1
XIV. Number Theoretic Transform (NTT)

® 14-A Definition

U Number Theoretic Transform and Its Inverse

N-1
F(k)=) f(n)a™ (mod M),k =0,1,2---, N -1
n=0

f(n) =N"" ZV‘l F(k)o ™ (mod M) ,n=0,1,2-,N-1 f(n) o F (k)

INTT

Note .
(1) Mis a prime number, (mod M): =isPRIA M RVEREK
(2) N is afactor of M—1
(Note: when N # 1, N must be relatively prime to M)
(3) N! is an integer that satisfies (N )N mod M =1
(When N=M -1, N1 = M —1), it is also called the inverse of N (mod M)




(4) a is a root of unity of order N

¥ =1 (mod M)
a* #1(mod M) ,k =1,2,---, N-1

When « satisfies the above equations and N = M —1, we call a the
“primitive root”.

a #1(mod M) for k =1,2,---, M - 2

a™ ' =1(mod M)

al BIRGEEL N AR

o' is an integer that satisfies (a'l)a mod M =1



Example 1: 3

M=5 a=2 o!=2 (mod5) o#¥ =4 (mod5) =3 (mod5) &* =1
(mod 5)

B (F[0]] [1 1 1 1|]f[o]

(1) When N =4 Frl| |12 4 3|
(2) When N = 2 F[21] |1 4 1 4||fl2]
(F[3]] [1 3 4 2||f[3]

Flol] [1 1][fro]
[Fm] ‘[1 4Hf[1]}



Example 2:

M=7 ,N=6: «cannot be 2 but can be 3.

a=2: a'=2 (mod7) o*=4(mod7) a*=1 (mod 7)

a=3: a'=3 (mod7) o*=2(mod7) a*=6(mod7)
o*=4 (mod7) o°=5(mod7) =1 (mod 7)



Advantages of the NTT:

1. HRARE LREZEH
2. ERAREERE

3. IRZMEEERER DFT AH[A]
(BRFTENERE)

Disadvantages of the NTT:
1. HEEHEHNEIR
2. RAEZ1KE root of unity
3. RAZYRER &
(1) DFT BY basis = = KK
(2) DFT B4HHRZ{&RE Hermite-Gaussian KK » SE4 EE
DFT B] LU fractional * {BZE NTT HEHRE2E8E&ENMEE




e 14-B RBAMRBRHEFMIEZEMENEE

(1) x (mod M) BYE > BER 0~M-1 Z[H
(2) a + b (mod M) = {a (mod M) + b (mod M)} (mod M)
il © 78+ 123 (mod5)=3+3(mod5) =1

(Proof): If a=a,M + a, and b = b;M + b, , then
at+b=(a, +b)M+a,+b,

(3) a X b (mod M) = {a (mod M) X b (mod M)} (mod M)
B : 78 x 123 (mod 5) = 3 X 3 (mod 5) =4

(Proof): If a=a,M + a, and b =b;M + b, , then
axb=(abM+ab,+a,b)M+ a,b,




4) %7€ a > WAIFTEL a’ mod M?

4] / \
2|

o)
+)¢}

1. E?Eﬁuﬁ'ﬁinﬁ MEEZ > &R gad(a,M)=1
2. Bezout’s Lemma &% if gcd(a,b)=d, BITETE st 15 as+bt=d

3. FRLATETE astMt=1 °* @72 mod M & > FLeJLL1FE s i a BY inverse

EREEEXKE st ° TiEE[EA the Extended Euclidean Algorithm or
Blankinship’s Method » AR U{HEREFAEFRIE ©

BRI :

1. Euclidean Algorithm BYRIEE A a=bg+r Bl ged(a,b)=gcd(b,r)
2. Extended Euclidean Algorithm FL2EK ged BVIBIZ4CER F 2R
AE—IR R



v Example 1.10.1

For our example, we will continue with the numbers used in Example 1.8.1 from Section 1.8. There we found that ged(803,154) = 11. Bezout's Lemma
guarantees that 11 = 803s + 154t for some integers s, t. Let us determine a possible choice of s and ¢.

In Example 1.8.1 we found the following:

803 =154-5+ 33
1564 =33-4+22
33=22-1+11
22=11-2+0.

Rearranging and reordering all but the last of these equations, we get

11=33-22.1
22=154-33-4
33=803—-154-5

We now set about to find an expression of 11 as a linear combination of 803 and 154. Starting with the equation 11 = 33 — 22 - 1, we substitute 22 = 154 — 33 - 4
(the next equation) to obtain

11=33—(154—33-4)-1
=5.33—1.154,

Now we will substitute for 33, using the equation 33 = 803 — 154 - 5 above:
1=5-(803 —154-5) —1-154
and finally obtain

11 =15-803 — 26 - 154.




sk 47 7 101 B inverse

© 00O

000000

101 =47 x2+7

47 =T X 6+ 5
T=5+2
Hh=2x2+1

5—2x2=1,9=2x2+1
5—(7T—-5)x2=1,"-7T=5+2

dXx3I—-—7Tx2=1

(A7 —-7Tx6)x3—-7Tx2=1,"-47T=7Tx64+5

47 x3-7Tx20=1

47x 3 — (101 —47x2) x20=1, 101 =47 x 247
47 x 43 — 101 x 20 = 1 &2 43 BIEATK
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(5) %457 a > YWEIFTEH a” mod M?

i - [EIE—T NITHNER

!

N-1 TN
F(k)=) f(n)a™ (mod M),k =0,1,2---, N -1

f(n) =N""! Nf F(k)o ™ (mod M) ,n=0,1,2-,N-1 f(n) o F (k)

INTT



BEHRMENEIEL o FHRE? E

11

= a M n #A/NAIEF R - BIAEIR

wzE
1. FRZTERRENME > FMERE o FHAK > A% mod M
2.
3

. 244 37%mod 101

FRLLER L » FMAiis8i o A2 binary
REBEE 0FAH

BE 1T HEEBRLE 37

z=37;n=89;N=101,;
x=dec2bin(n);

t=1;
for k=1:length(x)
if x(k)=="0'
t=mod(t.\2,N);
else
t=mod((t."\2).*z,N);
endif
endfor

y=t
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BENEE .

1. BEEREAAEE happy ending T » ERKz=EFE 37 mod 101
BUT!

=B —EERNESE » BEENEE

& Theorem 1.24.2: Fermat's Little Theorem

If p is prime and a is relatively prime to p then

=1 (mod p).

g
Ex1: p=5,a=2, 24=16=1 (mod 5)
Ex2: p=13, a=3, 32=9, 3°=27=1 (mod 13) FRLL 3"=(3%)*=1%=1 mod 13
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NeMERAEE/NEEEREL 375 mod 101 IE
B FHFI%E13E 371°°=1 mod 101
FR LA 37140500=1 mod 101

LR
BNIZTEARHHEIE 140548 &A%, 2 A1

FANREE 48 B9 2 ENIFLLF

bih B8 4 SE'HH T IR S A TR BR 1 A
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(6) BE7AEEI & B/NEIE > RiLb 7t mESGREY E IEE

1. PEIFEREE
2. Wilson TEIE

& Theorem 1.23.1: Chinese Remainder Theorem

Let my,my, ..., my be natural numbers such that each is greater than 1, and every pair of them is relatively prime. Let M = mymy - - - my, and let by, by, ..., by
be integers. The system of congruences

2=b; (mod my);
=by (mod my);
z=by (mod my);

has a unique solution in the set {0,1,2,..., M —1}.

& Theorem 1.24.1: Wilson's Theorem

If p is a prime, then




PEREREIEEE 15
Q: —EBI TR 0~34 ZfE > # 5 BRER 2 > #% 7 BRAIRR 3

S mES OS2

A: DHRIE

B St B —E2H% 5 PBRER 0 > #% 7 BRER 3

Z, . Bi—ESR > %% 5 BRER 2 > # 7 FRER O

R ENIE PS5

FHUNMal3ZE R ? BEFA#S 5 2R > ' 5K I o Y H03& 5 1 mod 7 BY inverse & 3
(3x5=15=1 mod 7) » PRLANIREM 7 BRER 3 BVEE > BLERLL 3 BIA] » #aE)5E
iR 5x3x3=45 FAEB 5 BIEE > B mod 7 % 3

o

EIERI USRI 2 FEEZE 3x7x2=42 (3"=7 mod 5)
&N 87 =17 mod 35 * FRUAZZER 17




PEIFEREEE R
HIN—TEfA

5 ) 12

16
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PRI EREIEEE

Q: BB MESEREN ? —EE 3BRER 2 » S5 FRER 1 » | 7 &
R4 » BT 0~104

A: — D HRIE

35a+21b+15c=2 mod 3

35a+21b+15c=1 mod 5

35a+21b+15c=4 mod 7

=>

2a=2

b=1

c=4

35x1+21x1+15x4=116=11 mod 105 > FRAZZERZE 11
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Wilson FI2 > EHERIRAZE
(FEFIEFEENAZKNE » ARXBCES)
LA p=11 A 10!=10x9x8x...x1=10= -1 mod 11

anfelst & 27
FIBUEHRAR © (p-2)!=1, (p-2)x(p-3)!=1, FRTEX (p-3)! FA=E -2 HY inverse
FRLA 2 BY inverse FLE (p-3)!
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NI EE 31

A LERAE © (p-2)!=1, (p-2)x(p-3)!=1, (p-2)x(p-3)x(p-4)!=1
FRLA (p-3) BY inverse Fii@ (p-2)x(p-4)!

P 3 BY inverse FA:E -(p-2)x(p-4)!

At & 41

(p-2)(p-3)(p-4)x(p-5)'=1, PALA 3!x(p-5)! ®iE (p-4) BY inverse

Sz AILUEAETERERE » #A ON) BIFEE » EHETAR inverse

4 1 2 3 4 10
l 1 2 6 2 10
inv 1 5 4 10
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INGG

(1) MERIREEFEHBY inverse > sHFFHIREBHERE
(2) YIRAEKFTEHY inverse » BJfER Wilson FEIE
BZ—T » BEHEIFEZ O()

55 MR NTT » REEFEMET
ERAR modM F > RF M2 ERJEERIINGE »  M? ERIBERYSRA

AT S I E RS04 A SRR 2
BERA “LUT

LUT : lookup table
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L1

¢ 14-C Properties of Number Theoretic Transforms

P.1) Orthogonality Principle
N-1 N-1
Sy =2, a™a "=} a"“Y =N 5,
n=0 n=0
. N-1
proof . fork =¢, Sy =) a® =N
n=0

N-1
fork #0, (¢“"-1S, =(""-1) )Y """ =a"*"-1=1-1=0

n=0

1 a“"#1 .S, =0

P.2) The NTT and INTT are exact inverse

proof gm:%z F(k) o™ Z(Zf(f)afk)a

1IN a1 . —
_N;:O'f(f)éa N;:(; f(t) -N6,, =f(n)
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P.3) Symmetry
NTT

fin) =fNn) & F(k)=F(NK)
fin) = (N-1) NIT F(K) = F(N)

P.4) INNT from NTT

_lN-l - nk :l & _ nk — i _
f(n)—NkZ:O' Fk)a N(-kZ):o F(-k) a™ =NTT of NF( k)

Algorithm for calculating the INNT from the NTT
(1) F(-k) : time reverse
Fy,F,F, ..,Fy, Y™ _F F.. ..F,F,
reverse
(2) NTT[ F(-) |

(3) T £ N!




P.5) Shift Theorem »
f(n+t) = F(k)a
f(n)a™ < F(k+?)

P.6) Parseval’s Theorem

NY f() f(-n) =Y F*k)

NY f(n) =Y FKF(-k)
P.7) Linearity

af(n)+bg(n) < akF(k)+bG(k)

P.8) Reflection
If then

f(n) < F(k) f(-n) < F(-k)

23



P.9) Circular Convolution (the same as that of the DFT)24
If f(n)< F(k)
g(n) < G(k)
then f(n)® g(n) <> F(k)G(k)
ie, f(n)®g(n)=INTT|NTT[f(n)|NTT[g(n)]

f(n) -g(n) < %F(k) ® G(k)

(Prood): jnyT (NNT (f[n])NNT (g[n])) =N '1NZ_1 a"F ()G (k)

N-1 N-1 N-1
=N 'YV g™ [m]a™ [qla®
Z Z f Z glq We apply the fact that
N-1N-1 ) k ok N-1 1 if nis a multiple of N
=3 Y flmlglqINV° Za X {

m=0 q=0 otherwise
N-1N-1

:'%’Oqzz; f[m]g[q]é[((m‘w When ¢ =((n- m))N
N-1N-1 ) . lt. 1 fN
=¥ ¥ fImlgl((n- m)),1=f[n]® gln] m+q - nis a multiple o

m=0 q=0



¢ 14-D Complex Number Theoretic Transform (Z&NT)

The integer field Z,, can be extended to complex integer field
If the following equation does not have a sol. in Z,,

x* =-1(mod M) #EfE
This means (-1) does not have a square root

When M = 4k +1, there is a solution for x> = —1 (mod M).
When M = 4k +3, there is no solution for x> = =1 (mod M).

For example, when M = 13, 82 = -1 (mod 13).
21=2, 22=4, 23=8, 24=3, 2°=6, 206=12=-1,
27=11, 28=9, 29=5 210=10,211 =7 212=1]
When M = 11, there is no solution for x> = =1 (mod M).
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If there is no solution for x> = -1 (mod M), we can define an imaginary
number i such that

i =—1 (mod M)

Then, “i” will play a similar role over finite field Z,, such that plays over
the complex field.

(a+ib)*(c+id) =(axc)+i(b=xd)
(a+ib) (c+id)=ac+i’bd +ibc +iad

=(ac- bd)+i (bc +ad)



N
N

* 14-FE Legendre sequence and Gauss sum

ChatGPT v

Legendre[¥%! (Legendre sequence) HEHH (Gausssum) EHGmMBFEIREZFHIEZRER
20 MEZEE—EBIR

Legendre&%l
LegendrefFFIR B Legendrefd 3t 89 —A 157 o 72 —BERMp > Legendrefyst (2
EZNT :

0 WRa=0 (modp)

1 WE o 28 pH —RFER

—1 WR o« A2 pBYI R FIER

Legendre#5{a, } @HLegendrefFSEERRR) » EHRMT :

ap = (n) %‘:I.H):\ n=20,1,2,. ,p—1
oo

sEFTIRESp > BHPHEE 171 o

https://en.wikipedia.org/wiki/Quadratic_Gauss_sum



T
BT R — SR EEN  EHA

p—1

Z X(n)eQﬁinfp

n=0

HpyB—EZEpRIINFIZ EFF = (Dirichlet character) > #5512 E x ELegendrefFiiFs » SETAES
Legendre= E7F0 o

ﬁmm@mEﬂ%=ﬁﬁm%ﬁmE%Gq5p:m:

ik

LegendreF 5 FN = ETFN 2 FIRVRERATER » Legendre/F8| MMM EHER SHMOME - AR
S ’ LegendreFHifIEVIEREA :

Gl =P

BE—EAEENER » ARERT T LegendrefFsi £ ZERIFFIRIBERAME © LegendreF7!)
HRZEATAARIFNVEERLE - EEFEMEEFENNEBHERTAFEEREA
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Let M =11, N =5, primitiveroot g =2, a = g> =4

11111 0
1 45 9 3 1
F=|15 3 4 9|,x=]| -1
1 9 4 35 ]
1 3 9 5 4 1

EEE—T, Fx 0 fft(x) BB

Fx=[04 7 7 4]
AEE mod11 A 4NFEAFES
MO 4 T2 R3S
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® 14-F Impulse train and Ramanujan's sum

BERERE NE—EREZ d > B Impulse train 3

An 1D impulse train Il 4 18

[Ina(n) = {

with d|N. Alternatively, we can write

1 n=md,
0 otherwise,

6.  [100100]74 N=6,d=3HY impulse train
[101010]74 N=6,d=2 HY impulse train
FE: [100000]% N=6,d=6 B impulse train
[111111]% N=6,d=1 Y impulse train
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Impulse train BY$E . H5TEHREE R weighted impulse train

Ff)

[100100] % DET 2% > &A% [202020]
(1111111 DFT 2% > ©R 60000 0]
EENE N,d BY impulse train *> &A% N,N/d BY

A AEEE
SEMETE NTT FEAEHRILIE
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M=13 ZFIE—1E 6 B4HY NTT

11 1 1 1 1 1
1 4 3 12 9 10 0
o139 1309 1ol
112 1 12 1 12 |’ 1|
1 9 3 1 9 3 0
110 9 12 3 4 0

tbE—T, Fx #0 ffe(x) BA4EMEL, Fy F0 ffe(y) e ?

OO O




Ramanujan's sum

Ramanujan's sum % 12 languages v

Article Talk Read Edit View history Tools v

From Wikipedia, the free encyclopedia

Not to be confused with Ramanujan summation.

In number theory, Ramanujan's sum, usually denoted c,(n), is a function of two positive integer variables g and n defined by the formula

Zm'ﬂn
cfi‘(ﬂ’): Z e 1 .5

where (a, g) = 1 means that a only takes on values coprime to g.
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Ramanujan's sum

What is Ramanujan’s Sum

Let signal length N =

Time Domain After DFT( Ramanujan's Sum)
n=0,1,2,3,4,5,6,7,8,9,10,11 k =0,1,2,3,4,5,6,7,8,9,10, 11
x12(n) = [1,0,0,0,0,0,0,0,0,0,0,0] %»(k) =[1,1,1,1,1,1,1,1,1,1,1,1]

) =
x6(n) =[0,0,0,0,0,0,1,0,0,0,0,0]  Re(k) =[1,—1,1,—1,1,—1,1,—1,1,—1,1,—1]
xs(n) =[0,0,0,0,1,0,0,0,1,0,0,0]  %a(k) =[2,—1,-1,2,-1,-1,2,—1,-1,2, —1, 1]
x3(n) =[0,0,0,1,0,0,0,0,0,1,0,0]  £3(k) = [2,0, -2, 0,2,0,—2,0,2,0,—2,0]
)
)

xo(n) =[0,0,1,0,0,0.0,0,0.0,1,0]  %»(k) =[2,1,—-1,-2,-1,1,2,1,—-1, -2, -1, 1]

[0,1,0,0,0,1,0,1,0,0,0,1]  &1(k) = [4,0,210, ~2,0,—4,0,—2,0,2,0]

x1(n
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Ramanujan's sum F] AF{EIR4FERY 0-1 sequence 1 DFT

FHEEER °

1 1L 1 1
0 001

0 011

1 1 11
0 1 01

0 011

1 0 0 0]
0 001

0 01 O

01 00O

E4FEHY 0-1 sequence F AU gcd-delta function

S
=

1 -1 -1

0
0
0

0

0 0 01

0 011
0101

0 011

0 0 01

0 0 01

0 010
0 1 00O
0 010

0 0 01
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M= DFT

Take DFT at both side in eq. (15),

101 2 27 [123 6]
1 -1 -1 1 10001 -1 -1 1
1 1 -1 -1 _|[1200]|0 1 0 -1
1 -1 2 2| |[1030]|l0 0 1 -1
1 1 -1 -1 1200|[0 0 0 1
|1 -1 -1 1] [100 0,

It shows Ramanujan’s sum can be easily calculate by impulse
train, without DFT.



R 1R75G

=& kgsm > AXKAILAE DFT UM G #ARK NTT 4RI e

*ié

Ay

gcd-delta _ impulse train
My

DFT DFT
Af\r

Ramanujan’s sum

} weighted impulse train
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¢ 14-G Applications of the NTT

NTT #E&1E convolution
BHEEADHIRES

FTHIFEA ©  encryption (ZHEE )
CDMA
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