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Chapter 12 Boundary-Value Problem in

Rectangular Coordinates

Aol Aiffaential equatio
* Role of Chapter 12: PDE (partial 4 1 "

Discuss the boundary-value problem for the case of two independent

variables. 12-§ +:u:;e ov Mor:
, 1 \ndep. vari
oy i) (FRHR AL A Chapter 13 4 ¢ § s | o/ oele

e 7 AieHFH et R )

Use the methods of

(1) separation of variables ~ Chapter 12

(2) the Laplace / Fourier transform Chapter 14
(F iz F Pt e )
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R A

__________________________________________________________________

122 &:fe &

12.3 Heat equation

12 4 Wave equation | - (VAL S 12.1 el * 4R)

12.5 Laplace’s equation |
12.6 Nonhomogeneous PDE

12.8 PDE with Three or More Dimensions

5 4 F gL
(1) 3 ;& separation of variables j# PDE 1~ ;£
ORSTIEES




boundary value problem (BVP)

iitial value problem (IVP)

B - 7 O’u(x,t) zézu(x,t)
ox” ot
BVP:  u(0,¢)=0 u(L,t)=0
IVP: 0)= oul _
W(50)=1(x) % (v

partial differential equation (PDE)

ordinary differential equation (ODE)
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Section 12.1 Separable Partial Differential

Equations
12.1.1 Section 12.1 % &

(1) linear second order partial differential equation for two independent
variables

o0u ou (’9u 8u 8u
Aa +B@x6y+cay 8x ay+Fu G

Ko Rl 48 Ra-

7 terms a) 2@7

fﬁwrk

B2 —-44C> Oéhyperbo ic, B2—44C=0: parabo A, B0, (=l
B3 52— 44C <0 : clliptic #g B-4AC>0
(i) Eh
(2) Partial differential equatlon (PDE) i & jZ/2 2 - A*=y
A“ ) B=O,C=0
Separation of variables (see pages 422-424). BL4A(:0
g 27 : (i) A™ 7’2:'.\4
%z . real separation constant (page 422) *%ﬁ A= RO

..4AC <0
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12.1.2 Linear Second Order Partial Differential Equation

u, pdu 0, nou  pou _
Aax2+Bax8y+Cay2+D8x+E8y+Fu_G

independent variables: x, y dependent variables: u(x, y), f§ & = u

homogeneous : G(x, y) =0, nonhomogeneous : G(x, y) # 0

éar. éz
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particular solution, general solution e Z_& — 4-ii 4

[ Theorem 12.1.1] Superposition Principle *S

If u,, u,, ...., u, are solutions of a homogeneous linear partial
differential equation, then

U=Cly+ Cylly +vee +cu,

1s also a solution of the homogeneous linear partial differential
equation.

I8 32U, 20 22 w0 -w 2 U0
#ax,nox,o arvk

then 5n

6" a’- a).
SR(CUt QU+t Calhy) T (5t Gt o Y Saun

=0
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12.1.3 Method of Separation of Variables

% PDE with BVP (or IVP) 77 ;2
(1) method of separation of variables

#PDE § ¥ § ¥ x 2 ¥y ks

BRK fE 5 ulx, y) =X(0)Y(y)

(2) using the Laplace transform (or Fourier, Fourier cosine
transform, Fourier sine transform) (see Chapter 14 - #§ % < #

)

£ i i © PDE » ODE



DR
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Method of Separation of Variables 1/ 2

(Step 1 lF» f3 5 ulx, y) = X()Y(y) 7 2% B4

(Step 2) *#-u(x, y) =X(x)Y(y) * » PDE > 3 PDE %
# &z “ function of X’ = “ function of Y =-A
11 X(x) 59 ODE 4r Y(y) 57 ODE

[ M
A fg, T

—

A % real separation constant % j




Steps 3, 4,5 & &~ = % 77 Cases X 2 ODEs
)

% 7 trivial e4F350h 5 S5 ¥ 0L e cases 39 & 4 g

(Pre-Step) + & % ** 0 e initial / boundary conditions
1
(Step 3) #- function of X = -4 e3f2 & 31 > T 5 X(x)

g AR V() 6 R B

(4% boundary (initial) conditions @ %)

(Step 4) #- function of Y=-1 25 3} » 7 5 Y(y)

TR e > foStep 3 4p F

(Step 5) u(x, y) = X(x)Y(y)

423
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(Step 6) #7357 iy fE > W44z &

s

(Step 7) * 2% & boundary (initial) conditions #- coefficients & !
0 - AW € * 3| Fourier series, Fourier cosine series
£

Fourier sine series

X % X7 boundary (initial) conditions » Steps 6, 7 ¥ 14 /4 1%

Rules:
x 0 BVP (IVP) i ¥ > B X(x)
y s BVP (IVP) i ¥ L5 ()
<3 BVP(IVP) s LB X(x) & V()



O'u(x,y) , 0°u(x,y) _

ox* " oy > ﬁ"/ X()=

o - J—
u(O,y)—O/X( u(Lay)_O U Fg’t—% X(x)
u(x,0)=f(x) % =g(x)
y=0

0'u(x,y) , 0°u(x,y)

O’ oy’

LY Y()

u(0,y)=7(»  u(L,y)=0 ’
0 —0 O y(x, -0
ﬁyu(x’y)yzo ot(x y)y:H

uppy) = XEYH) N0 Wh Y

wex,y) = x(0Y'ty)

W (#,0) X Y'(0)2D

425



Example 2 (text page 462) 426

homogcnew.s) Pmo\\ao"c’c FDE
a U _ 42“ A:l,R:(=O
Ox” Y] B%4A(=0

(Step 1) BL f2 5 ulx, y) =X()Y(y) (3 M i) AR,

(Step 2) #-u(x,y) =X(x)Y(y) + » g—’é‘ 40u
X

oy
X"(x)Y (r)=4X(x)Y'(»)
(( )) (( )) kﬁ—g real separation constant
IO v

X"(x)+42X (x)=0 Y'(y)+AY (y)=0
|YPE = 2 ODEs



X"(x)+44X(x)=0 Y'(y)+AY(y)=0 427

0 X' 443 x=0
Sec 4-3 auxtliay m244):=0

Case 1 for Steps 3,4,5 A
R mﬁ
(Step 3-1) X"(x)=0

auxiliary function m>=0  roots: 0, 0

X(x)=c¢ +c,x
(Step 4-1) Y'(y)=0 Y(y)=c

(Step 5-1) u(x,y)=X(x)Y (y)=(c, +c,x)c;, = 4, +Bx

A4, =cc; B, =c,c,
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Case 2 for Steps 3,4,5 A <0 4 #ﬁg#@\

o 203 AR 4 zz—azﬁz_, 40 W= 12X
any x>0 = e

Step 3-2) X"(x)—4a”X (x)=0 roots of the uxiliary function: Za —2(
)((x)—dem“rde_“x (+( 2 ¢ > T 2
s x| ..4 4 o200

WOy Bfrer g = X(x) C, cosh(2ax) + ¢, smh(2ax)

Stepd-2) Y'(V)_ 5y 2y o) -
(Step 4-2) Y(y)_a Y'(y)-aY(y)=0 KO yme K

V()= (y)=0  Y(y)=ce”’
(Step 5-2) u(x,y)= X (x)Y(y) = 4,e”” cosh(2ax) + B,e” ” sinh(2ax)

A, =cc, B, =cc,



Case 3 for Step3 A >0 w*?_iﬁﬂ 429

‘ Y ]”v = L 2 *2-
= lgiLEL 2 A=« 7 “>O M2440‘Z

(Step 3-3) X"(x)+4a’ X (x)= 0 roots of the auxiliary function: j2a, -2«

X (x)=c,cos(2ax)+ ¢ sin2ax)

) —

2

(Step 4-3) ?8’) - V()T ()=0  y(y)=ee

(Step 5-3) u(x,y)= A3e_“2y cos(2ax)+ B, e 7 sin(2ax)

% & JxJ2 boundary conditions » 2 ¥ & {¥ 31| general solution >

5’;« 2 R4y
(Step 6) QQMCP ,_b_Tfi‘ __%\_75 ______ C_‘:ssz _______

I ::::::::::::::::::::_____:‘
+Q [4;,e % cos(Qax)+ B, e “ysm(Zax)]u R SR AR S
@20) _ Cace 3

L
(:x : nonseparable 12 tiz— ¥ 7 3)
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Exercise Problem 5 X X'4AX>0 stepd
Ou _  0Ou auxt 7‘?2 ul%y)= z,h- Ca (XY)GA
X Yty) ax Yoy ay e,
n=XY A
1X|Y-7’XY 7%‘+7‘Y:O Y(Y)=Cz.7.)
X - Y‘f’-_} Cauchy Eulel e
X Sechen Uz XY= Ca %Y
Exercise Problem 9
ka2 e k>0
O’ ot
l,b"‘t)*f cod= %)+ s'“n
w2 X T (4) \ Cage | 2= (A Shf‘ A‘ 7‘))
T vy | KX'=0 THT:0 CouceS A0, A= 1-x?
< )XTT; | | X:outth T et \ ke'-pex0, T (RH)T=0
(kkx ;’; :r' T Uz o t(an %) X() < ,gosh(&x)-} o‘;‘“"}‘(— ,‘)
Tl s~ - =l
e es 276, 2 e N (s 1)T&s‘n(,w.<n)
, 1] O
le“'()A <0 kX "'Vl X< T'P(p(-l.\)TQ Q‘(‘ep_
Tt \:(se Y29t Z (.%ej %



12.1.4 Classification 431

(91/! 0’u Gu pou . g ou
+Baxay+cﬁy ox ' 8y+Fu 0

—4A4C >0 The PDE is said to be hyperbolic (B+ )
B*—44C=0 The PDE is said to be parabolic (¥4~ 4 )
—4A4C<0 The PDE is said to be elliptic (58] #5)
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s> = -\ 2 2 5 -\ I = Ay
TE AL A2 PN xy T o b oahiups

Ax* +Bxy+Cy* + Dx+Ey+F =0

¥ x4+ —1=0 L x'=y=0

x*+y* =1 y=x"
B*—44C=-4<0 B°—44C=0
yor v

| | )|

i | A

O |

4 | Al

) 2

B2 a4 o0 1 2 3 T S R R

GO o8y
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v ,
i x> —y*=1=0 Y A
xz—yzzl |
B*—4A4C=4>0 ol

R R RGFEASR T E, T e I
B*—44C<0, B*—44AC=0, B?>—4A4C>0
eEEE 0 3% AP BB



Example 3 (text page 463)

3 0°u _ Ou 0’u _ 0’u

ox> Oy ox® oy’

pava bolYc hyper bol T¢
A=3, B=(* A:1,8=0, -

B:-4AC:O B-4Ac>0

434

82u _|_62M -0

ox® oy’

efhp tic
A G:1, B=O
B*-4Ac<o
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1215 % & 3 &1 3, et

(D)

3 “,/Tt T &Ik > g o3 k£ 8 ¢ classification of equations 1/
method of separation of variables.

-

2) #8 @ » method of separation of variables %2 /42 » ' 7 £ 45
p
fe 0 7 & & (Sections 12-4, 12-5 3% i i3 = j2)

R4t 2% — H ulx,y)=Xx)Y(Y)
% — # function of X = function of Y=-1
(3) Method of separation of variables 73+ 3 pF > ¢ 4 = {% 1 cases.

(4) Separation of variables & f% BVP fv IVPpF > Z & #-= B cases {¥
1} % ehfiEFR4e 42 % (Step 6)
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(5) & 7 % @ fBA-BVP & IVP » 5§ #g o2 4 g o2

:x g = ¢, cosh(2ax)+c,sinh(2ax)
(6) Hyperbolic, parabolic, elliptic =i i+ » 7 12 % X% i special

cases ko



Section 12.4 Wave Equation

437

1241 * 5% &

& f% ;4 F* 32 (one-dimensional wave equation)

2 2
‘kﬁ FOU=0U o f 40

oo
BVP and IVP
u(0,)=0 u(L,t)=0 for 1> 0
u(x,0)=f(x) %—’;_O:g(x) for0<x<L

]+ L page 439
{22 &L page 440-448
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F "%+ > Sections 12.4 ¥ 5 = &_Section 12.1 £ method of separation
of variables e % 4%

(¥ & #¥ method of separation of variables 7 % & &)

standing waves  (page 449) normal modes (page 449)
first standing wave (page 450) fundamental frequency (page 450)

nodes (page 452) overtones (page 452)
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12.4.2 12§ &

- Al 2O, < =) -~
22 O’u _ 0’u A*jAP?O “oiR A
2 2
x> ot hypevlool‘lc YPE  ou -
M(O,t):O (L,t)_() Ot . 3R
u(x,0)=f(x) L =g(x) Tu hit R
, Ot |, 8t2
2
N\ TF
fix) ~
N goee
: >
< 7
A = _
Fig. 12.2.4 \zl(i;’n)xzo u(x, £) =0

when x =L



12.4.3 Solutions for Wave Equations (f & $*#jZfz7)

2 2
6128”:6” 0<x<lL t>0

ox* ot
g u(0,6)=0 u(L,t)=0 fort>0
u(x,0)=f(x) %—L; o:g(x) for0<x<L
t=

Ff# (i¢ * method of separation of variables)

(Step 1) BKfE 5 ulx, ) =X()T(H) |y,
(Step2) # u(x, y) = X)T() & » ¢ QU =0u
ox~ Ot
X”(x) B T”(t)
X(x) a’T(1)

a’X"(x)T(t)=X(x)T"(¢)

440



X'(x)_ 1), W 41

: X(x) a’T(t) -

#H2 % ODEs  X"(x)+AX(x)=0  T"(¢)+a’AT(¢)=0

_,4'1 3 (Ases
(Steps 3,4, 5 &% jJ2)

(1) #] 5 x envboundary condition i E > #7112 & f% X(x)
2) = 1=0, A<0,41>0 = ¥ cases a2 = XNT(€)
(3) & ** u(0,¢)=0 forallt>0 (0, 7)=X(0)T(t)=0

T % 7 % 0 (% B uCx, £) = X(0)T(@) = 0 for any x, 1)
-"y\vTO\\ so‘u‘-{ TJown
#rid [ X(0)=0 X(LYT): O 9X(L) =0
FIo d y(Ly)=0 T 42 T X(L) =0

X"(x)+AX(x)=0] subjectto X(0)=0and |X(L)=0
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X"(x)+AX (x)

0 subjectto | X(0)=0 and | X(L)=0

T"(t)+a2/1T(t) 0

CK1 for Steps 3,4,5 4=0 o,
(Step 3-1) X"(x)=0 X (x)=dx+d,

¥ 45 boundary conditions

_ d,=0
dO—O ::> 0 X(X):O

dL+d,=0 d =0

% @ case ¥ 21 trivial solution u(x, £) = X(x)7(¢) = 0

u(x,0)=f(x) #EEEL  J-0pap

—N

& 7 f f% Step 4-1, Step 5-1



CB}Q of Steps 3,4,5: A<0 ﬁ’l 443

(Step 3-2) £ A=—-a® H,_,

X"(x)- aZX(x) =0
# % 2 boundary conditions

/ datds o*%) al4~015
T B A& X(x)=d,cosh(ax)+d;sinh(ax) ’2 €
¥2J% boundary conditions X(0)=0 and X(L)=0

cinh(D) =0 o<h(0) = |
d, =0 —> d,=0 X(x)=0

d, cosh(aL)+d,sinh(aL ds =
cosh(aL)+d;sinh(aL)=0 from V“ZQW"?) Sﬂnh(ﬂ‘)to ‘{: 730
iz i case ¥ J! trivial solution u(x, 1) = X(x)T(r) = 0

U(x,0)=f(X) N SES A<0 P 2

Solution: X (x)=d,e™ +de™ K.
z-

& 7 3 % Step 4-2, Step 5-2



Case 3 of Steps 3,4,5: A>0 ﬁ' 444

(Step 3-3) 4 A=0a? A s any posTtive (on stoant
X"(x)+a’X(x)=0
Solution: X (x)= clygﬁx + ¢, sinax
45 boundary conditions X(0)=0 and X(L)=0

¢ =0 —> ¢ =0

cM+czsmaL=O n 1T 3 EH
sm(nm):0

¢, = any nonzero constant

#uad  Hs

| = ¢, =0
}F OB ¢ =0 %}u@?—; { 1

| c,cosaLl+c,sinaLl =0 C, =

2y L L B = A s sk N NV
BZE AT REF P EFZ BFENE
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=

X(x)=c,sin x nd TR LR o, TR

(Step4-3) T"(¢)+a’AT(t)=0

T”(t)+az’zz”2T(t)=O

Solution: T'(r) = ¢, cos( "% ¢ )¢, sin("9% 1)y % iz 1, e

(Step 5-3)

u, (x,t)=X(x)T(t)=c, sin(%x) _c3 cos| 142 t) +c, sin(”a” tﬂ

&
:sin(Mx)[An cos(mt)+Bn sin Mtq n xR

L L

A, =y, B, = cyCy,



BRI 24 e K

(Step 6)

446

u(x,t)= gun(x,t) =@sin(

n=

nx
X
L

)[An cos(%t) +B, sin(

nayux

L

i




447

u(xt)=>u, (x.1)= gsin(%x)[/ln cos(197 1) + B, sin( "7 )|
#q

LR A H 785 R 2] e ploo

7] % sin(mx) :—sin(_””x), cos(mmt) = cos(_’/zmt),

- gﬁpg Z Sln(nzz-x)[cn COS(n%t)—I_D” Sin(naLﬂ-t):|
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(?;pﬂ u(x,t)znf;sin(” )[A cos( 7 )+B sm(n%ﬂtﬂ

g 1nitial conditions 5%: Sin mtﬂ)
t:0
u(x,0)= f(x) U =g(x) - em

f(x)= 2/1” sin(%x) g(x)= in(%x)

ﬂ} A3 0 A &_f(x) e7 Fourier sine series (Sec. 11-3, page 389),

P> L
b, % %_g(x) =7 Fourier sine series

A :%J‘()Lf(x)sin%xdx

Hio

B, ncm 2 X sm”” xdx __ 2
jg() B,= *_ g(x)sm 7 xdx

b B"nmc , P‘—’I—



12.4.4 %3 plod 2 _ . 2L
5 petiod = o
— > i nrx narx - [ narx -Frequemu s
u(x,t) ;sm(L x)[Ancos( 7 t)+anm( 7 tﬂ o /
- 51

u(x,t)=u, (x,t)+uy(x,t)+u,(x,0)+

_ nmw nar ; narw
He  u,(xt)= s1n( 7 )[A cos L )+anm( 7 tﬂ
_ nlBz naw
—Cnsm( 7 x)[sm( 7 t+¢nﬂ
s B, . A,
C =\A +B cosg = C sing, = C

# normal modes

u,(x, t) AL ¥ standing waves (Fi )

449

peviod



PP : ‘ 450
n=1FF > u/(x,1) &}t%ﬁ;lt‘ first standing wave &

first normal mode ¢ fundamental mode of vibration

u, (x,t)=C, sin(%x)[sin(%t + ¢ )}

ul(xt+2aL) Clsin(% )[sm(“”t+2ﬂ+¢l}
a

$rea 3ol = 2L g =y =5;

S = 2 7 f?ﬁbﬁa- i* fundamental frequency (547 ) g% first harmonic

n=|\ %'




1 POy : 451
YLPM SRR 0 uy(x, ) AL 1F second standing wave

us(x, £) A F- 1% third standing wave

First standing
wave

Second
standing wave

Third standing
wave

Fig. 12.4.2



u,(x,t)=C, sm(Tﬂ )[sm(%ﬂqﬁnﬂ

x=L B st F3 50 ’un(%,t)zo

2

H_n™ standing wave 5 node (& &)

u, (x,t)=u (x t+2L)

an

A N Y . . ad

f, = nﬁ = nf, AL 1F overtones (43 )

452
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12.4.5 Sections 12.4 F & ;3 § e =

(1) Method of separation of variables f# PDE sr:gE 42 k2 #R £ » fe § 4o
Y5 03 & pages 422-424 e 7 1 steps » TR Y }Bﬂ X FRTURE o

(FEHL - Tfer 2 P hTEERER)




B)F ity LTI 454

% boundary conditions 21 3R u(0, y) =0, u(L, y) =0,

B {8 R R fr sine 7 B X(x) c, snl%x L 2L/n

0)=0 (L)<
Xm0 L X0
ou - ou =0
# boundary conditions IR x| Ox s

CO\SC 3 Cage
B {$ {2 3% & {r cosine 2 constant 3 B Cose 2 @ B

X(x)=¢ or Xn(x):clcos%x FH L 5 2L/n

(4) 5% X4yt > 7 3] u(x, y) <5 boundary conditions
NIRu(a,y)=0 — ]‘rt»ff’lﬁ X(a)=0 >)
'Jg Ju(x, b)=0 —nffrlg Y(b)=0 - *’]

] g}’/é :O—>T}«rrng’(a)O/

‘E\k\
ey

X=a

|90 =0—je Y(0) =0
y=b

‘E\k\
L)
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(5) > wave equations @ % > X(x) f= I(¢) e0f% 75 40 b O3 i

4r% X(x) 5 sine & cosine, 7(f) » % sine & cosine
% Laplace’s equations@ 3 > X(x) fv Y(y) c0f2 3| i 7 F
4% X(x) % sine & cosine, Y(y) = sinh & cosh

2 0°u _ 0’u O*u , 0’u
= =0
Coa o o ' oy
X”()C) _ T”(l‘) _ X”(X) __Y”(y) _
X(x)  a'T(1) X(x)  Y(y)

(6) & # & cosh(x), sinh(x) s} F"
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(7) Method of separation of variables 35 + % % )45 e 2

(12 33 pages 440-448 wave equations & i

@ X'(x)_T"(e) _
X (x) a’T(t)

v

(b) Steps 3,4,5 & < g “7F cases

(c) 7 24&d ¢,=0 % ¢ cosal+c,sinal=0 *|%7¢c;=c,=0
¥ % a ¥ U E_m/L, 4o & page 444 Hrit

(d) % Step 6 > & #-#773 ¥ ap i0fF4eA= K 0 A H_u(x, ) (- A fF
4o & pages 429, 446, 447 #tit
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Exercise for Practice
Section 12-1 3, 6,9, 10, 12, 14, 16, 18, 22, 23, 30, 32
Section 12-4 1,4,7, 10, 11, 15,17, 21, 23
Review 12 1,2,5,13
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Happy New Year!

AL IR R g A |



