4, TA % B3
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Chapter 6 Series Solutions of Linear Equations

% DE % linear * coefficients

polynomials

— B3k DE ¢ solutions = polynomial 73] i

(4= Cauchy-Euler Method 12 2 Taylor Series &% 4 4p i7)

o0

n=0

# A 1T = power series centered at x,,

— Power series B4 748 ¥ (Sec. 6-1)

— gz +
)LF =

— X, 1s a singular point—

y(x)= e, (x-x) | fok

—— X, 1s a non-singular point (Sec. 6-2)

— regular singular point
(Sec. 6-3)

— Examples (Sec. 6-4) R k& X ‘%

— 1rregular singular point



Section 6-1 Reviews of Power Series

273

6-1-1 =%

1. Power series "?z»

ch (x_xo)n :CO+Cl(x_xo)+Cz(x_xo)2 LIRRRRRRA

n=0

N
. n .
2. Convergence:  lim ) ¢,(x—x,)" exists
N—© 0

n=

|
Blz2 2 2 Ratio test (test for convergence)

n+l
im Coil (X — Xy )n _7 L <1: convergent L >1: divergent
2z 6 (x-x) L=1: % - &

%

3. Radius of Convergence R

L<lifli—x|<R  L>1 iffxx|>R
By 10 |A=31<2 convergent ,
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Example 1 (text page 238)

For the Power series i (x -3 ) "
-~ 2 SR N U4
ratio test = . ,}\h-;u ntl l;:;hon ’ -
. n+l D0 l —.)_- ) —
(’il 3) hE_: n_ an-) ,,S:, 2n[21)
lim 22+ D =|x—3/lim " \x 3
n—> (x—3)" o 2(m+1) 2
20 x<1, x75 divergent
\x;3\ for] <x<5 Interval of convergence? (1, 5)
n /S

Howexgr when x = 1, the power series becomes Z( n) (convergent)
\-) +— — + - vewe n=1
When x = 5, the power series becomes Zl (divergent)

n= 1

Therefore, the interval of convergence is modified as: | <X < §

Interval of convergence: [1, 5)
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6-1-2 Maclaurin Series (Taylor Series)

K>

y(x)zy(x0)+ 4 (ITO)(x—xO)+%)!CO)(x—xO)2 +%;%)(x—x0)3 +
_|_y(4)(x0)(x_x0)4_|_ ......




G0t Clor+ Clo ¥ 24 o

X

Maclaurin Series (Taylor Series)

Interval of Convergence

2 3

X _ X X X ... -

e —1+1—!+2—!+§+ (OO,OO)
3 5

Sinx:_X—%—F%— ......... (_w’w)
2 4 6

—1_-X X _X ...
cosx—1—2!+4!—6! (-00, 00)
x2 x3 x4
In(1+x)=x- I IR (-1, 1]
ﬁ:l+x+x2+x3+ ......... (_1, 1)

/"\ttlzzl gté‘.!

e’ =9 cos3x ="

276
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Example 2 (text page 240)

z I S
Find a power series representation of e'sinx 4 é’ n ﬂ-fF "Z

//_—\—\ 3
X X X X ...
@x@m@@m |
/

_ 1.1 1.1 1 1, 1\,
= D+ (D" +( 6+2) +( 6+6) +(120 12*24)x "

_x+x _I_lx _Lx _|_ ......

3 30




Section 6-2 Solutions about Ordinary Points ~"

Suppose that the solution 1s ch (x=x,)
n=0

6-2-1 = ;xif * |3
(1) Linear Pg-%j %l

( 4, (X) 9 +a,, (1) 4 et (x) 4 a (x) v = g (5)

(2) x, 1s not a singular point

(3) It is better that a(x), a,(x), ..., a,(x), g(x) are all polynomials.

(or can be expressed by Taylor series)
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6-2-2 j3i2 iR 4o
LY %,

Step 1 ﬁfr@) = ch@ Ror (xy %% & 0rdin§<y point)
n=0

For simplification, we usually set x, = 0 if
0 is not a singular point.

7 {_singular point £
T % ordinary point

-

Step 2 $H# (- % (x-x)F)
Step3 & &
Step 4 v* fix fafic » #-c 2 AP erBf 245 ) %

Step 5 Obtained independent solutions and general solution



6-2-3 B+ PO

Example 5 (text page 246

V' —xy=0 | *=7%d< . | the solcr("'w s convergout
- ’ Jor all A poge 293
Set y(x)= chx” since P(x) =0 and QO(x) = x are analytic at 0

> )

o0

Stepl  Y'+xy=) cn(n- l)xnz—chx =
Note ! /702 Oono

R D en(n=Dx"?=> ¢, x""=0

n=2 n=0
setk=n—2 setk=n+1
/k“2 \ m:k—/

Step 2 ¥/ ch+2 k+2)(k+1)x" ch Xt =

"ii:g k=0
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D (b +2)(k+Dx" =D ¢ x" =0

4. 0 e e

Step 3 2¢, + ) [ (k+2)(k+ 1) —¢, " =0

Step 4 | 2¢,=0 \ck+2 (k+2)(k+1)—¢,, =0
¥ ]

c, =0 A (Crin = s | ~oo
2 BT (k+2)(k+1)

recurrence relation

Cp» C1 & T2 8

k=1 =52
- 1723
k=2 c=a
- 173.4

k:3 6‘5:46—2:0
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Cpoy = - ML 0 PTG e, e
2 (k+2)(k+1) v Ak (2 coﬁcl%\'i)
k=4 Co=g=a
- ©75.6 2-3-5-6
— — C4 _= Cl
k=5 ©“=6773.4.6.7
C
k=6 08_7—.5820
B _ % _ Cy relovted {0 Co
k=7 G 8.9 2.3.5.6-8-9 /
ee el O , group 1 c'oais;(cm_ig“;“ 3k
= 10~ Q. - 2.4.6.7.90. YR late © :
9-10° 3:4:6:7-9-10 e e 2t
k:9 Cllz Cg :O
10-11 group3 CyyCs5,Cg,Crymnrree k42

n

(@)
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o0 00 ®© ©
Ste 5 . n_ 3k 3k+1 3k+2
P J’(x) - chx - Zc3kx T Zc3k+1x T Z k2 X
n=0 k=0 k=0 k>

3 6 ’
) X x N S T
—Co_1+2-3+2-3-5-6+2°3°5‘6'8'9+ :| M1
= A 7 10
B X X X
. 3 4 3 4 6 7 3,4.6-7'9'10 i|

ﬁb J’(x):CoJﬁ( )+Cly2( ) \/l s ot the rase wl/.ere k. :0D
kr‘ =ll‘-l—z X
73! é_ Yo k= 12 3 (3k 1)(3\1}7( ¢ not ‘tl‘\c (ase Vl‘ﬂel’e L J
2 AL o \ N P
. \\, Z 3.4.. (3k)(3k+1)

k=1

Rz ‘ Y, To Comver
‘&Vre;llo ;es ) 2:5%"” \ o :“7( gont ‘FD" 7'1
o term %o | gwled o

..’)(920\ (;)iz) SRRy | <0 >’e, Tt onvergent fo all

Pov o)l
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Example 6 (text page 248) set Wo:

(X2 + l)y” + .X'y’ — )y = 0 y(x) = chxn (analytic at x = O)
. s gulov Polbrtsn:o 7( +c
Radius of convergence? ;¢ A0:0, R:)

(O,l

]7("7’3\ LR
% = A1 <)

Step 1’% (x2+l)é n-— 1)cnx”_24—)%10”%”_1 —icnx” =0
2 n=0
Znn lcx +Znn 1cx +chx—Zcx—

n= n=2
‘3& k=n-—2 \kIn k=n
Step 2 ¥3 k=n ekt

Zk e, x +Z k+2)(k+1)c, ,x" +chk ickxkzO
k=0



o0

Y k(k=1)cx" + > (k+2)(k+1)c,x" + ) kex' =) e x" =0

k=2 k=1 k=0

] k=0 k:l Je: )
Step 3 %/l/ /% d

"64 2c, —c, +(6c; + ¢, —c)x
k=0 k=1

+> [k(k=1)c, +(k+2)(k+1)c,,, + ke, —¢, X" =0
k=2

2¢, — ¢y + 6+ [(k+1)(k—1)c, +(k+2)(k+1)¢,, X" =0
k=2

Step 4

e, [2¢,—¢,~0 6¢,=0 co=—t=1e,

'(’«-0 k=) ks 2,5,~ .




286

26,760 6c,=0 Ck+2:]1{:_l§ Ck
c,=¢,/2 c,=0 k>2 .
Cp» Cq é{:’ "_‘i—i ?é *Q 1?' Czk‘ ‘;1)]‘] )3 S (le )
k5 4 ot
C,=C,y/2 ¢; ==5¢; =0
1. __ 1 . __ 1 4!
[e=2 C4 = 42 2.4 2. 2100 kel 9:_807:0 2-4- 4. ¢
k=5 6'5:_%63:O | 24().2-3- &)

no (onstvaint foy Ci



Step 5 ¥(x)=D e, x" =D e x™ + D ey 287
n=0 k=0 k=0

? ) 6 8 10
%6 =cO[1+x — 2x + 33x _3;‘5x +3'55-7x ...... }+clx
2 2%.21 23.31 2%.41  2%.5) s
y
J’(X)=Coyl(x)+cly2(x) 3 Y1 *82
R1d eI A I)?'; ave not the cagec

where n:=0, N=|
_11.3.5”.(2’1_3))"2;@
2"n!

.

\ﬂ’-’ yl(x)=1+%x2 +n§;(_1)n

x| <1 (Why?)

yz(x) =X
Y, e convergent ), TS (N vev?m-l:
Yor [#]<) (only one term)

ﬁ )2 ratio test:

it et
x> kth Levm

:\TM \LZ)V'D')(Z ] 2 _)_'l“_‘\ N _ 2
koo 2( kD ! ]l‘;’,,,\ 2)“'21\‘\;'31%‘




288
Example 8 (text page 250)

y"'+(cosx)y=0 7%7

j‘ 4 6
X2 x X
cosx=1- 2'+4!_6! .........

S‘fq:\ y(x):chx” set ¥#y:0

o0 6 00
chn(n_l)xn -2 (1 §'+ﬁ'_)é' ......... )Z_(;Cnx :O
n= Y)‘S n=
%Flﬂ KU\ 4 i h§
V\-Z

2¢, + ¢, + (6, +¢, ) x+ 1204+02—%)x +| 20cs + ¢, — Czljx3



262+00+(6C3+Cl)x+(1204+CZ_%jx2+(2OC5+C3_%jx3+ """ =
2c,+¢c,=0=>c,=—¢c,/2
6c,+¢,=0=>c,=— /6
12¢,+¢c,—¢,/12=0=>12¢,~c,=0=>c¢, =¢, /12
20c;+c,—¢;/2=0=20c; —2¢, /3=0=c¢, =¢, /30

B T Ll s
y(x)=1 AR y,(x)=x X t30%

y(x) = Co (x)+01J’2 (x)




6-2-4 % %
4 2

1. Analytic at x,: If a function can be expressed as a power series
and the radius of convergence of the power series is nonzero

ﬁ;’? E ﬁj}lj l%éﬁ—f(x) ’LL'—"—-X() 7?’\?' ?3* analytic - /é: -F-l’x) ,
%;.;(1) f(x,) should be neither oo nor —co ex: (A — D‘S
(2) f™(x,) should be neither oo nor —oo S not o) y-l i¢
ail #=) :
m=1,2,3, ..........

) y)s o )7
(A~A o)p( e not oma'yﬁc at »o
i L rs not an Tn'l‘?@rek



2. Ordinary Point and Singular Point:

e For the 2" order linear DE

a,(x)y"+a,(x)y +a,(x)y=0 — y"+P(x)y'+0(x)y=0

Definition 6.2.1

4

'ﬁ, o X, 1s an|ordinary point

(O(x) are analytic at x,

Otherwise, x, 1s a|singular point].

Theorem 6.2.1
n

291

of the 2" order linear DE if both P(x) and

If x, is an ordinary point of the 2" order homogeneous linear DE,

then we can find

two linearly independent solutions

power series centered at x, , 1.e.,

y(x)=e, (=)

in the form of a



e For the k& order linear DE

a, (x)y(k) +ak—1(x)y
e YO P () ED e +B(x)y'+B(x)y=0

Extension of Definition 6.2.1 & ;o

X, 1s an ordinary point of the k" order linear DE if P(x), P,(x),
Py(x)y covennn.n. , P,_, (x), are analytic at x,

Otherwise, x,, 1s a singular point .

Extension of Theorem 6.2.1 ¥, )=

292

s (x) 0y () =0

___________________________

If x,, is an ordinary point of the k" order homogeneous linear DE,

then we can find

k linearly independent solutions

power series centered at x, , 1.e.,

y(x)=e, (=)

in the form of a



6-2-5 Interval of Convergence 2| %73 ;X

ﬂ]}_ Vpr&?a ‘e s{.

$5 4 fim G (YT %0)
nowl o (X —Xx,)"

LIRS iPE

H%r 2 o ﬁ\:-—)
(Fopoig > g i 8
5 dehfcacsf M P E R PR R
‘x—x0‘<R

H ¢ R H_x, frkiT e singular point FfE 4R

T

Singular point can be a complex number , see Example 6

AZiE iz B 4 [l A % 3 5 convergence



6-2-6 2%

(1) ¥>* nonhomogeneous =535 ....

@, (x) )" (x)+a,, (x) 3" (x) +--+a (x) ' (x) +a, (x) y(x)

)iz BT ¥ AH A D
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6-2-7 » & F LR b

()& 728 RBE R 2 % ¢ (a) convergence, (b) radius of convergence,
(c) analytic at x,,, (d) singular point, (¢) ordinary point
(2) 48 ¥ — ™ Taylor (Maclaurin) series (4 page 276)
(3) Index e = 2+ 5 & |
() Agnit s X g g & > (b)FFAAT &2 IR
(c) Index $HA+5 & /]
(4) n'" order homogeneous linear DE & 3 » {# linearly independent (%

(5) 7 F¥ & < Jg interval of convergence
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Section 6-3 Solutions about Singular Points

Y+ B (x) 9" 4+ B (x) '+ B (x) y = 0 (standard form)
N°'(€ ! ﬁ")

Baizs y(x)= ch (x—x, )W

n=0

6-3-1 = ;%37 2

({ (1) Linear

’ (2) (x =x)P,_; (), (x =x0)*P, 5 (X)y cevvrnrnnnnn, , (x —x)" 1P (x),

" (x —x,)"P,(x) are analytic at x, As Ts re 9"‘"‘” sthgu Jourr
@ (+#% : Section6-2 & £ P, (x), P, (X), ceuvrnnnnnnn. ,

P,(x), Py(x) are analytic at x,)

(3) It 1s better that Py(x), P,(x), ...., P, ,(x) are all polynomials.



297

6-3-2 % A %D
‘Q" e

. . -1 P
Elngular Points 4 = = #&

e If x, is a singular point but (x =x))P,_, (x), (x =x)*P,_, (%),

............. , (x =x)" 1P (x), (x —x,)"Py(x) are analytic at x,

X, : regular singular point /;?? ‘

o If (x —x)P,_; (X), (x =x)*P, 5 (X)y cevvenrnnnnn, , (X —x)" 1P (x),

(x —x,)"P,(x) are not analytic at x,

Xo : irregular singular point 4




stardavd:
Example 1 (text page 253)

3(x-2)

(x2 —4)2y”+3(x—2)y'+5y=0

Rx)=——3 o R(¥)-

)
)/ t Ay (A4) / +[7r.4)‘7v0

(x—=2)(x+2)

AP Gmy PP 254

x=2 isa regular .smaalav point
x=-2 iS a jwe au’w ‘Tna“ pr()lnt

2. -
(7‘ +Z>P) (7‘ 7)(7”,2') (7{‘}2') ‘P o"

5
(A2)*

5
(x—2)*(x+2)

298
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© n+l/
BafEs y(x)=2e(x-x)

n=0

Theorem 6.3.1 Frobenius’ Theorem ‘k 3

% x, 4_linear DE § ¢ - & regular singular point

B iE B hnearDE/(/ P 'W y(x Zc (x—x,) ’W e Ak

Xﬁ‘&'ﬁ. 12 et é& Fages 291,292
Fr Tt il




2K 4

(Process of the Frobenius Method)
,/ &m -

Step 1 #- y(x Zc x—x,)

Step 2 Power ¥ (14 45 e ] e 5 1) %5
Step3 & & %,

Step4 & 11 r Hq R L

Step 5 v* i adic 0 ¢ 2 BB B4 O &

Step 6 #Step 4 % d ey i ~ Step 5

113 ¢ independent solutions % general solution

Step 7 (L %6 F)

300
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(Step 7)

3 (Drj £R

X (2)r 2 B L S B 2 Step 6 1 A1 % enfR A 3
independent FF
yares

_J‘P(x)dx
e
UL e Rl faey
— 1
-——\/"(‘2}"‘; Section 6-3 7 Examples 4, 5)

fz 2 ¥ eni L R #c s (e ¢ _Step 6 17 4 % ¢hf2 % independent F¥ >



6-3-4 § 6 302

A= 0 1s 57“7(»\“? ) P
Example 2 (text page 255) = | c- §2p<=%
ple 2 (textpage 255) "y |\ Ly' Ly:0 2P =y #°Per =%

3xy Ty —y=0 PI:‘)ﬁ ) P_D:___i;__x 70.700;;&0. Veau,mr gmaulw-

Step1 #  y(x)= chx’”” 2PN

*4, ES (n+r)(n+r-Dx""" 1+Zc (n+r)x""" Zc x"

AQ= | N=O~ps "
o.Imes .2 |0-AYD

Step 2 Power ¥ B - n=rk—1
%5 =k n=k k=n+1

v v
o0
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32 c,(k+r)k+r—1x"""+ Z ¢ (k+r)x"™ =Y ¢ x"" =0

&, Step3 & j% ZI<Z) /

[3cyr(r—1)+cyr]x"™ - +Z[3ck(k+r)(k+r—1)+ck(k+r)—ck_l]xk*”‘1 =0
=1
,&Step4 &4y (Node: y rs unk nodm>
¢, (3r(r—-1)+r)=0 Suppose Hhot (70

(4
Z\l?] 3r(r-1)+r=0 3r° —2r=0 r(3r-2)=0
J
/%74_ ‘indicial equation r=0 or 2/3
Step 5
ﬁg 3¢, (k+r)k+r—1D)+c (k+r)—c,, =0
Cc, = I

(k+ )3k +3r —2) *



304

_ 1 N
& S )Gk 3r—2)C kIR
Step 6 q
K L — Cr NI 1
» r=0 =GB —2) 823 4T B )k S
v 5-8.1)- -c}n'ﬁ ¥
¢, M 4T Bn) G % V)
k=] S 711 '/ 5.1
i _ 4 _ % . G __ %
k2 ©=5.4% 2114 k2 =gl =0y
Co k C
]<SC337 311-4-7 5"3 1.3 315-8.11
CO S C
k=4 ei=3. 10 411-4-7-10 k=4t - 14 4= 41581114
c = o c = %
" T 47 (3n=2) " T 15811 (3n+2)

R0




Solution of Example 2 (%] % 7 & {4 (hf2 g 1))

=Cy, +C QX" =x") o
M 00, VeP]&(e Co 107 C'; CZ n=0 =0
XA 7(Y l TS no{ ~|;he Pec'lql Cese & n=0

S
2 :
r=3  »b +\va5 8 11-----(B3n+2)" } 2

| Tg not -w\e chclal (age of n=0
xe(O,oo) No+te ®

TP 2,0 s A4
(v' xmﬁﬂrﬂ) _g(,hgu\a;y ?O\M‘e
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Examples 4, 5 (text pages 258, 259)

>/"+0.)”+%(:D
. Fi=0O Pt;%;
Sepl # ()=Se kr xR0 ppe |

) n=0 - A*0 Tg VO@(A” g?wgulcw'

% c,(n+r)(n+r-Dx"""+) ¢ x"" =0
%4’ n=0

n=0

xy'+y=0

Step 2 ¥ n==k n=k—1 k=n+]

# o0 v 3 o0 v
> Y e k+r)k+r=Dx"""+> ¢ X" =0

k=0 =0 k=1
Step3 & & K / \,kz"

‘ﬂe cor(r=Dx"" + > [e,(k+r)(k+r-1)+c,_ X" =0

k=1
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c,r(r—x"" + Z [c,(k+r)k+r—1+c,_ X" =0

St6p4 r(r—-1)=0 Co
4\ ma(7c el e@uod‘rom %

r=0 or 1

Step 5 —_ €1 21,2, 3 -+ po
%o " (kr)k+r—1) 12 3,
(““7"}, .
Step 6 % =1 ¢, =——F1 (-1)*:  from -1
B r=1¢
#‘i |(5+ l)l&_n} (n+1)!: from k+1, k= 1~n
& U;\)i 4 c, n!: fromk, k=1~n
PE T (e ol=1, 1=

ﬂ’u% Ny 1 l
yl(X)=x{1+Zn'((nil)' }){ n'((nil)' }

= (=" . K 7s a ecia age © n=0
:Zn!((n—l)—l)!x e A oot




Step6 W r=0 ST pp ki33 e
k=1pER i E Sl

<k:”"—" = l.z.;.-wy,_)e@)—))j
1300 % > 3% 139% Step 3 > d

c,(k+r)k+r—1D+c,_ =c¢-0+¢c,=0

(k=1,r=0 i »)

| . = AL YA Y ~» /L i
E Co'\/“%iﬁsl O,Cl.ﬁjﬁ-'{,g i

¢ ¢ G
CZZ—— C3:— =

1-2 | 2.3 1.:2.2.3  ceeeeeeeeenn
_(=D'¢q Bk b P

C .

" (m=Dtn! et ¢+ oo

2" \
(-D"" D" Lo (D" ol
éCj{)HZ:(n—l)!n' Z:(n 1)'n' _;ml(m+1)|
L — n—1

v, (x)=y,(x) X 2 Z(.Q;S:fe‘ spfchﬂ (o._(f
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F & w0 f Bk gy, (x) 5 y(x)
F4F ¥ k% Sec. 4-2 “reduction of order” #17 2 F i3

Ry

Pb): (osfPicrent of ' (%)

yZ(X):yl(x)j 2 (x) dxzn; th the stamolayed Horw.
[

In thig CK&MY)C ) Po0): O

. j P(x)dx

T EE Ny, (x) 3 y(x) k- B constant, B y,(x) vy, (x) ™
AL TE linearly dependent » 7% & * 1+ = “reduction of order” 17 ;=

ko Ry - Bz
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e dx
yz(X)—y1(x)jylz(x)dx—yl(x)j[x_éxz+112x3_ulr4x4+ ...... ]2
dx
_yl(x)—[-x2 0 +152 e —772x5 Foennnn ] long division
1.1,7 .19 = s

=y1(X)j_§+}+ﬁ+ﬁx+ """ }dx

\],/Vo‘hl
=y1(x)[_% I gy X+ } LF e A nk|?

1,1

:yl(x)lnx+[—1+—x+—x2—l— ------ J

2 2



6-3-5 5 3 3\ ehk iR o

o 5 1 7
K 2_ 3 4_ S .
X x+12x 72)C+
() () (D) ()
o1 21D
12 72
1 2 T .1
-1 2 jl {5 7
(%) () (@) ) 12, 72
1 X X< X~
T
12 72
5 7
1 -1 =2 L ..
(32 /1.%\ Z%\
%v/ %3} W)
L=
7 _71 35 _49
12 12 144 864
Y
19

72
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6-3-6 Iiglmal Equation
2nd order case "+ P(x)y' +Q(x)y=0

If x, 1s a regular singular point

2 .

(x =%)"Y'+ (x=x)p(x) ¥ +q(x)y=0
where p(x)=(x-x)P(x) q(x)=(x-x,)"0(x)

d 3t p(x) fv g(x) '# 5 analytic
AZ)()() ::(10 4—(11(;x-—-)(0:)4-(12 (;[._.A%))z R

q(x)=by+b (x—x))+b, (x=x,) +--eeen--

ch x—x,)", y’(x)=ch(n+r)(x—x0)n+r_l,
n=0 n=0

= icn(n +r)(n+r—1)(x—x0)n+r_2,

n=0

312
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= y(x), (%), Y" (%), p(x), g(x) &= »
(x—x,)"y"+(x=x)p(x)y +q(x)y=0

icn(n+r)(n+r—1)(x_xo)n+r

+(a()+al(X—xo)+a2(x—x0)z+ ......... )ch(n+r)(x_xo)n+r
+(b0+b1(X—x0)+b2(x—x0)z+ ......... )icn(x_xo)nwzo

H e (x—x,)" 7 coefficient %

c,v(r=1)+cya,r +cyb,

r(r—=1)+ayr+b,=0—"" indicial equation
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y(x)= ch (x—x, )W
n=0

¥ linear DE % 20 order P& » r ¥ 114 [r(r—1)+a,r+b, =0| &
H ¢

V)

T

ay=pxy) | p(x)=(x—-x)P(x) Y'+P(x)y+0(x)y=0
bo=4q(x) | q(x)=(x=x)"0(x)




For the 2" order case 315

r(r=1)+a,r+b,=0 tworoots: 7, r,
(Case 1) r, #r, and ry, r, are real, r, —r, # integer

15-| N
Py A y(x)=2 ¢, (x=x)" i
n=0

(Case 2) r, #r, and r, r, are real, r, —r, = integer

K52 . -
dET S A e y(x)=)c (x-x)"  ofz

=0

S

$pE- By (x)=Dc(x—x)""

n=0

v - BEE yz(x)szl(x)lnx+an (x—x,)""

n=0

Set 4-'7, + long/ A*—\V]_ng
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(Case3)r,=r, & —EXALITE 213 Frobentus 3

53 - -
W (x) = ch (x—xo)
n=0

yz(x):Cyl(X)lnx+an(x_xO)n+rz C $73 %0

n=0
o0

EEHS Y, (x):)’l(x)lnx“ngn (x=x)"" b,=b,/C

n=0

|

(Case 4) r, # r, and r, r, are complex

# L X 2122
ERL R
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6-3-7 Indicial Equation for Higher Order Case (% >

% linear DE i n'" order P&
y(n) _I_})n_l (x)y(n—l) Foeeennn _I_Pl(x)yr_l_P()(x)y:O

y(x)zzcn(x_xo)IW FPoehr¥ ud
n=0

7! 7|
——ta :
(r—=n)! " (r—n+1)!

fo
- [ |

7|

I/'! _f e
T 21!

20 (r—n+2)!

+a

+a,,=0

B9 g, =p(x), ) =(x—x)"" P(x)

k=0,1,2,.....,n—1
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6-3-8 K & F & 1R, ch

(1) Index "4t | et 5 & )

(iZ:x ¥ e power fi | ¥ > BRI € DI G k)

B4e B page 302 e Step 2 0 — EHIE L xk 1@ 2 xR
(2) # x=0 5 regular singular point, X x,=0 ¥
(3) 4% E_c, fr ¢, (2 ¢y fr ¢;) T recursive relation

B4 BT A, SRR Y R

(e £~ 727 %5 0)

(4) Recursive relation 3 ¢ /] &2 5 0 &35 (4 page 308)

(5) I s & Ky, (x) Fry(x) 4 e 05 (4 pages 308, 309)
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(6)%] 2 1 B (s iR R
Bt eDfR 5 ) 4% ks

(7) Interval of solution % X & ¥+ & >
¥ interval 7 ¢ 3£ ix i@ singular point >
I i¢ &_regular singular point

(8) 4 ¥ £ i
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Section 6-4 Special Functions

(FSEFH7 T FFEMN)

Special cases of Sections 6-2 and 6-3 LD AN A WA Al N
: stondlavd fovin Y +z‘ + (L “Z)/ v
’ . AP:) , A Por A=V
.c ]Ziszsel S 2eq”uat10n of orderv _; _q % o chalow) clngaley pol E

X’y +xy'+ (x> =v*)y =0 Solution: Cr]v(x)"'CzYv(x)

00 _1\7 2n+v
J,(x)= Zn'F( D (l) - 15t kind Bessel function

' —pIC(1+v+n)\2
Y ( x) — cosvzJ, (x) -4, (x) : 21d kind Bessel function
Y SIN VT

e Legendre’s equation of order n Ao 2 1s an ordewy polnt
Ser b2

(1-x°)y"=2xy +n(n+1)y=0

One of the solution: Legendre polynomials
(See page 338)
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TR

e Gamma function  I'(x) :j e dt
- b ——— 0

modified Bessel equation of order v
2.m

Xy +xy = (x> +v*)y=0 f2 1ol (x) + 6K (x)

e modified Bessel equation of the 1stkind 7, (x)=i"J, (ix)

):72.]—\/ (x)_]v(x)

e modified Bessel equation of the 2" kind g ( _
Y 2 SIN V7T

e Bessel (% — fd % 3
x*y"+(1=2a)xy' +(b’c’x* +a’> — p°c’)y =0
2 y=x"| ¢/, (bx)+cY, (bx) |

-



6.4.1 Bessel’s Equation

6.4.1.1 Solving for Bessel’s equation of order v

XY +xy +(x* =v)y=0

Steps 1~3 ﬂéby(x)zzc XA A

n
n=0

ST iE - 42+ B (See text pages 262, 263)

——

c,(r* =v)x" +c (1+7) —v*)x'™ + Z[ck (k+7)" =v)+c, X" =0

k=2
Step4 > -y =0 two roots: v and —v
C_
Step 5 (47 =v?)=0 o= A

¢, =0

322



Cr—2 323

v _ G - Cr—
Sep 6 v AT TGy ¥r=y %= kk2)

d 3% CIZO’ C3=C53=C7=Cy= . =0

¢y, = (=1)" -

2n = DhGennnne 2n-(24+2v)(4+2v)(6+2v)---- - (2n+2v)

_ (_l)nco h _
27 nl1+v)2+v)B3+V)- -+ (n+v) when Y
&y, = (1)’ -
o D Gerennn 2n-(2=2v)(4=2v)(6—2V)----- (2n—2v)
(=D"¢,

when r=—v

= 22”n!(1—v)(2—V)(3_V) ...... (n_v)
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6.4.1.2 Gamma function: a generalization of 7!

- (Note 1)
['(x)= jo e dt

properties of Gamma function

(1) T'(n+1)=n! when n is a positive integer
r(1)=0!=1

(2) T(x+1)=x(x)

% P 2%k * Appendix 1
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3) T'(n) > whennisa negative integer or n =0

o

['(x) Al J U




6.4.1.1 v 3| Solving for Bessel function 326

P (=1)"¢,
72 (1) 2+ V)3 + ) (nty)  Whenr=y
_ 1
St 0T (1)
. (=D"
2 14+ V)2 +V)B+ V) (n+ D1+ V)
_ (=D"
T 2By a2 4y LY =D (1Y)
_ (=D"
27" (34 V) e (n+v)I'B+v) F(3+v)=Q2+v)[(2+v)

_ D"

2" nD(n+v+1)




FIZ> % r=—v set ¢ = 1 327
27T (1-v)
(=D’

C =
MMV ID(n—v+1)

Two independent solutions of the Bessel’s equation

0
n+r
ADN chx
n=0

o0 _1 n 2n+v
When »=v JV(X):Z_(;n!F(( +)v+n)(%)

o - _1 n 2n—v
When » = —v JV(X)ZZ(;H!F((I—)V-FVI)(%)

n

7};’_ iT Bessel functions of the first kind of order v and —v



6.4.1.3 Bessel function of the second kind 328

IR, 0 @ IF roots (A & 2v
(1) § 2v * & B #pF > Bessel’s equation =73f# =
¢ (x) e ((x) (+ F & = oy (x) + 6, Y (%))
(2) % 2v 5 B> e v=m+1/2(m 24— 1 F#) = > Bessel’s
equation {27 5 ¢ J (x) T ¢, J_(x) (» ¥ %51 = ¢ J (x) T, Y (X))
3) % 2v 5 Bic> ¥ v~ b FHFF > Bessel’s equation e77f# 5
¢ J,(x) + ¢, Y (x)
Y (x): Bessel function of the second kind of order v

(LiF ) (Note 2)



: . )
Y (x): Bessel function of the second kind of order v 329

_cosvzJ, (x)=J_, (x)

d (x) 3 110%/4

¥ om s R Y (x) Tk S

() OE)0(8
v—m SINvr

* L’Hopital’s rule * &

- 0
—zrsmvrJ (x)+cosvre = J (x)— 5 J_ (x
v—om 7T COSVIT




6.4.1.4 Bessel function of the 15 kind (order m & %5 #icpe ) efd &

(1) Jo(0) = 1,

J (0)=0 form=0

330

(2) Zero crossing s ¥ > S§F m M 4v @ A% K 4%:g (L Table 6.4.1)

0.8~

0.6-

0.4r-

0.2-

Jo

J1

-0.2-

-0.4-
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3) J,(—x)==D"J,, (x) when m is an integer

@ J.(x)==D"J,(x) when m is an integer

5) 0] =)
. Example 6, text pages 268, 269

© Lxsm]=x7,@




6.4.1.5 Bessel function of the 27 kind (order m & & #cp& )l 5 332

(1) limY, (x)=—

x—0

(2) Zero crossing s ¥ > S§F m 3 Av @ AR K AXR

Y

0.5+

0

-0.5-
Ak
-1.5-
o

‘@@@@\ 2 ’

5
3
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6.4.1.6 Bessel’s equation 1% &

XY +x)+(x*=v)y=0 f£ 1 cJ(x) oY (x)

7y

(A) XY +x) +(@’x*—v)y=0 f&:cJ(ax)t oY (ax)

Proof: Set?= ax
dy _dtdy _ 4y
dx dxdt a’t
- d’y _drd(dv\_ _d(. dv)_ .d’y
Sumilarly & = dvarldx )" % ai\ Y ar )T a4t
2 d dy ;2
\ = _ _t 24y ¢t 4
R 5 xy +xy+(ax v)y > 2 +aadt+(a . v)y

| 2 : ,
:5;2Q+t_y+(t2 _Vz)y:() —> ¥t m = &_Bessel equation

y=cJ (1) T o, Y () =cJ(ax)+c,Y(ax)
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(B) modified Bessel equation of order v
Xy +xy' = (x*+v)y =0 i 0 el (x)+ K (%)
#e I (x)=i"J, (ix) F-1F &_modified Bessel function of the
first kind of order v

<

K, (x)= zl,(x)-1,(x) # 17 &_modified Bessel function of the

2 SIN V7T second kind of order v

¥y L B gepE 0 o 5~ limit




O) x*y"+(1-2a)xy" + (b

2.2
X +a’—p

2C2)y:O

2 y=x e, (bx)+ Y, (bx) |

“
4y
=i
”

Example 4 (text page 266)

xy"+3y'+9y

l

§§< s B WL R R

=0

x*y"+3x3"+9xy =0

33F S f 10

RRCTR )

335



6.4.2 Legendre’s Equation

6.4.2.1 Legendre’s Equation

(1-x*)y"=2x)'+n(n+1)y =0

o0

y(x)=> cx" & x84 (1B 4% Ltext pages 270, 271)

k=0

Two linearly independent solutions are

y(x)=¢, [1_”(”2—‘!"1))62 N (n—Z)n(iz—!k (n+3) 4

_(n=H(n-n(n+D(n+3)(n+5 6, }

6!

¥, (%) :co[x_m‘l)(””) o, (1=3) =D (n+2)(n+4)

3! 5!
(n=5)(n-3)n—-1)(n+2)(n+4)(n+6) N

(1t Dt O oy ... }

336
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(a) When 7 1s not an integer, both the two solutions have infinite number

of terms.

(b) When 7 1s an even integer, y,(x) has finite number of terms.
In y,(x), the coefficient of x* is zero when k > n.

(c) When 7 1s an odd integer, y,(x) has finite number of terms.

In y,(x), the coefficient of x* is zero when k > n.

¥,(x) when n 1s an even integer and y,(x) when #z is an odd integer are

called the Legendre polynomials (denoted by P, (x)).



¥ 338

ni2 1-3eeeees (n—1) _(_\D2 123 n
¢ =(~1) Dhennnn. n ¢ =(-1) 2.4 (n—1)

G P(1) - =32 1)

- When 7 is a non-negative integer, one of the solutions is the n' order |
. polynomial. '

P, (x)=73(3x" —1) Py (x)=5(5x" =3x)
% %(63x ~70x" +15x)



Legendre polynomials 339

Po 1 Interval:

P1
0.5+

xel[-1,1]

P2

M X
05 |

| | |
-0.5 0 0.5 1

\@@@é



6.4.2.2 Properties of Legendre Polynomials

(1) P(—x)=(-1)"P,(x) even/odd symmetry
2) P(1)=1 P, (=1)=(-1)"
(3) P(0)=0  when nisodd

(4) P, (0)=0  when 7 is even

(5) (n+1)P,, (x)—2n+DxP,(x)+nP_ (x)=0 recursive relation

6) P.(x)= I d” (xz—l)n Rodrigues’ formula

2" nldx”

340



(7) J- (x)dx=0 Ifm#n orthogonality property
(Note 4)

) F=E® axe[-1,1] ®%F % continuous #7335 fx)

b1 = ¥
B ¥ & IT @

=3 4,h, (¥
jf(x) Xx)dx = Za IP X)dx = ajP P, (x)dx

341

245 orthogonality property

J-P x (x)a’x

Orthogonality property 71 %_Legendre polynomials # & & &4 &



Review of Chapter 6 342

f#iz i * & F * Linear DE » ¥ coefficients s 4+ & polynomials

Y4B (1) e B ()Y B () =0

% P,(x) =x=x, FF 5 analytic
XO 7"3» Ordinary pOiIlt y(x) — ch (X — xO )n BB ]l\ﬁ”q’:

n=0

% P,(x) e x=x,FF % % analytic

e f_(x—x, )" "P, (x) £ x=x, FF % analytic

x, = regular singular point y(x)= ch (x—x, )W o R
n=0

ﬂ)g o ¥ - BfRi Cyl(x)ln)H—Z:bn(x—xo)lw2
n=0
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Exercise for practice

Section 6-1: 4,9, 12, 20, 22, 24, 30, 32, 34

Section 6-2: 2, 10, 13, 18, 20, 22, 24, 26, 27

Section 6-3: 4,9, 13, 16, 22, 24, 26, 28, 30, 32, 33, 36
Review 6: 6,7,10, 14, 19, 20



