*t4%= Methods of Solving the First Order Differential Equation

graphic method

. _— b ° 1
numerical method direct integra

analytic metho ds— separable variable

—— method for linear equation
—— method for exact equation
—— homogeneous equation method

—— Bernoulli’s equation method

series solution method for Ax + By + ¢

matrix solution _ Laplace transform

transform methods —— Fourier series

——— Fourier transform

34



Direct Integral

It 1s the simplest method for solving the 15 order DE:

dy(x)/dx = f(x)

y(x) =] f(x)dx

= F(x)+c where

dF'(x)
dx

J(x)

35



Something about Calculating the Integral
(1) Integration s Z_%; : J-: f(t)dt
I jx cos(?)dt =sinx+c

(2) & = integration 2_ {& % & X 7 4v constant ¢
G | f@di=g(x)+c

then %g(x) = f(x)

j f(at)dt = ég(ax) +¢
Xo
c, 1s also some constant

%g(ax) =a f(ax)

36



37
2-2 Separable Variables

2-2-1 = 5% chr 2 ig i

18t order DE #— 457 Ak dy(x)/dx = f(x, y)

[Definition 2.2.1] (text page 47)
If dy(x)/dx = f(x, y) and f(x, y) can be separate as

Jx, y) = g)h(y)

1.e., dy(x)/dx = g(x)h(y)

then the 1t order DE is separable (or have separable variable).




1

N
I

- dy(x)/dx = g(x)h(y)

38
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2-2-2 fEix
it Yog(h(y) . then
X
l
d
Step 1 T);}) = g(x)dx TS
l
p(y)dy = g(x)dx where | p(y) = 1/h(y)
l
Step 2 | p(y)dy = [ g(x)dx %l 45 »
P(y)l‘F € = Gi(x) + G, where @ =p(») dG(x) = g(x)
2% dx

l

P(y)=G(x)+c

Extra Step: (a) Initial conditions

(b) Check the singular solution (i.e., the constant solution)




Extra Step (b) Check the singular solution (% #cf#):

Suppose that y 1s a constant

jﬁ—lg(xmm

0=g(x)h(r)

l

h(r)=0

l

solution for r

l

See whether the solution 1s a special case of the general solution.

40



2-2-3 Examples

[Example 1] (text page 48)

(1+x)dy—ydx=0

l

Step 1 dy = dx

y l+x

|

Step 2 In|y|=In|l+x|+¢,

In| 1+x\ecl

y=e

—|y|=e

\dy: y

—

y =ze

y=c(l+x)

1+x‘:iecl(1+x)

c==e

1+x‘

a

dx

1+ x

Extra Step (b)

check the singular
solution

sety=r,
0 =r/(1+x)
r=20,
y=0

(a special case of the
general solution)

41



Example 3R ¥ | F 37

EAfREfrLe s p FEAE - =

(EPfrf2i3g s M odeT % QL)

Practice more and Learn better.

(59 R= g

42
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[Example 2] (with initial condition and implicit solution, text page 49)

@_x

dx y

!

5

y(4)=-3

Step 2 Y /2==x"/2+c

\Extra Step (b)
check the singular solution

Step 1  ydy =—xdx

Extra Step (a)

4.5=-8+c,

x* +y* =25 (implicit solution)

4—

y=+25-x> invalid
y=—/25-x"| valid

(explicit solution)

c=12.5



[Example 3] (with singular solution, text page 49) el

d
d_i/ =y’ —4 Extra Step (b)
l check the singular solution
dy dy 2
=dx oyt 4
Step 1 e _41 Ix Y
Ldy 1dy _ e
4y-2 4y+2 0=r’—4
Step 2 ©
r==
1 1 ’
—In|y-2—=In|y+2|=x+
4 n‘y ‘ 4l ‘y ‘ X Cl y:liZ
In|2 = %|=4x + 4c,
y+ l
y_2 — 4 4x+4c __ 4x 1+C€4x ’
——=te =ce”’ —— |, _ _
y+2 y_zl—ce4x or [y=%2




[Example 4] (text page 50) 45

2 a’y . . _
(e y—y)cosx%—eysmbc y(0)=0
l \Extj*a Step (b)
Y _ vV — sin 2x P Ssety=r
Step 1 (e ye )dy v dx = 2sin xdx Y
{ Note: sin2x =2sin xcos x 0=e"sin2x
no solution for r

Step2 e’ +(y+1)e” =-2cosx+c

Note: 4 V= _pe
ote dy(ay+b)e ye

Extra Step (a)
from y(0)=0 (—ay+a—-b)e” =—ye”’
a=b=1
2=-2+c

e’ +ye” +e?=4-2cosx| (implicit solution)




Example in the top of text page 51

dy _ n B
PR »0) —O\A
Sten | l Extra Step (b)
cp
l Check the singular solution
Step 2
Extra Step (a)

Il
S

Solution: )/—Ex or |y




solutions: (l)y:%x“ 2) y=0

(3) y-.

rl(xz—bz)z for x<b

16
0 forb<x<a

L()c2 —a2)2 for x=a

L 16

47
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2-2-4 IVP 8.2 % vie— 29

%ﬂ’(x,y) y(X,) =,

T K AR ra— fEehiE 2 1 (Theorem 1.2.1, text page 17)

4o i fix, ), Ggf(x’y) X=Xy, V=), % > 5 continuous
Y

ple 233 - B A @ F IVP ixyh<x<x,theh%m E g *

J. Ratzkin, Existence and Uniqueness of Solutions to First Order
Ordinary Differential Equations, 2007.

The Existence and Uniqueness Theorem for First-Order Differential
Equations, www.math.uiuc.edu/~tyson/existence.pdf



2-2-5 Solutions Defined by Integral

D [ g(r)dr=g(x)
2) If

dy/dx = g(x) and  y(x)) =,
then

y(x)=y, +j):)g(t)dt

¥f 4zt B 4 4 (integral, antiderivative) £ function »

# - 1T 4_nonelementary function

2

. ,
4o e, sinx’

$ P+ solution 7 11 % & y(x) =y, +_[x g(t)dr 3§

49



[Example 5] (text page 51)

dy _p

=g 3)=5
dx ) vG)
Solution y(x)=5+ Lx e dt

£ ’*Ff ¥ 1 4 57 = complementary error function

y(x) =5+ Y2 (erfe(3) - erfe(x)

50



e crror function (useful in probability)
erf (x e dt
)= =)
e complementary error function

erfc(x) = e dt = 1—erf(x)

ﬂ

* th» R xR S

See text page 60 in Section 2.3

51



2-2-6 A H & F i S

AT EHFRSBER DN o A

(2) B2 7 4 c

52



= McA AR A

http://integrals.wolfram.com/index.jsp

ﬁ?] N2 ,T};,? 1H PIAE A %

B o

(a) L T 1ntegrals wolfram.com/index.jsp 3% i & =

~

b) ft e ¢ i A HH S blde

Wolfram Mathematica
ONLINE INTEGRATOR

s The world's only full-power integration solver

HOW TO ENTER INPUT | RANDOM EXAMPLE

f<l::n5{ax}+l:: )

Compute Online Wit

UG

Aa

matica

:.::fx

53



(c) # ¥ #% “Compute Online with Mathematica” 54

2 =7 55 N 22
T}up " E :'iﬁé i 5

Wolfram Mathematica
ONLINE INTEGRATOR

The world's only ful--power integration solver

;JE%‘ HOW TO ENTER INPUT | RANDOM EXAMPLE

cus{ax}+b dx

Traditional Form | Input Form | Cutput Form

=

4k
#<

fh +coslax)dx=

sin{a x)

bx+

i

L i

Time to compute: < 0,01 secona



(d) F BF > $30 - B G  > T 3 R

J
-
-
(i
i
%E
(7
e
5
|
W
O

g DA B iR

Wolfram Mathematica
ONLINE INTEGRATOR

The world’s only full-power integration solver

HOW TO ENTER INPUT | RANDOM EXAMPLE
I‘|exp{—a*x*‘~2} dx

ompute Online With- Mathematica

Traditional Form | Input Form | Qutput Form
ra i

‘an:-"""'2 dzx=

v'?ﬂrf[vg.r)
2vVa

e : /
i 5

Time to compute: = 0,01 second

erf(x): Erf[x]: error function [properties]




His 5 * chiext

http://mathworld.wolfram.com/
i s > A2 e B e L3R E 4 ey Lt
http://www.sosmath.com/tables/tables.html
B % #H ;' v mathematical table (7 33> jic A > #2)
http://www.seminaire-sherbrooke.qc.ca/math/Pierre/Tables.pdf

R % #ic® ;% v mathematical table » ¢ 3% convolution, Fourier
transform, Laplace transform, Z transform

=

$ ’ Maple Mathematica, Matlab, Python & 7 ficff 4+ % %
_,l
97 ¥

\EN' >~3

56



Python #&c#% 4+ % 34

from sympy import *
x = symbols('x")

integrate(1/(4+x**2), x) # Find the integral of 44 52

diff(cos(x**3), x) # Find the differentiation of cos(x?)

integrate(1/(x**2), (x, 1,2)) #Find [ Lax
X

57



2-3 Linear Equations
“friendly” form of DEs

2-3-1 = j& chig ¥ % 12

[Definition 2.3.1] The first-order DE i1s a linear equation if 1t has
the following form:

dy

a (JC)EJr a,(x)y=g(x)

2(x) = 0: homogeneous

2(x) # 0: nonhomogeneous

58



Standard form: d—x+P(X)y=f(X)

ax@+ax =g\x) — + =
/( )a’x o(x)y=2g(x) Y a,(x)

F 5 R ARG ¢ T 04 1 & linear first order DE

59



2-3-2 fRikenin

Y p(x)y= [ (%)
/ \
3R AR 3 R AE 2
d d
c;;cc +P(x)yc =0 y;ix)+P(x)yp(x)=f(x)

Find the general solution y (x) Find any solution y, (x)
p

(homogeneous solution

also called “complementary function) ~ (Particular solution)

Solution of the DE
y(x)=y.(x)+y,(x)

60



61
*y.ty,1s asolution of the linear first order DE, since

d(yc+yp)+P(x)

o (v.+y,)
d d
:( dJ;; +P(x)ycj+(%+P(x)yp]

=0+ f(x)=f(x)
e All solutions of the linear first order DE should have the form y. +y, .
Its proof is as follows. If y 1s a solution of the DE, then

Y ()= B Py, |- (-1 ()0

X
d(y—yp)+P(x)(y_yp):O
X

Thus, y — y, should be the solution of Zyc +P(x)y,=0
X

y should have the formof y =y + v,



Solving the homogeneous solution y (x) (= ¥ 38— )

. +P(x)y, =0

dx
l separable variable
ay. _ —P(x)dx
T
In|y |= I—P(x)dx+ ¢,
)= Ce—jp(x)dx
—jP(x)dx

Set )y, =e ,then y.=cy,

62



Solving the particular solution y,(x) (+ ¥ 4£= )

dy ,(x) P
dx

x)y,(x)=f(x)

Set y,(x) = u(x) y,(x) (JiR| particular solution = homogeneous

solution 7 #¢ 0 k¢ %)

u(x) d{;ffhyl(x) d’“;i’“)w(x)u(x)yl(x):f(x)

n @ ) P p(x) ) |- £ (0

dx l X
N (x) dL;,ECX) =

equal to zero

/()

ignore ‘+c’

du(x) _ f(x)
dx Y (%)

— u(x) = jf((x;dx—Jp (x) =y, (x)j
X

f(x) dx
N (x)

63



Y, =] f((’gdx

-

y.=ce

P(x)dx v, (x) _ e‘jp(x)dxJ'[ejp(x)dxf(x)]dx

N

solution of the linear 1t order DE:

y(x) _ Ce—jp(x)dx N e—JP(x)a’xJ‘[eJ.P(x)dxf(x)]dx

. j P(x)dx

where c 1s any constant

eI P(dx: 1ntegrating factor

y(x) =+ [ F (0l

dx

d [ejpmdxy} IEET

64



2-3-3 %2 65

(Step 1) Obtain the standard form and find P(x)
(Step 2) Calculate ef P(x)dx

(Step 3a) The standard form of the linear 1t order DE can be rewritten as:

d P(x)dx P(x)dx
EaT
X remember it

(Step 3b) Integrate both sides of the above equation

jp(x)dx j jP(x)dx dx el

yoe IP(x)de‘eIP(x)dxf(x)dx N Ce—jp(x)dx .

or remember 1t, skip Step 3a
(Extra Step) (a) Initial value

(c) Check the Singular Point



66

()Y ra,(x)y=g(x)  LrP(x)y=r(x)

Singular points: the locations where a,(x) =0
1.e., P(x) > too

More generally, even if a,(x) # 0 but P(x) — Zoo or f{x) — *oo, then
the location 1s also treated as a singular point.

In usual, the solution may not be defined on the interval
including the singular points.

Therefore, when write the interval of x for the solution, the singular
points should be skipped.

Note: singular points # singular solutions



67

More generally, even if a,(x) # 0 but P(x) — o or f(x) — oo, then the
location is also treated as a singular point.

Exercise 33

(x+1)@+y = ln‘x‘
dx



2-3-4 »|F

68

[Example 2] (text page 57)

o !
Step1 P(x)=-3 \ Extra Step (¢)
check the singular point

=e 5P At EET U
l —3x+c @ it —3x?
Step 3 i e—3xyi| — 68_3x
dx l
R
—3x

. e—3x
iliejP(x)dxy:| _ ejP(x)dxf(x) E\:
J{ dx

y=-2+ ce J-P(x)dx"‘ IP(x)dx dx o IP(x)dx




[Example 3] (text page 58)
dy

x——4y=x°"
dx | 4
l Extra Step (c¢)
Step 1 dy 47 — 8 ¢, P(x)=— 4 check the singular point
dx X X =0

Step 2 ej Peode_ 4l _ | x\_4

ERFE x>0 g, ejp(x)dx _ LF L x<0 g

!

dr 4
Step3 —| x = xe’
P dx [ y} . . .
It is OK to write the interval as
Step4 x*y=(x-1e" +c x (-0, 0)

y=(x"—x")e" +cx’ x €(-0, 0) or x €(0, )
However, the interval cannot be

X m?"ﬁé] X E(Oa OO) X E(-OO, O) and x E(O, OO)

69



[Example 4] (text page 58) 70

ldx \ Extra Step (c)

check the singular point

dy X
+ =0
dx x° —9y
X
P(x)=
esz)igdx _ e;lnxz— ‘ _ X2 _9
l | |
“ (VI =9l-y)=0
|x*=9|-y=c
c defined for x € (-0, —3), (-3, 3), or (3, ©)
y:
|x* =9 not includes the points of x = -3, 3




[Example 6] (text page 59)

Dov=r) w0 10-{;

P(x)d
ej X x:exl \

0<x<1

x>1

check the singular point

—(e y)=e'f(x
0<x<1 ( ﬁ
—(6 y)=e' —(e 1)=0
dx l l
exy = ef + Cl exyl: C2
y=l4+ce™ y=c,e
. £ Ffylx) ex=1 e 2
from 1nitiall condition % continuous

y=1l-e y=(e=De™

71



2-3-5 L rEE

(1) transient term, stable term

Example 5 (text page 59) ehfz 5 y=x—1+5¢"
5S¢ : transient term ¥ x {% = A

x —1: stable term

10

8+

6

x-axis




(2) piecewise continuous

A function g(x) 1s piecewise continuous if there are finite number
of discontinuities within x € [x;, x,].

In Example 6, f(x) 1s piecewise continuous in the region of [0, 1)
or (1, o)

(3) Integral (4% #°) 7 P& = A4 FL 1% antiderivative
F .

(4) error function

erf \/_ I

complementary error function

e dt

erfc (x e dt =1—erf (x)

.

73



(5) sine integral function

Si(x)= [ 20 g

0 ¢

Fresnel integral function

S(x)= | sin(me* /2)ds

(©) L P(x)y=1(x)

X

fx) ¥ A F 1T input 2 driving function

Solution y(x) # 4% f- (¥ output

£\ response

74



2-3-6 /| H#F7
dy .
When d— is not easy to calculate:
X
dx
Try to calculate —
dy
Example: dy — l (not linear, not separable)
dx x+ y2
@ =X+ y2 (linear)
dy

l

X =— yz —2y—2+ce’ (implicit solution)

75



2-3-7 A& 83 F e S

(1) & L #-linear 1t order DE % = standard form

(2) w] . 7 singular point
;2 & * singular point = Section 2-2 # 3| £77 singular solution % ¢

76

(3) o3 = 5t

% [e jpmdxy} _ 7o

y _ e—jP(x)de‘ejP(x)dxf(x)dx n Ce—J.P(x)dx

(4) -5 pE > Jron g gom v o g



. s 2
S dey iz o EAPE?

>

)
-

B ' % realize + remember it

realize 1t

P ¥ ¢ remember it

read 1t without realization and remembrance

BT X . rest ZiiZo T,



78
Chapter 3 Modeling with First-Order
Differential Equations

(1) Convert a question into a 1% order DE.
BB A B

(2) Many of the DEs can be solved by
Separable variable method  or
Linear equation method

(with integration table remembrance)



3-1 Linear Models

Growth and Decay (Examples 1~3)
Change the Temperature (Example 4)
Mixtures (Example 5)

Series Circuit (Example 6)

¥ 1% Section 2-3 77 jE K fF

79



[Example 1] (an example of growth and decay, text page 85) 80

Initial: A culture (32 % x ) initially has P, number of bacteria.

Wi —> 4(0) =P,
The other initial condition: At ¢= 1 h, the number of bacteria 1s
measured to be 3P/2.

E3F > A(1)=3P,)2

M 4L o7 : If the rate of growth is proportional to the number of
bacteria A(¢) presented at time ¢,

dA
dt
Question: determine the time necessary for the number of bacteria to
triple

kA k 1s a constant

[t

3 — find 7 such that A(r) =3P,
TAT KA e P(F) 2 s A(F)



A _
dt

Step 1 dd = kdt
A

!

Step 2 In|4|=kt+¢,
‘A‘ — ekt+cl

ki
A=ce” c==e°

Extra (1) B =c-1
Step (a)
(2)3P, /2=ce"

A= P80.4055t
0
P AR
3P _Pe().4055l‘
0 *0

k4 A0) =

| T ExtraStep (b)

P, A(1)=3Pyj2 ¥ ru®

check singular solution

c=P,
k =1n(3/2) = 0.4055

t =1n(3)/0.4055~ 2.71h

R 2R
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FA * linear (Section 2.3) 07 j% X fZ Example 1

2 e

ARE DL PR Z &S B initial values 4 ¥ 1L E
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[Example 4] (an example of temperature change, text page 88) 83

Initial: When a cake 1s removed from an oven, its temperature 1s measured at

149° C.
3% - T(0) = 149

The other initial condition: Three minutes later its temperature 1s 85 ° C.
W > 1(3) =85

question: Suppose that the room temperature is 21° C. How long will it take
for the cake to cool off to 22° C? (3L : ZAL ¥ A c1f® 38— i 12 2X7)

#:#% — find ¢ such that 7(¢) = 22.

Fobo 15 RER 0 0 R E - BRMERICE BIRBERRII FY
RUAE > ot T(F) AT R HDE w0 R A

%:k(T—Zl) k is a constant




dt

= k(T -21)

84
Constraints: 7(0) =149  T(3) =85

# ™~ * separable variable 17 j* {2

4o * linear e & %k f2 ?



[Example 5] (an example for mixture, text page 88)

Concentration:

0.25 kg/L

1000 L (liters) >
10 L/min 10 L/min

A 4

A: the amount of salt in the tank

d—A = (1nput rate of salt) — (output rate of salt)

dt

=10-O.25—£A
1000
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Wy

.

LR series circuit

From Kirchhoff’s second law

L Ri=E()
dt

87



R(C series circuit
q .
—+Ri=E(t
C ( )

1+R@=E(t)
c = at

=

2

88



Wy

(OO0 R
How about an LRC series circuit?

2
1+R@+Ld—f:E(r)
c a dt

89



[Example 7] (text page 90) LR series circuit
e E(7): 12 volt, e inductance: 1/2 henry,

e resistance: 10 ohms, e initial current: 0
1 di di

2dt dt
i(t):§+ce_20t 20 0 a0
5 N ei=—e +c

i(0)=0."
Ozéic

5\\\\

0 6

)=———e

()=~

~ 1100 =12 < +20i =24 > P(t)=20 >

90



Circuit problem for ¢ issmall and ¢——

For the LR circuit: L R

transient stable

For the RC circuit: R C

transient stable

91



3-2 Nonlinear Models

¥ 1 #* geparable variable g H 5 e 2 K jiZ

3-2-1 Logistic Equation

used for describing the growth of population

dP a
—=P(a-bP)=bP(—-P
7 (a ) (b )

The solution of a logistic equation is called the logistic function.

Two stable conditions: [p=(land |P=

SR
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Doeo Doeo

Logistic curves for differential initial conditions
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Solving the logistic equation

dP
—=P(a—-bP)
dt
d%D separable
= dt variable
P(a—-bP)
(l/az+ b/a de:dt
P a-bP
!

. _b 4 (a—bP)
lln\P\—lln\a—bP\:Hc 2R .[a—deP:-[dpa—bP 4P =Inja=bFl+e,
a a

!
g
In =at+ac
a—bP (with initial condition P(0) = P,)
P l ac aF,
:Cleat P(t): l_t — P(t): 0 e
a—bP bc, +e™* bF, +(a—bF)e™
C :+eac

1T logistic function



[Example 1] (text page 99) There are 1000 students. 95

e Suppose a student carrying a flu virus returns to an isolate college
campus of 1000 students.

B> x(0) =1

e If 1t 1s assumed that the rate at which the virus spreads 1s proportional
not only to the number x of infected students but also to the number of
students not infected,

-

dx(t)
dt

= fox (1000 — x)

k 1s a constant

e determine the number of infected students after 6 days
F3 — find x(6)
e if 1t 1s further observed that after 4 days x(4) = 50



B K AR
de(t) _ ke (1000 — x)
dt
find x(6)

Constraints: x(0) =1, x(4) =50

¥ 11 * gseparable variable =7 j*

(The solution is on the next page)

96



1

dx

1000

|

+
X 1000 —x

v

-

dx

dx

X

x—1000

=1000kdt

In|x| ~ In|x —1000| = 1000kt + ¢,

v
X

x—1000

‘ __1000kt+c,
=e

1000kt

(c, =te)

10004 10004
> (ce " —1)x =¢,1000e ™"

1000

—1000 k¢

_x:
1—ce

v
1000
l-c

1

¢ =-999

v
1000

X = 1+ 9996—1000kt .-

10007
+999¢ “000%

/ =1000k =—0.9906

1000 |
1+9998—0.9906t

97

(c=c,)

—»x(6) ~ 276



Logistic equation 7% 3

(1) %ngﬁr%ﬁOih

2) ‘Z_’;:p(a-bp)_cp

(3) Cclz’—]t) = P(a—bP)+ce™

4) %gzpm—bmp)

=bP(a/b—InP)

/\\_”é‘ﬁ’g ,:‘gg\)xg"f"}/\ \f’{")

Gompertz DE
fé;é’g L '; ea/b

AN
RPN \=
% i
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322 LB F Rdud B

A+B—>C

e Use compounds A and B to for compound C

* x(¢): the amount of C

* To form a unit of C requires s, units of A and s, units of B
e a: the original amount of A

e b: the original amount of B

 The rate of generating C 1s proportional to the product of the
amount of A and the amount of B

dx(t)
dt

=k(a—sx)(b—s,x)

See Example 2
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Y AR
(not homework, but are encouraged to practice)
Section 2-2: 4,6, 8,10, 12, 14, 16, 21, 25, 28, 30, 36, 46, 48, 50, 54(a)
Section 2-3: 7,9, 14, 18, 21, 29, 30, 33, 36, 40, 45, 47, 48, 58
Section 3-1: 5, 6, 10, 15, 20, 29, 32
Section 3-2: 2,5, 14, 15
Review 3:  3,4,13, 14



