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(1) Conventional method for signal analysis

e Fourier transform : X (f)= Jmo x(t)e > dt

—00

e (Cosine and Sine transforms: 1f x(7) is even and odd
e Orthogonal Polynomial Expansion

B R R R

(2) Time frequency analysis
5|4 > STEFT
X(t,f) = fo w(t — r)x(r)e‘jzﬁfrdr

Time frequency analysis * i eF° 42 °
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12-A Haar Transform_ wevelet 5

oviginal goal: veplace the F'T
- 85 4 B * ¥ 11k g time-variant spectrum 77 signal representation

YNW\bCr dp W“l'('Trl7m+7o" :O

8-point Haar transform

v P L1 1 1] B
T hghheq) o o o o1 g
with /1 1 -1 -1 0 0 0 0 $-a
“ Noo o o 1 1 -1 - Y5
H|m,n]=
/1 1 0 0 0 0 0 O
g |00 1T -1 0 0 0 0
=100 0 0 1 -1 0 0
\._0 0 0 0 0 0 1 -1




8-point Haar transform

y;: low frequency component

M
V2
V3
Yy
Vs
Ve
Vq
Vs

3] =x1+x2+x3+x4+x5+x6+x7+x8
Vs =x1+x2+x3+x4

V=X +X, =X —X,

1

1
1
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S O = O O

1 1 1 1 1]x]
1 -1 -1 -1 -1{x,
-1 0 0 0 0]nx
0 1 1 -1 -1|x
0 0 0 0 0]x
-1 0 0 0 0 |x
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0 0 0 1 —1]x
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¥, ~ ¥g - high frequency component

— X —Xg —X; — Xg

\
differnet ro wg
= AT‘F‘C'evon{ sfa' es

or M Cortiong

Yy = X5+ X —X; — Xg

Vs =X — X,

——
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General way to generate the Haar transform:

2N

= {HN ® [1’1]} where ® means the Kronecker product

I ®[1,~1] o Hg@g,.j] A® B
_ _ A [I), @C\/"\]- :baﬂg OluE"‘ OI,NE]
(1) (1) 8 g [0, 13 /.C\,IJ‘\ a"kf"‘B""o."”‘B
R B (X7 N VR AR
IN= R oL |.[(l-l1 O,D).\J L_GM.B anze a;,.ﬂ-E_J
O 0 --- 1 0 O-C\,-\] Iy, 1 TP As[Ow Ao O
0O 0 --- 0 1 L\\ L1 B l@\‘au‘:‘ axy
i R R s
[/-( 00O GM‘GM;“O‘M,J
oo |-l

E)" 4—""" yow of the {6 —point  Hooy- ‘tVOhS'POFM

[0000D 00O 1\ | < A< =]
““MYBV\/ o‘f H|‘
[60600 (-1 00 00000000 7]



N =2k p=

hk—l,l
hk—1,2

Vi

H*% 0 % 1 Brow & g=[1 1 1 - 1] e

N B 1
% 20 +q Brow & hy, [n]
p=0,1,..,k1, g=1,2,...,2°
k=1log,N
h,,n]=1  when (g-1)2kP < n < (g-1/2)2k»

h, [n]=-1 when (g-1/2)2k7 < n < g2k
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e Inverse 2*-point Haar Transform

H'=H'D

Dim,n|=01fm#n
D[1, 1]=27% D[2,2] =27,

D[n, n]=27%7 if 2» <p < 2p*!

(1/8 0 0 0 0 0 0 0
When k = 3, 0O 1/8 0 0 0 0 0 0
0O 0 1/4 0 0 0 0 0
Do 0O 0 0 1/4 0 0 0 0
0O 0 O 0 1/2 0 0 0
0O 0 O 0 0O 1/2 0 0
0O 0 0 0 0 0O 1/2 0
0 0 O 0 0 0 0 1/2




12-B Characteristics of Haar Transform

(1) No multiplications
(2) Input §= Output B:#Hcip e

(4) ¥ 1 &2 37— B 5 localized feature

(5) Very fast, but not accurate

Example: (1.2] 13
1.2 -3
1.8 —-0.2
H 0.8 _ 0
2 0
2 1
1.9 0
12.1] | 0.2 |
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Transforms Running Time terms required for NRMSE < 107>
DFT 9.5 sec 43
Haar Transform 0.3 sec 128

References

e A. Haar, “Zur theorie der orthogonalen funktionensysteme ,” Math. Annal.,
vol. 69, pp. 331-371, 1910.

e H. F. Harmuth, Transmission of Information by Orthogonal Functions,
Springer-Verlag, New York, 1972.

The Haar Transform is closely related to the Wavelet transform (especially
the discrete wavelet transform).
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12-C History of the Wavelet Transform

e 1910, Haar families.

e 1981, Morlet, wavelet concept.

e 1984, Morlet and Grossman, "wavelet".

e 1985, Meyer, "orthogonal wavelet".

e 1987, International conference in France.

e 1988, Mallat and Meyer, multiresolution.

e 1988, Daubechies, compact support orthogonal wavelet.
e 1989, Mallat, fast wavelet transform.

e 1990s, Discrete wavelet transforms

e 1999, Directional wavelet transform
¢ 2000, JPEG 2000
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12-D Three Types of Wavelets

Wavelet 12 continuous / discrete * 4 > 3 3f4

Input Output Name

Type 1 Continuous Continuous  Continuous Wavelet Transform

7 PEALAL 5 discrete wavelet

Type 2 Continuous Discrete transform » & 2 ¥ & continuous
wavelet transform with discrete
coefficients

Type 3 Discrete Discrete Discrete Wavelet Transform

v #% @ Fourier inpud  outpat

transform 7 = #& ¢ ¢ Fourter  +ransfore

C D Fourier sertes
v v Aisete Fourter tvansforwr
v C alfscve+€-'('7we Fourier Hyansform
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12-E Continuous Wavelet Transform (WT)

pst/sar/ nalogous—to—
/ a*:a‘ Aa/“""yo\né
Definition: a b ajdt
=gl

of the Haar
x(f): input, y(7): mother wavelet

-kvomgpovm

a: location,  b: scalin
ae(-40,00) be(o,wg) | < ~
a 1s any real number, b is any positive real number b

+*
b\lr = "PAS{ vorigtion = l\ea,\ ‘plequou

Compare with time-frequency analysis:
b']‘ = glow vanq‘(«oh ? ’ow -G,equ /
£l

location + modulation

e 0]

g g2 “x(7)dr

-1 (t-4)3

X
—Q0

:

Gabor Transform G (t, f ) = J‘
J

/b &
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Gabor Wavelet transform
: -4 .
J-axis b-axis ( .('—5') hag o IWae wioth
1 1 fo, lavge b .
frequency
l - )
»  f-axis a-axis

>

bT=> £l = time resolution | = -peqwh(y

vesolution

bl £ 1 J



jdt a: location, b: scaling

Ja.b)= (Lo (b“

¢ The resolution of the wavelet transform is invariant along a (location-
axis) but variant along b (scaling axis).

Ifx(f) = At —t,) + At —t,) + exp(2rft) + exp(j2 7 [,1),

Sy b,
/b
/i e b,
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12-F Mother Wavelet

There are many, ways to choose the mother wavelet. For example,
Vo rTsh moment =
. Haz;rol‘)ams — ,L_:_'_.z-«“ /\ /\/ f\/\—
o : <
even  Vorish moment 2
e Mexican hat function V¥ (t ) \/5
La\f'&c ian D'(" G(aa;s (on U-

25/4 x> . 2 0‘2 "V‘t dz 2
(12717 e = o (e

MexTwon hat G) evLB(lO'S for |t >a
In fact, the Mexican hat function is the 2™ order derivation of the

\ Gaussian function. mz (Y p A+

¥edt =g) =Oms0" e (pae)] P
T (€)= () e P i " 1 22¢ 30
< F’T(( d -ZH:") 0.5 IF T (¢ (PH))
2

2 C (anf) et 0 zﬁl@(ap)z?’
m,:{;t\y(+)d£ 0 05! ,(? \3(.—-870)8

3 2 1 0 1 2 3 ~-°7

-
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Constraints for the mother wavelet:

(1) Compact Support

support: the region where a function is not equal to zero

compact support: the width of the support is not infinite

Jl

a b

(2) Real

(3) Even Symmetric or Odd Symmetric
(easy -fo (ompu{'e>
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(4) Vanishing Moments Meke @(t) o bigh-teenveyy

V.M. 1s about 5 5, Lroctire.
> 4% 5 a high Hequens

k™ moment: m, = _Ootkl//(t)dt Lanction 1F k is lavge-
MpE0
[tmy=m,=m,=....=m, =0, we say y(f) has p vanishing moments.
Byt Mooy 0 VO B pl ¢1e) s fkeq
z(‘h__l""‘___\_rﬁ_? % ‘ h.‘?}. "'GE’QW"C/ st‘gha[ .
My [wo‘f'(’(')o('(?'.:a +:0 1€ 7([_(,):72”["_(]\
miz (2O At ED n=o
vahigh moment = | fﬂ‘(’) (-Y(-(') 0"(:

Vanish moment 4% 8 > 5B P f SR AR = 2 4% 5
=3 (1Y)t
Question : % A& & [y ()dt=0? = Mg ’{2"\ 0
—0 = wm, =
Vanish mowment 7 — Cn ™

TR 2006E B kR T LR
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Vanish moment = 1

e
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the 1%t order derivation of
the Gaussian function

T

gaus Wavelet --= gaus1

Wavelet function psi
T T T

[Ref] S. Mallat, 4 Wavelet Tour of Signal Processing, 2" Ed., Academic Press,
San Diego, 1999.
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the 2" order derivation of

Vanish moment = 2 . .
the Gaussian function

50 100 150 200 250-



Similarly, when

the vanish moment is p

—_— b
my= [t ¢Hdt P () ™

* ET(+F W) '{3=O

1 Ned®

) (—';Q—’E) d_f"‘gép)]P:o 0

] %YJ"*:.%:( (Fre™ ) ]p:o

=0 Fov k:O/ l,2, - ¢ \
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(5) Admissibility Criterion

2
C, = jo || df < oo ,where W ( 1) is the Fourier transform of y(¢)

e

For reversible

[Ref] A. Grossman and J. Morlet, “Decomposition of hardy functions into

square integrable wavelets of constant shape,” SIAM J. Appl. Math., vol. 15,
pp. 723-736, 1984.
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12-G Inverse Wavelet Transform

@ e

If s y(hto ~t<¥<t
51mp11ﬁed x j JT:O b5/2 l//(t ;ajda db if W(f) = (0 for ¢ > 1,
"""""""""""""""" o\l:;;,\ -t < {—'g“-Go
(Proof): Since Xw(a,b) =xQ/)* \/ZW( ; j ki, < t-a < bto

t- pbte < A Cttbto

. o e t -
if y(t)chJ‘O j_oobsl/z Xw(a,b)l//( bajdadb

7




ZC%IO)C ( j (bj% Y(f):FT[y(;);SS
T

:L db  where X(f)=FT[x()]
C, jo X (bf) b \P(f):FT[w(t)]

If yA?) is real, W(—f) = Y*(f), Y(—bf) Y(bf) = Y*(bf) Y(bf) = VY (bf)?

Y(f)=X(f)C¢W, ¥ (b)) 4L
2 d
=X(f)%.\ \f (f; = bf. df, = fdb)
2a’1
Sl erG
—X(f)

Therefore, y(¢) = x(¢).
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low- '(-\Nquehtf -pows'i_fﬂou

12-H Scaling Function
(andvaﬂ“ﬁ—‘l'o%l\?—}—‘ﬁwap—ﬂ“#

T_3 scaling function & Haar transforw)
Sim pl.‘Fy the iwverse

¢(t) - J-j:ocp(f)ejzﬂftdf wovelet tronsform-
where f YD g forf >0, ®(=)=a*()
AL

| @(c)| de veoses with P

@(?) 1s usually a lowpass filter (Why?)
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3 i+ A e Wavelet transform

(D X, (a,b) :%J‘ix(t)w(t;ajdt

b <b< 0 TS moved to the
Q(mluy,-{-\uhc*h H

2) LXW(a,bO):\lﬁjix(t)qﬁ[t;“jm

reconstruction:

a 1s any real number, 0<5b <),

><

@m 77 X (tbajdaderLo 11X (ab )¢(t;0ajda}

d b, % oo g A B 2 IF PN
If w (1) =0 forfe)> ¢, ¢(¢)=0 forft|>1,

________________________________________________________________________________________________________________________________

N L by t+bt, I—a t+byt L I—a E
)= U | B b” ( - jdader o B LXw(a,b0)¢( - ]da}




By (oo g
%Wjo .[_w b51/2 Xw(a’b)l//( da db

388

Y (f ) =X (f )CL_[O% LIJ(bf )‘2 % (from the similar process on
. " pages 384 and 385)
=Xl RO
1 sg| L legl L
w05 )
=X (/)0 (-bf ) (b)) = X (/)" (b,S)D(b,f)

1
Ct//
X(f )C%ﬂ\cb(b0 )

7

B 4t

=x(NA[ RAENI

CV/ by f |f1|



Therefore, if y(7) = y,(f) + y,(?), 389

Y(f)=Y(f)+%(f)

by 2 d .  df,
=X O Frx (N[ e 7
2 d
XN
=X(/f)
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12-1 Property

(1) real input > real output

(2) If x(7) X (a, b), then x(t— 7 — X, (a1, b),

v

v

(3) It x(¥) X,(a, b), then x(¢/0) —’\/EXW(a /o,b/ o)

(4) Parseval’s Theory:

[1x(e) ar =%jo°°j:b%|xw(a,b) ? dadb



12-J Scalogram

Scalogram ** Wavelet transform 1.5 %f & - -

fix(t)w(t;ajdt

2

1
Sc, (a,b) = ‘XW (a,b)‘2 — m

% P¥ > € #- Scalogram %_& =

: o F1¥ 0N ar
n _Jdo
XW( ’Cj 7 j:\ql(f)f df

Sc.(a,{)=

391
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12-K Problems

Problems of the continuous WT

(1) hard to implement
(2) hard to find @(¢)

Continuous WT is good in mathematics.

In practical, the discrete WT and the continuous WT with discrete coefficients
are more useful.
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*s 47 (Non-volatile semiconductor memory 3 ' & » £ {82 < 3 P ¥
2 - 5 1994% ¥ Fd)

B B (LA 1996# FiErad)

X B (MOS and CMOS > 1998 # § £ fx L)

A E (RT A 0 1998# § Erd)

Flrvd (BAEE > T8 F PR > 1998F 5 Exd)

o EE (BT S AL HE 0 2000 § E L)

BiR-k (kT ERMod > 2000# §E )



|

(z F&R* 32 > 2002# § Efxd) 394
bR PR 2MMﬁ@x£V4)

(Hllbert Huang Transform » 2004 & § £ fx L)

(% 3 #24 > 20042 § F )

Az oﬁﬁﬁf&+L 2004% + F[21)

e (% PJu/f@/._’2006417$1§5’D )

ﬁ* ’5 L (?%5 7'15 AL 2006 ﬁv QPA’I )

% P (B2)7e 0 2006 ¥ Erd)

s (: BaJRer A 1 E 20064i % EMRL)

bES qor Wosk W e
c\ g‘ai AN 31?3 \:—\ -

‘\3‘_?’ wh

2l (TERE 20064i ¥ iERL)

FIME (AU TELEIT > 2010 §Ed)
FEHE~ (AR 201241”L Efel)

BT (ML + 02012 § sff”)

SR (RF 2 ,201241~L E L)

AT (FHIREELE 20144* ¥ E L)
s (%X ER o 2016# F F )

TER (paR+5  2016F awfl‘”)

Zakd (F 5 B2 0 2016# F Ed)
ﬁé%(ﬁ%?}~ﬁ%w’mm3@mm )
EE R (5 LR EASE > 2018E FErad)
Bk (FEMBE 2018% ¢ mm#)



395

Fﬂff— PRI g Y B TR T AP AR 0y 374 0 1R
7.7 %

d
i e

EAE e
4

%«3‘—3\1 Hw\;\
mﬁu

~ BT AR B 0 91 > & § H 2004 1418



396
XIII. Continuous WT with Discrete Coefficients

13-A Definition

The parameters a and b are not chosen arbitrarily.
- | b €(0,00) 2> b: 2™, mel-0, 00)
or example, - o =
5: n2-" and b= 2—?16l M' M) =a: h2 M/ n €("0°/ 00)
e neZ, ne(—wo,)
X (n,m)=2" j x(Ow (2"t —n)dt 7, me(om)
—0 q,(hé meds, me|—00,0

EE SR }}%# iT B 7+ F 7 H_discrete wavelet transform » F % v FRE_

continuous wavelet transform 4% ]

e Main reason for constrain a and btobe n2™ and 27 :

Easy to implementation

X, (n, m) can be computed from X (n, m—1) by digital convolution.




13-B Inverse Wavelet Transform 397

42

H(0)= X Y 2" (2" e=n)X, (nm) .
— Wil Almp
x(6)= 3 D2y (2nt=n) 2" [ xtep 2" —myd, J(D

N m,n, m, Ny
e 3 A(E=) Al
=] 02 22w (2" - n)y @t~ mix()ds g1t e
- mlz_ooo"j:_oo O ?'p wl#’L
since x(z):'.'_ooé(t—tl)x(z‘l)a’z‘1

Constraint: miﬁ nio 2"y (2’"t — n) W (2’" t — nh;lﬁltrz;l )

should be satisfied.




13-C Haar Wavelet

398

vonich wmoment =] . Ny
() mother wavelet }, V%) (H)H dt:0 q/( ik
(wavelet function) W21) / 2
c/ \Q-R
025 L 05
'
=0 ={0.5 =1 N ° P k 2)
- nta
(n£D - :\)/ nt! 1 ey At
h —_—

SOl Yl dt = T

-

: 5' |- q)(é.k‘(’)d-t;o
I8 k<
SO ¢ Q40 ot

:f\PH—)- ldf = O



The Haar wavelet satisfies 399

I_(_‘M > m ______ - oom: _________ _ _
set t,=2™t-h (dti=2"clt)

2 t-Ny s "w"(:\‘)f zm"nh_ht

Ta"e- w)ck(z”% 1) o+ ’
y,w W™ A2 Than ) Y (ol
We 0,\/ howve 5 prove q1(2k+ -'V:r),. -«
+ 2 {- -Nn O -Por on l< h (n-ﬂ)2k
fwtl’( ) @ ( ) = 4 A ™




y(t) mother wavelet
(wavelet function)

=0 =|0.5 =1

y(21)

0.25

/ o5

400
@(t) scaling function

1

A1) = d2t) + H2t-1)
y(1) = ¢2t) — p2t-1)

t=0 t=1
A2 2020 = KD+ w0
P (2t
0 0.5 o |
p(274-n)
N

(n) 2™



(2™t — n)

=n2"™ t=(n+.5)2" |=(n+1)2™"

e Advantages of Haar wavelet

(1) Simple
(2) Fast algorithm

(3) Orthogonal —reversible

(4) Compact, real, odd
e Disadvantages of Haar wavelet

Vanish moment = I

A2™"t — n)

=n2"

=(n+1)2"

401



Properties 402
(1) = e function 38¥ 12 1), K21), K41), K81), (160), ........... AT

I A RS

/_A\
A

(2) = ® -T2 5 0 enfunction E I ), y(21), y(4e), w81, y(160), ...........
A 5B e
E e T iz i function 38 ¥ r4d constant, y(7), y(21), y(41), y(81),

u(167), ........... RIS
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4) 7 F 5 R (» fjﬁz‘i% IF m) 1 wavelet / scaling functions 2- & ¢ 7 — & B %

At)= d2t)+ d2t— 1)
At—n)= @2t —2n)+ 2t —2n—1)

K27t —n) = H27 e —2n) + F27 1t —2n — 1)

) = 20 — p2t — 1)

Ut —n)= @2t —2n)— 2t —2n—1)

(2™t —n) = @2t —2n) — H2™ Nt —2n— 1)
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(5) ¥ 2 % m+l1 “hcoefficients k & m 0 coefficients

[ka1/
=y (n,m)=2"" j x()P(2" t — n)dt
kot Punction -
7. (n,m)=2"" j X"t = 2n)dt + 2" j xRt = 2n —1)dt

— \/%(;(W(Zn,m+1)+;(W(2n+1,m+1))

N2V
X (n,m)=2"" j x(Ow (2"t —n)dt

wave let trandform 0“‘“’““’
X, (n,m)=2"" j xR t = 2n)dt — 2" j xR t = 2n —1)dt

- \/;(;(W(Zn,m+1)—gw(2n+l,m +1))

-




m 7T bl md bl o

layer: "’0‘9-(—0.7[ "“’9? scole Leortures 405
_ »(m+2) _ A—(m+1) bzz—m
Tht"("ﬁl b 2 b 2
m is vev/ arge 1
camples
of J':he Xl4n, m +2] EB—' Xwl2n, m +1] B> x.ln, m]
ngha)
Xol4ntl, m+2] X [2n, m +1] waerc/
\P
2
x. [4nt+2, m +2] X [2n+1, m+1] = b X [n, m]

X, [2nt+1, m +1]

X [4nt3, m+2]

structure of multiresolution analysis (MRA)




13-D General Methods to Define the Mother Wavelet and 400

the Scaling Function

Constraints: (a) nearly compact support

—— (b) fast algorithm

| (¢)real

—— (d) vanish moment

—— (e) orthogonal

Fe continuous wavelet transform * 2 :
(1) compact support *t % % “near compact support”

(2) iL 7 even, odd symmetric 7'+ (ch’a\tml '7 foct a’? ov‘:-Uuu)

(3) ¢ ** © & §_complete and orthogonal, ¢ Z_¥ 1 reconstruction
#1103 F & admissibility criterion 7F 4]

(4) 7 7 “i"ﬂ‘[ﬁst algorithmlév’mi +*
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13-E Fast Algorithm Constraints

Higher and lower resolutions £ recursive relation - #& it

¢(t ) = 22 g k¢(2t —k ) #- 1% dilation equation
‘ H:g;)% * Lo Haor wave let
W(t)ZZth¢(2t—k) %o #.: |/2'/ 9,‘:0 _
k o-therwise
y(t): mother wavelet, @(¢): scaling function h o -71:' h :2!_-' h.:0O
o therwise

o BR324 5 fast algorithms
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$(1)= ZZk:gkqﬁ(Zt—k) w(t)= ZZk:hkqﬁ(Zt—k)

It z,(nm)=2""[" x()p(2"t - n)dt

T pw
then Z,(m.m)=2"2% | x(t)g,$(2""t—2n—k)dt
k

T

1
:2zzgkgw(2n+k,m+1)
k

If X, (nm)=2""] " x(Ow (2"t - n)dt

T poo m+1
then X, (n,m)=>"27 [ x()hpQ2""t-2n—k)dt
. —00

1
=223 by, 2n+k,m+1)
k

——————
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(Step 1) convolution Lo wluton:
(n) =2 Z (n—k.m+1) ~ y0- A
X, (n > gy, (n—km+ g2, =8,
k(- Cov\volu-tum o.lov9 hn - % lqﬂl]ﬂ_”"l{l
s 2 ghae A (VY 1)
X (n) =222hkjgw(n—k,m+l) h=h.,
k
A 1
| 2ol 22 g dhun-le port)
(Step 2) down sampling _ 2 Z ” 7(W T -I-k )
2, (nm) = 7,(2n) Aulrj: Yo )

: 555 g, A 2ntle,n+)
X (n,m) =X, (2n) )



X, (n,m+1) —

— x,(n,m)

[2h,

-

2

- X (n,m)

410



e To satisfy ¢(t)=22gk¢(2t_k)’ 411

$(t/12)=2> g, p(t—k)

FT(J | FT(J o) where @(/)=FT| 4(t ;liﬁ
20(21)=2G(f)P(f 2
cp(f)=G(§j<D(§j G(f)_;jgk tt kk }f .
B — 6P(sT) S g

®(f) #_ Ht) 0 continuous Fourier transform

G(f) &_{g,}  discrete time Fourier transform
m—— —— —




AR I EORRIEES

2
®(0)=[" g(r)dt (¥ 135+ normalization, 3 ®(0) = 1)
B(Fy: (2 €™ gyt

d)(f):ﬁ(}(ij FG(f) =25 > PO ¥ TUAEE Ak

G(f): # AL 1% generating function
constraint 1

412
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w(t/2)=2) ho(t—Fk)
2J(24)- zHu:E

Y(f)=H fjg(i) H(f)=Y he

2 2 -

‘P(f)=H(§jﬁG(2iqj

: constraint 2
o 5 ¢k 5 g ¥ g_s(o):,,to/.: G(9)= |
o(r)=6(£]o(4]  *©-60)0@©) ¢=0r»

GO)=1], gL

constraint 3



414

13-F Real Coefficient Constraints

sinee - o(7)=TT6(L]  w(r)-n(4][T6(£)

q=2

If G(f)=G"(-f) |H(f)=H (-f) are satisfied,

N

constraint 4 constraint 5

then ©(f) = ©*(— /), Y(f) = Y*(—f), and @(¢), y(t) are real.

Note: If these constraints are satisfied, g,, s, on page 427 are also real.
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13-G Vanish Moment Constraint

If yAt) has p vanishing moments,

[“tw()dr=0  fork=0,1,2,..,p-1

Since FT[tkw(t)] = (2]7.[)]( ;}kk ¥ (f)

[" x(r)yde=x(0) if X(f)=FT(x())
/ [ty (di=o (zﬁ)k ()

df*
X: [ Ate @@ g

=0
£=0




\/AV\TSIA moment th fhe 'Pvrqur(,y

dowarn 4106

=0 fork=0,1,2, ..., p—1

dk
Therefi ¥ (f)
erefore, ¢k .

=0
/=0 fork 0,1,2,...,p1

since #(1)=(£|T16(£)  dp@9)= = (£)MHE) 4L i

%H(ﬁ—):gﬁﬁk“@o)

Taking the conjugation on both sides, “-¥(f)

156

k
if d—kH(f) =0| fork=0,1,2,..., p—1is satisfied,
df I
constraint 6
k
then 4 _W(f) =0 fork=0,1,2,..., p~1 are satisfied
df .

and the wavelet function has p vanishing moments.
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13-H Orthogonality Constraints

e orthogonality constraint:

jj:oth//(Zmlt—nl)w(th—n)dt =§(m—ml)5(n—nl)

y(t): wavelet function

If the above equality 1s satisfied,

forward wavelet transform:

X (n,m)=2"" j x(Ow (2"t —n)dt

inverse wavelet transform:

=C+ Z 22’"/2 (th—n)Xw(m,n)

m=—o0 n=

(much easier for inverse) C = mean of x(¢)

(FEM 2 })
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If =C+ Z 22’"/2 (2mt—n)XW(m,n)

Mm=—00 n=

and j_mew 2m1t—nl)w(2mt—n)dt =6(m—m)S6(n—n,),

then 72 j x(Ow (2"t - n)dt

_2m/2j C+ Z 22’"1/2 (Zmlt—nl)Xw(ml,nl) w (2"t —n)dt

=—00 I’Zl =—00

:2M/2J:Cw(2mt—n)dt+2m/2 i szl/zj w (2" t=n )y Q2" t—n)diX,, (m,n,)

0+ S S 5(m,—m)S(n, - )X, ()

AN Ny =—00 1; =—00
N

~

=X, (m’n)

““due to f w(t)dt =0
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Therefore, 2"”2_[00 x(H)w (2"t —n)dt is the inverse operation of

C+ i iZm/zt//(th—n)Xw(m,n) #

m=—0o0 n=—00
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X &R

Jime(2mlt—nl)w(2mt—n)dt:5(m—m1)5(n—nl)

2w oo FRGRE T Z ik
(1) Iwt//(t—nl)y/(t—n)dt=5(nl—n) for mother wavelet

B E R jizm://(zmt—nl)z//(zmt—n)dt =5(n—n,)

et am w2
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(3) j t n, w(2_kt—n)dt=0 for any n, n, ifk>0

£ (1) 4o (3) e 3% &>

jime(2mlt—nl)l//(2mt—n)dt:5(m—m1)5(n—nl)

5 Hik A
(Proof): Set ¢ =2"¢, dt, =2"dt
[ 2mw(2me—n)y(2mt=n)de=[ w(2""t,=n)w(—n)ds,
If (3) is satisfied,
J:2mt//(2mlt—nl)w(2mt—n)dt =0 whenm=m,
In the case where m = m, if (1) 1s satisfied, then

jj:o2mt//(2mt—nl)y/(2mt—n)dt = j_o;w(tl —nl)l,u(t1 —n)a’t1 = 5(111 —n)
#



o ¥ Page 420 ik % (1) 422

j:w(t —n) )y (t—n)dt / Parseval’s theorem

:J‘w e—jzﬂnlqu(f)ejszqj* (f)df J-_O;x(t)y* (t)dt:j._iX(f)Y*(f)df

_ [~ ejzn(n—nl)qu(f)qj*(f)df

—00

= ' , e ,
— Z joej2ﬂ(n—n1)(f P)LIJ(f _|_p)LP (f +p)df

p=—° ej27f(n—n1)(f'+p) — ej27r(n—n1)f’
1. N . : i
= joefz”(” "W/ Z W(f'+p)df =6(n—n) if p is an integer
p=—x
Therefore,

0

JAIe—jZnnzf' i |LI;(fr+p)|2 df=5(—n2)=5(n2)

o0

Z W(f'+p) =1 forall#” should be satisfied

p=—®




o =32 » d Page 420 g it (2)

j_i¢(t —m)@(t—n)dt=5(n—n) for scaling function

J8 35 A7 57 12 page 422

o0

Y o(f+p)f

p=—

1

for all /* should be satisfied

423
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2 p=—o0
i@IH(ng%jcp(fszrlz?)z _ (page 422)
qi|H(§+qj®(§+qjlz+qio|H(§+q+%)q)(§+Q+%j|z 1

¥] 5 h, A_discrete sequence, H(f) &_h, 7 discrete-time Fourier transform

H(f)=H(f+1)=H(f+2)=-
1(4)r L10(5+a)rrn(5 1) Lio(5rard)e -1

g=—0



o4 S on(fet) Sro{fennt)-

o0

512 D |O(f+p)f=1 forallf

p=—©

(page 422 g it)

constraint 7

425



constraint &

426



e Page 421 i % (3) e 427

BN

l//(2_kf - n) ¢(2 i ) 1 linear combination v (1)=2> h¢(2t—k)
k
¢(2 i 1) 5’—\¢(2_k+2f — nz) 77 linear combination ¢(t) = 22 g,8(2t - k)

¢(2"‘+2 ) n\¢(2‘k+3t — n3) ¢ linear combination

¢(2_1t —-n, ) X ¢(f — Ny ) 77 linear combination

~k : 4 = o L
w(2 t—n) % FF Aot & @(t—n) ¢ linear combination
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w(2_kt—n) - ank¢(t_”k)

w005 5 [Ty (t-n)@(t-n)dt=0 forany n,,n, ¥ % &

Al fiV/(f—nl)w(Z‘kt—n)dﬁO for any n,, n, & Tt 43 = =

Page 421 i i (3) ¥ 2§ =

Ii‘”(‘_”l)cﬁ(f—nk)dt:o

I_Oow(f)fl’(f—f)dfzo (Bet—n = £, 7= m—n)

j‘_iql (f )(D* (f )ejsz df =0 (from Parseval’s theorem)
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ej27zr(f+p) — ej27”f (SiIlCG from page 4289

T1s an integer)
2
A
(I) J

1 q)(§+q+%)2 |

qif;H(g“Lq)G* (§+q) 7 gf




Since  H(f)=H(f+1)=H(f+2)="- 430

constraint 9



—

3-1 Nine Constraints

(D

(2)
3)

4
)

(6)

FEI® 0 2k 3+ mother wavelet fr scaling function 4 « if i#

(% d page 406 1 constraints #7424 @ K)

O (f ) = H G(Ziqj for fast algorithm , page 412
q=1
gl L0l L -
g ( f ) =H (?jl_! G(z_qj for fast algorithm , page 413
it
G(0)=1 for fast algorithm , page 413
H(f)=H"(-f) for real , page 414
G(f)=G(-f) for real , page 413
k
d—kH (f) =0 ( for p vanish moments , page 416
df o

fork=0,1, ..., p-1

431
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(7) [H(f)] +] H(f+%) =1 [for orthogonal , page 425

) | G(f) |2 +| G(f+%) |2=1 for orthogonal , page 426

!

(9) H(f)G*(f)+H(f+%)G*(f+%):() for orthogonal , page 430

g

are the discrete-time Fourier transform of on page 407.

k



Ge: [ow -(’veqm/

433
o i & 1L hit high frequeaty G (£): N L
Specially, if we set that G(fH) - Z?'K o d-”B('P-H)k

H(f)=—-e7/G"(f+1/2) ho=()"g., -Zg/.wékedzr

when the following constraints are satisfied:

2 1\2 “Gl(‘é\ (
G()P+IG(r+1)p=1 GO NN
G(f)=G"(~/) Wkﬁﬂ&ﬁw\*°-m

wen () o)l e B <ii_
Ef‘n lil '4L H(f)G*(f)+H(f+l)G*(f+l) ))(9;\ -{\VCQ‘“”‘?’
ST PP 2 2 gz +d

'F;"S_’)P?vrm‘=2:_e_j2”fG* (f"'l)G* (f)_e—jZﬁ(f%)G* (f)G* (f-l—%) ,OW _p'equehy

‘F’\.
> GIE) =- G (f+2) (e UG ()G (f))=0
O C#4:) (1 (kg o #1¢k .o 3 srmtk. 9, e-;zx(Pr kg )
H (-f)=—e""G(- f+1/2)— —e G (f 1/2)=H(f)
@), (7),(9) 4 #i% T



5
a

M o()-T6(Z)
(e
3) G(0)=1

@ G(f)=6"(-f)

5) LoH(f)

©) |G(f)F+|G|f+L)p=1
16U)E+I6(r+))

fork=0,1, ..

(7) H(f)=—e"2"G"(f+1/2)

434

. 3% 3* mother wavelet - scaling function % & & & (f§ 1 4%)

for fast algorithm

for fast algorithm
for fast algorithm
for real

for p vanish moments

., p-1

for orthogonal



13-J Design Process

435

2p 2Ll
PR F

1

fou

o 2 & G()(0<f<1/4) i+ =27 » mother wavelet frscaling function

Ve

G(f): #F 1% generating function

Design Process (3% 3+ 7~ 4%):

(Step 1): £ Z_G(f) (0<f<1/4) 5 % & 02 F enig it

|

=0 fOI'k:()a 1329""p_1
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(Step2) ¥ G(f)=G"(-f) A2 G(f) BA<f<1)
l —
-5 <¥<P
Step3) & [G(f)P +IG(/+1)P=1 wwopaa< <34
( 2) L\"Ja )G ¥
£ 15 G() = G(ft1) > AT 1 G(f) &

I (€
'
!“/\t‘

o2
Sepdyi H(N=-e G (112) wemp L \F
GIP)
SIGE \G(#43)12
Step5)d D(f)= G(_qj 5
(Step 5) (f) 1{3 2 PP
(6L e
rn=r(f)lel) w0 w0 ey, gien)
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- 437
x 0 (1) Stepl e BiE 25 &> d > |G(f)F +|G(f+1/2))=1
dk
4_G(f =0 _ _
i ( )f_l/2 fork=0,1,2, ..., p-1
x i H(f)=—e?"G (f+1/2)
d* _
“—H(f =0 fork=0,1,2, ..., p-1
dfk ( )f_o

(2) \G(f)\2+\G(f+l/2)\2:1 1G(f)P=lG(=f)F
s G (0<f< 1/4) B30 |G| $ v - 2

(3) #2 cE 85 5 0 G(f) = Gl G(f)=2ge "
FRERIMEIFEFR G -12<f<12 ¢
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13-K Several Continuous Wavelets with Discrete Coefficients

Vom?s)n mowenrt = \
(1) Haar Wavelet —
z 2-pont Pau bechies wu\e‘e{'
slO1=1 sl =1 G(f)=1+exp(~j27)

h[0]=1, A[1]=—-1 H(f)=1-exp(—j27f)
s > g e EK
gl0] =172, g[1]=1/2 G(f)=[l+exp(—j27f)]/2

HOT=12, W[11==12  H(f)=[1-exp(-j22f)]/2

a3):0 |
&'@Y <37 éazﬂ-’ vanish moment = ? /

G'(3):47 O




Daubechtec wayelet k >0

, 439
(2) Sinc Wavelet ! j B
! = 4 ' : '
G(f):l for[f|I<1/4 -, 74 4 A ;‘_ ; ) IE “_;_L
G(f)= otherwise  ic
. kc' € £:1 vanish moment =2 7n ¥ mite

S d_‘i I = O -Psr - l(
(3) 4-point Daubechies d@“o £:=3 ~ a”y - Guibe leaathn
Wavelet (5?? Pc«?eg 48&-48?) b(‘l‘t 9(‘ LIQS Ihtlhivte (’h?

: 1++/3 3443 3-3 1—\/5}

E 8 8 8 8

2/<-'P°“"'( Daube ck?es wavelc-{ N vam‘sh wsomﬂ\“:’ |»<

vanish moment = ?

vanish moment VS the number of coefficients

Pau be C‘L\?fs
k=l ¢ — k> 0
Haar ey ¢




<

From: S. Qian and D. Chen, Joint Time-Frequency Analysis: Methods and

Applications, Prentice Hall, N.J., 1996.

1.4 T T T e | a5 = =
|
|
1.2f /\ 1 2o Illl(_\lll
it I .
\ -
oap ! |I |
o6} 20]‘ ’ \
-
,. -
10 | |
al i B [
L o '
-0.2 / _i 5 R ,."l \",I |I|| || fn*,
; . / | RTIR lI“J \
o 0.5 1 1.5 2 25 3 %o a0 -c:;\ —20 \-1|o o 1:3\ /\2{;\ a0 :n;\ 50
Frequency [radians]
(a) Scaling function ¢(#) (b) 1®(w) |
2— ao,
| ! A
15 \ 25 In’ ||| I'I'!
III | | ||
1k
20- II | ,l ‘I
0.5+ Il ] f \
aEn
15%— || I Ii || 4
o \I /\_/K/‘ | | ] |
Jf | 10 il ,l l
—osh . | [
/ | BiR
|
- 5’> l,-"'n Y I|'J || I|| || -‘f’\ \
!.' ll'. | ( II | \ N
1.5 L L e . L L 3 i y ke £ N
T50 0.5 1 1.5 2 25 3 _050 —40 -30 /_20 \-10 llc'zl 10 20\ a0 ;o/—\so
Freguency [radians]
(c) Daubechies wavelet y(z) (d) 'P(w)I
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13-L Continuous Wavelet with Discrete Coefficients &% Bk

e Advantages:

(1) Fast algorithm for MRA

(2) Non-uniform frequency analysis

w(2mt—n) Ll NN 2_m€_j2”n2me(2_mf)

(3) Orthogonal

441
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e Disadvantages:

(a) &9 5 b 5
(b) problem of 1nitial
x,(n,m), X (n,m) ¥4 y (n,m+1) &

m—»0

(c) ¥E 17 i%3% compact support

e

(d) i 25 % 4F 3¢



443

i 2 B R R S

(1) JPEG: # * discrete cosine transform (DCT) = 8x8 blocks

Lg P BE Y OREHS (Bl 5 T jpg B RL* JPEG

kR )

TR-BAET R ERY BigL IR KRS (HAFERE §m 3) & 1/16

(¥t42¢ R ifm 3)
(2) JPEG2000: i * discrete wavelet transform (DWT)

B A5 L JPEG 05 & =+
(3) JPEG-LS: #_— #& lossless compression

Fiéfﬁfﬁ > e gV R >EiER KRR
(4) JPEG2000-LS: #_JPEF2000 =77 lossless compression &< &

(5) JBIG: 4%} bi-level image (222 v 072 i) K 3 /R ‘{ﬁq‘é ;u
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(6) GIF: & * LZW (Lempel-Ziv—Welch) algorithm (3 02 & & &uE f#)

it &+ Bl &xAod F W iT > lossless
7) PNG: & * LZ77 algorithm (#f i1 3 & cuzH > ¥ & * sliding window)
g

lossless

(8) JPEG XR (* # HD Photo): # * Integer DCT - lossless
A lossy compression {535 & ‘{ﬁff ¥ 4= JPEG 2000 £ 7 7

(9) TIFF: i * =44 » & A4~ 4_5 B cnE k| fodFfa @ K 37 lossless



