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Chapter 11 Orthogonal Functions and

Fourier Series

# ¥ linear algebra R *% orthogonal (& * ) basis 771 %

19 £: af +a6,£.4 - tanfe

2 13 R o . —a.

& linear algebra § * {P]: [{3‘-&) ‘ 'Vn] Li} ]

(1) inner product  (f;.1,) = Zf1 [n]f,[n] L fw=a, (-F'«;Fw?'l-a; <E-P.«>
) de +ady ('ru,{'m>'

Qorthogonal  LHII-0 3 o, fxEntnS

= =z < <'P:'F 7
(3) % 1, L, ..., fy & complete orthogorllval set, Am Zﬁ S
v 2 A [n]f.[n]

f[n]zZamfm[n] where @, =7

St ] ]

n=1
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4o &8 F = B entry eFA5T

f=[1,0,0] f£,=[0,1,0] f,=[0,0, 1]

f,011 £,[2] £,[3] £,01] £,[2] £,[3] £,01] £5[2] £5[3]

H_— = complete orthogonal set

A

f3 a

v

[glosle)

Y %E ¢ {4 continuous § ¥ i%4rim T_& orthogonal?
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Section 11.1 Orthogonal Functions

11.1.1 & :REASBLE &

(1) mner product (page 347) (7)normalize (page 354)

(2) orthogonal (page 349) (8) complete (page 356)

(3) orthogonal set (page 351) (9) orthogonal series expansion (page 358)

(4) square norm  (page 353) (10) generalized Fourier series (page 358)

(5) norm (page 353) (11) weight function (page 360)

(6) orthonormal set (page 353)  With weighting functions, many
definitions are changed.

B3 238 1 (1) ¥ 12 % dr linear algebra § 7 ez & § v ik

(2) 4F % = & I3V e 35 (see page 363-364)

K o
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11.1.2 2%

(1) inner product on an interval [a, b]

R )= H A (s & real )

L o discrete case (f).1,) = Zf1 [n]t, [n]

4 “v : more standard definition for inner product

(4 1) =] Hi(x)F (x)ax i
™

with conjugation
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Inner product £ 5

(a) (f;, ) = (1, £)* *: conjugation
(b) (kf, £,) =k (f}, f,), k = scalar (2§ % constant)

(o), )=0 ifandonlyiff=0, (f,f)>0 ifand onlyif f=+0,
(d) (fl+f 9g):(f19 g)+(f27g)

discrete case 7* F izt [



(2) orthogonal on an interval [a, b]

B =] A AEE=0 (s 5 real 79

BN (fpfz) _ 'bfl (x)fz* (x)a’x —(0  (more standard definition)

L o discrete case Zfl[n]fz[n]:o

b=+ % [a,b]=[-1,1],
1 o xk(k 5 # #) 3 % orthogonal

fe+1 ! :1k+1 _(_1)k+1 _ 1—1 0
. k+1 k+1

1 kX
Ll xdx-—k+1

349



L% ' Z i@ even function fri* i® odd function @ [-b, b] 2. FF & &
______________ orthogonal, . (e=-b) |
# 3% Example 1 (text page 426) =7 x> fv x* & [-1, 1] 2 F» &
orthogonal f" odol dx =0 ,
: N VN
fi(x)fo(x)dx=0 b . b
[ 5 2<\> Pomdr= 2 (e de
f 4'-/\2\:;.
even  odd oven o odd = 0ol L 0 b
Ex*

_«4
e A and Sin (7(}) Ove or+h09°hq' tn fhe twlerval of D, 1]
even 00'0‘
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(3),orthogonal set

Hs

‘)ﬁ - QE‘ functions ¢O(x)a ¢1(X), ¢2(X), ¢3(X), -----------

E Ib¢m(x)¢:(x)dx=0 for any m # n

a

B @y(x), @,(X), §(x), A(X), «evenn..... # 1% orthogonal set on
an interval [a, b]
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Example 2 (text page £63 voupl, )
Show that the set {1, cosx, cos2x, os3x, .....} 1s an orthogonal set

on the interval [—7, 7]
group| vs group2
when one of the functions 1s 1

1

\
group 2, (osh

T

r l-cosnxdx:;sinnx =0
v 2 - I A S T VP
9va2 vs gr°p . R R S T A
when both the two functions are not 1 (pages 363-364) %2

(m # n)
I COS mx COS nxdx = _[_ l(cos(m +1)x + cos(m—n)x)dx

- p 2
: , Meh, hh Ove Tntegers
_ sin(m + n)x sin(m —n)x dince M, N are '(M'egcr S
2(m+n) 2(m—n)

_sin((m+n)z) sim(—(m+n)x) N sin((m—n)z) sm(—(m—n)x) _ 0
-~ 2(m+n) 2(m+n) 2(m—n) 2m—n)

T T

7T —-7T
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(4) square norm

= )=, 7)1 ()= [ (o
o5 ‘s discrete case Y f[n]f"[n]
(5) norm n

=) (0) = [ 17 (5)

6
(6) orthonormal set

()
;j‘ II% ‘orthogonal set, & { E— ek &

I¢ x)dx=1 foralln

RIAL AL 5 orthonormal set
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(7) normalize: “ﬁ?]

#norm ¥ 5 1

normaliz
) 4
psy /52 L
ERy AL 3
(v(x),v(x))=( () : v (x) =1 Sy (x),p(x))=1

() ()

B d normalization, - orthogonal set % = orthonormal set
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Example 3 (text page 427)

Calculate the norms of {1, cosx, cos2x, cos3x, .....}
W =] 11dx=x" =2z
/1

lcosmx|” = [ (cosnx)’dr=[" L(cos2mx+Dax | (Pages 363-364)

) page 364
_sin2nx  x[" _sin2nz  x_SIN(=2n7) (-7) _
4n 2, 4n 2 4n 2
1=+27 |cos nx| = /7
{1, cosx, cos2x, cos3x, .....} can be normalized as an orthonormal set

{ 1 COSX COS2x COS3x

NE NN
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(8) complete &8
% & interval [a, b] 2 B » iz i# — & function fix) #8+ 12 £
7T Gy(X), P1(X), Pr(x), P3(X), ceennnnnn 97 linear combination
f(x):Co¢o (x)+cl¢1(x)+cz¢2 (x)+ """"" :ch¢n (x)
n=0
B @y(x), @,(%), (), A5(x), coennnen. # A 1F complete

L o % linear algebra ¥ ¢ > % 3-D vector @ =
“1 [1’ O’ O]’ €= [0’ 1’ O]’ C3 = [Oa Oa 1] ;3* Complete

Any 3-D vector [a, b, c] can be expressed as ae, + be, + ce,



357

Complete:

For ¢y(x), ¢,(x), @5(x), @5(x), coennoet...

if we can find ¢, ¢, ¢y, €3 vnnnnnee such that

f(x)—ch¢n(x):O forallx
n=0

then @y(x), @,(x), @,(x), P5(x), ..eevn..... 1s a complete set.
Example: {1, x—x,, (x—x,), (x—xp)°, ........ } is a complete set if f{x) is
constrained to be a continuous function.
However, {1, x—x,, (x—x,)%, (x—x,)>, ........ } are not orthogonal.

{1, cosx, cos2x, cos3x, .....} are orthogonal but not complete.



(9)(10) ) 358
F 9y(x), 9,(x), P (%), P3(x), euveennn = complete,

?;}z"f(X)Z‘\'ﬁ"%\'

f x)=:§cn¢n(x)

Question: How to find ¢, ?

B Px), (%), §y(x), A3(x), .ennn % & orthogonal,c, # % ¥
1 ¢0(x) P1(x), P(x), §5(x), ........ J; orthogonal
f(x)=Zo° o Cn (X) A.(x)a!*wdx-o *min

f(x)g (x)dx= Zc é, ( x)dx=c,| ¢,(x)¢, (x)dx
I oy ) g,

| = é|
QEYol ),/ (x)¢, (x)dx A TE (9) orthogonal

. (x)@, (x)dx — series expansion

e

¢, B 1% (10) generalized Fourier series é N
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¥ 4500, 41, B0), B, e  [orthonormal/
R
Ba-1 |e. =] F(x)4 (x)dx

Examples of Complete and Orthogonal Sets in the Continuous Case:



NS

hagl I =

11.1.3 Orthogonal with Weight Function

-

(11-1) inner product with weight function

(fl (x). 15 (x)) = ij(X)ﬂ (x) £, (x)dx

( ~—————

B¢ w(x) # i weight function

4v + 7 weight function {¢

(11-2) orthogonal s z_s #c =
12
(fmﬂf;q):J‘abW(.X)fm(X)f:(_X)dx:O fOI‘min

(11-3) square norm = 7T_& #T =

‘ﬁn-} , A
@ =], wle)f ()1 (x)

360
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(11-4) norm £ % #c

“a’u-4. -
S = W) £ ()17 ()

(11-5) orthonormal e T_% #c =

~&“‘5 b *
-aw(x)fm(x)fn (x)dx=0 form=n

b

| w(x)f,(x) £, (x)dx=1

(11-6) normalize 1% ;* i =

s ()

v(x)= v (x) _ 4
Hl//(X)H \/I:W(X)W(X)W* (X)dx
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(11-7) orthogonal series expansion of f(x) 12 % generalize Fourier

1?u-“l series £ jE rT A




LN

1114 = & sicd

J

(% AF ¥ )

cos(a + b) cosa cosb — sina sinb
sin(a + b) sina cosb + cosa sinb
cos(a — b) cosa cosb + sina sinb
sin(a — b) sina cosb — cosa sinb
cosa cosb [cos(a + b) + cos(a — b)]/2
sina sinb [cos(a — b) — cos(a + b)]/2
sina cosb [sin(a + b) + sin(a — b)]/2

363
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364

cosZa — sina

cos(2a) or 1 — 2sin’a or 2cos?a — 1
sin(2a) 2sin a cos a

cosa [cos(2a) + 1]/2

sing [1 —cos(2a)]/2




11.1.5 Section 11.1 7

(1) Norm §r square of norm & % 5 %_

. normalization fF > & ",ﬁ% ™2 norm

(1) Pv::ll }—fﬁ; ’ .77 1o l—’T?)I}'Z EE\‘;}EL EX -—lv a:

(i) 3% % o34 i d COS(a):e -Ee
: e —ei1  je ' — je
sin(a) = €~ =

365
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Two well-known complete and orthogonal function set

(1) Fourier series, Fourier cosine series, Fourier sine series
(Sections 11-2 and 11-3)

(2) Legendre polynomials (Section 6-4)

J'_11Pm (X)Pn(x)dx =0 ifm=#n

H s ¥ * & complete and orthogonal function set

Hermite polynomials (with weight function) (48 ~v)

Chebyshev polynomials (with weight function) (4% ~v)
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Section 11.2 Fourier Series

1§08, 182, 18>
11.2.1 3% &
% ' / &) snti ctiong
trigonometric functions
{1 cos % x, cosz—”x cos3—”x ...... ,sinZ x, smz—”x 51n3—77x ...... }
P P POM dete P P P
orthogonal set on the interval of [—p , p]
- proven on pages 372~374 o ap
(os—‘;7‘ ;W‘lw‘ *Lp | (O}ZPEX go?w"-’-‘(’ ’ (05%717{ ‘gﬂ‘m" - ";g
oty L Freqeey= queney 3
Wy T . F o | =
P ATV M !

cos"™x g : 2P AE %L S
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o kk
() ouricr eI'IGS/7 No'ée_l 9_2" VIO{ Ao ﬁq

I
f(x) :@-F Z(a cos™ x +b sin ”If xj

e P
WI 17 | #ﬁsl P
1 _1 nx
a, = pjpf(x)dx a p._pf(x)cos p xdx
M4. p =1 (" sin 7 v
v =, ), (x)sin©hxdx

(i 3R B 5 7 2edE 2 )
£rom page 5% Qp = f-_-g 'p[f)l%jXO()’
Oo _ IP £ (). 1ol fplag 7‘0(;{

j..z - )0{74. IF(DSP WX P H’(°$p

2 ~p ¥

A, = fig(vr)d;{
P -1 (" WE
au‘ (}L‘fbf) (057;’-‘0’)(




() &3

trigonometric function (page 372)

Fourier series (trigonometric series) (page 376)

Fourier coefficients (page 376)
partial sum (page 379)
fundamental period (page 384)

period extension (page 384)

369
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B N

Fourier Series == ¥} 13 5L wUlp & & 47
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"#E %, (frequency) & B F * F > M Hz(F )5 S BEH): EH >

222 82  100~1200 Hz

AR ¥ R AaEE 1 20~20000Hz

B 3 (AM): 5x10° ~ 1.6x10° Hz

R 3% (FM): 8.8x107 ~ 1.08x108 Hz

# H T AL T 7.6x107 ~ 8.8x107, 1.74x10% ~ 2.16x108 Hz
FEeid 2 1 5.1x108 Hz ~2.75 x10! Hz

v Ak D 4x104 Hz ~ 8 x10'4 Hz

~ » r /

B & A & 603 34 ¢ Fourler series
Fourier transform



11.2.2 Trigonometric Functions

B72

trigonometric functions

{1, cos%x, cosz?”x, cos3 x, ..., ,sin%x, sinz?”x, sin%x, J
9}'0(4?,‘} Tgtou_pz) (os%nxv _t 9?0“?3} g]"?‘:x

Trigonometric functions is orthogonal on the interval of [-p , p]

2 2 a2 -
£ * C; +2=5 = éhinner products * 3

(1)1 VS. Cosine

j 1-cos Zk xdx ——sm”—kx
p k

(2) 1 VS. Sine

even  pdd
J-p 1 -sm”—kxdx = —ﬁcos”—kx
-p p Tk p

_P

p

Tk

sin zk _ﬁ
_P
ﬂ_kCOSﬂ'k-l—

Tk

sin(—zk)=0-0=0

cos(—zk)=0
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(3) Cosine VS. Sine

even oold
j cos %K x .sin I xqx = {sin ﬂ(thk)x—sin 7(h=k) x}dx
-p p 4 P P
_ 2}; {_ ' Jlr . cos(ﬂ(h; k)x) . 1 . COS(7r(h[—? k)x)} )
-2 [_ A Teos(r(h+ k) —cos(~z (7 + )
+Lfeos(r(h—k)) - cos(~(h- iN]|=0  (whenh=k)
when (4 = k)

p
jp cos”—kx-sin”—hxdx:jp lsinmxa’x:—icosm =0
—p p p —p2 P Ak P —p



. . page 343 374
(4) Cosine VS. Cosine, k # h

j cos Tk x . cos M xdx —J. [cos ﬂ(h; k) X+ COS 7(h—k) x} dx
-p

P P P
_ 2}; {h i . sin(ﬂ(h; k)x) . 1 . sin(ﬂ(h; k)x)} )
=2 [ L [sin(z(h+ k) - sin(—7(h + k)]
+ L [sin(z(h— k)~ sin(—(h - k))]} —0 whenhzk
(5) Sine VS. Sine, k= h Page 363
j_ sin %‘x sin ?xdx = [cos ﬂ(hp_ , X —COS ﬂ(h; , x} dx

-P
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Square norms of trigonometric functions

P = fpl-ldx =" =2p

2

k.| _ 2 Tk 2tk _1 P 27zk
COS D X j_pcos » xdx = 5 _p(l+cos p X)dx = 2( +2 k » jp
2 p
. Trkx : 2 rhx 27ka _1 . 2rhkx | _
sin » H sm P dx = 2j_p (1-cos=*"*)dx = 2( 550 » )p
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11.2.3 Fourier Series

The Fourier series is the orthogonal series expansion (see page 358) by
trigonometric functions

(Fourier series* # - i® trigonometric series)

The Fourier Series of a function f(x) defined on the interval [—p, p]

o0

dy ni nx
=+ cos “=x+b, sin~*
f(x) 2 ;(an p X p xj

= % fp f(x)dx a, a,, b, # F- ¥ Fourier coefficients

1 p
=4 cos M xd
“n p.[—pf( p o

1'[ f(x smpxdx



Example 1 (text page 433) 377
)

f(x)z{ 0 for —7<x<0 —.:'-\-

7—x for O0<Zx<nrx < o0 T

F:TV
a, =%J‘_”f(x)dx=%jo (ﬂ—x)dng ﬁ
2

(0s 2-THX
a, = %_‘:f(x)cos nxdx = 717_.‘: (7 — x) cos nxdx

f(/l v': uv—fu' e
U=-X V'zcosux

= =X Lgin px —lj”(—l)lsinnxdx Ve sahy
TN 0 Y0 n 7
- 1—-(-1)"
_ 21 cosnx| =1 cgsnﬂ: (2 )
n'rw 0 n°rw n°rw %7
4 n



A
i L

Juv's uv—(y*\ 378

_1 N O O 7~ - —
7r-‘- x)sin nxdx = EJO (r—x)sinnxdx — UsT=X, \/z foﬁ,ux
_m=x1, ”_i _1
. C j (—1I)( cosnx)dx
l—2Lsinnx =1
n-rw n

0 Oin /bn

f(x)+n§; l_n(z_ﬂlﬂcos’zzxﬁ-@sin’zzx) =1

(1—(-1
E+Z ( ) cos nx + L sin nx
n 7z n




11.2.4 Sequence of Partial Sums

Sequence of Partial Sums

N
Sy(x)= %+ Z(an cos%aﬁ—bn sin%xj

n=l1

fi(x)=1lm S, (x)

N—w0

N A%< » AR5 & 2T R % 0 function

B79
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For Example 1

1 1 2 3 3 2 -
(@) S0 [BIST) b S  BISY)

N=3 N=38

Fig. 11.2.3
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(¢) §y5(x) M

N=15

Fig. 11.2.3



11.2.5 Conditions for Convergence

_1(” _1
If q —p._pf( x)dx a, I f(x)cos™® ; 7 xdx
b =L[" 7 (x)sin"Z xdx
pe-r P
ﬁ(x)=%+;(an cos%erbn sin%x)

_____________________________________________________________

(1) f1(xp) =fxy)  1f flx) 1s continuous at x,,

382
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2 ¢ (x,)= S (%, +) er S (%) if f(x) is not continuous at x,

Wy S(o4)=lim/(x,+h)  f(x=)=limf(x—h)

h—0

flon+ £0- . ZT+0O 7
. £(0): —= e T
Example 1 i)+
f(x) f1(x)
i A
i L1l
2 e
X X
-TT ) =TT T

(SIoSIo) (@0l

Fig. 11-2-1



11.2.6 Period Extension

dy N ni ni
X )= + a_ CoS xX+b sin~*x

fundamental period: 2p

% interval x € [—p, p] 4 ¢t e 2

fl(x+2p

fi(x+2p)= (x

X5

¢ 10 LREH 5 2p ih 35 (B RA o fx) ¥
) H?vrn#q =

(a COS —x+2mz)+b sin(% x+2n7z))

P

v3M8

(period Extension)

384
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Example 1 e751]+ p:=7 pertod =27
f1(x)

A vepeat  vepeat
‘i‘ : ‘-.‘ ;
. “"l I’ . “‘i \'
“ ‘ ‘l- ‘

| et

41 -3 21T -1 w2 3w dar X

| sme P (%) F+a S0l
Fig. 11.2.2 S Phooo )z R 10)T 3

- 2L 8 ehde 3% 5 Fourier series expansion e % 7 if #
W x g [-p,p] R E

e HAFHp gt P



11.2.7 Section 11.2 § & jZ &, e =

(1) Fourier series 72> 3% (% % 4%)
(@) % - A _ay/2 > @ 2ta,
(b) X ay, a,, bn 2= 7}% AN 2] K//Tj "p
(p A_interval width =7— %)
(2) ¥R = & 3050 =5

%:._:
Gy# & [ u(t)()di=u(r)v(r)

(13 & Fourier coefficients ¢ ¥ * 3| » 4= Example 1)

" [ (t)v(r)de

a

386
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4) % n s F#EPF, cosnr=(-1)" ¥ &%z

(5) L FEm 3 +Z(a cos Mt x+bnsmﬂxj
T n=l P
AT T
v a _ :
15 % fl(x)=7°+2(an cos%erbn sm%x)
n=l

[0 e fio) 2 B F = B s o
(a) = discontinuous 3= = fi(xg)=0f (xg+)+ f(x,-)1/2
(b) /i(x) & periodic, f,(x)=/,(x+p)

o0
R oo YRS BAR ~ %o Z(a cos—x+bnsm””x
P
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BEY P ERERauEE - F 2 Faik

Clerk Maxwell
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Section 11.3 Fourier Cosine and Sine Series

11.3.1 % & ) Pt s
From page 350, bn*p)p Pl bz even
(1) Jx) 1s even Fourier cosine series (2% cosine series)

Fourier Series —

L s
WL i page 368 : Fourier sine series (2% sine series)
f(x) 1s odd &ﬁ;z A& —
Zb sm—x Mo Ao, An
a ~0 An ‘D

:2_[ f(x sm 7 xdx
\’II’
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(2) £ & %@ ¢ Fourler cosine series, cosine series (page 395)

Fourier sine series, sine series (page 396)

Gibb’s Phenomenon (page 399)

(3) Half-range extension: [0, L]

(a) cosine series: f(x) = f(—x), interval 1s changed into [—L, L], set p =L
(b) sine series: f(x) = —f(—x), interval 1s changed into [—L, L |, setp = L
(c) Fourier series: (1) interval [—p, p] 1s replaced by [0, L],

(11) p 1s replaced by L/2

(4) One of the applications: Solving particular solution

(See pages 407-412)
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11.3.2 Even and Odd Functions

even function: f(x) = f(—x)

odd function: f(x) =— f(—x)

Example

1, x2, x*, x6, x8 ..... are even x,x3, x>, x7, x°..... are odd
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Cosine functions are even Sine functions are odd

cos(?) sin(?)




Several properties about even and odd functions

(a) The product of two even functions 1s even
Gl 0 X2 x* =x6

(b) The product of two odd functions 1s even
B L ox-x =x2

(c) The product of an even function and an odd function 1s odd
Bl ox-x? =X

(d) The sum (or difference) of two even function 1s still even

(e) The sum (or difference) of two odd function is still odd

393



(f) If f(x) is even, then

(g) If f(x) is odd, then

(Proof):

[ raxc=]" r(x

[* r(x)ax=2" f(x)dx

-

faf(x)dxzo -2

)dx + joaf(x)dx
[ () ) f (e)as (8 3= =

= [, /(=) + [} (x) dx

When f(x) = f(—x)

[\ ()= [ f () + [ f (x) e =2 1 ()

When f(x) = — f(—x)

)
)"
?

!

~C\OQ

[© r()ar == f(q)dn + [ f(x)dx=0

394



11.3.3 Fourier Cosine and Sine Series

(1) The Fourier series of an even function on the interval (—p, p) is
the cosine series (E\‘f #- 1% Fourier cosine series)

2 xdx

F 35 0 (1) fx) is even
(2) Half range extension (page 401)

395
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(2) The Fourier series of an odd function on the interval (—p, p) 1s the

sine series (& £ T Fourier sine series)

Zb sm—x

b —2j f(x)sm 7T xdx

fr2_ % Fourier series # — ke > 3 = i

(5’.\\9’&_:_ f@;)

FF A5 0 (1) fix) is odd
(2) Half range extension (page 401)



Example 1 (text page 438) 397

Expand f(x) = x, =2 <x < 2 1n a Fourier series

Y ,)7‘.' 2
flx)1sodd _

. expand f(x) by a Fourier sine series

oy ~{U’ V
1 Fig. 11.3.3 /(uv w” ~|
— v 7 -—'%
@®®@ 74933891P:1 A,V 5 h

5 V= ~Z zos
’ n
bn :%J'O XSin%XdXZ—%xCOSnzﬂxo-l—nzﬂ_ 2

cos % xdx

——2 Dcosnr+0+ 24 sin % x

ni I’l7Z' 2

2
:_i(_l)n‘FO—O:%(—l)nH

00 n+l
24( D) 2 T x (B 7v

n=1
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Example 2 (text page 438)

) {—1 —7<x<0 , ’
X)= , : !
I 0<x<z | — 4 — =
. flo)+4[0) L, Y = 3 L
o ;E.Z;gL EE N O
< S =0 1 :
. ; odd function, & * sine series
——————— X — — T
[ 1L -
— 11 qu@(’?@?
‘@@@@ Fig. 11.3.5 (osn T
T_21-(=1

72. .
b, :;j 1-sin % x(lx = — 2 €OSNX
7 0 VA T n

0 T n

f(x)= %il—(n—l)" sin nx




11.3.4 Gibbs Phenomenon

Example 2 eh% % f(x =2 Zl ( L’ sin nx

partial sum S 221 ( b sIn 7x

% N7 i &< » { discontinuities *}iT € 7 “overshooting”

“overshooting” =1+ /| % € ¥ N @ %]

e F R € AR KARF > A% KAXF 1T discontinuities 7

=A% FL 1% Gibb’s phenomenon % '
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11.3.5 Half Range Extensiony

Z_av e+ 1 f{x) is defined in the interval of p <x< p

______________________

------------------- "'(f(x) F 5 0<x<L gg ¢ ",é %;%’
<x <

\ﬁz—) __________________

(a) In a cosine series, suppose that f(x) = f(-x) and f(x) = f(x+2L)

(i) Interval: [-L, L], (ii) #7735 =3 chpd L B~i%, (iil) % % #_even
%];z). in a sine series, suppose that f(x) =—f(-x) and f(x) = f(x+2L)
(i) Interval: [-L, L], (i) #tF =3 chpd LB~ (iil) % % 4_odd
2(3 in a Fourier series, suppose that f(x) f(x+L) /V fe
(1) Interval: [0, L], (i) #1775 20 3% ¢ &
Frme s B2 )

3
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4 Example 3 (text page 440), :

fix)y=x%, 0<x<L

(a) 1n a cosine series
B3k flx) =f(—x) for —L <x <0, (iE3k fix) €— i even function)
interval % = (=L, L)

/~
i & cosine series =t ;%

00 p
7 (x) =%+Z‘an cos%x a :%IO f (x)dx

2 (7 niw
a == x)cos ™ xdx
=2 [} F()cos™

AR AER{piy [

a, ~ L
f(x) :70+nz_;an cos%x a, :%Io f(x)dx

_2 (" nir
a, _L.‘-o f(x)cos 7 xdx
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(b) 1n a sine series

B3R f(x) = —f{—x) for —L <x <0, (B3Kk fix) €_— & odd function)
interval % = (—L, L)

i A sine series 2> 3™

:ansin%x b —2j f(x)sm—xdx
=1

f(x
B4R A @;p{f' g L)

b, sm—x _2(* Y4
Z b, _L.‘-o f(x)sin 7 xdx
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(c) 1in a Fqurier series interval i7 & (0, L) 0

23

i &~ Fourier series 2 3\

f(x)= c;)JrZ(a cos™ x+b smﬂxj IJ. f(x

p p f —P(ﬁ)d;‘
:lj f(x cos?xdx b, =lj‘p f(x sm?xdx fu-Cbr)d;(
4—‘(7‘)- LAT2py L>2p, p- L Q"P(z)d

B4 (1) # interval [-p, p] 3 5 [0,L], (2) -Lf LOOd
7°+Z(a coszn—”x+b smz’zﬂx) a, ZZ@( x)dx

AR =

2nr 2L ) W2 L
d — Lnmw RS
@ (x)cos [ xdx b, A, (x)sin 7 xdx —L/z)fo

Note: Since  f'(x )coszzﬂx f(x+L)coszn7z(z+L)

L/2
a LI . coszn—ﬂxdx = Lj f(x)cos 2?” xdx

a =

n

e~
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11.3.6 Solving Particular Solutions (% = & * %) fedp_

any(n) (t)+ an—ly(n_l) (t)+”'+ a,y' () +a,y(t)= f(2)
SO =/f(+2p)

(L M e A ¢ 7 f& homogeneous solution
homogeneous solution & %_% & * Section 4-3 77 2 X %)

(Step 1) #- f(f) % 5+ = Fourier series

a o0
t)=-0+ ( cos™ ¢+ p sinﬂtj

n=l1
£« cosine series (5§ f(f) = even)

g« sine series (§ f(f) = odd)



oo . o 4
(Step 2) 3k particular solution 73] i = 08

W} v, (1) =4, +Z(A cos™ ¢+ B s1th)

p p

(Step 3) % R 3% » v thdic > #- Ay, 4, B, f3 ) %

% 73K 0 particular solution §= homogeneous solution
F AR e > o PIE K}
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Example 4 (text page 441) / 1/ //
=~
1d'x N=nmt for—1<t<I
162 TH=0) f()” or = 1es 3p e
Sec -3 awgli ary < m"+4 D f t 22 perto )
W cnge I8 iﬁl’ EL dS—ectlon 5-1) _—

roﬂp'“"w;m&) c.cos(sﬂmsmw’c)

(Step 1) 3K f Zb sin nit (%] & f(t) 4_o0dd) Fouier <€
—  gSerTes , P2l

_2.[ mtsin(nzt)dt [MV '“V—;‘A Vo Uing, Vgt

'S ¢
+ O%Cos(nﬂ't)dt ""'[OS(M )
0

__nt
= 2n cos(nm)

1
— 21y —0+-2 sin(nnt
LD ey ( )O

_; _ 1\l
=2(-1)

Z; 1) sinnrt
par
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(Step 2) B3k particular solution %

=> (4, cosnxt+ B, sinnrt)
n=I
p=1)

LA DR P REARY LG K BIE A?
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2
(Step 3) #-x () fr Step 1 e % i » %%4—4)6: 0

Z(—%Ann T cosnﬂt—%B nrw smmzt)

2(4/1 cosnrt+4B, sinnrt =Z; —1)"'sinnxt

n=1 n=I n

—%Aﬂnﬂ +44 =0 =—> 4,=0

n+l
1 Bn’rn’+4B, = 2( )"'e=—=> B = 32(_1)2 5
16 n(64—n"z°)

Therefore, the particular solution is:

> 32(-n"!
_Zn(64—n27z2)

sin nsit

n=1




General solution: 412

= 32(=1)"!

s Sinnrt
= n64—n"r")

x(t)=c, cos(8¢)+c,sin(8¢)+

2
&iIW¢1d-fo() PERG oS 2Tk
16 dt*

& 38 > 971 particular solution # ¥ sy € 7 cosine terms

STl e Step2 F P WO E FRIRK

= i B sinnrt
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11.3.7 Section 11.3 & & /1 &, =i =

(1) 250 = 3 = 5 g

for cosine series and sine series,

:lz?.[opf(x)dx a =2 .pf(x)cosxdx

"opio p
b:;.p sin 2% xdx
=2 [ f (x)sin " x

(2) Fourier series =77 half-range extension fr cosine series %
sine series # [

p 1s replaced by L/2, [—p, p] 1s replaced by [0, L]

(3) Half range extension §r solving particular solution i& = i 8 4

FUFse FREUAL  ET 5 RV HHT
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Exercise for Practice

Section 11-1: 3,5,6,8, 14,17, 19, 20, 21, 22,23

Section 11-2: 2,5,9, 10, 12, 16, 19, 22, 23, 24

Section 11-3: 14, 16, 18, 21, 22, 23, 28, 29, 33, 36, 37, 43, 46, 47a, 48a,
49, 52

Review 11: 6,12, 13,14, 15,17, 18

-



