - xr(lt) - /un¢n(t)
n=ntl x(t)EZﬂm%(t)
l m
For Problem 1: Whether x () = 0 /( €8s

For Problem 2: Whether j x_ (¢)dt < threshold
For Problem 3: Whether n =M



Method 2: Basis Pursuit

Change the L, norm into the L, norm

lelly = leol +ley| + eyl + .
(Problem 1) We want to minimize ||c||; such that
x(t) = 2 b, (1)
(Problem 2) We want to minimize ||c||,; such that

| (x(t) - ;cmbm (r))2 dt < threshold

(Problem 3) When ||c||, £ M, we want to minimize

I(x(t)—;cmbm (t)j2 dt

224
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Norm (L, norm):  |x[n]| :,“/Z_:x[n]a

lim (L,norm)*=K where K is the number of points such that x[#]# 0
a—0

(Physical meaning: The number of nonzero points)
N-1
Lynorm:— [afn]|, =2 lx{n]
n=0

(Physical meaning: Sum of Amplitudes)

Lynom:  |xnll, = | xin]?

(Physical meaning: Distance)

Matching Pursuit: Zero order norm  lim (L, norm)“

a—0

Basis Pursuit: First order norm L, norm
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