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X1V. Walsh Transform (Hadamard Transform)

® 14-A Ideas of Walsh Transforms

¢ 8-point Walsh transform
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e Advantages of the Walsh transform:

(1) Real

(2) No multiplication is required

(3) Some properties are similar to those of the DFT



e Forward and inverse Walsh transforms are similar.

forward: F[m]= ]:Z:_;f[n]W[m,n] , inverse: f[m] :%g W|m,n|F|n]

e Alternative names of the Walsh transform:

Hadamard transform, Walsh-Hadamard transform

N-1 N-1
e Orthogonal Property Z W [my,n|W |m,,n]=0 Z W|m,n|W|m,n]=N
n=0

. ifmy=m, "
e Zero-Crossing Property

Even / Odd Property
e Fast Algorithm

Useful for spectrum analysis

Sometimes also useful for implementing the convolution



Walsh transform §= DFT, DCT % 3* % 4p i fw

Wim,n]=

DCT =
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1 | » DFTIm, n] = exp(-j27 m n/N),
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® 14-B Generate the Walsh Transform

2-point Walsh transform
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How do we obtain the 2¥"1-point Walsh transform from the 2*-point Walsh

transform ?

Wzk Wzk
Step 1 V2k+1 —

W, -W,

2

Step 2 345 sign changes #-rows /8 B & RTH 7|

AV permutation

2k+1

>W

2k+1
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e s W, & & row chsign change #ic > d + 3| T A w4
0,1,2,3,....., 21
B Ve & & row chsign change #ic > d +F BT A W] %
0,3,4,7,.....,21-1,1,2,5,6, ....., 2k1=2,

% row index ¢ 0 B 4>

AV

Sl % n % row (n is even and n < N/2) £ sign change = 2n

(n is odd and n < N/2) = sign change = 2n + 1
(n is even and n > N/2) ¢ sign change 5 2nt+1-N
(n is odd and n > N/2) 7 sign change = 2n—N

£ {995 sign change h#icP #- V  dirow £ ATR 7

permutation
V2k+1 > W2k+1
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sign changes
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Constraint for the number of points of the Walsh transform:
N must be a power of 2 (2, 4, 8, 16, 32, ........ )

Although in Matlab it is possible to define the 12 -2 point or the 20 -2* point
Walsh transform, the inverse transform require the floating-point operation.



® 14-C Alternative Forms of the Walsh Transform 477

L7y X -
/*ﬂ“} S from zero-crossing

¢ Sequency ordering (i.e., Walsh ordering) ....... using

¢ Dyadic ordering (i.e., Paley ordering) ............ using for control

e Natural ordering (i.e., Hadamard ordering) ...... using for mathematics

Sequency ordering| Dyadic ordering Natural ordering Wim, n]

+«—1—(Gray Code) «——(Bit Reversal)

row 0 = row 0 = row 0 = (1, 1, 1, 1, 1, 1, 1, 1]
row 1 = row 1 = row 4 = i, 1, 1, 1,-1,-1, -1, —1]
row 2 = row 3 = row 6 = 1, 1,-1,-1,-1,-1, 1, 1]
row 3 = row 2 = row 2 = i, 1,-1,-1, 1, 1,-1, —1]
row 4 = row 6 = row 3 = [1,-1,-1, 1, 1,-1,-1, 1]
row 5 = row 7 = row 7 = [1,-1,-1, 1,-1, 1, 1, 1]
row 6 = row 5 = row 5 = [1,-1, 1,-1,-1, 1,-1, 1]
row 7 = row 4 = row 1 = [1,-1, 1,-1, 1,-1, 1, -1]




e Dyadic ordering
Walsh transform

e Natural ordering
Walsh transform

Wim,n]=

ke e e e e pd

Wim,n]=

ke ek e e e pd
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e binary code ; = pr 2771 to gray code

When N =2k 7=
g, =b, g,=XOR(b,,,b,) forg=k—-1,k-2,...,1 = quzq—l

e gray code to binary code
When N = 2#
b,=g, b,=XOR(b,,g,) forg=k-1,k-2,...., 1



® 14-D Properties 80

(1) Orthogonal Property

(2) Zero-Crossing Property

(3) Even/ Odd Property

(4) Linear Property
If f[n]= F[m], g[n]= G[m], (= meansthe Walsh transform)

then a f[n] + b g[n] = a Flm] + b G[m]
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(5) Addition Property

Wm,n|-W|l,n|=W|m®I,n]

3L ! Addition modulo 2 (denoted by @)
020=1®01=0, 0@1=100=1,

(Zk:akzp)@(zk:bkzp) = i(ak ®b,)2"

Example: 3 0 11 , therefore 3 ® 7 =4
@ 7 1 11
4 1 0 0 @®: logic addition

(similar to XOR)
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(6) Special functions

oln]=1whenn=0, Jo[n]=0whenn=0
onl=1, 1= N-Jn]

(7) Shifting property
If f[n]= F[m], then f[n ® k] = W(k, m)-F[m]

(8) Modulation property
If f[n]= F[m], then W(k, n)-f[n] = F[m @ k]

(9) Parseval’s Theorem

If f[n]= F[m], If f[n]= F[m], g[n] = G[m],
S|l = SIFnl .  feln] = 3 Flon
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(10) Convolution Property fn] * g[n]=w"" (W(f[n])W(g[n]))
It fln] = Flm], gln] = Glm|, W : Walsh transform

then i[n] = fn] * g[n] = F[m] G[m] W-1 . inverse Walsh transform

* means the “logical convolution™

hln] =fln] * gln] Zf[l Jg[n®1]= Zf[n@l]g[l]

For example, when N = 8,

h[3]=/01g[3] + f11gl2] + A2]g[1] + A131g[0] + fl41gl7] + f151gl6] + A161gl5]
+ /[ 71gl4]

h[2] =/0]g[2] + fI11g[3] + A21g[0] + A31g[1] + fl4]gl6] + A151gl7] + f16]gl4]
+A71gl5]
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Comparison : In digital signal processing, we often use

linear convolution (standard form of convolution)

> /ileln-1]

circular convolution

Zf Je[((n=D)y]

IDFT, {DFT, [ fIn]) DFT, [glm]} = 3 /[1]¢[((n =), ]

For example, when N = §,

H[3] = fl0]g[3] + fI11g[2] + A12]g[1] + A131g[0] + M41g[7] + f5]1gl6] + /16]g[5]
+/171gl4]

H[2] = fl0]g[2] + fI11gl1] + A121glO] + A131g[7] + A41gl6] + A51l5] + A16]gl4]

+M71gl3]
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® 14-E Butterfly Fast Algorithm

(Method 1) John L. Shank’s Algorithm

x[0] X[0]
x[1] v >—1< X[7]
x[2] >1©< X[3]
1 DX > =
ws LXK =
IFANNID -GS -
x[7] m \ /_1\ >_1< X[S]

J. L. Shanks, “Computation of the fast Walsh-Fourier transform,” IEEE Trans. Comput. (Short
Notes), vol. C-18, pp. 457- 459, May 1969.



(Method 2) Manz’s Sequence Algorithm
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Manz, J. (1972). A sequency-ordered fast Walsh transform. /IEEE Transactions on Audio and

Electroacoustics, 20(3), 204-205.

There are other fast implementation algorithm for the Walsh transform.

X171
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® 14-F Applications 487

Walsh transform i & 1% spectrum analysis > & & % if & {Tconvolution

may not be better than DFT, DCT
Applications of the Walsh transform

Bandwidth reduction

High resolution

Modulation and Multiplexing

Information coding

Feature extraction

ECG signal (in medical signal processing) analysis
Hadamard spectrometer

Avoiding quantization error
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 The Walsh transform is suitable for the function that is a combination of
Step functions

New Applications: CDMA (code division multiple access)
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® 14-G Jacket Transform

Jo 2RA e ] * £2F Bogu 1 x x 1]
4-point Jacket transform J, = Lw —w -l w=2% x=2",
I —x —x 1
1w w 1]

J, J,
2K 1-point Jacket Jen = { i i } P: row permutation

[Ref] M. H. Lee, “A new reverse Jacket transform and its fast algorithm,”
IEEE Trans. Circuits Syst.-11 , vol. 47, pp. 39-46, 2000.



® 14-H Haar Transform

y = Hx
N=2 H,= bl N=4
- =l -
11 1 1 1
1 1 1 1 -1
1 1 -1 -1 O
_ 0O 0 0 0 1
N=28 H, =
1 -1 0 0 O
0O 0 I -1 O
o 0 o0 0 1
o 0 0 0 O

[Ref] H. F. Harmuth, Transmission of Information by Orthogonal Functions,

Springer-Verlag, New York, 1972
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N=16

-1 -1 -1 -1 -1 -1 -1 -1

1
-1

-1 -1 -1

1

-1 -1 -1 -1

1

0




Hm, n] ht& (m=0,1,...,2¢=1, n=0,1,...,2k1):

H[0,n] =1 foralln
If 2 < m < 271

H[m, n] =1 for (m —2")2" <n <(m— 2" +1/2)2F"
H[m,n]=-1 for (m—2"+1/2)2s"<n<(m —2"+1)2k™"
H[m, n]=0 otherwise

iF 8§ v Walsh transforms § “°

—_—

Applications: localized spectrum analysis, edge detection
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Transforms Running Time | terms required for NRMSE < 107>
DFT 9.5 sec 43
Walsh Transform 2.2 sec 65
Haar Transform 0.3 sec 128
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Main Advantage of the Haar Transform

(1) Fast (but this advantage is no longer important)

(2) Analysis of the local high frequency component
(The wavelet transform 1s a generalization of the Haar transform)

(3) Extracting local features
(Example: Adaboost face detection)
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