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4-6 Variation of Parameters

%E [ H2

4-6-1 = jZ ' 4

The method can solve the particular solution for A’l

(1) May not have constant coefficients 5 h)7, one cons ol
(2) g(x) may not be of the special forms

a,(x) " (x)+a,,(x)y"7 (x) +-+a (x) y'(x) +a,(x) y = g (x)
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4-6-2 Case of the 2" order linear DE

a,(x)y"(x)+a,(x)y(x)+a,(x)y=g(x)

associated homogeneous equation: az(x) V'(xX)+a,(x)y'(x)+a,(x)y=0
Suppose that the solution of the associated homogeneous equation is

CDM\’\CWC“{'“V] e (x)+¢,p,(x)
Lanction — -

Then the particular solution 1s assumed as:
Yp :ul(x)yl(x)+u2(x)y2(x) seée [70\96 63

(F 2R AR
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Yp =u, ()Y, () +u, ()Y, (X)) x~ f s RAF Ly

! ! ! ! !
Y,=uy Ty, Ty, +u,),

yy =y +2uyy Yl uyy, +2u0y) +uyy;
‘ (standard
B ")+ P(x)y(x)+0(x)y = f(x) orm

P(r)=210. 0=

a,(x) , a,(x) ’

4

Vi +P(x)y, +0(x)y, =uy, +2u/y +u,y +uyy, + 2u,y, +u,y,
+P(uyy, +uy +uyy, +1u,v, )+ 0wy, +u,y,)

yi+P(x)y, +0(x)y, = ul[yl"
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' yzf(x) — ! d 235
'Ly =0 u =—=- u, jul(x) X
I S S —
S ARG s = [us ()]
W W
where W:yl’ yf | ¢ y? yI’ 0 =y f)
Y1 W f(x) ¥, »n f(x)
YY) =Yay' == Yo fx)
| : de{e):lrz'minant. : “c 3 : ad <b¢
(
v, (x)=u,(x)y (x)+u,(x)y,(x) L(x) = —90—‘% %
3

¥ 14 4e 15t order case (page 63) 4p V- &



4-6-3 Process for the 2" Order Case 7R

Step 2-1 % = standard form ’*s £+ )
" ' Oe (%
Y'(X)+P(x)y'(x)+0(x)y = f(x) ¢
Step 2-2 W oV, . 0 vy, »w 0
L ' 1 } 2 7 |y
wg f(x) ¥, AC)
Step 2-3 |, W U, W
P N 2"y

Step 2-4 U, = ju{(x)dx U, = u; (x)dx *z

Step 2-5  y (x)=u,(x)y,(x)+u, (x)y,(x)



4-6-4 Examples £

Example 1 (text page 162) Sec 44 (AK'PB) e
" ’ . 2x
y -4y +dy=(x+De (AT FBA) ST
Step 1: solution of y"—4y"'+4y=0:
_ 2x 2x m 1-4'\“."(0:0
Yy, =ce +c,xe m=1,2
Step 2-2: Y, =y, i, y,, )ﬁ_;ezxx, Vv, = xe™
2
- - A €€ 2 Lé‘-f—ll ,
e xe . 0 xe
W = = 64 — — _ 4x
Zezx 2xe2x + ezx VVvl (x + 1)e2x zxe2x 4 e2x (x T l)xe
2x O
w,= < =(x+D)e
27 (x+1)e™
Step 2-3: ul’:K:—xz—x u;:%:x+1
w /4



Step 2-4:

Step 2-35:

Step 3:

u, = .u’dx j( x —x)dx———x =

u, =. u,dx = j(x+1)dx—2x +x+/

Vo = (—§X3 _zxz)ezx +(%x2 -I—x)xe

_ 2x 2x 1.3
y=ce" +c,xe +(6x +

2

lxz)ezx

e ve

Qé constant

(1x3+

1
2

x>)e™

238
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Example 2 (text page 163) 4y"+36y =csc 3x
44360 m:-£3; y
Step 1: solution of  4y"+36y=0: y, = c1 + c,\sin3x

Step 2-1: standard form: y"+9y=csc3x/4 f(x)=cse3x/4
3
Step 2-2: | cos3x  sin3x s 0 sin3x /
—3sin3x 3cos3x| W= %csc3x 3cos3x =-1/4
cos3x 0
W, — _ lcos3x
> |—sin3x %csc3x 4 sin3x
o1 r:szlcos3x
Step 2-3: M=, =71y M T T 0 gin 3y
Step 2-4: ulz—% u, = 3161n\sm3x—\%
(A% &%) 53 1 -cos3xdx B

127 sin3x



U. ¢ 72- M?.

Step 2-5: Y, = —ﬁcos3x+%sm3xln\sm3x\
Step3: y=y.+y, =¢cos3x+c, sin3x—%cos3x+%sin3xln\sin3x\

Note: ## Interval (0, 7/6) &3% < 5 (0, 77/3)

siagdar peints : lef (sc3x — Lo

37(:y)7('; :%’—I’-



Example 3 (text page 164) |y"'—y=1/x

241

m*—):0 y.,=ce +ce” f(x)=1/x
m'—i, - ex e—x . W' 0) e x:-éz
— — « e 7,4
et —e’ /x =€
ex o e . W e™ W, . -~
w, .= Uz %- —  y,:=%W . €
.e)( ]/7{ x _tw 2)( / w 2
A e
(VP /Uc je d;{ ff ‘;é 0"6 ﬁ
Uyt (W e¥ _ (157 5
j I ‘S.'x w28 t
Note: j —dx A3 analytic cHf#
X
s mia S [ Sdr (Y page 49)

xol‘
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4-6-5 Case of the Higher Order Linear DE

a,(x)y" (x)+a,, (x) "7 (x)++a(x)y(x)+a,(x) y =g (x)
Solution of the associated homogeneous equation:

V. =y (X)+ 6,0, (x)+ ey (x) e +c,y,(x)

The particular solution is assumed as:

Y, = ()3 (%) + 1, (X) Y, () + 3 (x) 3 (X) + -+ +u,(x)y,(x)

e

—— ~ =

u (x) = % ——>u, (x) = J-”/’c (x)dx
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Process of the Higher Order Case *ﬁ‘*

Step 2-1 % = standard form

e )

Step 2-2 Calculate W, W, W,, ...., W, (see page 244) ,#3 An(x)

%
Step 2-3 u{:% u;:% ......... u' _W,
/4 /4 W
q
Step 2-4 zjul’(x)dx u, = |ub(x)dx|....... u, zju; (x)dx

Step 2-5 V), (x) = U (x))ﬁ (x)+u2 (x)y2 (x)+ """ Tu, (x)yn (x)



4

U

(x)

SIS

~

M
»
y

(n-1)
Vi

M

!

M

N

2

(n=2)
(n=1)

2
V)
Vs

(n-1)
)

V>
¥

(n=2)

Y

(n=1)

V2
f(x)

y3 yn . I47
4 y;l P 0&2 ]
yi Y, Wongletag
y3 .n
: (n-1)
n—1)
»y a
y 1 O yk+1 yl;l
fe— ’ n
Vi I 0 Vi1 Y
k_ .
: . i (n-2) y}gn—2)
(n-2) 0 -yl "~
Vi-1 | Tk yn
J’JfED f(x) Viesl
g(x)/a,(x)
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W,: replace the k™ column of W by

For example, when n =3,

7\ Yz,' 73”1’ )/z 73, 7':“ + )’57. ,72,”

W =

Vi Vo W
yoyy oV
oy, W

S (x)

3] 0 V3
v 0y
v f(x) ¥

IS AR AL B AR AU AR

Vi W
YooY
VoY

245

J(x)




¢ X = R 246
Exercise 30 V" +4) =sec2x WeC) T lesox
w3+ 4D on 2x: & tnn
mw0, t 12 X>F +hd  secx>1y
Complementary function: y =c¢, +c¢,cos2x+c,sin2x £ing ulow
l,oolﬂ‘(’;
| COS2X sin2x
W=0 -2sin2x 2cos2x|=28
0 —-4cos2x —4sin2x
0 COS2X sin2x
W= 0 —2sin2x  2cos2x|=2sec2x
sec2x —4cos2x —4sin2x
| 0 sin2x | COS2X 0
W, =10 0 2cos2x|=-2 W,=0 -2sin2x 0 |=-2tan2x
0 sec2x —4sin2x 0 —4cos2x sec2x
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W, sec2x , W, -1 , W, —tan2x
Z/ll: = uz———— u3: —
W 4 W 4 w 4
u —lln\sec2x+tan2x\ w, = u =lln\cos2x\
1_8 2 4 3 8

y(x)=¢, +c,c082x+c,sin2x
+éln\sec 2x + tan 2x| + _Txcos 2x+ é(ln\cos 2x|)sin 2x

for -77/4 < x < 7/4

~—

Note: -7/4 , 774 are singular points

)

fm—




4-6-7 & & F 2R, e

g=%

(1) % = 5L j# associated homogeneous equation 7% |§
Q) RABLELE N

(3) &4 | | 4 e A_ determinant

@) & D u/(x) fruy(x) 880 TTHFA FRE ]

(5) fx) = g(x)/a,(x) (4= 1% order F35— # » # * standard form)

(6) 3+ & u)(x) o u,)(x) ek A PF > +c T A%
F] & 2P ehp ehE B particular solution y,

E_E P — Bk KR 3 fz

<

(7)ie> Z2fFade Rl > 3 ¢ 7 a,(x)=0 a1 >
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4-7 Cauchy-Euler Equation
AR s

4-7-1 §&i% v 24| 12

anx”y(”) (x) + an_lx”_ly(” D ( )+ +axy' (x)+a,y= g( )

not constant coefficients / \
PR % &,

but the coefficients of yW(x) have the form of Clk

a, 1s some constant

associated homogeneous particular solution
equation

a,x"y" (x)+a, x""y" P (x)+

+axy' (x)+a,y=0
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4-7 2 ﬁ*}z

Associated homogeneous equation of the Cauchy-Euler equation

n—1_ (n-1)

a,x"y" (x)+a,,x""y" (x)++a0/(x) + 4,y =0

> &' be¢£$a43 Paoel'l‘7
Guess the solution as then

a,x"y" (x)= anx"m(m—l)---(m—n+1)xm_”:anx’" m!

(m—n)!
and the Cauchy-Euler e&uatlon becomes mlz)23-- . m
Qn(m 1)_(7‘m 2) ------ (m—n +1)D O, A y(""")b()
a,, X" 1m(m D(m—2)----- (m—n+2)\xm_”+1 + aq, Wl
— " (wmond) |
a, 2x “m(m—=1)(m—=2)---- (m—n+3)x""2+ =
: M
PN
+a,xmx"” *"



%elete x™ on the previous page £G ?f: 43 )’“‘)Df ) = wfil

am(m-1)(m-—2)----- (m—n+1) Sec 4] 7("0“‘ ) wm J
+a, m(m—1)(m—2)-----(m—n+2) ﬁz 7 Tnk)

ta_m(m—=1)(m—2)- (m—n+3) —— > auxiliary function

vb g e constant coefficient
+a.m 2 2
| 153 poie A e




P52

4-7-3 For the 2" Order Case

faudavd 'Povw;
2/;0 $q 2_m / _ .
singular point ax Y (x)+axy (x) ' aoy =0 Yt Y’ 4 7 =0

0!:.7(
.7(2. h -~ W/
auxiliary function: 7' o (lm m2)) [ ) P= m 7(
a,m(m—1)+am+a, =0 am’ +(a,—a,)m+a, =0
In Sec43 o,m>+oumiae™
roots \/
a,—a, ++(a,—a,) —4a,a 2
m o= 21 2) 2 _az_al_\/(al_az) —4a,a,
a, =

[Case 1]z m, 7 my and my, my arereal = a3 _ A0, 0, 0

two independent solution of the homogeneous part:

my

X and x™

y.=cx" +c,x™ ‘K 3+




[Case 2]: m; = m, (&\.’01.,)"-46\&@,10
Use the method of reduction of order
»=x"
Cec 4-2
(1) =3, ()] €

» (x)
d,

" a '
NOtel},‘%’;\‘ — Yy (x)+ 1 y(X)+ 2)7209
a,Xx a,x

~[ P(xyax e—f;;lxdx

dx

dxzxmlj .
xM

a, —da,

Note 2: p* p&F m, =m, =
2a,

253
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_I A gy —ﬂln\x\ ‘ 9
arXx a,
e e X a a, —a,
¥, (x)=xm1j > dx =x lj—zm dxzxmlj—zm dx m, =
m xm XM 2612

_aq aq-

-1
)/yjzx j “2x dx xljx dx =x""In\x

If yz(x) 1s a solution of a homogeneous DE

then ¢ y,(x) 1s also a solution of the homogeneous DE

If we constrain that x > 0, then y, =x" Inx

Ao Y22 2™ Inl=%*) $,.y 4
X720 |y =cx™ +c,x" Inx ﬁ.’vz
Sec 43 494 X DL B |nx
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[Case 3]: m; # m, and m, m, are the form of

=a+jp m,=a-jp
two independent solution of the homogeneous part:
a=jp

“/Fand x

_ a+jp a=jp
=Cx"77+Cyx

a+jp _ (elnx)a—i—j,b’ _ e(a+jﬂ)lnx _ ealnxej,[)’lnx

= x”(cos(BInx) + jsin(BInx))

12 x“/F =x%(cos(Blnx)— jsin(Slnx))
_=x“[(C,+C,)cos(flInx)+ j(C,—C,)sin(Slnx)]
v, =x°[¢,cos(BInx)+c,sin(flnx)] Vb Bz page 193

23 Ao InA
e** 5 K&
(o$RA —> (£ Blhx

X

X
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Example 1 (text page 167)
x*y"(x)-2xy'(x)—4y =0
VV\(W\-)) —2wm ‘4 T \/Wz~3w\-430

SOk P VRN AT

Example 2 (text page 168)

2. m

4x°y

(x)+8x)'(x)+y=0
dm(m4)+ 8w 4 ):D

dm*+4mt10
(2.\m~|-|)2:0' M=y, >

o d
71’ CirX >4 (X * lh')(
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Example 3 (text page 169)

4y (x)+17y=0  y()=-1 y(1)=-1
4"“("‘4"‘)""” :0
dw*-4md ) = <)b
(Cm o) :qy
2w —\ = i;+
m < 31 152 o(:-)l} B:2

<3 (¢, 06 (2)nx) +asW(2)wd)




4-7-4 For the Higher Order Case

A |
Process: aux1harylfunct10n
roots Step 1-1
n independent solutions Step 1-2

|

solution of the ntt order associated

homogeneous equation Step 1-3

258
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1

(1) # auxiliary function & m, %= > 2 3 — {9
%Mo %4-—\
&_associated homogeneous equation 7 # — i fZ

) 7Y

(2) %’. auXiliary function = m ke v}; k& 42

X" x™Inx, x™(lnx)’, - X" (Inx)t!

% = associated homogeneous equation 7%
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(3) # auxiliary function & a+jffv a—jf = =

x*cos(flnx), x“sin(flnx)

#_associated homogeneous equation e7H ¥ = i f%

W a-u

(4) % auxiliary function &+ o+ jfic a—jf > ¢ 3 ki €49
x“cos(Blnx), x*cos(BInx)lnx, x*cos(Blnx)(nx)*, -
x“cos(Blnx)(Inx)"
x“sin(BIlnx), x“sin(Blnx)lnx, x“sin(Blnx)(nx)’, -
x“sin(Blnx)(Inx)*"

#_associated homogeneous equation 7 ¥ 2k i f%
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Example 4 (text page 169)

3.m

xX*y"(x)+5xy"(x)+7x'(x)+8y =0

auxiliary function
m(m—1)(m—=2)+5m(m—-1)+7Tm+8=0
m’ =3m’ +2m+5m’ —5m+7Tm+8=0
m’+2m’ +4m+8=0 x<0, B2
(m+2)(m*+4)=0 m-2, t}2
Y2 GA T Cyos(2) T G STn(2 )
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4-7-5 Nonhomogeneous Case

To solve the nonhomogeneous Cauchy-Euler equation:

Method 1: (See Example 5)

(1) Find the complementary function (general solutions of the associated
homogeneous equation) from the rules on pages 252-255, 259-260.

(2) Use the method in Sec. 4-6 (Variation of Parameters) to find the
particular solution. * 5

(3) Solution = complementary function + particular solution

- {2

Method 2: See Example 6 > %<& &

@x=eﬁ t=Inx
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Example 5 (text page 169, illustration for methgi})‘ Aol

x*y"(x)=3x)(x) +3y = 2x‘e" v_3 gy Sy xte®
Y'(x)=30/(x)+3y =2x"¢"| y ‘;744‘727%
Step 1 solution of the associated homogeneous equation &(x)

auxiliary function
m(m-1)-3m+3=0  m —4m+3=0 m=1
page 23 4 m, =13

_ 3
Ve =X FCyx Y, 'y

3

Step 2-2 Particular solution W = oA e 2x°
1 3x

0 x3 X 0
W = =2x%¢" W, = =2x"¢"
box%et 3x7 e Tl 2xe
Step 2-3  y/ = W _ —x’e" U, = W e’

/4 /4



Step 2-4 u, = ju{dx =—x"e" +2xe" —2e"

Step 2-5

Step 3

. ' X
u, —juzdx—e

Y, =wy tuyy, = 2x’e" —2xe"

y=cx+c,x’ +2x’e" —2xe*

264



Example 6 (text page 170, illustration for method 2) 205

2 m

xy"(x)—xy'(x)+ y=1Inx
¥e A
Setx=¢el, t=Inx (Step 1) W %ﬂ',

—— c
) - Y
dy _didy _1dy oo 2700 > gt =D+
i dedi xdp (ChamTule) 4iod o
4 - ~t ot 4
dzy_d(dyj_dzd(dy)_lg(ld_y) d+7 " o€ *-€ =
dx> dx\dx) dxdt\dx) xdt\xdt -
2 2 X 7 ()
:LQQ(QJ(@} Lidy _dy) g3y 4
X dtt x\dtx)\dt) x*\de’* dt) g ﬁ
P Y-D
Therefore, the original equation is changed into (“’ 4 <)
52 L d (DD{- ;'D+))’
V(1) =2 O+ y(0) =1 X )ny

(Step 2)

This process can be simplified using the auxiliary function.



solved )’/ Sec 43, Scca-4
d> d mE_2m+1=0, m:1, |
?J’(f)_ZEJ’(f)+y(t):t Vp: At4B
-2AFATIB=1, A=\, B2
=> y()=ce +oyte’ +1+2 (Step 3) Yrett
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—> Y(x)=cx+cxlnx+Inx+2 (W% 7 t=lnx & A k)

(Step 4)
Note 1: 12 b g 38 ﬁ(,z
. d
4V (D —k+1)-(D,~1)Dy D, means
dx (Step 2)

(Step 2) Determine the auxiliary function, then replace m by D,

Note 2: f§ i* 2+ & -] $37: i * Cauchy-Euler equation 7 auxiliary
function
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4-7-6 * & & 3 R chp

(1) & & 23\ fia
3o Section 4-3 e e* sx A x 0 x A In(x)

# auxiliary function o m” 22 m(m—1)(m—2)------ (m—n+1)

(2) 4rie % particular solution?

Variation of Parameters =~

(3) fa e Fl#-7 & 45 x=0 e > (Why?)



Extra Problems:
How do we solve

() ' @+y(x)=0 K1
7(’.)’“-{’7()":,0
Mm(m=D+wm =0 ,w= 0,0

y; Cu"’(z 'h"

) (—17)"(x)+ y(x) =0 R1-2
Y= ="
m (=) +)=0 , MM}
m- WS gl peiE
":YOM >

poge 255 (A 33 (¢, (os(é,ﬁ\h(wi)) + (G sTW(’;'IE]»lm)))

268
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B3 %% linear DE X 5 7%z f& > EA7%

(1) numerical approach (Section 4-9-3)

(2) using special function (Chap. 6)

(3) Laplace transform and Fourier transform (Chaps. 7, 11, 14)
(4) & # (table lookup)
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(1) & * 7 Section4-7 e1> ;£ » % WA HDER L 5 #42 f3

(2) #1% > p AR E e * 5 enb|F & _linear DE

H 3 &_constant coefficient linear DE



271
Exercises for practicing

Section4-6 4,5,8, 13, 14,17, 18, 21, 25, 28, 29, 34
Section 4-7 11,17, 18, 20, 21, 24, 32, 35, 36, 37, 40, 42
Review 4 27,28, 29, 30, 32,42



