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@ 2-J Relations among Filter Length NV, Transition Band,
and Accuracy

¢ Suppose that we want:
@ passband ripple < J,,
@ stopband ripple < 0.,

® width of transition band < AF (expressed by normalized frequency)

AF=(f, = L), =(f, = )T (f,: sampling frequency, T: sampling interval)

Then, the estimated length N of the digital filter 1s:

N2l (1
3AF 105,05,

. - i e ——
e When there are two transition bands, AF =min(AF,, AF})
e k4 transition band 7 frequency response, i B~ % 7 passband and

stopband accuracies
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N = 211&0( : j é]\/'AFZIO&O[ : j

3AF 105152 2 105152
~ZNAT =10g,,(1V§,6.)
~3NAF/2-1
T’FS‘S .58152 1§ ,O =~INOTF/ 2-) log.s;:lo" }.TNA'F
9279 , -

[Ref] F. Mintzer and L. Bede, “Practical design rules for optimum FIR bandpass
digital filter”, IEEE Trans. ASSP, vol. 27, no. 2, pp. 204-206, Apr. 1979.

'35 © g% V105, =105, =6 N 3 Bz

FAF gL Ap, sussn 9 I E Te the original ewor
3NA'F §o s the new e€tror
108*> 10 *

1082 13 V4FA (08 )" « [d's*A
€0 f‘fSA 10 §:0, A=5
8% [00(0.1)° =
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@ 2-K Relations between Weight Functions and Accuracy

If we treat the passband more important than the stop band
W(f) = 1 in the passband, 0 < I¥(f) <1 in the stopband
1.5 ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘

| — Hq(F) |
0.5/ \ /H(F) ]
ol
0.5 | | | |

| | | | |
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

If we treat the stop band more important than the pass band
0 < W(f) <1 1n the passband, W(f) =1 in the stopband
1.5 ‘ ‘ ‘ ‘ \ \ \ ! \

1 _HP)
o5l AN — H(F)
ol N

_05 | | | |
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
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Larger error near the transition band

1.5 :

W(F)

-0.5 - —
| | | | | | | | |
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
1.5
1 — T — — _— ™ |
- \
AN
\
0.5 \ -
oL e _ ]
-0.5 - —
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45
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@ 2-L FIR Filter in MSE Sense with Weight Functions

k
= s[n]cos(27nF) ¥ ¥ PR pages 49~51

1/2
MSE=|"w(F)

=[ 7 (F)

ag[n] -1/2

R(F)~H,(F) dF F=f1f

iS[Z‘]COS(Z?Z’TF)—Hd (F)] dF

OMSE _ o W(F)cos(2znF) (iS[T]COS(27Z’TF)—Hd (F)JdF=0

7=0

h= o,t, vk Cohpaveo‘ 4o Ya?f 47
(2znF)cos(277 F)dF - 2_[12W§F F)cos(2znF)dF =0

22 S[T]J D W cos

1/2

n=0~k

iR j W (F)cos(2znF)cos(2z7 F)dF #0 whenn# 7

(not orthogonal)
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-1/2 - -1/2

87

Zkls[r] " W(F)cos(2znF)cos(2z7 F)dF = v W(F)H,(F)cos(2znF)dF

¥ 11 4 77 & (k+1) x (k+1) matrix operation

=0 =1 7=2 t=k

n=0 [B[0,0] B[0,1] B[0,2] --- B[0,k][s[0]]
n=1 B[1,0] B[1,1] B[12] --- B[Lk]|| s[1]
n=2|p[2,0] B[21] B[22] - B[2,k]]| s[2]
n=k | B[k,0] Blk1] B[k,2] - Blkk]| slk]]

B S

1/2

T =0~k,

o
CM]
Cl2]

n=0~k

| CTk] ]

= C

—

. S=B1C

B|n,7]= L/zW(F)cos(27an)cos(27sz)dF When W(E): |

1/2

Cln]=], W(F)H,(F)cos(2znF)dF

BmTY =T

L

2
0

o 7]
\/2 .
N Va




| ;' ' '
2' \ \ s ) +
-5 -F,-F, 0 Rk 9%
Q - Is it possible to apply the transition band to the FIR filter

in the MSE sense?

[t _ _ 2
MSE =? f ‘&W(t)lk(c)—H,'.IL)ILAF +£ - w ()| RIF) HalF) d E

-90.5

*( *5we)| pir) HalP) [ F
>

~F, F 05
wdF F [ - dF + Cedbg[ e dF

for Blnr]=? [
- -

C]

N‘* v \-



® 2-M Four Types of FIR Filter

h[n]=0forn<O0Oandn>N L s N
N-1
H(F)=) hlnlexp(—j2znF)
n=0
k
e Type 1 ZS ]cos 27Z'nF) < 2T R T 24 T
"~ Type 1

h[n,1=h[n,—n] and Nis odd.

(even symmetric)

k= (N-1)/2
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e Type I:

e Type 2:

e Type 3:

e Type 4:

k 90
R(F)= Zs[n]cos(27an)

h|n] = h[N—1—n] (even symmetric) and N is odd.

R(F)='3 slnlcos(2r(n-1/2)F)

n=l1

h[n] = h[N—1—n] (even symmetric) and N iseven.

R(F)= is[n]sin(ban)

hln] =—h[N—1—n] (odd symmetric) and N is odd.

R(F) = ki/:zs[n]sin(27z(n—l/2)F)

n=l1

h[n] =—h[N—1—n] (odd symmetric) and N is even.

k=(N-1)/2
f MSE
cubstitute RF) o poge 41
by +\\e (ovlesP':hO'Wg, '&Q"C*’w}



e Type 2: When /[n] = h[N-1—n] and N1iseven: 91

(even symmetric)

& y[n]=h[n+k], wherek=(N-1)2 GLR PP k3 5 i)

: (** $i2 page 45)
e e
LD : .
hO] R[] h[k-3/2] W[k-1/2] | h[k+1/2] h[k+3/2] A[N-2]  h[N-1]
-k r[-k+1] A-32] 121 1 A12] H3/2] fh-11 k]
COs[112 s[212 s[k-1/212 s[k+1/2]/2

k  S[n1/z: ¥ ln-i]



'52 vl e PP S oy @FF

; - i 92
% R(F)=) rlnlexp(—j2znF) "™ R(F)=e™ ™ H(F) ¥
n=—k 2 = rCh]cos(27uF)
n:l/2
k
R(F)= )Y {rlnlexp(—j27nF)+r[-nlexp(j2znF)}
n=1/2
k
= Y r[nl{exp(-j2znF)+exp(j27rnF)} = ZZr Jcos(2znF)
n=1/2 n=1/2
k+1/2 / | |
R(F) ] nzzll S[n]COS(zﬂ.(n _1/2)fvj n(new) - n(old) +5 n(old) - n(new) _5

s[n)=2r[n—-1/2] n=1,2, ..., k+t1/2

K3 s[n] 2 14

r[n] = s[n+1/2]/2, hln]=r[n— k],



(for m«mma)() 93

Design Method for Type 2 C o;(o(-l-B) (exo{ CogP ~¢in Ksinfl
k+1/2 COS(O“-#) '(OSD((“.ﬁ +S(MD(5M\K
R(F) = Z S[n]COS(27Z(n —1/2)F) —-—((05(0(45)4_(0‘(0({)) T (ogpl cos R
n=1

d > ndfontl 3 3 4p4c ¥ ¥
cos(27z(n—1/2)F)+cos(2z(n+1/2)F)=2cos(x F)cos(2znF)

el e o D2 | R(F) e A g &

ky
R(F)= cos(ﬂF)Zsl[n]cos(27rnF)

n=0

F5[n] ﬂ}r' S[n R enfd

Zsl n]cos(7F )cos(2znF)

n=0
ky ky
- Z%sl[n]cos(bz(n—1/2)F)+Z%Sl[n]cos(27z(n+1/2)F)

ky+1
—Zzsl n]cos(2z(n—1/2)F +22S1[” 1Jcos(27z(n—1/2)F)
nnew 2 Noa +)
Ngaz Nnew -\



ky ky+1 94
R(F)=Y"Ls[n ]cos(27z(n 1/2)F +22s1n 1Jeos(27(n~1/2)F)

n202 ] "
n= 0 = 1~k, n =1~k N e k1
v o ¥ .
R(F):%S1[O]COS(7TF)+Z;( s [n ]+S1[n 1])cos(27z(n 1/2)F)
=1 T
R for T
+ 5[k Jcos(27z(k +1/2) F ;
2 il ( ( )) n/;l n=2~k
< !
R(F):(31[0]+%S1[1])COS(7TF)+ > %(Sl[n]+sl[n—1])cos(27z(n—1/2)F)
n=2
+%S1[k—1/2]cos(27r(k)F)

forn=2, 3, ....,k—1/2

S[k+1/2]:%sl[k—l/2
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err(F) =[R(F) = H,(F)W (F)

n=0

cos(ﬁF)k_Zl/fsl[n]cos(ban) -H, (F)}W(F)

kzl/fsl[n]cos(brnF)—sec(ﬂF)Hd(F)}cos(ﬂF)W(F)

" \/ -

£ % 4 pages 58-61 ch 2 E ¢ [ (F) 3 sec(7zF)H,(F)
4 e —

Zk:S[I’l]COS(Zﬂ'

n=0

W(F) # = cos(z F)W(F)
k #= k—12=N2-1

;;F) ~H, (F)}W(F)

AR s [n] feos[n] 22 B enbg e



Design Method for Type 3 sTh(x+8B) = sincosR +sinB cos 00
S (k-B) = STux (ospR —'S'mPrOSN

X2 W[~
S n— lffr'n-l-ll:higifg,)g\\f = FI2T [
sm(27r(n+1)F)—s1n(27z(n—1)F):ZSin(Zﬂ F)cos(2znF)

ZS Isin(2znF)

sy R 7 ;*é’kR(F) 22 L

R(F)=sin(27F) ZSI Jcos(2znF)

n=0

n] fe s[n] 2. & kg %

ki

ky
R(F)= %Z_(;sl[n]sin(bz(n +1)F) —%Zsl[n]sin(Zﬂ(n ~1)F)

n=0

ky
:%ZSl[n]sin(27z(n+1)F)+Slgo]sm 2 F ——Zsl Isin(2z(n—1)F)

ky+1
2ZS1 n—1]sin(2znF)+ 50] (27 F) ——Zsl n+1]sin(2znF)



i
!

R(F)="in 2z F)+1(5,[01-5,2])sin(27 F)

2 2

i fey—1
i)
1
2

~si[k, —1]sin (27 k, F)+

£ o ky=k— 1, i F

s[1]= 5[0]- 1 s,[2]

s[n] = ;Sl[n—l]—ésl[n +1]

S[k—l]:ésl[k—z]
S[k]zésl[k—l]

1

2

(s,[n—1]—s[n+1])sin(2znF)

sk 1sin(27(k, +1) F)

forn=2, 3,...., k2

97
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err(F) =[R(F)~H,(F)W(F)

= sin(ZﬂF)kZ_isl[n]cos(ZﬂnF)—Hd(F)}W(F)

k-1

= Zsl[n]cos(ZﬂnF)—csc(27rF)Hd(F)}sin(ZﬂF)W(F)

n=0

44 pages 58-61 e 2 & ¥ 5 H (F) 4 = csc(27 F)H ,(F)
W(F) ¥ = sin(2z F)W(F)
ko FE = k—1

A Ros[n] fes[n] 2 B b 2w

(Think) : Design the Method for Type 4



‘4= © H Matlab / Python #23;% & /1 g ¢

- N AFARENE T BN L PR

(1) e 53 7 feix Bl P pcri@ B > RIFS D) B b > 02 & 438 5 pr
(2) B - ML TpEE o 2R NG L PR (‘Fﬁ]%lﬁ]k‘* % % debug)
(3) /P \—,qJ:(‘FE? E ml]l]-'i‘ ’ ’3\' J:é lﬁﬁ /? Fé‘};@ gﬁ' m];lJ

» Matlab B 423" 4% 7 hgt37

Iy

(1) & B8] s ﬁfﬁdﬁ*'w. e
(2) ¥ & i@ * Matrix 2 Vector operation
Example: ¢ 1 4c $]100 > * Matlab — {7 ,T%? 23
sum([1:100])
Elr i L -]
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= ~ - &€ & ¢HMatlab 35 £

(1) function: 3 &% — 7 » 7 M E-FE B A2 70 S 50 1
(2) tic, toc: 3+ & PF R
tic = B 4n2-PF > toc & B o PR RF
(3) find: 3% & - B vector § » # &3t 0 erentry i ¥
# & find([1 00 1]) =1, 4]
find(abs([-5:5])<=2)=[4, 5, 6, 7, 8]
(%1% abs([-5:5])<=2=[00011111000])
(4) " : Hermitian (transpose + conjugation) > . ' : transpose
(5) imread: 3% ] ° image, imshow, imagesc: #-Bl &+ 1) k »
(X &= ¢ Matlab *% ~ imread & {- double I *
A=double(imread(‘Lena.bmp’));
(6) imwrite: %l # Bl %



(7) xIsread: ¢ Excel 4% B~ 7
A=xlsread(‘#} &°, ‘1 (T4 &

b 4o

A = xlsread(‘test. xIsx’, ‘1 ¥ % 1°, A1:D50);

(8) xlswrite: #-F 4L & = Excel

(9) aviread: & B~ video %

(10) dimread: 3% B~ *.txt g% H 4 : Ef“;‘]ﬁ; xenF oA
(11) dimwrite: #-FALH = *txt & 2 @ A8 %

101



® B Python 'R AEX T it § ¥ 1€ & 4 4 v
RS E e
pip install numpy
pip install scipy
pip install opencv-python
pip install openpyxl # for Excel files

(1) T & S5\ ;@ % def

Q) EEF

import time

start time = time.time() #EB~F = pF ¥
end time = time.time()

total time = end_time - start time #3* 5 PFR X K @D AN 7R

BOBH2021# T s HrehiE Y ik B
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(3) W B~BlAn ~ 3 & BlAR(E 3R & ™ opency)
import cv2
image = cv2.imread(file name) #3f 3k color channel = BGR

cv2.imwrite(file name, image) #7% “#-color channel# 3> BGR

(4) & tHarray® s X 4F T i ip i ¥
(#p % *% Matlab  find :}% Z)
import numpy as np
a =np.array([0, 1, 2, 3, 4, 5])
index = np.where(a > 3) # ® @ array([4, 5])
print(index)
(array([4, 5], dtype=int64),)
index[0][0]
4
index[0][1]
5
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Al=np.array([[1,3,6],[2.,4,5]]) A = B j 2}
index = np.where(Al > 3)
print(index)

(array([0, 1, 1], dtype=int64), array([2, 1, 2], dtype=int64))

(% &% &AL >3 engeni= ¥ g 4E 5 [0, 2], [1, 1, [1, 2]
[index[0][0], index[1][0]]

[0, 2]
[index[0][1], index[1][1]]

L1, 1]
[index[0][2], index[1][2]]

L1, 2]



105
(5) Hermitian ~ transpose
import numpy as np
result = np.conj(matrix.T) # Hermitian
result = matrix. T # transpose

(6) 7 Python § ¥ & P~ Matlab § ¥ 7 mat 4}

data = scipy.io.loadmat('***.mat")
y = np.amay(data[y) # B y £ ***mat § ¢ g A

(7) % Python § ° 3f B~ Excel #§

import openpyxl

data = openpyxl.load workbook(‘filename’)
datal = data[‘1 ¥4 %]

A = [row for row in datal.values]

Al =np.array(A)

Al =np.double(Al) # Fl#iciE i
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® 2-M Frequency Sampling Method

B3k designed filter A[n] % & 5 n e [0, N—1]

filter enZBc s N, k=(N-—1)/2
remember:

e Frequency Sampling £ A~ 44 H (f) = H (/)

% H[(f) &_desired filter 7 discrete-time Fourier transform

R(f) &_r[n] = h[n+P] < discrete-time Fourier transform

+ m _ m
g R(Nfs)_Hd(NfS) form=0,1,2,3,...... ,N—1

/. : sampling frequency

-

% 11 normalized frequency F = f/f. % 77

R(M)_Hd(M) form=0, 1,2,3, ...... ,N_l

N N

(see page 110)
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22l = o1k

Step 1 Sampling H, (%) form=0,1, 2,3,

N-1
Step2 |5 %Z ()eXp( 27]{,””’11) n=0,1,.... N-1

¥k R o r[n] . H (m/N) 0 inverse discrete Fourier transform (IDFT)
Step 3 When N is odd

r(n]=n|n] forn=0,1,...k k=N-1)2
rln]=r[n+N]  forn=-k -k+1,...,—1
LR ] PEE L ne [F(N-1)2, VN-1)2]

Step4  h[n]=r[n—k] k=(N-1)2
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Proof:

A7 0 % R(F)AE_r[n] e discrete-time Fourier transform

o0 k ' k | 1 |
Z r[n —j2rFn _ Z r n]e_]ZﬂFn _ Zr[n]e—JZﬂFn + Z r[n]e—Jzyan
n=-00 - -

n=—=rk n=0
—j2xF —j27F N —2F
rn]e’”” Z n+N JRRE(+N) Zr S

-1
n=—

R(F)

I
M»

i
[e)

When F=m/N
We apply the fact where e /**" = /""" when F=m/N)
ppPLy

R(m/N)= %rl[n]exp( ]Z%m )

n=0

x o % p[n] €. H(m/N) i inverse discrete Fourier transform (IDFT)

N-1
(% = DFT {r[n n;)rl[n]exp(—jz;ifmn)
gty



\-\,‘(T.) Ha (F-H)
Example: N=17 e r—Fj J‘*—1

'
\

H(F)=1 for-0.25<F<0.25, 25 0 05

110

H(F)=0 for-0.5<F<-0.25, 025<F<0.5

(Step 1)
[1,1,1,1,1,0,0,0,0,0,0,0,0,1,1,1,1]

F=I/N_ 15 | | |
\ Ha(F) ]3_ 13 14
1\ fl [} m 1 &
/ﬁ/
0.5 |
F=2IN “ W

0r - . _

-05 ! ! ! !
0 0.2 0.4 0.6 08 F 1



(Step 2) 11
r[n] =ifft([1,1,1,1,1,0,0,0,0,0,0,0,0,1, 1, 1, 1]

=10.529 0.319 -0.030 -0.107 0.032 0.066 -0.035 -0.049 0.040
0.040 -0.049 -0.035 0.066 0.032 -0.107 -0.030 0.319] ,=0~16

(Step 3)
r[n] =10.040 -0.049 -0.035 0.066 0.032 -0.107 -0.030 0.319 0.529
0.319 -0.030 -0.107 0.032 0.066 -0.035 -0.049 0.040] n=-8~8

(Step 4)
B E Rkt ke filter Aln] 3 BEeh%E 5 n e [0, 16]
hin]=r[n—8]

=[0.040 -0.049 -0.035 0.066 0.032 -0.107 -0.030 0.319 0.529

0.319 -0.030 -0.107 0.032 0.066 -0.035 -0.049 0.040] n=0~16
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\|/ T I T Y T T T/
04F 71 !;n] (Step 2) | -
1 , .
? ¢ Vo9
02f | | P
0% _co 9a |l a9 oo 9o |il
N ¢ o PN | /L | Sbf - ¢ v 4
15 -10 -5 0 5 0. 15 20
T | pras ~<C ,/O’// T | T
- = - i
0.4 r[n] (Step 3) \ yTnlz r vl
02 n-¢~8 -
0 : 5T : 5T
l | i & l é i $ l o | l
-20 15 10 . -5 0 5 10 15 20
I \~I-__‘ I I
04+ -
h[n] (Step 4)
02 .
n:0~\6
0 . ?o - - ¢ 2
| | | | d) $ | d|>
20 -15 -10 5 0 5 10 15 20



Frequency Response in terms of R(F) R (%) -H, (%) 113

o0

R( F) — Z ,,[ n] i R(F) t=sample frequency % **H (F)
Z;:[n] 1S me Error 2t equal-ripple

1.2 | : ‘ ‘ /
R IS
Hd(F) /
0.8+ i
/ R(F) | +
0.4+ | J/ :
02 ]
hen T2 N Y
v N 02 02 04 6 1

0 O
R (" ) 2 YD“] e” R Z' nne el -R:'( (hT_h'l) S‘:’ij it Hdk'ﬂ)

“e The approx1mat10n error tends to be highest around the transition band
and smaller in the passband and stopband regions. Hd[ ) =R (‘ﬂs
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Error is larger at the edge

: : : 1.5 ‘
=17 N =33
AN 1 A Jﬂ
0.5 \ /
\L AN N / 0 AN ANDA
U NS U U VoY W U
‘ ‘ ‘ 0.5 ‘ ‘ ‘ ‘
0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
-1/
Giibb's
15 ‘ - A hoh
49 N =65
ﬁv/\ 1 m\ﬂ Lo
A\
H f 05
\‘\f ﬁJ i N
U \v/\\/\ _ AN /\U U i o L HJ\U/\U N ;\Vf\vry
-0.5

0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1



1.5

1\1 J 7 < C

0.5+

-0.5
0

1.5

1\1 J 7 < C

0.5

-0.5
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2 > ° 116
T

(1) Frequency sampling 77 j24f 2 5 § ¢ & p >
e {8 41k e filter 7 3 optimal

(2) Ripple = -] & it 25 > /i 2% MSE - Minimax 2. &

(3) ¥ 14 * 2% Z_ transition band 17 3% > K> passband §v stopband =
ripple ¢ (In transition band, R(m/N) # H (m/N)).

R o 4oiP K Z_transition band R(m/N) 97 > & passband §- stopband £
ripple % & B ......... Z & 1% linear programming o

(EEPFERE2 )
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@ 2-N = # FIR Digital Filter 2% 3* = j% & f&

® MKFTE A
MSE : miegrals, matvix
Minimax : mest complica ted (vecum'vc)
frequency sampling : simplest ({Ft)

o 1% E A
MSE : o (onstvaint
Minimax : often used ™ pass-stop band Pilovs  transition band s

frequency sampling : weight function cannot be arrheol M“e“q'/
o AT E M

MSE : minimize the mean cquove ervor

Minimax : m(nimize the wso\x‘twml' evrov

frequency sampling : , o+ OP-(;;“MI



The 4™ Method for the FIR Filter Design?

DFT IDFT
X[m]—— Y[m] = X[m]H[m]

H[m] =1 for passband
H[m] = 0 for stopband

x[n] yln]

COMHeKT—f/ o DFT: Wb?“”)

comple ¥ty of  other FIR methads O (M)
Ntlengﬂ. (£  f N> fiHer lewgth

Q: Why do we not apply the method?
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@ 2-O Implementation of the FIR Filter

yln] =x[n] * hln]

convolution
(1) # * FFT

yln] =IFFT] FFT{x[n]}x FFT{h[n]} ]

(2) ® £ i summation ¥

(3) Sectioned FFT

119



Vin] = x[n] * h[n] 120

(2) E £ /¥ summation

B3k h[n]=0forn<0andn>N

y[n] = h[0]x[n] + A[1]x[n—1] + ..... + A[N 2]x[n—N+2] + A[N —1]x[n—N+1]

e & h[n] = h[N—1-n] (even symmetric), N % odd

y[n] = h[0](x[n] + x[n—N+1]) + A[1](x[n—1] + x[n—N+2])
+ oo Y A1 (X[n—k+1] + x[n—N+k]) + h[k] x[n—k]

k=(N—1)2



3. Theories about IIR Filters

® 3-A Minimum-Phase Filter

e FIR filter: The length of the impulse response i1s finite
usually linear phase (i.e., even or odd impulse response)

always stable

e [IR filter: (1) May be unstable
(i1) The length of the impulse response is infinite.

(Question): Is the implementation also a problem?

Advantages of the IIR filter:

121
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e [IR filter: The length of the impulse response is infinite.

— try to make the energy concentrating on the region near ton =0

— try to make both the forward and the inverse transforms stable

using the minimum phase filter.

Ao‘van“ages of the mTnTimuwm rhme -Fll.ecy-

@ (All the poles and all the zeros are within the unit circle.)
Tt mokes both the forword and the Tuverse transformg

@ [t wakes the impluge response (oncentwited oyouns Os.fabl e
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Z transform H(z)= i h|n]z™"
C (z—zl)(z—zz)(z—z3) """ (z—2g)
(z=p)(z=p,)(z=p3) (2= ps)

H(z) can be expressed as

P> P2 P3s ----- » Ds - poles Z1s Zy Z3y evve 5 Zp - Z€YOS

e Stable filter: All the poles are within the unit circle.

e Minimum phase filter: All the poles and all the zeros are within the unit
circle. — -

e, |p<1l and |z|<1

If any pole falls outside the unit circle (|p,| > 1 ), then the impulse response
of the filter 1s not convergent.
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IfR>S, O(z") is a polynomial of z-! with degree R-S.

Q(Z_l):% "‘%Z_l "'"""QR—SZ_(R_S) 20 h y )“
N
Z (Asp/am): ZAshe 2 Ry
IfR<S, Oz =0. g h=b A,
/’ Z—l . s )._P’_z-‘
i y . 1nverse Z transform
h[n]=2" o ARl At

uln]=1 for n20,

If|pJ <1, limh[n]=0
Ips| nl_l;Elo [l’l] u [n] =0 otherwise.

Ifp|>1, limh [n]—> £
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Therefore,

S
h[n]:C(q[n+R—S]+ZhS[n+R—S]j

A

FIR filter geometric series

where
g|lnl=q, forn=12,--R-S

h |n|= A plu|n] fors=1,2,....., 8
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Thus, the minimum phase filter is stable and causal.

The inverse of the minimum phase filter is stable and causal.

2) = (z—z)(z=2)(z—z) (z—2z)
N ) p) )

1= pz ) (1= poz ) (1= pyz 7)o (1= pg2z™")

H—l (Z) _ C—l ZS—R (

o ® poles O Zeros
unit circle |z| = 1 P

e

Re(z)
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@ 3-B Converting an IIR Filter into a Minimum Phase Filter

B (Z—Zl)(Z—Zz)(Z—Z3) ...... (Z_ZR) 3B
H(Z)—C(Z—pl)(z pz)(z p3) ...... (Z_pS) amplitude

Suppose that z, 1s not within the unit circle, |z,[> 1

2) = (z-=z)(z-2,)(z—z) (z—2) z=(z,
I e p) ) ) | 2

(Z—Zl)(Z—(Zz_l))(Z—Z3) ------ (z—2zz) yc\)h(c Za ”] 2;:'
(Z_pl)(z p2)(z=p3)- (2= ps)

Z, = e’ / >< “
3 Zz_l = lem ¢ - Re
i K

:Z2

I
N
Q
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In fact, if z=e*"" (see page 29), then H(z) and H,(z) only differ in phase,

‘Hl(F)‘:‘H(F)‘ — _
(proof): z zzi) ZU"’ 2)2) )(Z:Z’")
. f\ plitude alre ]
Zzz—(Zz_l) 222(22—1)2_ _@3

: — jen T~
when z=e*", z7'=:z when Z=€d
(¥ =12 )

e We call the filter whose amplitude response is always 1 as the all-pass filter.

-1
Z, 27(z) is an all-pass filter
Z— 2,
e One can also use the similar way to move poles from the outside of the unit
circle into the inside of the unit circle.
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Any stable IIR filter can be expressed as a cascade of the

minimum phase filter and an all-pass filter.

H(z) :1IR filter, H, (z): minimum phase filter, H,(z): allpass filter

H(z)H,, (2)=H,,(2)

stable and causal all-pass minimum
IIR filter filter phase filter




Example: /S'('GMC (h,,lc]:.‘o,.q <‘ . 131
— (z+0.6)[z—(1.6+1.2))] but not miTnimum phase

H - . -
(=) z—0.9 | 1n64123] =2 >) \
! -=0.4-0.3 conjugates with 0.4+0.3 Z: | 61 k2§
1.6+1.2; =2(o~310\6})
— . -' i
H,(z)=(1.6+1.2) 001 80;”'3])] 27 L (0.8-06;)
z . '2___‘2- = 3,.(0'&'('°~6&)
h[n], h,[n] are the impulse response of the two filters H(z) and H,(z) 204 +
25 | | | | | | | }o‘g
2 |

15 hin] (origin)

h,[n] (minimum phase)
1

0.5

0 5 10 15 20 55 30 i =
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® 3-C The Meaning of Minimum Phase

Another important advantage of the minimum phase filter :
The energy concentrating on the region near to n = (.

H(z)=C (z-z)(z-2)(z—2) (z—zp)

)
(z=p)(z=Dpy)(z—p3) (z—ps)
(

Z‘{ ! }:as[n] a,[n]=0 whenn <0 a,[n]=p; whenn=>0

smaller |7 |, converge faster

zZ! [1—42‘1] =b.[n]  bJ0]=1, b[1]=—z., b[n] =0 otherwise

1

n=0

‘nzl




Phase is related to delay

discrete time
Fourier transform

x[n—7] >e_j2”fTA’X(f)

Minimum phase — Minimum delay

individually in the previous page!!

The multiplications in the Z domain (frequency domain) are equivalent
to the convolutions in the time domain, so we could analyze each term

133
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(Question): How about the case of |p,| =1 or |z | =1?

Note:

zZ! ! < |=a,[n] a/[n]=0 whenn<0 a,[n]=p! whenn >0
1—pSZl S

When |p,| = 1, the response is finite but the energy is infinite.
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NIAPM 2 ¥

"Gabor transform”

gm0 mEEREgE (FR)

Iscrete gabor transforn

S Qian, D Chen - Signal Processing, IEEE Transactions on, 1993 - ieeexplore.ieee. org

AR AIE SRS RE FEEEEE -

Abstract-The Gabor expansion, which maps the time domain signal into the joint time and
frequency domain, has long been recognized as a very useful tool in signal processing. Its

applications, however, were limited due to the difficulties associated with selecting the .
WA 30128 MHEEXE  zEbdt O Rk 7 SHETmEESRE

[PS] On the Asymptotic Convergendge of A-Spline Wavelets to Gabor Functi
Member, IEEE, Akram Aldroubi, and Murray Eden, Life Fellow, IEEE

M Unser - IEEE transactions on informatior theory, 1992 - bigwww. epfl.ch
of the I|m|t specified I::-u thE- unc ertamtu

| 1

rinciple. Index Terms—Wavelet transform,

~ " n r

FEIY TRWY oV BRE P Re
ENM=FB RNl 350
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4. Some Popular Filters o

® 4-A Popular Filters (1): Pass-Stop Band Filters

highpass bandpass lowpass allpass bandstop

very Navrow Lrangsiton bavof

notch filter: ®EipH F=F, / foise » 12 stop band A% -] 3% 4F

|I
15‘
o)
i»
|

f s
j%{ iy Ce, €

F=0 Fo F=0.5

;wF,m

|

Question: Why the notch filter is hard to design?
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® 4-B Popular Filters (2): Smoother (Weighted Average)

™~
% i@ H 7 smoother: 17 12 low-pass filter
n+L
1
find the average  y[n]= YA T:nZ_L X[ 7] oET
—
SETE R —-l - N
hn
y|n]=x{n]*h[n] ] . L L
h[n] ‘&r’”éﬂ ]Tﬁi‘] T T _________ T T
—0O0-0 OO0
_L 7

L

y[n]=) xln-7lhlr]= D x[n—r]le+1 = 2L1+1 > xn+7]

7=—L

143
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— 4 4] fx 77 smoother

y[n]=x[n]*h|n]= Zx[n —7lh[z] = Al |, (o1 + (XC“ H] fZ(_M-l])LZ‘]
T Hapwd +A-2]) h 2]
+(x(2 131 + A-31 W3]
Choose (1) i[n] = h[—n] 4.

(2) |Alm ]| < |A[n,]] 1f | ny | > |0, |

0.2

(3) A[n] = 0 for all n

0.15+

(4) 2h[r]=1

ODZW?TT ﬁw

-6 -4 -2 0 2 4 6
T

Z @ & & % % |n| L e even function ‘%’K? ™ = smoother filter
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Example:

-50 -40 -30 -20 -10 0 10 20 30 40 50

After applying the smoother filter

1.5

1F
ylnl, .|
0 L

-0.5+

_1 | | | | | | | | | | |
-50 -40 -30 -20 -10 0 10 20 30 40 50
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Smoother #_— f& lowpass filter (&2 7 5 pass-stop band filter)

% % smoother 1 ¥ + 5 vl 74 * 9

(:) extract +vend
(10 extract  lowvge —scor[ed foa-fures
7i7) nolse remova|
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® 4-C Popular Filters (3): Family of Odd Symmetric Filters

(a) Differentiation H(f) =j2xf when —f, /2 <f<f /2,
H(f) = H(f + f,)
(b) Difference (- B f§ ¥ B~ % differentiation 7> ;%)

217((}44:1 hit] 1 Hinl
x[n]=x[n]*h[n]=x[n+1]-x[n] "——— T

hln]=1whenn=-1, h[n]=-1whenn=0, 1
h[n] = 0 otherwise

H(F)=j2e"" sin(zF)

These two filters are equivalent only at low frequencies



5101 VEES X (F) = X(F) M) IZTE T 1]

(C) Discrete Hilbert Transform (11T R Elde v 2 148
HF)=- for0<F<0.5 h[n] T .
HF)=j  for-05<F<0 H(F) = H(F+1) “%_"‘
H(0)=H(0.5)=0 | ,,
h(n]= % when 7 is odd, /#[n] =0 otherwise 37 2

single ~cided bewd 7

Applications: (1) analytic function, (2) instantaneous frequency, (3) edge detection

far real 7“:"'1, X(F): X*“F) yinl5 x(n-17 h (t]
Analytic function:  x, [n]=x[n]+ jx, [n] 'Eh[\d‘]- 4]
where Xy [n]=x[n]*h[n]

nisih ~ACntl
Xa(F)=X(E) +3XHEY  A[r1 < RelAalm) L 3+i“%37((7‘['1"1 AC+)
* X(F)4 30(F) X(F) ; “5*] An2] )
(HIHEDX (F) (¥p33- 958"
I+FH(Fyz (2 £ F0 4ot
| 4 F=0

0 ¥ ¢V
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(D) Edge Detection <— 17 12 high-pass filter

(1) A[n] = — h[-n]
(2) [l ]| < |A[ny]| 1 [ny| > |ny)

or the shifted version of /[n] satisfies the above two constraints.

Difference = discrete Hilbert transform 3% ¥ * iF edge detection

(1) =™ & £ S ¥ |n| {LF £ odd function » #8¥ 12§ = edge detection filter

(2) The edge detection filter is in fact a matched filter.

Reference

S. C. Pei and J. J. Ding, “Short response Hilbert transform for edge detection,”
IEEE Asia Pacific Conference on Circuits and Systems, Macao, China, pp.
340-343, Dec. 2008.



noisy

ramp
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At . .

1T
0.5}
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0.5
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1T
0.5}
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0.5
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noisy

ramp

-0.5¢

Input Discrete Hilbert Transform
1.5F 2
|
0.5+
0
0.5 , . . . 1 > . . . .
0 20 40 60 80 100 0 20 40 60 80 100

0 20 40 60 80 100 _ 0 20 40 60 80 100

0 20 40 60 80 100 0 20 40 60 80 100
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Other Well-know Edge Detection Filters:

Canny’s Filter

L. Ding and A, Goshtasby. "On the Canny edge detector," Pattern
Recognition, vol. 34, issue 3, pp. 721-725, 2001.

Sobel filter (A 2D Edge Detection Filter)
Tm% M 221m (M nH) <2Imlm,n-1)

5 . Tn{ a0 = Ty (), 170 Tt 40

W1 0 -1 (1 2 1] ~Im(m),n)
horizontal |2 (0 -2 vertical | 0 0 O
Mz 11 0 -1 -1 2 1]
0 -1 -2 2 -1 0]
45° |11 o0 135° | | o
2 1 0 0 1 2




Sobel Operator (Horizontal)

{24[m, n+1] —2A4[m, n-1]+
Alm+1, n+1] -A[m+1, n-1]+
A[m-1, n+1] -A[m-1, n-1]}/4

n

11 10 10 10 12 11 10 9 10

10 10 11 10 10 10 10 11 9

9
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1 0 —1]
A * 2 0 -21/4
1 0 -1
0 35 13525 0.25 [ -355| -35 -0.5




Sobel Operator (Vertical) 1>

024[m+1, n] - 24[m-1, n]+ 1 2 1]
Alm+1, n+1] -A[m-1, nt1]+ A * 0O 0 01/4
A[m+1, n-1]-A[m-1, n-1]}/4 o

11 10 10 10 12 11 10 9 10

10 10 11 10 10 10 10 11 9 -0.5 | 34.5 |104.25(138.75] 104 35 0.5
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Sobel Operator (45°)

0 -1 =2
{24[m-1, nt+1] - 24[m+1, n-1]+ Ax |1 0 -1|/4
A[m-1, n] —A[m+1, n]+ 2 1 0

A[m, n+1] -A[m, n-11}/4 ! ]

n

11 10 10 10 12 11 10 9 10

10 10 11 10 10 10 10 11 9 0.25 0.25 |-33.75| -104 [-104.75/-70.25| -0.5

9
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® 4-D Popular Filters (4): Matched Filter

Used for demodulation, similarity measurement, and pattern recognition
“Edge and corner detections” are special cases of pattern recognition.

To detect a pattern 4[n], we use its time-reverse and conjugation form as

the filter (correlation)
yln)=x{n]#h [-n] = 3 xln—c]h [r] = Y xln+c]i [7]
o it A[n]#0for s <n<r
x[n]: input pattern, A[n]: the desired pattern hi — —hE¥]
= 3 AT -TIhiT] —
2-D form: A% '{. ] H'n]‘\_ _l_r Pﬁ'_ h]

LA _]Jae Vﬂ'kl —n~ T

y[m,n)=x|m,n|*h"[-m,—n] = ZZx[errner] [z, p]
o ht"] Ny

AT Al

if hfm, n]#0for 7, <m< 7, p1<n<p2,
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4

R It e L

0 0 15 20 25 30 35 40
4 I I
o]
0 ? \ \ \ \ \ \ \
0 5 10 15 20 25 30 35 40
20 - ‘ o1 -
" | [ll)s....
O?TTT?QU@TTTT?QUQ?T T?®V®Q?T?©o®? T@UU
0 5 10 15 20 25 30 35 40
y[n] = x[n]*n*[-n] The result of the c.:onvolutlon
should be normalized!

NI
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e Normalization Form

&)

2 X[n+z]h[z]

=17 n+T2

when ) x[s] =0

ylnl= = -
\/ > s1Y ] alsT’

§=n+1] §=T]

n+t

J’[n] =0 when Z:z \x[s]\z =0

s=n+1;
2-D Case
.~
ZZX[M+T,n+p]h*[z’,p] m+7, n+p)
__ =np=p Z Z ‘X[S V] 2 £0
y[m,n] m+ty,  n+p, P when n - >

\/Z > [l v D s vl e

s=m+1) v=n+p, s=1) v=py

m+2'2 7’l+,02

y|m,n]=0  when Z Z ‘X[Sa"]

S=m+11 V=n+p0|

2:O
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_____________________________________________________________________________________________________________

] 5 ?T?I I)W . ?TI}T 9999, Tm J
h[n] zC(EO T ‘5 10 15 20 2‘5 30 35 40
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e Normalization and Offset Form

S [+ 2] 51 ]
y[n]= \/T . - when Z x{s] #0

S s]—x 051 Y. mls) o

S=n+1y s=1y covve la'H'O"\ [OCGPTCTP%
n+ty - E((X‘X)( Y~—~?>>
y[n]=0 when Z X[s1-x,[s] =0 Sy Sy

= X2L(0), Ge:qFH[ XD
AN

_ davol
where h[s]=h[s]- o~ 71 3 ;h h[s]—mean(h[s]) di:;:h: A
X,[8]= - _171 T niz x[s] (local mean)

s=n+1|
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Comparison:

Correlation in Probability

; > (gln1-g,)(Hnl=h,)
g.h — n

e \/Z(g[n]—go)zz:(h[n]—ho)z

n

corr(g,h)=

g = %Zﬂ‘,g[n] hy = ﬁzn:h[n]

N: length of the sequences



e Normalization and Offset Form for the 2D Case

2 P2

Z Z x|m+z,n+p|h [z, p]

=11 p=p|

Z Z ‘x[s,v]—xo[ , ]2

s=m+1) v=n+p S=T1 V=P

m+ty,  n+p,

162

when Z Z \x[s,v]—xo[ks*,v]2 #0
S=m+T1 V=I’l+p1
m+ty, n+pp 5
y[man] =0 when Z Z ‘X[S,V] _XO[S,V] -
S=m+1] v=n+p,
B 1 ()
where /y[s,v]=h[s,v]——— P SZT;VZ,;I hs,v] 1—mean(h[s,v])

m+ty, ntpPy

1 1
z-2_2-1_|_1'02_'01—|_1s:m+2'1v:n+,01

Xols]= x[s,v]  (local mean)



Normalization and Offset Form 163

10 15 20 25 30 35 40
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® 4-E Popular Filters (5): Particle Filter and Kalman Filter

Particle filter:
o[ +1]= £ (x[n].m[]
x[n+1] = f(x[n],x[n—l],---,x[n—K],m[n])

() 1s some mapping function and m[n] is the noise
(prediction model) (prediction error)

The goal of the particle filter 1s not to remove the noise.

It 1s used for system modeling or prediction.

When (1) f( ) 1s a linear function and (11) m[n] 1s a Gaussian noise, it becomes
the Kalman filter.

K
Example: x[n+1]zchx[n—r]+m[n]
=0
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® 4-F Popular Filters (5): Wiener Filter

(Nobert Wiener 25, AD 1949)

52/

* No specific passband and stop band

It 1s related to random process.
« The filter 1s designed based on the statistics of signal and noise
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Suppose that

(a) The cross-correlation between the original signal x [#7] and the received

signal y[n] (s=1,2,3,....)1s R |1, ] (%0 - 7o) (7,;&] _7:)

R lnol= £l (el]= B labile] e

x,[n], y,[o]: the values of x[n] and y[ o] measured in the s trial
There are N times of trials.

(b) The auto-correlation of the received signal (denoted by R [, 0]).
R, [no]=E[y[n]y'[c]]=+ Zys n]y[o]

Then the transfer function of the optimal filter can be designed as

where XY F F Zze’ MF(G_H)RW n O']

R, (F.F) ZZ@WW”)R [n,0]
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To design the optimal filter H,,(F) that can well reconstruct y[n, s] from x[n, s],
we want that

Y(F.5)H,, (F)=X(F.s)

where X(F, s) and Y(F, s) are the discrete-time Fourier transform of x[#, s] and
y|n, s], respectively:

X(F,s)= Ze_jz”F”x(n,S) Y(F,s)= Ze_ﬂ”‘v”y(n,s)
We can define the error function as:
N
_ 1 12 2 Suppose that
E == X(F,s)-Y(F,s)H(F) dF
NSZ_:‘I-“Z‘ (F.) =Y (F.)H(F) X(F,s)=X"(-F,s)
N
_ 2 1/2 2 —VYV*(_—
_N;jo X(F,s)-Y(F,s)H(F)] dF Y(F,s)=Y"(=F,s)

H(F)=H"(~F)
To find the value of H(F) at I = F',, we can set that

oF o 2w ,
511 ()~ o (£ ) 2l (Fios) =Y (o) H (R dF =0
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S X(F,s)Y* (F.s) 169
H(F)==

il 2
S (Fs)
N N
Since ZX(F,S)Y* (FaS) = ZZe_anx[”aS]Ze_jFJy(G’S)
s=1 s=1 n o
=YY DY afnsly (0.5) = NE Y e "R, [mo]
n o s=l1 n o
=NRy [F,F]

Similarly, Sy (F,s) =NY' Y e R [n,0]=NR, , [F.F]
s=1 n o

Ry, [FF]
R, [F.F]

Therefore, H(F)
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® 4-G Popular Filters (6): Equalizer

Used for compensation (such as the multiple path problem)

[”] x[n]*k [”] x[n]: original signal, y[n]: received signal
b §& tnoige vewoval prob)en ffect of the syst
YOn] = x&]*nm_«&] : effect of the system o
ex:® |cn]= e 6°
Y-xK |¢ Tn] G
Equalizer: Y * Y‘fz
x[n]=y[n]*h[n] H(F)=41-

K(F)

g\ —*ﬁ * Ztransform % 7 H(z)= K(2)
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y|[n]=x[n]*k|[n] Equalizer:  H(F) :K(lF)

Problem: If the system is interfered by noise m[n]
y[n]=x[n]*k[n]+m|n]
Y(F)=X(F)K(F)+M(F)
H(F)Y(F)=X(F)H(F)K(F)+H(F)M(F)

M (F)
K(F)

=X(F)+

If K(F) is near to 0, the effect of the noise 1s magnified.
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Combined with the concept of the Wiener filter, the equalizer is modified as:

H(F) = 1 ,
(£) | E(\M(F)\z) E: mean
; T K(F)
K'(F) B(|x(F)’)
H(F) = 1 )
=" + K(F) C* 2R

K™ (F)

c 1s large when the SNR 1s small
c 1s small when the SNR 1s large



e Equalizer for the Multiple Path Problem

k[nl=a,0ln—1]1+a,0ln—r1,]+a0[n—1,]+......
yin]=x[n]*k[n]l=axln—1 ]+ a,x[n—1, |+ ax[n—7,]+......
Y[z]=(az " +a,z7 2 +a,z " +....... ) X[ z]

Usually ¢, is related to 7, so it could be rewritten as «, (7,)

. 1
Equalizer: H(z)=—— - -
q ( ) az " +a,z ozt +

174
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43 @l - =1 A=
o #% 2L: (1) H(z)¥ st unstable o, Tk vary with +he

(2) H(z) 18 usually a dynamic response lo cobron

e ¥ 12 * homomorphic signal processing % B~ equalizer xJ2 multiple

path problem.
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