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Chapter 4 Higher Order Differential Equations

dy,n>1
dx”

Highest differentiation:

Most of the methods in Chapter 4 are applied for the linear DE.
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7 DE thi %

40

DE —

——Linear —

—Constant coefficients —

— Homogeneous

__ Nonhomogeneous

—— Homogeneous

___Cauchy-Euler

. Nonlinear

— Nonhomogeneous

— Homogeneous

—Others

— Nonhomogeneous
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assozinted reduction of order <$ec 4
—— homogencous auxiliary function <ec 43
linear — part -
S, 4nd3 Cauchy-Euler Sec 4-7
—— “guess” method Sec 44
— particplar annihilator Sec 4-5
solution variation of parameters Sec4-6
. . - Fourier series (Sec. 11-3)
— multiple linear DEs ¢cc4-8
_ reduction of order @
nonlinear ———Taylor series
~ec ZHAO ~ numerical method
both - seriessolution (Mi Laplace transform Ch, ]

(but mainly linear)

— transform ————

| Fourier series Chil

— Fourier cosine /sine series C h 1)
—— Fourier transform ¢ L |4
o
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4-1 Linear Differential Equations:

Basic Theory

The ntt order linear DE

R SR A

a,(x)

g(x) =0 — homogeneous

g(x) #0 — nonhomogeneous



4.1.1 Nonhomogeneous Equations (¥ {= page 60 1p }* #2)

143

Nonhomogeneous linear DE

AR

a,(x)y" (x)+a, (x)y" 7 (x)++a (x) () +a,(x)y = g(x)

4 Part 1

' Part 2

Xs!sociated homogeneous DE.__
a,(x)y" (x)+a,,(x)y" " (x)
++a, (x)y'(x) +a,(x) y =0

find n linearly independent solutions

J’1(X)>y2 (x), ...... Y (x) ‘y::g‘e
&:z complementary function

&C:lyl(x)_*_clyz () oo +c, y,(x)

%3 particular solution y,
(any solution of the

nonhomogeneous linear DE)

. 2 . .
superposition principle (sometimes)

g(x)=g (x)+g,(x)+-+g.(x)

v, (x)=y, (x)+y, (x)+-+y, (x)

\

-

general solution of the nonhomogeneous linear DE
y(x)=§1y1(x)+czy2(x)+ """ +cnyn(x)+yp (x)
e — 2

v




[ - »/ 1
Non-homogeneous Linear DE {% ;2 1% % (Also see page 143)

&K

Step 1: Find the general solution (1.e., the complementary function )
of the associated homogeneous DE

(Sections 4-2, 4-3, 4-7)
Step 2: Find the particular solution
(Sections 4-4, 4-5, 4-6)

Step 3: Combine the complementary function and the particular solution

Extra Step: Consider the 1nitial (or boundary) conditions

44
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4.1.2 Homogeneous Equations and Complementary Function

4.1.2.1 Definition

d" d" d
a,(x)° 5 +a,,(x)° r et a (1) ay(x)y =g (x)

g(x) =0 — homogeneous

g(x) # 0 nonhomogeneous

e & & 733 ! Associated homogeneous equation

% !

The associated homogeneous equation of a nonhomogeneous DE:

_Setting g(x) =0

« Review: Section 2-3, pages 58, 60
|[Example] " -6y"+11)' -6y =3x

Associated homogeneous equation: 3" —6)"+11y' -6y =0
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4.1.2.2 Solution of the Homogeneous Equation

[Important Theory]: An n" order homogeneous linear DE has # linearly
independent solutions.

[Theorem 4.1.5] %‘

For an n™ order homogeneous linear DE, if

@ y,(®), y,(0), .....,y,(f) are the solutions of this DE
@ y,(1), y,(¥), .....,y,(f) are linearly independent

then any solution of the homogeneous linear DE can be expressed as:

BRS8N i 1R 8
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From Theorem 4.1.5:

An n" order homogeneous linear DE has 7 linearly independent
solutions.

Find » linearly independent solutions

== Find all the solutions of an n™ order homogeneous linear DE

Y1(x), y5(x), ....., v (x): fundamental set of solutions

y=cy, +C Yy +ee +c,y, : general solution of the homogenous linear DE

(* #£i# complementary function) é: ,
» HER L



étr 148

[Definition 4.1] Linear Dependence / Independence

I there 1s no solution other thanc, =¢, = ....... = ¢, = 0 for the
following equality

ey (X)+c,p, (x)+-e vey (x)=0  forallx
Y544
then y,(x), y,(x), ....., y,(x) are said to be linearly 1ndependent ot
A, A, A ")?O‘?Pc'\aleni. ‘ aTm ¢ penol s

| A+ (=074 |- A(x4) <0 A A ’P:' oll 7
Otherwise, they are linearly dependent. € G\ v AT GA™s O
is satis€ied, they
¢(120,=2C=0
T %r§_F & linearly independent 7 ;% : Wronskian
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[Definition 4.2] Wronskian

%

M Y AR
y’ y’ e oo y;l
W(yl,y2’ ...... ’yn):det :1 :2 . .
B HRR ST A

W (31> yseeeee V) #0 ——s linearly independent

b
Note: det ¢ d}:ad—bc

.-
det| d f | =aei+bfg +cdh—afh—bdi — ceg

l

S QN S
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[Example 9] (text page 127) €0~9< e’ eh3% o N
" ' . ‘ndep.
__(5)) 4‘]_1)7 _'(i}’—'() I’ ‘05517(‘1 (:CLS.ZJK' ‘05f27‘=:ZC°$f2’Ji
y, = €5, y, =%, and y, = e are three of the solutlons X Folep.
Since € det| ! 23“ esx\
) ket N ﬁ et(;l 4 qe¥
N V2 W e e oHl

x+2x+3x

1 1
det| y/ . yil=|e" 2™ 3e3x =e 2 3|=2e"#0
4 9

1
Vv Y] e et 9e” 1

Therefore, y,, y,, and y; are linear independent for any x 18434
-2-9-|» )

general solution:

2 3 _
y=ce +ce” +ce” X € (—o0, )




4.1.3 Particular Solution

Particular solution:
Any solution of the original nonhomogeneous linear DE.

[Example 10] (text page 128)

y"'—=6y"+11y'—6y =3x

T

y"'—6y"+11y' -6y =0 Particular solution of
ex e2x e3x Sec 4.'5 ym . 6_)/” + 1 1_)/, . 6)/ — 3X¥
Complementary function _ 111,
y=ce + czezx + c3e3x Yp 12 2 Cec 44

(Example 9) \

General solution: |y = ¢.e* + ¢,e* + ¢,e™ — 11 _

151



4.1.3.1 Superposition Principle for Particular Solutions

[Theorem 4.1.7] Superposition Principle

>N
If y,(x) is the particular solution of

152

a,(x) " (x)+a,, (x)y"7 (x) ++a (x) ' (x) + @, (x) y (x) = & (x)

V., (x) is the particular solution of

a, (x)y" (x)+a,, (x) 3" (x) - +a (x) ' (x) +a, (x) y(x) = g (x)

v, (x) is the particular solution of

a,(x) " (x)+a,, (x)y" 7 (x)+ - +a (x) ' (x) +a, (x) y(x) = g (%)

then |y, (x)+y, (x)+---+y, (x)lis the particular solution of

a, (x) )" (x)+a,, (x) 3" (x) 4+ a (x) ' (x) +a, (x) y(x)




[Example 11] (text page 129)
Sec 4 12

153

ypl( ) —4x” is a particular solution of »"—3)' +4y=-16x"+24x -8

(+ K-

Vo, (x)=e€>" is a particular solution of " —3)'+4y =2¢*"

(3 KA )

¥, (x)=xe" is a particular solution of »"—3)'+4y =2xe" —e’

— _ 2 2x X
y=y,ty, ty, =—4x"+e" +xe

(5 1 2E=)

1s a particular solution of

— O~ TN\ ¢
y'=3y'+4y :€—16x2 +24x — 8>+(282’7+(2xex —e"
N




4.1.4 New Notations

Notation: pr,, —

d’y . dy

PTH A

d"y
dx” *34

-
?4—554‘6_)/

—
(Useful for theL linear

»D’y+5Dy+6y

¥ OETH =

» (D +5D+6)y

ALy
BT H ‘ﬁ3~2

L(y)
L=D*+5D+6

' 3-3

DE with

constant coefficients)

154
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4.1.5 Initial-Value and Boundary Value Problems

4.1.5.1 The nt* Order Initial Value Problem

i.e., the n" order linear DE with the constraints at the same point

n—l1
a0 ()Y ray () y = g (1)

n 1nitial conditions

(given at the same point)



only applied for |menr DE 156

mitial couofTtions
For an interval / that contains the point x,,

[Theorem 4.1.1] y?p}

O If ay(x), a,(x), a,(x), ....... ,a,_(x), a(x)are continuous at x = x,
@ a,(x,) #0
(% §Section 2-3 § * x, # “_singular point 3% i#)

then for the problem on page 155, the solution y(x) lexists (and 1S Enique)
on the interval / that contains the point x;,

(Interval [ £g= [f] » B30 R 5 g (x) =0 121 2 7 BF ai(x) (k=0 ~n)
7 % continuous)

Otherwise, the solution 1s either non-unique or does not exist.

(infinite number of solutions) (no s&ution)
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[Example 1] (text page 119)

+5)"=y'+7y=0 y(M)=0 HYDH=0 ' 1=0
uh“,q(Ae So[q-l-toﬂ

4

3y

[Example 2] (text page 120)
Y -4y =12x y0)=4  (0)=1
unique selation

o X*Y' —2xy'+2y=6 y(0)=3  y(0)=1
Ao:0
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o Il iy !
X’y =2xy +2y =6 y)=3 y'()=1
A2 ‘
There 1s only one solution_
y=x"—x+3
x € (0, )
e Note:

The initial value can also be the form as:
ay(x,)+ :By’(xo) =)o

N-1
> a,y"(x,) =y, (generalinitial condition)

n=0



4.1.5.2 nt Order Boundary Value Problem 159

Boundary conditions are specified at different points

L g ¢ Initial conditions are specified at the same points

s+ az(x)y"+al(x)y’+a0(x)=g(x)
subjectto  y(a)=y,, y(b)=y,  a=#b
2" yi@) =y, yb)=y

{aly(a) +By'(a)=7,
a,y(b)+ B,y'(b) =7,

b

An n™ order linear DE with n boundary conditions may have a
unique solution, no solution, or infinite number of solutions.
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[Example 3] (text page 120)

y'+16y=0
solution: y = ¢, cos(4x)+c, sin(4x)

ﬂ[(:o /-I7C(=0
(1) »(0)=0  p(x/2)=0

y=c sin(4x) 02 1s any constant (infinite number of solutions)

@) v(0)=0" y(z/8)Z0 7 >0

y=0  (unique solution)
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4.1.6 A& & ;1R chi

(1) Most of the theories in Section 4.1 are applied to the linear DE

(2) 1 &, initial conditions = boundary conditions z_ fF c177%

(3) -k 2 %7 linear independent
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4.1.6.1 %3

e general solution of the nonhomogenous linear DE (page 143)
y(X):Clyl(X)‘I‘Czyz(X)‘l‘ ...... +Cnyn(x)+yp(’x)

eassociated homogeneous equation , (page 145)
(E& &3F

e fundamental set of solutions (page 147)

e complementary function (general solution of the homogenous linear DE)
(£ & #3) (page 147)

e Wronskian (page 149)

e particular solution (page 151)

e 1nitial conditions, boundary conditions (pages 155, 159)
(L& &3



(4 “c 1) Theorem 4.1.1 1j% %

0,(0) 2 0, () e (1) D a (x) y =g (1)
Y(5)=vs V(X)) =Dy oo Y (x,) = v,
When a (x,) #0 \
95+ A ) s B 1) 1) ) O
| R
Y (g +A) = 3" (x,)+ 0" (x,) A > find Y D(x,+A)
(1345 f’(t)=f(t+A)_f(t) , ft+A)=F()+f(t)A)

163
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y(n—2) (xO + A) _ y(n—2) (xO 4 y(n—l) (XO)A » find y(n—2)(x0_|_A)
PO (2 +A) = 3 (o) + y" P (x,) A ~ find y3(xg+A)
y(xo +A) = y(x0)+y'(x0)A >| find y(x,+tA)
(n) A an_l(xo +A) (n-1) A al('xo +A) : A
y (xo"' )"" an(x0+A)y (xo+ )+ +an(xO+A)J’(xo+ )
a, (x+A) g(xO +A)
A)= > n
’ a,(x,+ A)y(xo +4) a,(x,+A) find y™(xy+A)
Y (x, +2A0) =y (x, +A)+ ™ (x, +A)A . find y0 D(x,+2A)

_ find y"2)(x,1+2A)

y? (xo + ZA) =y (x, + A) + b (x, + A)A
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(%, +20)=y(x, +A)+ ) (x, +A)A > | find y(x,+2A)
v (x,+2A)+ @, (%o +2A)y(l’“) (X, +2A)+:-+ @ (%, +24) V' (x,+24)
’ a,(x,+2A) ’ a,(x,+2A) ’
N a,(x+2A) (%, +2A) = g(x,+2A)
a,(x,+2A) a,(x,+2A)

v

gt apda o ¥ R p(x t3A), y(x,t4A), y(x,tSA), ...

ML p(x) AT AR AR
(Fy(x) forx> x, P&, * & e A B >
Fyx) forx < x, &, * f e A E)
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Requirement 1: ay(x), a,(x), a,(x), ....... ,a,_4(x), a,(x)are continuous
503K qlxgtmA) § ¥ K

)
=
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4-2 Reduction of Order y
M order = |°  oreler

4.2.1 {* thv

eRT o o

Suitable for the 277 2n order linear homogeneous DE
0, (x)y"+a,(x) )+ a, () y = 0
Y, (%) £0

(4) One of the nontrivial solution y,(x) has been known.

+rivial solw(?o“ 7’ 0]
non {vivial Y £0
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[

4.2.2 f24

- K
B |y (x)=u(x)y(x) ( # DE % < Standard form)
a,(x)y"+a,(x)y +a,(x)y=0
£ #-DE % =% Standard form
P(x): a\(%)/0a(X) Y+ al(x) ' _|_ (x) —
Y'+P(x)y' +0(x)y=0 az(X)>( ,(x)”
If| y(x) = u(x) y,(x) |, (+* & Section 2-3) Q: “ x)
a,(x)
Y =uy+uly, V' =uy+ 2uy +uy, =
v V4 v z

uy! +2u'y, +u"y, + P(x)uy, + P(x)u'y, + Q(x)uy, =0

”(y”‘HD( )y1,+Q(x)y1)+2”,J’1’+””yl+P(x)u’yl =0
ZCTO
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u"y,+u'(2y;+ P(x)y,)=0 set w=u'
d l d
d—wyl + vr(Z f; P(x)»)=0  multiplied by dx/(y,w)
dw 12 dy, +P(x)dx=0 separable variable
w yl (with 3 variables)

j jdyl+jP(x)dx=0

In|w|+c, +2ln‘yl‘+c4 = —IP(x)dx
R A e

ln‘wylz‘ :—IP(x)dx+c
C 2-'(3 - Cq.
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Wylz _ ie—jP(x)dx+c
W= cle_j Plxjes / ylz
e—jP(x)dx
u=jwdx=clj —dx +c,
. Vi We cansetc; =1 and ¢, =0
l (F1% 29 5 u(x) i 0 8 L
& & ¥y (x) T 4pindependent
FF — 1B 3)

where [ P(x) - al(xg (the coefficient of () in the
standard form)
R
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4.2.3 |+

[Example 1] (text page 132)

y” _ y — O
We have known that y, = " is one of the solution ~f P(’de ¢,
1 © S e
P(x) =0 v, (x) =exjce_2xdx = —Ece_x . -C
(no ){') (‘C +(o)e
Specially, set c =2, (y,(x) ¥ & independent of y,(x) I ¥ set CC : .';
ol

BT e R 1L IE 7‘%;{)

—X

V> (x)=e

General solution: |y(x)=ce" +c,e”




A=O s?ngu'alf- 172

[Example 2] (text page 133) (e x i [F i g %)
x*y"=3x)'+4y=0 whenx e (-, 0)
We have known that y; = x? is one of the solution $ f“"d: V"“ 4
~ =) 42X vy
Note: the interval of x A 24 !0
PO <2
If x € (0, ) (x> 0), jdx/x=lnx o~ %
Ifx<0, [dv/x=In(-x) é~ PeOdX
3In(-x) j-s- Ax
)b(x):xzje dx = x j( x) dx -e
X ) 'L - 3 ”l'?‘l
S @3
=—X j dx==x"In|x <(-x7¥
14’("60/ 0)

y(x)=cx’ +¢,x" In|x|
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[

424 * & F 3 E e 3

—_[P(x)dx

(3525 (3) = ()]

(2) F#F 258 (F2R) 0 - HEARY ST H w) g A

(3) W 7 P(x) & “standard form” — =t fic 4 78 1 coefficient
term
(4) P #& 3 singular point 1R 48

(5) #1% y,(x) €_homogeneous linear DE =7 “ix & f&" » #7103t

B F B ER UL SRR

e—jP(x)dx
(6) @ jyz—()c)dx A EGE SR TR TR S Ay
1

?E?%
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Hyperbolic Function

L osin(x) = e” gj.e_jx

_e+e”

2

cos(x)

e = cosx t FSTnX

Note: sinh(x)=—sinh(—x)
cosh (x) = cosh(—x)

s



5
sinh(x) /
0
-5 .
2 0 2
3
2! coth(x) &
1
0
-1
_Zﬂ
-3 -w

O N LA o 4N ow

tanh(x)

csch(x)

ol

175
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d
dx
d

dx

dx
d

dx
d

dx
d

dx

sinh (ax) = acosh (ax)

cosh (ax) = asinh(ax)

d tanh (ax)=a sech” (ax)

coth(ax) = —acsch? (ax)

sech (ax) = —asech(ax)tanh (ax)

csch(ax) =—acsch(ax)coth(ax)

&5 (sinh(O) =0

176

cosh(0)=1

sinh’(0) =1
»@(

cosh’(0)=0

sin (ix) =isinh(x)

cos(ix) = cosh(x)



jsinh (ax)dx =

jcosh(ax) dx =

jtanh(ax) dx =

J-coth(ax) dx =

jsech(ax) dx =

J.csch (ax)dx =

Cosh(ax)

+C
a

sinh (ax)
a

+C

ln‘cosh(ax)‘

+C
a

ln‘sinh(ax)‘
a

+C

2tan” ( tanh(‘zZ x))

a

+C

In ‘tanh(‘zZ x)‘
+C

a

177



4-3 Homogeneous Linear Equations with

Constant Coefficients
M &

* &8 * auxiliary equation 7> ;* K 2 homogeneous DE
KK: [ aqziljar 1|

178

4-3-1 *LH) % 2

P41 5 £ : (1) homogeneous
' (2) linear
P
@onstant coefﬁcie@

n n—l1 ’
any()(x)Jran_ly( )(x)+---+a1y(x)+aoy:0
ady, Ay, Ay, ... , 4, are constants wdCpendent of A

(the simplest case of the higher order DEs)
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4-3-2 %%
f22 ou )Q’z
Suppose that the solutions has the form of
Example: »"(x) -3 y'(x) +2 y(x)=0 0’“"(7’":""*“')’
function
Set y(x) = e™, mze/’§—3m¢{x+2w=0 Ce e’(_;_(ee?’f

m>—3m+2=0 > solve m
(w-) (Mm-2)°:0 wmz|,2 e", e

TR P op AT BN s g - B SN

T % 98 3V AL4E 5 auxiliary equation

& |



o 2% N AR *ﬁ

Step 1-1

any(”) (x) + an_ly(”_l) (x) +-+ay'(x)+a,y=0

'auxiliarlﬁmm,u

%3

Step 1-1

Step 1-2 n linearly independent solutions e"" , e

Step 1-3 Complementary |y =ce"" +c,e™ +c,e”

(=

function

180

Jik) (x)—>m* Y ) = mk

n — n—l1 _
‘ am’ +a, m +---+alm+a0‘;9

Find » roots , m,, m,, ms, ....,m,

v

X Ny X

Cases)

A

(It m,, m,, m,, ...., m, are distinct)

ml 3x
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[

4-3-3 Three Cases for Roots (2"! Order DE)

a,y"(x)+ay' (x)+a,y(x)=0

2 —
a,m - +am+a, =0

2
—a, + \/af —4a,a, _ %~ \/a1 —4a,a,
roots m, = m, =
2a 2a,
\-—\ 2 e B
solutions
O\|L" 40,6550
Case 1 m, # m,, m,, m,are real (2§ m,my, * <*'LH| 5 real)

¥ -1

m

_ X m,
y=ce " +c,e

X




%3‘2 al;" 40‘& Ao<O

Case 2 m, =m, (m, and m, are of course real)

myx

First solution: |y, =e

Second solution: using the method of “Reduction of Order”

- [ Px)ax
B ()0 (]
_ e .. e(—zml—z;)xdx
=e"" : dx=e"" (x+4)
Y, (x)=xe™
y=ce " +c,xe™ § y (<

o
M=y : --;_3:) 182
Cec4-2
stanolowd
"4 [A0y'4 Q0.
Y . -fﬁ.o
Npoo)
w4 POZ2M,
2a, e"fPlﬂojx
N e 2 x
_ .2
=7\ (7()

-——7#37(
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Case 3 m, #m,, m, and m, are conjugate and complex
(8 | ‘3'*44\;4 o< O

2
—a, + -4
m,=— \/al aza°=a+j,8 m,=a—jf
2a,

a=-a,/2a,, ,8:\/4a2a0—a12/2a2

Solution: |y = C ™ /A" 1. C g™ /#

Another form:
y=e" (Clejﬂx + Cze_jﬂx)
=™ (C, cos fx + jC,sin fx+C, cos fx — jC, sin fx)
setc,=C,+C,and ¢, =jC, —jC,

y=e"(c cos fx+c,sin fx)| ¢ and ¢, are some constant

ﬁ's -3

183
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[Example 1] (text page 137)

(@) 2y"-5y'-3y=0
2m? =5m=3=0, m;=-1/2, my=3

_ -x/2 3x

®) [p-10y'+25y=0/ (m=-5)"=0
m?>—10m+25=0, m;=5, my=5

— 5x 5x

(©) Y'+4y' +7y=0 (M-b,j‘-.-} mtrs 15

m2+4m+7=0, m1=—2+i\/§, m2=—2—i\/§
t-2 =
y=e " (c1 cos\/gx—l—c2 sin\/gx) X ) B /\B
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4-3-4 Three + 1 Cases for Roots (Higher Order DE)
For higher order case any(") (x) + an_1)’(n_l) (x) +otay' (x)+a,y=0

eqe . -1
auxiliary function: a,m" +a, m"" +---+am+a,=0

roots: my, m,, msy, ...., m,

\él)lfmp #m, forp=1,2,...,nandp #q
4,.'

CE e AT S NS A R

then e 1s a solution of the DE.

% =X i
(2) If the: mult1p11c1tles of m,isk (% & 7 B3\ tem, ok > 5 k B9,
--------------- (% .
ﬁ“"z ", xe""  xTe" e ,x e e . [0 )
Mm>:0, m:0,9,6,0,D
. /
are the solutions of the DE. TR o .[3, 7(1_

Y T CptCt +0x+ (X
+647(4
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(3) If both a + jf and « — jf are the roots of the auxiliary function,

4_-
ﬂtheBn

e™ cos(fx), e sin(fx)

are the solutions of the DE.

(4) If the multiplicities of a + jf is k and the multiplicities of a —jf

1s also k£ > then

W44

e™ cos(fBx), xe™ cos(Bx), x’e™ cos(fx),

e™ sin(Bx) , xe® sin(Sx) , x’e™ sin( fBx),

k-1 _ax

, X' e

k-1 _ax

, X' e

cos(fx)
sin( fx)

are the solutions of the DE.
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Note: If o+ jf1s a root of a real coefficient polynomial,

then o — jf 1s also a root of the polynomial.

an(a+j,8)” +an_1(a+j,8)”_1 —|—---+a1(a—|—j,8)+a0 =0

a,, a, a, .... , a, are real
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[Example 3] (text page 138)

Solve |y"+3y"—4y=0

|

Step 1-1 m>+3m*-4=0
(m —1)(m2 +4m +4)

(mn -(-Z)}'
Step 1-2 3 independent solutions: € ,e " , xe

. X —2x -2
Step 1-3  general solution:|y = c,e” +c,e " + ¢, xe




[Example 4] (text page 138)

Solve Yy (x)+2y"(x)+y(x)=0

/

Step 1-1 m* +2m*+1=0

(ege G4 Padeles

(m”>+1)° =0

0{'-0' B?.\

four roots: i, i,—i, —i

Step 1-2 4 independent solutions: cosx, xcosx, sinx, xsinx

Step 1-3 general solution:

Y =¢COSX+C,XxCOSX+csinx+c,xsinx

189



4-3-5 How to Find the Roots

(1) Formulas

2
—a, + \/az1 —4a,a,

a,m’+am+a, =0 > m, = , m, =
a2
am’ +a,m’ +am+a,
> m —Ss+7-%
3a,
mzz—%(S+T) 3a, +l—\/7(S T)
Solutions:
1 4 ;1 _
my =5 (S+T)~ 3 ~i,N3(8-T)
S = \/R+ JO'+R | T= \/R— JO +R®
la, a: 9a,a,—27aa, - 2a;

0=

9

3a; 9q’ S54a?

2
—a, - \/al —4a,a,
2a,
(45 1)
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(2) Observing

blde t 1 EF 5 root — B LE L0

X e
3m’ +5m* +10m —4

;

5
factor: 1,3 factor: 1,2,4
Y h-

possible roots: £1, 2, +4, +1/3, £2/3, +4/3

¥

test for each possible root » find that 1/3 1s indeed a root

3m +5m* +10m —4 = (m —%)(31112 + 6m +12)
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(3) Solving the roots of a polynomial by software

Maple
Mathematica (by the commands of Nsolve and FindRoot)
Matlab ( by the command of roots)



4-3-6 & & F 1R s S

(2) B f2 ¥ P » & 4% “General solution” g !
Y=oy, +C,y, -+,
(3) FIF & 2R B

(4) & & eh 02 > 4 % 3 1St order 2

]
|

T2
)

93



4-4 Undetermined Coefficients —
Superposition Approach
%zlz
o R .
This section introduces some method of “guessing” the particular
solution.

4-4-1 = 2 ¥ g2

o o R{%,

Suitable for linear and constant coefficient DE.

a,y" (x)+a, y"" (x)++ay' () +a,y(x)=g(x)

3) gx), g(x), g" (%), g"(x), g(x), gP(x), ......... contain
finite number of terms. ﬁ' 3

194
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4-4-2 > %

FdE- BRRAC
g(x) £ # -3 » particular solution %M,@;z P AKS.

TR - B AL
FEPFR3 4 B,C, ... &L unknowns £ 1) k)
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<I* ‘ﬁ: Trial Particular Solutions (from text page 146)

2(x) Formof y,

1 (any constant) A

Sx+7 Ax+ B

3x2 -2 Ax* +Bx+C

X —x+1 A3+ Bx*+ Cx+ E

sindx Acosdx + Bsindx

cos4x Acos4x + Bsindx

o5 A5

(9x — 2)e> (Ax + B)e>*

x2e> (Ax? + Bx + C)e>

e3*sindx Ae’*cosdx + Be>sindx

5x?sindx (Ax? + Bx + C)cosdx + (Ex? + Fx + G)sindx
xe3*cosdx (Ax + B)e**cosdx + (Cx + E)e*sindx

It comes from the “form rule”. See page 201.
3
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g(x)=e"" +xe* y,="? Aezx-f-(gx'('() etx

2 - — Acosx+ Bsin
g(x)=cos(x)+x’sin(2x) »,="? X
()= cos() 22) 7% HCAXHPAIE ) Cogdx
+(Fx4 G x$H) sln X
g(x)=cosh(2x) y,=

d

?
o Acosh(22) + B sinh(24)
! 2% 2Tk ()

oYy

o .
. AR
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4-4-3 Examples

[Example 2] »"—)"+y=2sin3x (text page 144)

.ﬁ)_Step 1: find the solution of the lated homogeneous equation

J3 J3

_ 2 3 . /3 J'=Y'+Yy:0
y.=e ~| ¢ Cos 5 X+c,sin 5 X Guess “"‘K]hﬁ? W g 20
Step 2: particular solution y,=Acos3x+ Bsin3x oy L4

2

y!, =-34sin3x+3Bcos3x =2 ﬁ‘-?
¥ =-9Acos3x—9Bsin3x
Y=y +y, =(-84-3B)cos3x+(34—8B)sin3x = 2sin3x
(D3+R)xg » —BR=16
{—8A—3B —0=(W

——> A=6/73, B=-16/73
34—-8B =2>-(2)
—icos3x—msin3x

y =
Step 3: General solution: K 73

J3 J3 6 16

y=e"? (cl 0037x+ c, sin7xj + ﬁcos3x—ﬁsin3x
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[Example 3] y" -2y -3y =4x—-5+6xe’*  (text page 145)

Step 1: Find the solution of

Y'=2y'=3y=0. m*12m=3:D
m=3/-‘

pages [52,153

y. =ce* +c,e”
Step 2: Particular solution
yrr_2y1_3y:4x_5 y!!_2y1_3y:6xe2x

AIGSS lguess

Y, =Ax+B Y, = Cxe™ + Ee™*
J/;I =4 y;Z =2Cxe™* + Ce™* +2Ee™*
){Zl =0 ygz =4Cxe™ +4Ce™ +4Ee™
—3Ax-24-3B=4x-5 —3Cxe’* +(2C -3E)e** = 6xe™
A=—%, B=% C=-2, E:—%

X+ =2 Y, = —(2x+%)ezx




Particular solution

4
3

_ _ 23 4N x
Y, =V, tV, ———x+?—(2x+§)e
—v

—

o

Step 3: General solution
y=y.tJy,

_ 3x -X

~4xy

3

23 _ 4y 2
5 (2x + 3)6

200
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4-4-4 - ;% cnfz$ : Form Rule

Form Rule: y, should be a linear combination of g(x), g'(x),

¢" (1), 2700, gH(X), €W, overrrnee *,

Why? 4ot = 3 ot ik diept 4 3§ 0§ ey

R BT Sec 44 TR (414 1)
g0=lnx 90k 9Lk 90T I3 - -



When g(x) = x"

X" x> T T —1-0
_ n n—l1 n-2
y,=4x" +A4,_x""+A4, ,x" " +...... + 4,

When g(x) = cos kx
cos kx — sin kx

[ |

y, = A coskx+ A4,sin kx

When g(x) = exp(kx)

o ——
(&

T |

y, = Aexp(kx)

202
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When g(x) = x"exp(kx)

g'(x)znx ™ + kx"e™
g”(X)Z n(n_l)xn -2 kx -I—anxn lekx +k2 n kx
g"(x)=n(n-1)(n-2)x""e" +3kn(n-1)x"e"

3k nx"e® + kix"e™

g%?lﬂg()(f) A ?— ;?7 & :)7\'//!%(/47\ ’ 75(%< )N .':”IE.,

k: -1 _k -2 kx -3 kx kx
x"e™ ,x"e” ,x"e™  x" e e , €

_ n—1 _kx n—=2 _kx kx
yp Cxe +C X € +C X € S RRRRER +C0€
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4-4-5 Glitch of the method:

4~ Sknk
[Example 4] y"-5y"'+4y=8¢" (text page 146)

Particular solution guessed by Form Rule:
y, =de’
Y =5y +4y =Ade" —54e" +44e" =8¢’

0=8¢* (no solution)

Why?
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Glitch condition 1: The particular solution we guess belongs to the

function. .
complementary functio assscioted homogeneous

Y'=Sy' 44y:0
"—5y'+4y=8¢" r_ . <
For Example4 )y —J)y +4ay=oe W -Sm14:0 ,m=4 |

Complementary function Y, =ce + c,e"” Ade ey,

Jyiris it (2% B2
S

yp = Axe” y; = Axe” + Ae”*

y, = Axe” +24e’

y, =5y, +4y, =-34e" =8e" — A=-8/3

Y, :—%xex

4
y=ce +ce” ~ 8 xe’

3




|[Example 7] " —2y"+ y=¢" (text page 148)
(m-1)*0
m= 1,1 Y. =ce +c,xe

From Form Rule, the particular solution is 4e*

Ae* ey, *q—

Axe™ € y, ek k- BxAdg o RIE K- B x

y, = Ax’e” y, = (Ax* +2Ax)e"
y, = (Ax*> +4Ax +2A)e"

yy=2y,+y,=24e"=e" —> A4=1/2

ypzxzex/Z

y=ce" +c,xe’ +x’e*/2

206
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[Example 8] (text page 148)

Step 1

Step 2
3 I

“4

V' +y 4x+10sin x y(7)=0 y'(7)=
»m4F°<+ﬂiD Gﬁﬁz) L 3¢ 0 M
Y, =, CO$ X + ¢, sinx LUHRGIER ST
= /5
y‘—Ax+B+Cs1nx+Ecosx " BY A’S
_________________________________________ R S . En
Yy = Ax + B+ Cxsinx + Excos x: =& - SIX, COSX Pgﬁﬁ
------------------------------------------- j —E%‘ F_+x
y, =4x—-5xcosx -—J}‘.;( Ax B % [{

Step 3

Step 4

y=c,cosx+c,sinx+4x—5xcosx

Solving ¢, and ¢, by initial conditions (& 15 4 f# [VP)
y(r)=—c,+4n+57=0 ——> ¢, =97x

y'=—c¢ sinx+c,cosx+4—5cosx+5xsinx
V(r)=—c,+9=2 == =1

y=97rcosx+7sinx+4x—5xcosx
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[Example 11] (text page 149) = p: 351 p)l
/vyp’2 =Bx’e* +Cxe " + Ee™*
PP 4" =1- 362«9_’C/~"+F:B 32
W4+Vh3;°

(MWD ¥, et ex+ex’ Heye
=
From Form Rulel v, ¥ £ G - WA foy, 4p

—X

fe 32 1T i3 I+

j\B b — 3 B AF eh3F

kg 4p

If we choose V, = A+ Bx*e*+Cxe ™+ Ee™*

Y, + Vi, =—2Bxe” +(6B-C)e " =1- x'e ™

i 1, x%e™ A 3E > ARl & E
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If we choose y, = AX’ + Bx’e ™  + Cxe ™ + Ee”™*
vyl =64-2Bxe " +(6B-Cle =1-x"e”"

/

L X% i 3 ARGl R fE

If we choose y, = AxX + Bxle * + Cx*e™™ + Exe ™"

O (4) m
Yp + Yip)

=64—-3Bx’e " +(18B-2C)xe™™ +(-18B+6C —E)e™"

—1—x’e"
A=1/6,B=1/3,C=3,E=12

y, = %x3 +%x3e_x +3x’e ™ +12xe™"

y=c +c,x+cx’+cet + %x3 + %x3e_x +3x’e " +12xe”"




Glitch condition 2: g(x), g'(x), g" (x), g"(x), g¥(x), g®(x),
contain infinite number of terms.

Ifg(x)=Inx

If g(x) = exp(x?)
g'(x)—> 2xe"
g"(x)—> (4x° + 2)e"
g"(x)—> (8x + 12)6)8"2
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4-4-6 & F B LR crp

(1) 3z i Table 4.1 mpartlcular solution K 3 2
(B 5 f= “formrule” 7 4p % *7 Hlf BH)

(2) ;£ & “glitch condition”

¥ -3 aiterm & R P B OA F (%3 Example
11)

(3) #7141 & 2L & complementary function » £ ¥ particular solution
(4) et ch= % 4 0% A 1t order RS

(5) ~ 3 ;% ¥ 3§ * 3% linear, constant coefficient DE
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4-5 Undetermined Coefficients —

: Annihilator Approach
B3 FEIRY [orarole tan/

For a linear DE:
any(n) (x) + an—ly(n_l) (x) Tt aly’(x) + aOy — g(x)

Annihilator Operator:

v 49 T ARG | g(x) 0 operator

i LR Y r
4 5 1 = 1& l'%l | ‘ g?[ 4,_4‘_

(1) Linear » (2) Constant coefficients

X
' (3) g(), 2(x), 2" (), 2" (%), gI), ), ... contain
finite number of terms.
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4-5-2 Find the Annihilator

[Example 1] (text page 153)

g (x ) =1-5x" +8x° > annihilator: D*

g(x)= e " > annihilator: D + 3

%g(x)+3g(x) =0
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g(x)= 4¢** —10xe™ > annihilator: (D — 2)?
y
e _ﬂ“‘i{po._)_ (D—-2)y=D>-4D +4

j—;g( )-4L g (x)+4g(x)=0

b

2)g(x)=8e* —(20x+10)e™* —8e** +20xe™* =—10e™*

B fic & T8 e coefficients *F 5 constants FF > function of D

7V fv function of x 13- & = ;\ 4p e

i)

o me
R AR

v ’@

(x =2y =x*—4x+4
= (D-2)*=D?—4D +4
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General rule 1: *z-l

If g(x)= (anx” ta, X" A + ao)e

then the annihilator is [D—«] i

/2 & ° annihilator fv a,, a, ...... ,

Ffra,n iy B

The annihilator 1s independent of the constant multiplied in
the front of each term.




General rule 2: %-L 216

If g(x)= (anx” ta, x" e + ao)e‘” (b, cos Sx +b, sin fx)

by#0or b,#0
n+1
then the annihilator is [Dz —2aD+ (a2 + p )]
n=0, X=-1,F=>
Example 2: (text page 154) g(x)=>5e " cos2x—9e " sin2x

annthilator D> +2D+5
(¥ Doy

Example 5: (text page 156) &(x)=xcosx—cosx . .
ple 5: (text pag ) =\, 1=0, @}

2
annihilator [Dz + 1}
Example 6: (text page 157) g(x)=10e" cosx N0 -2, B=|

annthilator D> +4D+5



General rule 3: 217

If g(x) = g;(x) + g(x) +...... + gilx)

Lilg,(x)]=0but L,[g, . (x)] =0 1fm=h,
then the annihilator of g(x) 1s the productof L, (h=1 ~k)
LL_ LI *2-3

Proof: L L, ---LL)L [ g tg, tgyt+- T8 k]
=L L L LLg +L L L, L8, +
LiLy Ly Ly Lygy+ - +L L L L, L g,

Ll L L Lg =L Ly L, [L1g1] =0
LL ---LLLg =LL, ---LL [ngz] =0
(¥15% L,, L, & linear DE with constant coefficient,

LiLy=L,L,)



Similarly, 218

Lt ---LLLLg,=LL _ --LLIL [L3g3] 0

LL, - LLLLg =L, - LLLL [Lkgk] =0

Therefore,
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[Example 7] (text page 157) 4 Efl

g(x)=5x% — 6xHdx’e*)H3e™

/ A N

2
annihilator: D3 o< annthilator: D — 5
annihilator: (D — 2)?

annihilator of g(x): D3 (D — 2)* (D —5)
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4-5-3 Using the Annihilator to Find the Particular Solution

A Y
Step 2-1 Find the annihilator L, of g(x)

Step 2-2 4% J X e linear & constant coefficient DE #_
L(y)=g(x)
7R PE-#-DE % = 4o A i
L{L(y)]=L[g(x)]=0
Ly Ly:0 Sec4-3
(homogencoud linear & constant coeflicicnt DE)

o If ay™(x)+a, " (x)++ay' (x)+a,y=g(x)

then L=a D"+ an_lD”_l +--+a,D+a,
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Step 2-3 Use the method in Section 4-3 to find the solution of

L[L(y)]=0

Step 2-4 Find the particular solution.
'A’YA' The particular solution y, 1s a solution of
L[L(y)]=0
but not a solution of
L(y)=0

&

(Proof): Since L( yp) =g(x) ,if g(x) =0, L( yp) should be nonzero.
Moreover, L, [L(yp )] =L[g(x)]=0

Step 2-5 Solve the unknowns
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solutions of

particular solution y,

R L
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4-5-4 Examples

[Example 3] (text page 155)
V' +3) +2y =4x? (L=D?>+3D+2)
_ Ly: g @:=4x*
Step 1: Complementary function
(solution of the associated homogeneous function)
2x Ly:o ‘z WR—.., ;m'-‘fz'.:o IVVI".',‘Z, ',

B

— _x -

Step 2-1: Annihilation: D? (L, = D)
L[L(y)]=L[g(x)]=0
. 312 _
Step 2-2: D (D"+3D+2)y=0 Sec 4-3

Step 2-3: auxiliary function u°(m*> +3m+2)=0

roots: my=m,=my;=0,my,=—1, ms=—-2
S48 Y
: LIL(i#\=0. % 2 4o complementary
Solution for 1[ (J’)] 2 ; 2 funztion i I 2R
y=|d +d,x+d,x"|+de " +de Ly=( {gﬂgyﬁ




Step 2-4: particular solution y,= A+ Bx + Cx? y; =B+2Cx

y, =2C
Step 2-5: y;+3y;+2y:2Cx2+(ZB+6C)x+(2A+3B+2C):4x2
2C =4 C=2
s 2B+6C=0 : B=-6
2A+3B+2C=0 A="7
yp=7—6x—|—2x2

Step 3:

y=y.+ty,=¢e’ +c,e +7—6x+2x°

224



qu '(’ I 225

A1 fart >
" =3y H8e”+Usin (L=D" -3D)

[Example 4] (text page 156

Step 1: Complementary function /y:0

From auxiliary function, m? —3m =0, roots: 0, 3
y.=c¢ + c2e3 g

Step 2-1: Find the annihilator

D—3 annihilate &¢**  but cannot annihilate 4sinx

(D>+ 1) annihilate 4sinx but cannot annihilate 8¢**
ﬂ [age 2_|6, no, D(:o’ p:‘

L, = (D —3)(D?+ 1) is the annihilator of 8¢”* +4sin x

Step 2-2: (D-3)(D* +1)(D*-3D)y =0
L\ L}lti)
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Step 2-3: auxiliary function: (m — )(m +1) Aj 5 g @z PN
=m(m— (m + 1) 0

solution of (D-3)(D? +1)( —3D)5=0:

~ 7 ,,'/3x 3x .
% 7,a’l +/dze +Hd,xe” +d,cosx+d,sinx

Step 2-4: particular solution

_ 3x .
y, =dxe” +d,cosx+d;sinx

K Bl
R WS e
8 3x 6 2

Step 2-5: ¥, =3%e +§cosx—§sinx

Step 3: general solution |y =c, +c,e™ + % xe ™ + gcos x —%sin X




V3 . 2 1 » _427
4-5-5 X & & )3 F e 2

(1) #t12 & £ & complementary function » £ & particular solution
(2) %% @ 2} channihilator - FH P @ H en T

(3) 3+ & auxiliary function p¥ 3 FF % % jo 45

4) L[L(7)]=0 f#fc L(y)=0 Pfiz? - §% -

(5) i3 72 » ¥ if * % constant coefficient linear DE

(F] % - R F & 2% auxiliary function)

The thing that can be done by the annihilator approach can always
be done by the “guessing” method in Section 4-4, too.



*+4%4 : Reviews for Higher Order DE

228

(A) Linear DE Complementary Function 3 = f#;% ca 2 1B

(1) Reduction of Order (Section 4-2) . [ P(x)ax
A yz(X)Zyl(x)j ylz(x)

dx

(2) Auxiliary Function (Section 4-3)

ay" (x)+a,_y"(x)++ay(x)+a,y=0

A

n n-1 —
am +a_m +---+am+a,=0

4 Cases (See pages 181-183, 185-186)

@)



(B) Linear DE Particular solution 3 = f#;% cm 2@ 229
(1) Guess (Section 4-4) (3. % 3 3& page 196 74)
% 3% ¢ y,should be a linear combination of g(x), g'(x),
g" (x), g"(x), gM(x), gD(X), weiiiininnn.

£
B3I E % 0 %k x(Sec. 4-4, constant coefficients)
£« 3k Inx (Sec 4-7, Cauchy-Euler)
(2) Annihilator (Section 4-5)
%R *~aDE 5 L[y(x)] =g(x) Annihilator: L[ g(x)]=0
Particular solution 5 L,{L[y(x)]} =0 e}z
(44 fo Ly()] = 0 &3 £ if 030 4 )
y=y.+Y,

g

Annihilator & j# = < 2P| : Pages 215-217
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Section 4-1:
Section 4-2;
Section 4-3:
Section 4-4;

Section 4-5;:

Review 4:
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3,7,8,10, 13, 20, 24, 29, 33, 36

2,4,9,13, 14,16, 18,19, 22

7,16, 20,22, 24, 28, 33, 39, 41, 52, 54, 56, 59, 61, 63
5,6,14, 17,18, 24, 26, 32, 33, 39, 42
2,7,8,13,18,31,45, 60, 62,69, 70
2,21,22,25,33,34,37



