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Chapter 12 Boundary-Value Problem in
Rectangular Coordinates
* Role of Chapter 12:

Discuss the partial differential equation (PDE) for the case of
two independent variables.

(x-y J 12 (Three or more independent variables =77#* %8 % Sec.
12-8 5 3% ° F A&k 42 & Chapter 13 § 7 7
P Y7 R RH ) PR )

Solving the PDE by the methods of

(1) separation of variables  Chapter 12

(2) the Laplace / Fourier transform Chapter 14
(F i F Pt ki F)
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R A

__________________________________________________________________

122 &:fe &

12.3 Heat equation

12 4 Wave equation | - (VAL S 12.1 el * 4R)

12.5 Laplace’s equation |
12.6 Nonhomogeneous PDE

12.8 PDE with Three or More Dimensions

5 4 F gL
(1) 3 ;& separation of variables j# PDE 1~ ;£
ORSTIEES




boundary value problem (BVP)

iitial value problem (IVP)

B - 7 O’u(x,t) zézu(x,t)
ox” ot
BVP:  u(0,¢)=0 u(L,t)=0
IVP: 0)= oul _
W(50)=1(x) % (v

partial differential equation (PDE)

ordinary differential equation (ODE)
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Section 12.1 Separable Partial Differential

Equations

12.1.1 Section 12.1 % &

(1) linear second order partial differential equation for two independent
variables

o0u ou ou ou ou
A4+ B +C2+ D=+ EX+Fu=G
Ox* OXOy oy ox oy 7 terms

\# 2 '
A, IR IR [ th 4h%8 4, PrIBYHE

2—44C> 0 : hyperbolic, B>—4A4C =0 : parabolic ADI+EYLF
. - Ay | IR
2 _ .
B2 —44C<0: elliptic fRfl 4 p 10, G
(2) Partial differential equation (PDE) 3 & f2;22 - : B=4A(> 0
. 1:_ :0 g‘:
Separation of variables (see pages 422-424). A= YB‘ Cfpg% -
= |, B=C=
2. 2% . real separation constant (page 422 B"-44¢0
v eF P (pg ) .7{1_‘_\/1:‘*'& A

3
A, B0 ¢, R 4AC<D
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12.1.2 Linear Second Order Partial Differential Equation

u, pou . Hou., pou "l
Aaxz+Baxay+Cay2+Dax+E8y+Fu:@)

independent variables: x, y dependent variables: u(x, y), f§ & = u

zhomogeneous : G(x, y) =0, nonhomogeneous : G(x, ) # 0
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particular solution, general solution e Z_& — 4-ii 4

[ Theorem 12.1.1] Superposition Principle *5

If u,, u,, ...., u, are solutions of a homogeneous linear partial
differential equation, then &
U=CU +Colly +ee +c.u,

1s also a solution of the homogeneous linear partial differential
equation. 2
Specially, ¥ = > .._w T ~.ﬁ)u\, -0

then & 1(6 Ut Ut (e U * Cc—-u‘ ‘\'C:.Q;Va. ot (k*uk 0



12.1.3 Method of Separation of Variables

% PDE with BVP (or IVP) 77 ;2
(1) method of separation of variables

#PDE § ¥ § ¥ x 2 ¥y ks

BRK fE 5 ulx, y) =X(0)Y(y)

(2) using the Laplace transform (or Fourier, Fourier cosine
transform, Fourier sine transform) (see Chapter 14 - #§ % < #

)

£ i i © PDE » ODE

21
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Method of Separation of Variables 1/~ #2

8

(Step 1) B #2 2 u(x, y) = XX)Y(y) M' 7 [ERER ¥oes

(Step 2) *#-u(x, y) =X(x)Y(y) * » PDE > 3 PDE %
“ function of X = “ function of Y = -1 ﬁﬁ\z
11 X(x) 59 ODE 4r Y(y) 57 ODE

y / L
A fg, T

—

A % real separation constant '{é, :




Steps 3,4,5 & 4~ %\mi f2 ODEs of
~——

% 3 trivial 6435 0h 5 S0 L e cases H1& 4

(Pre-Step) < Jg ¥ ** 0 ¢ initial / boundary conditions = 1

(Step 3) #- function of X = -4 e3f2 & 31 > T 5 X(x)
G f s LFR YY) § G

(4% boundary (initial) conditions @ %)

(Step 4) #- function of Y=-1 25 3} » 7 5 Y(y)

TR e > foStep 3 4p F

(Step 5) u(x, y) = X(x)Y(y)

423
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- 424
(Step 6) #1357 iy fE > W44z &

(Step 7) * 2% & boundary (initial) conditions #- coefficients & !
(18 0 - AW € * 3| Fourier series, Fourier cosine series

# Fourier sine series

X % X7 boundary (initial) conditions » Steps 6, 7 ¥ 14 /4 1%

Rules:
x 0 BVP (IVP) i ¥ > B X(x)
y s BVP (IVP) i ¥ L5 Y()
<3 BVP(IVP) s LB X(x) & V()
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o’u(x, y) +82u(x,y) _0

Py ayz 5 /))(U_):()
u(0.9)=0 2 X u(L,y) =0 S pEL B X()
u(x,0)= f(x) g—;o = g(x)
82u(x,y)+52u(xay) *n-.

Ox” 0y X3 Bk

PLPFESL B Y
u(0,y)=f(») u(L,y)=0 v
%u(xay)yzo =0 %u(X»Y)yZH =0
e
D)~ ( -

X(0Y \)} Y'(H)=0 ﬂ’,l_z



s = F=G=0
age 4| . 0 B 0, 7=F C1
Example 2 (text page 462) Page 417 4-) , C: 6, BESHED 426

/ E,_-a,
Fu_gou] - Peeaene B*4A(: 0
Ox oy M' parabol T

(Step 1) BIKf2 5 u(x,y) =X(x)Y(y) (f%:2 b &)

2
(Step 2) #-u(x,y) =X(x)Y(y) + » 27’;‘ — 4%

X(x) ()= 4X (x)'(5)

( y) real separation constant

r X"(x):Y'(y):(jg'};?’L |
aX(x) () L) (AR -

X'(x)+4AX (x)=0  V'(y)+ar(y)=0 7 2OPEs
Secd3




&,

.
Case 1 for Steps 3,4, 5 (/1 = O)
N——

(Step 3-1) X"(x)=0

auxiliary function

X(x)=c¢ +c,x

(Step 4-1) Y'(y)=0 Y(y)

X"(x)+4lX(x):O Y'(y)+/1Y(y):O Sec 4-3 427

X"$gnx:0  owalion
w90 =424

0 roots : 0, 0

(Step 5-1) u(x,y)=X(x)Y(y)=(c, +c,x)c, = 4, + B)x

‘_—’——/

A4 = ¢ B, =c,c;
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Case 2 for Steps 3, 4, 5 @ < >0

X Ts 0w7' Pos"'ftvf

EN R N O A=—a” —a’ ﬁz— veal humber
(Step 3-2) X"(x)—4a’X (x)=0 roots -?f gle auxiliary function: 2, -2«
m=-12

X(x) =d, e’ + d, e

¥ BfEied = X (x)=c,cosh(2ax)+ ¢, sinh(2ax) s I"l‘f

0\96

(Step 4-2) Y( ) o> (y) o (y) 0 "Qreab‘ 62"7‘+(e -—e

() d',C_qz__*[s Ae:(j_{S
Y'(y)-a’Y(y)=0 Y(y)=ce”’ =

(Step 5-2) u(x,y)= X (x)Y(y) = 4,e”” cosh(2ax) + B,e” ” sinh(2ax)

A, =cc, B, =cc,



'

Case 3 for Step 3 ( > O) 429

N

2734200 4 Jog? Her AP0
(Step 3-3) X"(x)+4a’ X (x)= 0 roots of the auxiliary function: j2a, -2«

X (x)=c,cos(2ax)+ ¢ sin2ax)

(Step 4-3) r'(y) =—a® Y'(y)+a’Y(y)=0 Y(y)= Cge—azy

(Step 5-3) u(x,y)= A3e_“2y cos(2ax) + B3e_“2y sin(2ax)

# & &2 boundary conditions » £ ¥ & {¥ 3| general solution >

& B ATy TR ePfEFR A A K (ase2
______ P = e . __
(Step6)  _Casel, ; 2 S |
u(x,y)=4, + Bx H [A4, e“ " cosh(2ax)+ B, ,e” " sinh(2ax)]
I - 3 M
------ i '

|- - - - 5 :::::::::::2::::::: ————— ’ —;-
S e cos(2ax) + By e sinan)] | @ LE LY K
@ ’ | 1Cagse3

L
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Exercise Problem 5

ou _ .,ou
g‘('cf) xa_y(’}y
us XY Step
o2, -2y -
S°"7>f'x Y=yxy' u(x)y) == CxA 2y -2
ax 3Z_\_r.':*7i ?
Y
{7(x'+hx-o
YY"") Y: 0) g-('e‘,.sB-S

(auchy ~EBuler
AuyT |7av7 for n)('(%) $2X(%)-0
m+2:0, m: A
)((7():(’7(‘)
similary, Y(r): (Y™
U XY = C). 7(-7‘)’7’
Caz ¢ (2



Exercise Problem 9

Ot k>0

O
ox*
u :X(X)T(f)
le X"T =XT=XT'
(\4X.'~X)T‘)(T|
kX'=X _ +!
e I__r, A
kX"'+(n=)X=0
{TraTe0
S-('ef$3‘5 2
(Cﬂsel A=l

e X”:Ol X (X)?C.X‘fCo

-

T'+7:0 T=G:€

4= XT {A,x tA z)edc

((ase 2) A< |
set A:l-o* (¥>0)
ke X —x* X0

T+ (-x)T0

=C ot inh 2
X=Catochrit Gsinh .z y
T: Ce, elx*)+t
WXT-(Ao\cosh%ﬁBﬂ""%v
({mﬁe 3) A g

set d:z|+x* (K>O)

kXU x=0,) THIER)TO

X< (geos Bx $Gysub y, T= (g€ |

1k *
uz X T: L mh y) gOTHOT
(Cutoszt Premy) ©

4
+§>( g,,,(og‘}r'i‘ 7f412<$“;@7 e

(xy)+4
€



12.1.4 Classification

8u o°u Gu Gu Gu
+B8x8y+cay 8x ay+Fu 0

(!
B>—44C>0 The PDE is said to be hyperbolic (B¢ )
B*—4A4C=0 The PDE is said to be parabolic (#4 4= )
—4A4C <0 The PDE is said to be elliptic (58] #5)

32
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s> = -\ 2 2 5 -\ I = Ay
TE AL A2 PN xy T o b oahiups

Ax* +Bxy+Cy* + Dx+Ey+F =0

¥ x4+ —1=0 L x'=y=0

x*+y* =1 y=x"
B*—44C=-4<0 B°—44C=0
yor v

| | )|

i | A

O |

4 | Al

) 2

B2 a4 o0 1 2 3 T S R R

GO o8y
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(] x> —y*=1=0 Y Z
xz—yzzl |
B*—4A4C=4>0 ol

R R RGFEASR T E, T e I
B*—44C<0, B*—44AC=0, B?>—4A4C>0
eEEE 0 3% AP BB



Example 3 (text page 463)

3 0°u _ Ou 0’u _ 0’u
ox’ Oy ox> oy’
y=3x*> £y %0
yc‘mbol‘m hﬂwbohc
A;;,B:L:Q /_\:\) B:O,C:—’
B>4A (=0 B~4A (>0

heat Sec 12-5 wave Sec 24

435

8214 +62M =

ox> oy’
A4y *=0
elliptic
A:l, B=9o, (=]
R-4A(<V

Lqua(e Sec |’-'£’
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1215 % & 3 &1 3, et

(1) va",f ToE & s R 3 @ B & 2k . classification of equations 1
% method of separation of variables.

2) A @ > method of separation of variables fZ ;% «,i £2 > A 3 &= 4§
p f
¥ F & 3L (Sections 12-4, 12-5 =% 3513 = i2)

R4t e % — 9 ulx,y)=Xx)X(y)
% = ¥ function of X = function of Y=-1
(3) Method of separation of variables 73+ 3 pF > ¢ 4 = {% 1 cases.

(4) Separation of variables & f% BVP fv IVPpF > Z & #-= B cases {¥
1} % ehfiEFR4e 42 % (Step 6)
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(5) & 7 % @ fBA-BVP & IVP » 5§ #g o2 4 g o2

:x g = ¢, cosh(2ax)+c,sinh(2ax)
(6) Hyperbolic, parabolic, elliptic =i i+ » 7 12 % X% i special

cases ko
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Section 12.4 Wave Equation

1241 * 5% &

& 2,40k 42 (one-dimensional wave equation)

A3 (0% _ o

82 o

0<x<L t>0

BVP and IVP

fort>0

forO0<x<L

it wikial

>+ A page 440
lo cation velo cH‘/

{2, 8L page 441-449
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F "%+ > Sections 12.4 ¥ 5 = &_Section 12.1 £ method of separation
of variables e % 4%

(¥ & #¥ method of separation of variables 7 % & &)

standing waves  (page 450) normal modes (page 450)
first standing wave (page 451) fundamental frequency (page 451)

nodes (page 453) overtones (page 453)



12.42 #1723 %

440

2 2
2
a ou_o0u

ox® o
u(0,¢)=0 u(L,t)=0
u(x0)=/(x) % =slx
U4 2L <0
el
fix)

Fig. 12.2.4



12.4.3 Solutions for Wave Equations (f & $*#jZfz7)

2 2
6128”:6” 0<x<lL t>0

ox* ot
g u(0,6)=0 u(L,t)=0 fort>0
u(x,0)=f(x) %—L; o:g(x) for0<x<L
t=

Ff# (i¢ * method of separation of variables)

(Step 1) BR 25 u(r, ) =XWT(1) AH

(Step2) # u(x, y) = X)T() & » ¢ QU =0u

ox~ Ot
X”(x) B T”(t)
X(x) a’T(1)

a’X"(x)T(t)=X(x)T"(¢)

41



» X”(X)_ T"(l‘) 44?2

X(x) “aT(e)” R

#H2 % ODEs  X"(x)+AX(x)=0  T"(¢)+a’AT(¢)=0
(Steps 3,4, 5 rr]': An }@b

(1) #] 5 x envboundary condition i E > #7112 & f% X(x)

(2) == A=0, A<0,41>0 = & cases

(3) & * u(0,¢)=0 forallt>0 u(0,7)=X0)T(1)=0__

T() 7 7 5 0(E B u(x, H) = Xx)T(?) = 0 for any x, 7)

e X0 =0 | & N T #O
~ 1T, X(OTHP ZX(6H:0

I d y(L,t)=0 T 142 TEHEX(L)=0

X"(x)+AX(x)=0] subjectto X(0)=0and |X(L)=0
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X" (x)+ AX (x)

0 subjectto | X(0)=0 and | X(L)=0

T"(t)+a’AT(t)=0

#s

><(Case 1 for Steps 3,4,5 A=0

(Step 3-1) X”(x):O X(x):d1x+do

¥ 45 boundary conditions

_ d =0
do =9 —> X(x)=0

dL+d,=0 d =0

iz I case ¥ J}_trivial solution u(x, 1) = X(x)7(¢) = 0
u(x,0)=/(x) #EFBL  J-0map

& 7 L f% Step 4-1, Step 5-1
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¥ Case 2 of Steps 3,4,5: A<0 ﬁg

(Step 3-2) 4 A=—-a @2

X”(x) — aZX(x) =0
# % 2 boundary conditions

Solution: X(X) =d,e” +de™ /
T B A& X(x)=d,cosh(ax)+d;sinh(ax)

#2145 boundary conditions X(0)=0 and X(L)=0
5 coch(0):l  swmhl0)=0
2 4, =0 o =0 X(x)=0

AL d,cosh(aL)+d,sinh(aL)=0  d5=0
iz i case ¥ J! trivial solution u(x, 1) = X(x)T(r) = 0 :
u(x,0)=f(x) N BER R A<0 P 2

& 7 3 % Step 4-2, Step 5-2



Case 3 of Steps 3,4,5: A>0

(Step 3-3) 4 A=a? ¥os
X"(x)+a’X(x)=0
Solution: X (x)=c¢, cc}s@ + ¢, sinax
45 boundary conditions X(0)=0 and X(L)=0

445

¢, =0 —> ¢=0
CWL"‘CzSinaL:O %4 a:’/ZT n & TR I E#
Sia(n2 )=0 C, = any nonzero constant
L= iy 2
1 _ ¢, =0
375 fed G0 s {1
c,cosaLl+c,sinaLl =0 € =
LR RSN E X Ry L E .
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. e » % e »
X(x)=c,sin x nE_E Rt B o, A FE R K
2 L
2 _2
a:M i:azznﬂ
2
L L

(Step4-3) T"(¢)+a’AT(t)=0

T"(t)+a2’zz”2T(t)=O

Solution: 7'(¢)=c, cos(%t)+c4 sin(mt) n xR Kk

(Step 5-3)

u, (x,t)=X(x)T(t)=c, sin(%x)_c3 cos Mr)+c4 sin(mtﬂ

:sin(Mx)[An cos(mt)+Bn sin Mtq nqix fé,‘,ﬂ 23
0

L L

A,=cyc3, B, = cyey, f "\
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& E L fRhde

(Step 6) ﬁ 4

u(x,t)=> u,(x,t)= gsin(%x)[/ln cos(%t) +B, sin(%tﬂ

n=l1
~———
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(Step 6)

o0

u(xt)=>u, (x.1)= gsin(%x)[/ln cos(197 1) + B, sin( "7 )|

n=1

Hdh ot R PR EEd A Floo A 2hd —o0 e P oo ?

7] % sin(mx) :—sin(_””x), cos(mt) :cos(_na”t),

L L L L

sin(0)=0
vEr Y sin(”L”x)[Cn cos(let)Jan sin(”‘g[tﬂ
:;sln(”zzx [An cos(”a]jrt)+Bn sin(mzﬂtﬂ



(Si;p 7) u(x,t)znf;sin( )[A cos( 7 )+B sm(”iﬂtﬂ

d initial conditions
u(x,0)=1(x) ou

f(x)zg/ln sin(%x) g(x)zf‘@m(”z’x)

_—

- i&—fﬂ\;m » A, %_f(x) £ Fourier sine series (Sec. 11-3, page 389),

nar ., . .
b, 7 “_g(x) &0 Fourier sine series

A :%J‘()Lf(x)sin%xdx

p-L

B, ncm 2 X smn” xdx -2
jg() B,= *_ g(x)sm 7 xdx

449



L TA Ly :
1244 23 o (tEE)=Os(T /f}penod-%,—-g frequency: 24

I 2]
_Nwin(nm naz . (nan
u(x,t)—nzlsm(L x)[Ancos( 7 t)+anm( 7 tﬂ

w(x,t)=u, (x,8)+ 1y (,8)+ g (x,8)+-eeeee
_in(n7 nazx . (narx
He  u,(xt)= s1n( 7 )[A cos L t)+anm( 7 tﬂ

=C, sin(nzZ x)[sm(%t +¢ )}

C =\A'+B’ cosg g— sing, ="

n

u,(x, t) AL 1% standing waves (F#/4 ) £ normal modes

50



n=1F > u/(x,?) &ﬁoﬁa’_ i* first standing wave &*

first normal mode ¢ fundamental mode of vibration

u, (x,t)=C, sin(%x)[sin(%t + ¢ )}

ul(xt+2aL) Clsin(z )[sm(“”t+2ﬂ+¢l}
a

Wi pm T > = 2L 4% =1/ g o7
a

na
f~sT

S = 2 7 # AL 17 fundamental frequency (FA#f) # first harmonic

Nz | %G

451



1 POy : 452
YLPM SRR 0 uy(x, ) AL 1F second standing wave

us(x, £) A F- 1% third standing wave

First standing
wave

Second
standing wave

Third standing
wave

Fig. 12.4.2

L . y 2 AKX
x=_ 4_n" standing wave £ node (" %)



12.4.5 Sections 12.4 F & ;3 § e =

(1) Method of separation of variables f# PDE sr:gE 42 k2 #R £ » fe § 4o
¥5 034 & pages 422-424 e 7 T steps > T IRY Bt oo AT URE o

(EEHA - T =2 T BERE R)

53



3) 2 F AR es » 95 (age 454
( ) [ )3 pE NN 3 Cos€s (L_) ng‘ll/\(”z)
7%8 + boundary conditions 2! 3k u(0, y) =0, u(L, y) =0,

X(L)=V
B hfalr A qrsine 37 B X (x)=c, sm%x W% 2L/
ou _ ou| _
# boundary conditions IR gy| =0 oxlees 0
B (¢ eNf2 58, 4 fr cosine # constant 7 B
Cese | (age
X(x)=¢ or X, (x)= clcos%x FH L L 2L/

(4) 55 ¥ 3916 » 7 Il u(x, y) < boundary conditions
IR u(a,y)=0 — ]‘rt»ff'lﬁ X(a)=0 > ﬁq“
'Jg Ju(x, b)=0 —’Jffné Y(b)=0 -

o) _ ,
| Sl =0—jramif X(a)=0 -

‘E\k\
ey

X=a

| % =0 —jarig Y(b)=0
y=b

‘E\k\
L)
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(5) > wave equations @ % > X(x) f= I(¢) e0f% 75 40 b O3 i

4r% X(x) 5 sine & cosine, 7(f) » % sine & cosine
% Laplace’s equations@ 3 > X(x) fv Y(y) c0f2 3| i 7 F
4% X(x) % sine & cosine, Y(y) = sinh & cosh

2 0°u _ 0’u O*u , 0’u
= =0
Coa o o ' oy
X”()C) _ T”(l‘) _ X”(X) __Y”(y) _
X(x)  a'T(1) X(x)  Y(y)

(6) & # & cosh(x), sinh(x) s} F"
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(7) Method of separation of variables 35 + % % )45 e 2

(12 33 pages 441-449 wave equations & i

@ X'(x)_T"(e) _
X (x) a’T(t)

v

(b) Steps 3,4,5 & < g “7F cases

() 27 Ed&d ¢,=0 % ¢ cosal+c,sinal=0 *|%r¢c;=c¢,=0
Fli% a¥ U E_mm/L, 4o & page 445 it

(d) % Step 6 > & #-#773 ¥ ap i0fF4eA= K 0 A H_u(x, ) (- A fF
4ot & pages 429, 447 #rit
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Exercise for Practice
Section 12-1 3, 6,9, 10, 12, 14, 16, 18, 22, 23, 30, 32
Section 12-4 1,4,7, 10, 11, 15,17, 21, 23
Review 12 1,2,5,13
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Happy New Year!

AL IR R g A |



