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Chapter 6 Series Solutions of Linear Equations

% DE & linear ¥ coefficients 5 polynomials

— B3k DE ¢ solutions = polynomial 73] i
(4= Cauchy-Euler Method 12 2 Taylor Series &% 4 4p i7)

o0

y(x)=2 ¢, (x=x)"

n=0

AL IF 5 power series centered at x,,
— Power series B4 748 ¥ (Sec. 6-1)

—— X, 1s a non-singular point (Sec. 6-2)

— 1 zA L . .
ERES — regular singular point

(Sec. 6-3)

— 1rregular singular point

— X, 1s a singular point—

— Examples (Sec. 6-4)



Section 6-1 Reviews of Power Series
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6-1-1 =%

1. Power series

2

ch (x_xo)n :CO"'Cl(x_xo)"'Cz(x_xo) T

n=0

N
. n .
2. Convergence:  lim ) ¢,(x—x,)" exists
N—© 0

n=

Blz& 2 2 Ratio test (test for convergence)

Cril (x — Xy )n+1

C, (X—XO )n

lim

n—»0

L=1. % - Z_

3. Radius of Convergence R

L<Tif|x—x) <R L>1 if|x —x)| >R

L <1: convergent [ >1: divergent
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Example 1 (text page 238)

For the Power series i(x -3 )
~ 2"n
(x_3)n+1
. 12" (n+1)| - n o |x-3
fim (x-3)" “*3,115?02(%1)‘ 2
2"n
@ <1 forl<x<5 Interval of convergence: (1, 5)

However, when x = 1, the power series becomes Z(_i (convergent)
n
© n=1
When x = 5, the power series becomes Zl (divergent)
n
n=l1

Therefore, the interval of convergence 1s modified as:

Interval of convergence: [1, 5)



275

6-1-2 Maclaurin Series (Taylor Series)

y(x)zy(x0)+ 4 (ITO)(x—xO)+%)!CO)(x—xO)2 +%;%)(x—x0)3 +
_|_y(4)(x0)(x_x0)4_|_ ......




Maclaurin Series (Taylor Series)

Interval of Convergence

3

ex:1+11!+3£_2!+%+ ......... (<00, o0)
Sinx:x_é_jpg_sl_ ......... (o0, o0)
cosx:1—§2!+ﬁ4!—)é6! ......... (o0, )
1n(1+x):x-x;+x;-3§+ ......... (1. 1]
ﬁ=1+x+x2+x3+ ......... -1, 1)

e’ =9 cos3x ="

276
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Example 2 (text page 240)

Find a power series representation of e*sinx

2 3 4 3 5
X e . X X X _X X ...
e smx_(1+x+2+6+24+ )(x 6+12O )

_ 2 (1 1Y\ 3 (1 1ya (1 1T 1 \.5... ...
=(Dx+ (D +( 6+2)x +( 6+6)x +(120 12*24)x "

:x_l_xz_l_lx:s_ixs_l_ ......

3 30



Section 6-2 Solutions about Ordinary Points 27

Suppose that the solution 1s ch (x=x,)
n=0

6-2-1 = i3 ¥ 25

(1) Linear
a,(x)y" +a, (x) "

(2) x, 1s not a singular point

(3) It 1s better that a,(x), a,(x), ...., a,(x), g(x) are all polynomials.

(or can be expressed by Taylor series)
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6 2 2 ﬁ#}z: /n'-%i

Step 1 #- y(x Zc (x—x,)" ~»> (x, % F & ordinary point)

n=0 \

For simplification, we usually set x, = 0 1f oo .
0 is not a singular point. 4 n\vsmgu.llar p01n.t 2L
T % ordinary point

Step 2 ¥ (- E% = (x-x)")
Step 3 & &
Step 4 v* §i ¥ > #-c, 2 B enBf (245 01 %

Step 5 Obtained independent solutions and general solution



6-2-3 |+

Example 5 (text page 246)

y'—xy=0

Set y(x)= chx” since P(x) =0 and QO(x) = x are analytic at 0

n=0

Stepl Y'+xy= chn(n —Dx" - xz c,x"=0
n=2 n=0

o0 o0

chn(n . chx”” =0

n=2 n=0
setk—n—Z/ \Ctk_n-l—l

Step 2 $t8 > ¢, (k+2)(k+1Dx" =) ¢, _x" =0
k=0 k=1

280
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ch+2 (k+2)(k+1)x" ch X =

Step 3 2¢, + Z[ck+2 (k+2)(k+D)—c, ,x" =0

k=1

Step 4 | 2¢,=0 ¢, (k+2)(k+1)—¢, , =0

C :l 0 X (Crp = i
2 B (k+2)(k+1)
recurrence relation

Cp» C1 & T2 8

%
k=1 632—.03
k=2 ci=il

- 1734

k:3 6‘5:46—2:0



C — Ck—l Vi ll,[, Z}SP‘&VH. , b,,_i_ﬁ}g f‘j’?c rﬁfﬁ J?TS 282
k2 (k+2)(k+1) o E R (e, E&nc1 h ;)
k=4 c¢. = G _ %
N 675.6 2-3.5-6
_ _ Cy _ ¢,
k=5 ©=6773.4.6.7
C
k: 68_7—.5820
= = C6 — C()
k= ©978.972.3.5.6-8-9
k= C. = ¢, C gl‘Oupl CysC35CesCo v
B 10— . - . . . ..
9CIO 3.4.6-7-9-10 GTOUP 2 CprCyyCpyCro oo
k: C“: 8 :O

10-11 group 3 C,,Cs,Cq,Cpp



o0 0 - N
o s ) o - 3he+1 32
P2 y(x)= chx - ZC.%X + chk+1x T Zc3k+2x
n=0 k=0 k=0 0

_ 3 6 9
) X X X .
—Co_1+2-3+2-3-5-6+2°3°5‘6'8°9+ :| M1
B y K 210
+cl_3€+3.4+3.4.6-7+3-4-6-7'9'10+ ...... } Y
2

y(x) :coyl(x)+C‘1J’z (x)

+ Z 3k
1
. é‘/’ T3 (3k )3k)™
X AL m \/‘ N 1 x>
yz(x)—.X%kZ_:3 4.. (3k)(3k+1)

ratio test:
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Example 6 (text page 248)

o0

(X2 + l)y” + xy' — )y = 0 y(x) = chxn (analytic at x = 0)

Radius of convergence?

Step | (x2 —I—I)in(n ~1)e,x" +x§:ncnx”_1 —icnx” =0
n=2 n=1 n=0
in(n—l)cnx” +in(n—l)cnx”_ +Y ne,x"=> ¢,x" =0
n=2 n=2 n=1 n=0
Step 2 \k=n |k=n2 \k=n k=n



o0

Zk(k—l)ckxk + Z(k+ 2)(k+1)c,, X" + chkxk —chxk
k=0 k=1

k=2

Step 3
2c, —c, +(6c; + ¢, —c)x
k=0 k=1

+> [k(k=1)c, +(k+2)(k+1)c,,, + ke, —¢, X" =0
k=2

2¢, — ¢y + 6+ [(k+1)(k—1)c, +(k+2)(k+1)¢,, X" =0
k=2

Step 4

2¢, —¢,=0 6c,=0 Cpin="— % c,

285



2¢, —c,=0 6c,=0
c,=¢,/2 c;=0

Cpy C1 & T2 18

C,=C,/2

c;=0

c, ——icz :—ﬁco ——221.2!00
Cs =—%c3 =0

R DR PR TR

Ck+2:]1€:_l§0k
c7——%05=0

__5. ___35
®TTR% T T2.4.6.8
09=—80720
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StepS y ZC x" _ZCka +Zc2k+1xzk+1

32 4 10
X 3x° _3-5x° [ 3-5-7x"° .
_CO[H 22221 2.3 204 25 }rqx—
b)
y(x)=coy (x)+e3,(x) Y1
/ 7B XA
o0 1 1:3:5--(2n=3) ,,
yl(x)=1+%x2+2(—1)"1 2,151'” ) 32 x| <1 (Why?)
n=2 '

yz(x):x

ratio test:
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Example 8 (text page 250)

Y+ (cosx)y=0

N

cosle_éz! _|_ﬁ4! _3&6! .........
J/(x) = chx"
n=0

o0

Z:;Cnn(n_l)xn_z'F(l—éz!—|—‘Zf;—)é6! ......... )ZC x”:O

PREE R G

2¢, + ¢, +(6c, +cl)x+(12c4 +c, —%ijz +(2005 +c, —%)f



Cy

2¢, + ¢, +(6¢, +cl)x+(12c4 +c, ——sz +(2()CS +e,—2

2
2C2+CO=O:>C'2:_CO/2
6C3+C'1202>03:_Cl/6

12¢,+¢c,—¢,/12=0=>12¢,~c,=0=>c¢, =¢, /12
20c;+c,—¢;/2=0=20c; —2¢, /3=0=c¢, =¢, /30

1 1.3, 1

yl(x)zl—lx2-|——x4— ......... yz(x):)C—gx +%x e

2 12

y(x) = Co (x)+clJ’2 (x)

2

jx3+
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6-2-4 T_&

1. Analytic at x,: If a function can be expressed as a power series
and the radius of convergence of the power series is nonzero

i e %7 flx) x, £_F 5 analytic
(1) f(x,) should be neither co nor —oo
(2) f™™(x,) should be neither o nor —oo
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2. Ordinary Point and Singular Point:

e For the 279 order linear DE
a,(x)y"+a(x)y +a,(x)y=0 — y"+P(x)y'+0(x)y=0
Definition 6.2.1

X, 1S an

(O(x) are analytic at x,

Otherwise, x,, 1s a

ordinary point

of the 2" order linear DE if both P(x) and

singular point|.

Theorem 6.2.1

If x, is an ordinary point of the 2" order homogeneous linear DE,

then we can find

two linearly independent solutions|in the form of a

power series centered at x, , 1.e.,

y(x)=e, (=)



e For the k& order linear DE

a, (x)y(k) +ak—1(x)y
e YO P () ED e +B(x)y'+B(x)y=0

Extension of Definition 6.2.1

292

s (x) 0y () =0

___________________________

X, 1s an ordinary point of the k" order linear DE if P(x), P,(x),
Py(x)y covennn.n. , P,_, (x), are analytic at x,

Otherwise, x,, 1s a singular point .

Extension of Theorem 6.2.1

If x,, is an ordinary point of the k" order homogeneous linear DE,

then we can find

k linearly independent solutions

power series centered at x, , 1.e.,

y(x)=e, (=)

in the form of a
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6-2-5 Interval of Convergence 2| %73 ;X

H g E =
(fpeid > e g7 4 %
3 AT acenge Rl PE g VR R T acde R )
‘x—x0‘<R
H P R & _x,friT e singular point cH§EHE

Singular point can be a complex number , see Example 6

AZiE iz B 4 [l A % 3 5 convergence
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6-2-6 2%

(1) ¥>* nonhomogeneous =535 ....

a,(x) " (x)+a,, (x)y"7 (x) +--+a (x) ' (x) +a, (x) y (x) = g (x)

)iz BT ¥ AH A D
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6-2-7 » & F LR b

()& 728 RBE R 2 % ¢ (a) convergence, (b) radius of convergence,
(c) analytic at x,,, (d) singular point, (¢) ordinary point
(2) 48 ¥ — ™ Taylor (Maclaurin) series (4 page 276)
(3) Index e = 2+ 5 & |
() Agnit s X g g & > (b)FFAAT &2 IR
(c) Index $HA+5 & /]
(4) n'" order homogeneous linear DE & 3 » {# linearly independent (%

(5) 7 F¥ & < Jg interval of convergence
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Section 6-3 Solutions about Singular Points

o P (x)y(”_l) Loeennn, +P (x)y' +P, (x)y = (| (standard form)

Bakfzs y(x)= ch (x—x, )W

n=0
6-3-1 = ;xif * JF3;
(1) Linear
(2) (x =x)P,_; (), (x =x0)*P, 5 (X)y cevvrnrnnnnn, , (x —x)" 1P (x),
(x —x,)"P,(x) are analytic at x,
(*b#t Section 6-2 & K P (x), P 5 (X)y ceeeninnnnn :

P,(x), Py(x) are analytic at x,)

(3) It 1s better that Py(x), P,(x), ...., P, ,(x) are all polynomials.
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6-3-2 Z_&

Singular Points 4 = = f&
o If x, is a singular point but (x —x,)P,_, (x), (x —x,)*P,_, (x),
............. , (x =x)" 1P (x), (x —x,)"Py(x) are analytic at x,

X, : regular singular point

o If (x —x)P,_; (X), (x =x)*P, 5 (X)y cevvenrnnnnn, , (X —x)" 1P (x),

(x —x,)"P,(x) are not analytic at x,

X, : 1rregular singular point
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Example 1 (text page 253)

(x2 —4)2y”-|—3(x—2)y'+5y=0

B (x) : Py (x)

T (x=2)(x+2)

_ 5
(x—2)*(x+2)

xX=2 1sa point

x=—-21sa point
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6-3-3 %2

Zx bl 4

Bk f# 5 y(x)chn (x—x,)""

Theorem 6.3.1 Frobenius’ Theorem

% x, 4_linear DE § ¢ - & regular singular point

D

e=g

Eljéfﬁ; llnear DE j_ /l)qﬁ - ﬂ} ﬁq:z}\ y ZC x xo n+r mﬁll




(Process of the Frobenius Method)
Step 1 #  y(x Zc X—X,) 'qu ~
Step 2 Power 7% (14 4p ficdie | e 5 )
Step3 & &

Step 4 & i r

Step 5 +“ i e » #-c 2. B g (545

Step 6 #-Step4 ¥ di e % > Step 5

113 ¢ independent solutions % general solution

Step 7 (L %6 F)

300



(Step 7)

¥ (Drj £

Q) rafRz Fani L ik
independent P

=
F\
@p)
H
a
go)
@)
.
v
>—L
)
3
N
1‘ ]

e—jP(x)dx

* »(x) :yl(x)jyz(x)
1

(%% Section 6-3 7 Examples 4, 5)

)
P
N
o3

e

'l

7

g
G

o0

(«-
0p)
—
o

o
@)
Eoal
TIL

301

| K e19f% 5 independent FF >



6-3-4 % i)
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Example 2 (text page 255)

3xy"+y'—y=0

Step 1 #- y(x)

32 c,(n+r)(n+r-x"""+ Z ¢, (n+r)x"™" - chx"” =0
n=0 n=0 n=0

Step 2 Power ¥

n==~r

n==rk

n=k—1
k=n-+1

32 c,(k+r)(k+r—1)x"""+ ch (k+r)x"" = Z c,,:_l)ck”_1 =0
=0 k=0 P
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32 c,(k+r)k+r—1x"""+ Z c, (k+r)x"" - Z c, . x =0
k=0 k=0 k=1

Step3 & &

[Be,r(r=1D+cr]x™ + Z[3ck (k+r)k+r-D+c,(k+r)—c_]x*"" =0
k=1

Step4 & i r
co(3r(r—1)+r):O

3r(r—-1)+r=0 3r° —2r=0 r(3r-2)=0
indicial equation r=0 or 2/3
Step S
3c,(k+r)k+r—-1)+c (k+r)—c,, =0
c, I

= k4 )Gk +3r —2)



G,

C3

C, =

Ck

_ G

=0 %=t Bk-2)

_ G _ G
2.4 21-4
C, Co

~3.7 31.4.7
Cs Co

T 410 41-4-7-10

1

C

Co

" pll-4-7 - (3n—2)

¥ r=2/3

304

" e+ )Gk +3r —2)

_ 1

“ T G+ 2)k
C

=35

- = ¢ _ G

2 8.2 2!5.8

. = G G

3 11-3 3!5-8-11

- = G _ Co

4 14-4 415-8-11-14

C “

" p15-811- - (3n+2)




Solution of Example 2 (%] % 7 & {4 (hf2 g 1))

y=Cy +GC,y,

_ oL N ] ;
yi(x)=x {1+;n!1-4-7 ------ Gn-2)" }

23 - 1 n
yo(¥) = {14_;11!5-8-11 ------ (3n—|—2)x}

xe(0,00)

27

(W% B x g )



Examples 4, 5 (text pages 258, 259)
xy'+y=0
Step 1 #  y(x)=D cx™" &
n=0

o0

Y, (ntr)n+r=Dx"™""+> ¢ x"" =0
n=0

n=0

Step 2 % n==k n=k-1

ch (k+r)(k+r-D)x"""+ ch_lxk =0
k=0 k=1
Step3 & &

cor(r=Dx"" + > [e,(k+r)(k+r-1)+c,_ X" =0

k=1

306



cor(r=Dx"" + > [e, (k+r)(k+r—1)+c,_ ]x""" =0

k=1
Step4 r(r—1)=0
r=0 or 1
Ch_
StepS ¢, =-— k-1
(k+r)k+r—1)
Step 6 ¥ . — c:_ﬁ
LA A
c, =(-1)" “
(n+1)!n!

307

(-1)*:  from -1
(n+1)!: from k+1, k= 1~n
n!: fromk, k= 1~n

e

(=D’ }
n'(n+1)'



B J&37% 41395 Step 3 > d
c,(k+r)k+r—-1)+c, ,=¢,-0+¢c,=0

(k=1,r=0 1 »)

. Co e FEN0 ¥ EEELE .
_ ¢ _ 6 G
et ;

(-D)"'q e T A
" (n=1)ln! Kol
; o lnl ( 1n1 2 (=)
m=n—1
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5B E ARy ¥ 3 ()

F4F § b % Sec. 4-2 “reduction of order” 1 2 Ff%

?I- : %’ & ey, (x) F3 y(x) k2 - B constant, B y,(x) fr y,(x) 17
A Fe linearly dependent » i 2 & * F = “reduction of order” =77 /&

% fF - i R
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e dx
yz(x)=y1(x)jyz(x)—dX=Y1(x)j[ 12 L3 1 4, 2
! TN T2t Tag?
dx
2 3.5 .4 77 .5

X mX S X gy X ] long division
1,1,7 .19 ... i
_x2+x+12+72x+ :}h
—%+1nx+172x+11494x2+ ------ } LR A Infx| ?

1,1

:y&xﬂnx+[—L%—x+—x2+ ------ J

2 2
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6-3-5 % 38 ;\ ek g RS

o 5 1 7
K 2_ 3 4_ S .
X x+12x 72)C+
() () (D) ()
o1 21D
12 72
1 2 T .1
-1 2 jl {5 7
(%) () (@) ) 12, 72
1 X X< X~
T
12 72
5 7
1 -1 =2 L ..
(32 /1.%\ Z%\
%-fv/ %3} W)
L=
7 _71 35 _49
12 12 144 864
Y
19

72



6-3-6 Indicial Equation

2nd order case "+ P(x)y' +Q(x)y=0

If x, 1s a regular singular point

2 .

(x =%)"Y'+ (x=x)p(x) ¥ +q(x)y=0
where p(x)=(x-x)P(x) q(x)=(x-x,)"0(x)

d 3t p(x) fv g(x) '# 5 analytic
AZ)()C) ::(10 4—(11(;x-—-)(0:)4-(12 (;[._.A%))Z R

q(x)=by+b (x—x))+b, (x=x,) +--eeen--

ch x—x,)", y’(x)=ch(n+r)(x—x0)n+r_l,
n=0 n=0

= icn(n +r)(n+r—1)(x—x0)n+r_2,

n=0

312



313
= y(x), (%), Y" (%), p(x), g(x) &= »
(x—x,)"y"+(x=x)p(x)y +q(x)y=0

icn(n+r)(n+r—1)(x_xo)n+r

+(a()+al(X—xo)+a2(x—x0)z+ ......... )ch(n+r)(x_xo)n+r
+(b0+b1(X—x0)+b2(x—x0)z+ ......... )icn(x_xo)nwzo

H e (x—x,)" 7 coefficient %

c,v(r=1)+cya,r +cyb,

r(r—=1)+ayr+b,=0—"" indicial equation
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y(x)= ch (x—x, )W
n=0

¥ linear DE % 20 order P& » r ¥ 114 [r(r—1)+a,r+b, =0| &
H ¢

V)

T

ay=pxy) | p(x)=(x—-x)P(x) Y'+P(x)y+0(x)y=0
bo=4q(x) | q(x)=(x=x)"0(x)




For the 2" order case

r(r=1)+a,r+b,=0 tworoots: 7, r,
(Case 1) r, #r, and ry, r, are real, r, —r, # integer
T e e y(x)=)c(x—x)" $fz
n=0

(Case 2) r, #r, and r, r, are real, r, —r, = integer

o0
FTETUB LA e y(x)= ch x—x,)"  efz

-4

FRE- BRE y(x)=D ¢, (x—x,)""

y - BizE yz(x)=Cy1(x)lnx+2bn(x—x0)

n=0

n+r2

315



(Case 3) r, =1, P&

:ch(x—xo)wl
n=0
¥, (x)=Cy,(x) lnx+Zb (x— )CO)W2

&Sy, (x) x)Inx+ Z x—x,)""

n=0

(Case 4) r, # r, and r, r, are complex

£ L X =212
ERUL RS

316
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6-3-7 Indicial Equation for Higher Order Case (% >

% linear DE i n'" order P&
y(n) _I_})n_l (x)y(n—l) Foeeennn _I_Pl(x)yr_l_P()(x)y:O

y(x)zzcn(x_xo)IW FPoehr¥ ud
n=0

7! 7|
——ta :
(r—=n)! " (r—n+1)!

fo
- [ |

7|

I/'! _f e
T 21!

20 (r—n+2)!

+a

+a,,=0

B9 g, =p(x), ) =(x—x)"" P(x)

k=0,1,2,.....,n—1
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6-3-8 K & F & 1R, ch

(1) Index "4t | et 5 & )

(iZ:x ¥ e power fi | ¥ > BRI € DI G k)

B4e B page 302 e Step 2 0 — EHIE L xk 1@ 2 xR
(2) # x=0 5 regular singular point, X x,=0 ¥
(3) 4% E_c, fr ¢, (2 ¢y fr ¢;) T recursive relation

B4 BT A, SRR Y R

(e £~ 727 %5 0)

(4) Recursive relation 3 ¢ /] &2 5 0 &35 (4 page 308)

(5) I s & Ky, (x) Fry(x) 4 e 05 (4 pages 308, 309)
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(6)%] 2 1 B (s iR R
Bt eDfR 5 ) 4% ks

(7) Interval of solution % X & ¥+ & >
¥ interval 7 ¢ 3£ ix i@ singular point >
I i¢ &_regular singular point

(8) 4 ¥ £ i
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Section 6-4 Special Functions

(F#EEH D By FEFFR)
Special cases of Sections 6-2 and 6-3

e Bessel’s equation of order v

2.

X’y +xy'+ (x> =v*)y =0 Solution: C1Jv(x)+CzYv(x)

B X (_1)” (l)2n+v. G .
JV(X)_Zn'F(1+v+n) 5]+ 1I°kind Bessel function

n=0""°

Y (x) — cosvzJ, (x) -4, (x) : 21d kind Bessel function

Y SIN VT

e Legendre’s equation of order n

(1-x°)y"=2xy +n(n+1)y=0

One of the solution: Legendre polynomials
(See page 338)
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TR

e Gamma function I'(x)= Jj e dt

e modified Bessel equation of order v
2.m

Xy +xy = (x> +v*)y=0 f2 1ol (x) + 6K (x)

e modified Bessel equation of the 1stkind 7, (x)=i"J, (ix)

):”l—v (x)_]v(x)

9) Sin vz

e modified Bessel equation of the 2" kind g (
e Bessel (¥ - &% 4

x*y"+(1=2a)xy' +(b’c’x* +a’> — p°c’)y =0

2 y=x" [clJp (bx")+c,Y, (bxc)]

-
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6.4.1 Bessel’s Equation

6.4.1.1 Solving for Bessel’s equation of order v

XY +xy +(x* =v)y=0

Steps 1~3 ﬂéby(x)zzc XA A

n
n=0

ST iE - 42+ B (See text pages 262, 263)

——

c,(r* =v)x" +c (1+7) —v*)x'™ + Z[ck (k+7)" =v)+c, X" =0

k=2
Step4 > -y =0 two roots: v and —v
C_
Step 5 (47 =v?)=0 o= A

¢, =0
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v _ G - Cr—
Sep 6 v AT TGy ¥r=y %= kk2)

d 3% CIZO’ C3=C53=C7=Cy= . =0

¢y, = (=1)" -

2n = DhGennnne 2n-(24+2v)(4+2v)(6+2v)---- - (2n+2v)

_ (_l)nco h _
27 nl1+v)2+v)B3+V)- -+ (n+v) when Y
&y, = (1)’ -
o D Gerennn 2n-(2=2v)(4=2v)(6—2V)----- (2n—2v)
(=D"¢,

when r=—v

= 22”n!(1—v)(2—V)(3_V) ...... (n_v)
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6.4.1.2 Gamma function: a generalization of 7!

- (Note 1)
['(x)= jo e dt

properties of Gamma function

(1) T'(n+1)=n! when n is a positive integer
r(1)=0!=1

(2) T(x+1)=x(x)

% P 2%k * Appendix 1
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3) T'(n) > whennisa negative integer or n =0

o ) )
Mo U r4)
[ r)
0. () I'2)
— (1)
65 4 3 é 4 m (5 1 2 5 X

é@é@\



6.4.1.1 v 3| Solving for Bessel function 326

P (=1)"¢,
72 (1) 2+ V)3 + ) (nty)  Whenr=y
_ 1
St 0T (1)
. (=D"
2 14+ V)2 +V)B+ V) (n+ D1+ V)
_ (=D"
T 2By a2 4y LY =D (1Y)
_ (=D"
27" (34 V) e (n+v)I'B+v) F(3+v)=Q2+v)[(2+v)

_ D"

2" nD(n+v+1)




FIZ> % r=—v set ¢ = 1 327
27T (1-v)
(=D’

C =
MMV ID(n—v+1)

Two independent solutions of the Bessel’s equation

0
n+r
ADN chx
n=0

o0 _1 n 2n+v
When »=v JV(X):Z_(;n!F(( +)v+n)(%)

o - _1 n 2n—v
When » = —v JV(X)ZZ(;H!F((I—)V-FVI)(%)

n

7};’_ iT Bessel functions of the first kind of order v and —v
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IR, 0 @ IF roots (A & 2v
(1) § 2v * & B #pF > Bessel’s equation =73f# =
¢ (x) e ((x) (+ F & = oy (x) + 6, Y (%))
(2) % 2v 5 B> e v=m+1/2(m 24— 1 F#) = > Bessel’s
equation {27 5 ¢ J (x) T ¢, J_(x) (» ¥ %51 = ¢ J (x) T, Y (X))
3) % 2v 5 Bic> ¥ v~ b FHFF > Bessel’s equation e77f# 5
¢ J,(x) + ¢, Y (x)
Y (x): Bessel function of the second kind of order v

(LiF ) (Note 2)
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Y (x): Bessel function of the second kind of order v 329

_cosvzJ, (x)=J_, (x)

! (x) 3 110%/4

Fom s R Y, (x) TE

0t L)
v—m SINvr

* L’Hopital’s rule * &

- 0
—zrsmvrJ (x)+cosvre = J (x)— 5 J_ (x
v—om 7T COSVIT




6.4.1.4 Bessel function of the 15 kind (order m & %5 #icpe ) efd &

(1) Jo(0) = 1,

J (0)=0 form=0
(2) Zero crossing s ¥ > S§F m M 4v @ A% K 4%:g (L Table 6.4.1)

0.8~

0.6-

0.4r-

0.2-

Jo

J1

-0.2-

-0.4-

330
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3) J,(—x)==D"J,, (x) when m is an integer

@ J.(x)==D"J,(x) when m is an integer

5) 0] =)
. Example 6, text pages 268, 269

© Lxsm]=x7,@




6.4.1.5 Bessel function of the 2™ kind (order m % & #cpF) st B 332

(1) limY, (x)=—

x—0

(2) Zero crossing s ¥ > S§F m 3 Av @ AR K AXR

Y

0.5+

0

-0.5-
Ak
-1.5-
o

‘@@@@\ 2 ’

5
3
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6.4.1.6 Bessel’s equation 1% &

XY +x)+(x*=v)y=0 f£ 1 cJ(x) oY (x)

7y

(A) XY +x) +(@’x*—v)y=0 f&:cJ(ax)t oY (ax)

Proof: Set?= ax
dy _dtdy _ 4y
dx dxdt a’t
- d’y _drd(dv\_ _d(. dv)_ .d’y
Sumilarly & = dvarldx )" % ai\ Y ar )T a4t
2 d dy ;2
\ = _ _t 24y ¢t 4
R 5 xy +xy+(ax v)y > 2 +aadt+(a . v)y

| 2 : ,
:5;2Q+t_y+(t2 _Vz)y:() —> ¥t m = &_Bessel equation

y=cJ (1) T o, Y () =cJ(ax)+c,Y(ax)
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(B) modified Bessel equation of order v
Xy +xy' = (x*+v)y =0 i 0 el (x)+ K (%)
#e I (x)=i"J, (ix) F-1F &_modified Bessel function of the
first kind of order v

<

K, (x)= zl,(x)-1,(x) # 17 &_modified Bessel function of the

2 SIN V7T second kind of order v

¥y L B gepE 0 o 5~ limit




O) x*y"+(1-2a)xy" + (b

2.2
X +a’—p

2C2)y:O

2 y=x e, (bx)+ Y, (bx) |

“
4y
=i
”

Example 4 (text page 266)

xy"+3y'+9y

l

§§< s B WL R R

=0

x*y"+3x3"+9xy =0

33F S f 10

RRCTR )

335



6.4.2 Legendre’s Equation

6.4.2.1 Legendre’s Equation

(1-x*)y"=2x)'+n(n+1)y =0

o0

y(x)=> cx" & x84 (1B 4% Ltext pages 270, 271)

k=0

Two linearly independent solutions are

y(x)=¢, [1_”(”2—‘!"1))62 N (n—Z)n(iz—!k (n+3) 4

_(n=H(n-n(n+D(n+3)(n+5 6, }

6!

¥, (%) :co[x_m‘l)(””) o, (1=3) =D (n+2)(n+4)

3! 5!
(n=5)(n-3)n—-1)(n+2)(n+4)(n+6) N

(1t Dt O oy ... }

336
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(a) When 7 1s not an integer, both the two solutions have infinite number

of terms.

(b) When 7 1s an even integer, y,(x) has finite number of terms.
In y,(x), the coefficient of x* is zero when k > n.

(c) When 7 1s an odd integer, y,(x) has finite number of terms.

In y,(x), the coefficient of x* is zero when k > n.

¥,(x) when n 1s an even integer and y,(x) when #z is an odd integer are

called the Legendre polynomials (denoted by P, (x)).
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ni2 1-3eeeees (n—1) _(_\D2 123 n
¢ =(~1) Dhennnn. n ¢ =(-1) 2.4 (n—1)

G P(1) - =32 1)

- When 7 is a non-negative integer, one of the solutions is the n' order |
. polynomial. '

P, (x)=73(3x" —1) Py (x)=5(5x" =3x)
% %(63x ~70x" +15x)
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Po 1 Interval:

P1
0.5+

xel[-1,1]

P2

M X
05 |

\ | |
-0.5 0 0.5 1

\@@@é



6.4.2.2 Properties of Legendre Polynomials

(1) P(—x)=(-1)"P,(x) even/odd symmetry
2) P(1)=1 P, (=1)=(-1)"
(3) P(0)=0  when nisodd

(4) P, (0)=0  when 7 is even

(5) (n+1)P,, (x)—2n+DxP,(x)+nP_ (x)=0 recursive relation

6) P.(x)= I d” (xz—l)n Rodrigues’ formula

2" nldx”

340



(7) J- (x)dx=0 Ifm#n orthogonality property
(Note 4)

) F=E® axe[-1,1] ®%F % continuous #7335 fx)

b1 = ¥
B ¥ & IT @

=3 4,h, (¥
jf(x) Xx)dx = Za IP X)dx = ajP P, (x)dx

245 orthogonality property

J-P x (x)a’x

Orthogonality property 71 %_Legendre polynomials # & & &4 &

341



Review of Chapter 6 342

f#iz i * & F * Linear DE » ¥ coefficients s 4+ & polynomials

Y4B (1) e B ()Y B () =0

% P,(x) =x=x, FF 5 analytic
XO 7"3» Ordinary pOiIlt y(x) — ch (X — xO )n BB ]l\ﬁ”q’:

n=0

% P,(x) e x=x,FF % % analytic

e f_(x—x, )" "P, (x) £ x=x, FF % analytic

x, = regular singular point y(x)= ch (x—x, )W o R
n=0

ﬂ)g o ¥ - BfRi Cyl(x)ln)H—Z:bn(x—xo)lw2
n=0
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Exercise for practice

Section 6-1: 4,9, 12, 20, 22, 24, 30, 32, 34

Section 6-2: 2, 10, 13, 18, 20, 22, 24, 26, 27

Section 6-3: 4,9, 13, 16, 22, 24, 26, 28, 30, 32, 33, 36
Review 6: 6,7,10, 14, 19, 20



