9.2 Probability Model

9.2.1 Discrete Probability Model

(1) Uniform Distribution

Probability Mass Function (PMF)

PX(”):% forn=a,atl, ..., at+tN-1
Mean: i =a+MEL
standard P N -1 o1
deviation: 12 00s |

06

skewness =0 a=1,N=6

737
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(2) Binomial Distribution

Probability Mass Function (PMF)

N “n
PX(n)zﬁnjp"(l—p)N forn=0,1,...,N
[Physical Meaning]: If we perform a trial N times and for each time
the successful rate is p, then Py(n) 1s the probability where the number

of successful trials is 7.

0.35

Mean: Uy =Np o | | ; :
standard 52-2: 1
— N 1 - 0.15 - 4
deviation: ¥ VAp(1-p) ol T T ,
1 . 2 0.0Z(: (F ? |
SkewneSS = P . 0 1 2 3 4 5 6
JNp(1-p) p=12.N=S

When N = 1, the binomial distribution 1s called the Bernoulli distribution.



(3) Geometric Distribution
Probability Mass Function (PMF)

Py (n)=p(1-p)"

739

forn=1,2,3,......

[Physical Meaning]: If each trial has the successful rate of p, then Py(n)
is the probability where the first successful trial is the n™ trial.

Mean: My =1/p

standard oo = 1-p

deviation: * p

skewness = —=—

0.4

03[
02

01

o TTT?@OO
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(4) Hypergeometric Distribution

Probability Mass Function (PMF)

o,
n)\ m—n forn=0,1,2,...... , min(m, K)

N
m
[Physical Meaning]: Suppose that there are N balls in a set. There 1s a

subset which contains K balls. If we choose m balls from the set, then P (n)
means the probability that n of the balls are chosen from the subset.

0.5

Py (n)=

Mean: ty =mK /N ST
standard _ |mK(N - K)(N —m) 0:2:
deviation: ~* N*(N-1) o] T I

0 9

0 1 2 3 4 5 6 7

JN —1(N =2K)N -2m)
( N =2m) 1 K =8 m=6

JmK (N = K)(N —m)(N -2)

skewness =
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(5) Poisson Distribution

Probability Mass Function (PMF)

Py (n) :/;l!e_/l

[Physical Meaning]: Suppose that, within a certain time interval, an
event will occur A times in average. Then, P,(n) indicates the
probability that the event occurs n times within the time interval.

0.25

mean: L, =A 02}
0.15 - 0}

standard deviation: o, = Ja L

] [ o ..

skewness =1/ A °, 5 ) y 5 6 o
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(6) Discrete Exponential Distribution

Probability Mass Function (PMF)

Py (n)=(1-¢*)exp(-An)  forn=0,1,2, ......

W)
e
Mean: KU, = =
L
o o A2
standard deviation: O, = )
l-e
02
0.15

01F

0.05F




9.2.2 Continuous Probability Model

(1) Uniform Distribution
Probability Density Function (PDF)

fX(X)=ﬁ fora<x<b fX(X)=O otherwise

mean: My = a;b

standard deviation: Oy = Zi/z—za

skewness =0

743
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(2) Exponential Distribution

PDF:
fy(x)=2e" forx>0 fr(x)=0 forx<o0

mean: My = % 1
standard deviation: Oy =% o6 |
skewness =2 0z




(3) Normal Distribution (Gaussian Distribution)

PDF:
(x-p)?
— 1 202

mean: Uy = U

standard deviation: 0y =0

skewness =0

The normal distribution 1s the most popular probability distribution.

However, 1s it reasonable?

0.4

03

02

0.1

u=0, o=1

745
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Confidence Level (73 & 7K #):

The confidence level 1s the probability where a random variable is
within some confidence interval (7 ¥ % ')

confidence level = Prob(a < X <)
“\

confidence interval

confidence level = Fy (b)—Fy (a)

Be very careful (this 1s where the generic public gets wrong):

The confidence level 1s not the probability that the true mean u 1s close
to the observed mean X. It is the probability that the observed mean is
close to the true mean.
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Confidence Level (73 & 7K #):

The confidence level 1s the probability where a random variable 1s
within some confidence interval (7 ¥ % ')

confidence level = Prob(a < X <)
“\

confidence interval

confidence level = Fy (b)—Fy (a)

Be very careful #2 (this 1s where the generic public gets wrong):

The confidence interval (in particular its length) is itself a random
variable (determined by some algorithm applied to observations). We
do not about the probability that the true mean 1s 1n this interval. We
talk about the probability that the interval contains the true mean.
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Some confidence level for the normal distribution,

Prob{|X — /< o} =68.2689%
=95.4500%

{
Prob{‘ —,u‘S20'
Prob ‘X ,u‘

{

j
30} =99.7300%
Prob ‘X ,u‘ 4o } 99.9937%

{
Prob{|X — < 5c} =99.99994%
{

=
Prob{| X — y| <60} =99.9999998%
Prob{| X — y| <70} =99.9999999997%

Prob{|X — u|>70}=3-10""
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(4) Laplace Distribution

PDF:
fX (x) — %e_ﬁ’x

mean: My =0

standard deviation: o, =~

skewness =0
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(5) Hyper-Laplacian Distribution

PDF:
_ 1
—ﬂ,‘x‘a C T o0 o
H(0)=C where [Ty
0
mean: i, =0 standard deviation: decreases with «

0.4

skewness =0

03

A=1, a=2/3 02

0.1

0

0.4

, a=1/2 I

02

A

01

0 I I I I I | | | I
-10 -8 -6 -4 -2 0 2 4 6 8 10
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(6) Log-Normal Distribution

PDF:

_(1nx—u)2
— 1 2772
Jx(x)= e where x > 0
* ( ) XnN2r
: 2
mean: f, = exp(u +17 /2) .
standard deviation: oa
2 2 o:z:
o, =V\e° —lexp(u +772j o
n=1L u=0

skewness = ea2 —1 (602 + 2)



(7) Rayleigh Distribution
PDF: x

standard 47
deviation: %x =\ >
2z (7 -3)

skewness =
(4 . 72_)3/2

where x > 0

752
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(8) Pareto Distribution

PDF:
()= -
Sy (x)= el when x > x, fyv(x)=0 otherwise
where x,> 0, >0
mean: Uy = a_x_ol when o> 1

Uy >0  when a<1 il

25

|

standard oo — X / a sl
.o X — I

deviation: a—1Na-2 1

05

When a > 2 00 0.‘5 1 1.‘5 ; 2.5 3 3I5 éll 4.I5

5

o, >0 when a<2 xo=1, a=3.5

skewness = 2 + 20‘ ,/ -~ when a>3

skewness — o when <3
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9.2.3bonus: Hypothesis Testing

I toss a coin and get 20 heads in a row.
What is more likely the reason?

1. The coin is fair; I am just extremely lucky.
2. The coin is not fair.

Answer: Without further information, we can’t tell.

Analysis: In principle, we know how to compute the probability of
20 heads for a fair coin. But we can’t compute the probability of
“I prepared an unfair coin.”

(If you think you can, try to compute the probability of me
preparing a 1:2 unfair coin and the probability of me preparing a
1:3 unfair coin.)
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Two hypothesis:

HO. The coin 1s fair. (Null hypothesis)
H1. The coin is not fair. (Alternative hypothesis)

Analysis: You have no idea 1f HO is true. But you can convince
yourselves that H1 is very likely false. Why? Because the
probability is 2-2, The p-value is 2-%°,

2-20 is a small (you can’t be this lucky).
So we reject HO. And so we support HI.
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An extreme examples:

HO. The Sunis 1.5¢9 km from Earth.
H1. The Sunis 1.5¢0 km from the Earth.

Observation: We measure the distance 100 times and get
1.4e8, 1.6€8, 1.5¢8, 1.414e8, ...

Analysis: The probability that our measurement 1s off by 10x is too
low. So we kind of believe in H1.

Note: We can’t talk about the distribution of the Sun--Earth
distance... It’s a one-time fact! It was determined before human
exists. It hasn’t been “redetermined”.
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The art of selecting hypothesis:

HO. The probability of head is at most 1/v2.
H1. The probability of head is more than that.

Analysis: Now the probability of 20 heads becomes 2-1°. The p-
value is 21, Some people thinks that this is not enough to reject
H1.

Meta-Analysis: We can change 1/v2 to another numbers. But we
can never know the true probability of head. The best estimate we
get depends on 1f we set the threshold to 1/100, or 1/1000, or
smaller. This number is called the significance level, sometimes
denoted by a, and 1t 1s equal to 1 — confidence level.
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The art of having a lot of hypothesis testing:

HO. The TWD coin is fair.
H1. The TWD coin is not fair.

HO. The USD coin 1s fair.
H1. The USD coin is not fair.

HO. The JPY coin is fair.
H1. The JPY coin is not fair.

There are 100 currencies. I toss each 10 times.
The probability of getting 10 heads is 2-1°.

The expected number of currencies getting 10 heads is 0.097.

This 1s p-hacking.
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9.3 Entropy

Discrete Case Entropy of X can be denoted by H(X)

Entropy ==Y Py (n)In[Py (n)]
In fact, Entropy = —E(ln[PX (n)])

Continuous Case

Entropy = —I: S ()] fy (x)]dx

In fact, Entropy = —E(ln[fX (x)])
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Entropy >0

(2) In some literature, the entropy of X is denoted by
H(X)

(3) When P, (n) =0, we can set

Py (n)In[Py(n)]=0

when calculating the entropy.



[Example 1] If 7ol

P, (1)=1, P,(n)=0 otherwise

then
H(X)=-1-In(1)=0

[Example 2] If
P,(1)=0.8, P,(2)=02, P,(n)=0 otherwise
then
H(X)=-0.8-1n(0.8)-0.2-1In(0.2)=0.5004

[Example 3] If

P,(1)=0.5, P,(2)=0.5, P,(n)=0 otherwise

then
H(X) =-0.5- ln(O.S) -0.5- ln(O.S) = ln(2) =0.6931



[Example 4] If
P, (1)=0.7, P,(2)=0.1, P,(3)=0.1, P,(4)=0.1,
P, (n)=0 otherwise

H(X)=-0.7-1n(0.7)—3(0.1-In(0.1)) = 0.9404

[Example 5] If
P, (1)=P,(2)=P,(3)=P,(4)=025, P,(n)=0 otherwise

H(X)=-4(0.25-1n(0.25)) =1.3863

762



763
Main Applications of Entropy

(a) Thermodynamics (% # &)
(b) Information Theory

less entropy = more meaningful information

(c) Data Compression

log, (entropy ) = the number of bits for each input

(d) Optimization, Classification, Machine Learning



9.4 Kullback-Leibler Divergence

9.4.1 Definition

The Kullback-Leibler divergence (KL divergence, KL ¥t /& » 4p ¥1'%)
is to determine the difference of two probability distributions.

In the discrete case, suppose that there are two probability distribution
P(n) and Py(n). Then the KL divergence from P(n) to Pyn) 1s

Dy, (X||Y) Z Py ( Approximated  TUre
pI‘Obablhty probab1l1ty
PX (n) model

where Ly y (”) =In P, (n) if P(n) =0

Lyy(n)=0  ifPyn)=0

764
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KL X” Y ZP LXY(n):lnPX(n) lfPX(n) =0
’ PY(”)
LXY(n)=O it P(n)=0
Note: ’
(1) If P(n) = Py(n) for all n, then

Dy (X ||Y)=
(2) If 1t exists some n such that Py(n) =0 but P(n) # 0, then
Dy (X)|Y)—> o
(3) In fact,
Dy, (X]|Y) ——ZP )In P, (n)-H(X)

(4) In usual, X is the true probablhty and Y 1s the probability model.



Py (n) 760

Dy, (X|Y) ZP Lyy(n)=h B, (n) if P(n) # 0
Lyy(n)=0 ifPyn)=0
Note:
(5) In fact,
Dy (X[Y)# Dy (Y] X)
(6)

D, (X Y)20
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In the continuous case, suppose that there are two probability

distribution f,(x) and f(x). Then the KL divergence from f,(x) to f,(x)
1S

Dy (XY)= ij(x)LX,Y (x)dx

where

Ly, (x)=1In JJ}; ((;C)) if £(x) # 0

Lyy(x)=0 iffx)=0

Note: The properties of the KL divergence in the continuous case are
the same those 1n the discrete case.



[Example 1] Suppose that
P, (1)=0.15, P,(2)=0.15, P,(3)=035 P, (4)=0.35,
P, (n)=0 otherwise

P, (n)=025 forn=1,2,3,4 P, (n)=0 otherwise

P,(1)=0.1, P,(2)=02, P,(3)=03, P,(4)=04,

P,(n)=0 otherwise
Determine the KL divergences from Y to X and from Z to X.
(Solution):

0.15 0.15 0.35 0.35
Dy (X Y)=0. [5In 702 +0.15In 702 +0.351In 52 +0.351In 52

=0.0823

0.15 0.15 0.35 0.35
Dy, (X1 Z)=0.15In":2 o1 F0-15In°2+0.35In°"2 +0.35In":°2

=0.0249
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0.4 T
® ®
03 r
02
01] T T
0 1 I I
0 0.5 1 1.5 2 2.5 3 35 4 45 5
0.4
03
©
02
01
0 1
0 0.5 1 1.5 2 2.5 3 35 4 45 5
0.4
03
02
01r T
0 1 | | | |
0 0.5 1 1.5 2 25 3 35 4 4.5 5

P (n) 1s more similar to P (n) than Py(n).
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[Example 2] Suppose that X, Y, and Z distributes the same as those

in Example 1.
Determine the KL divergences from X to Y and from X to Z.

(Solution):

0.25 0.25 0.25 0.25
Dy, (Y| X)= 0.25In 72 +0.25In 42 +0.25In 222 +0.25In =32

~0.0872
Dy (7)1 X)=0.11n &L 0210 02 4031 03 +0.41m 04
= 0.0242

Note that
Dy (Y[ X)# Dy (X 1)
Dyt (Z11X)# Dy (X |1 2)
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[Example 3] Suppose that

Ix (x ) = % for ‘X ‘ <5 (uniform distribution)

x2

Iy (x) -1 e_%‘2 (normal distribution with zero mean)
ON2T

Determine o such that f,(x) 1s most similar to f,(x)

(Solution):
Dy, (X ]| Y)=2.7830 when o= 1
(X11Y)

Dy, (X||Y)=0.3511 when o= 2

Dy, (X11Y)=0.1779 when o= 3

(
Dy, (X ]Y)=0.2630 when =4
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Dy, (X|Y)=0.2092 when o= 3.5

Dy, (X ]1Y)=0.1992 when o=2.5

Dy (X]|Y)=0.176417  when o=2.89

0.14 T T T T T
.l A
01

0.08 -

0.06

0.04 -

0.02 -

I I I I I
-10 -8 -6 -4 -2 0 2 4 6 8 10
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9.4.2 Cross Entropy

[Cross Entropy]
H(X.Y)= Dy, (X | ¥)+ H(X)

Since D, X||Y ZP (n)

Y(n)

_______________________________________________________
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Note:

() H(X,Y)zH(Y,X)
2) H(X,Y)2H(X)

(3) If 1t happen that Py(x) = 0 but P (x) # 0 for some x, then
H(X,Y)> o



[Second Definition of the Cross Entropy]

Suppose that both X and Y are both Bernoull1 distribution
Py (0)=1-q, Py(l)=¢
Ry (010)=1-p;, R (1]0)=p,
Rix (011)=1=p,, Ry (1]1)=p,
Then the cross-entropy of X and Y 1s
H(X,Y)==Py(0)log| P,y (0,0) |- P, (1)log| By (1,1)]

=—(1-¢)log(1- p,)—qlog(p,)
In general,

_________________________________________________________________

This definition is often used in machine learning and classification,

but 1t 1s different from the standard one.
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Note: When applying the second definition of the cross entropy,

() H(X,Y)=H(Y,X)
2) H(X,Y)=0
@)If By (nn)=1 foralln,ie.,
By (m,n)=0 form#n
then H(X,Y)=0
4 If By (n,n)=0 for somen
then H(X,Y)—)oo



[Example 3] Determine the cross entropy of X and Y if

Py (n, m) X=0 X=1
=0 0.3 0.1
=1 0.2 0.4

(Solution): When using the definition on page 767, since
P, (0)=P,(1)=0.5, B (0)=04, B (1)=0.6

we have
H(X,Y) = —O.51n(0.4) — O.Sln(0.6) =0.7136

When using the definition on page 769, since

Py (010)=0.6 Py (111)=0.8

H(X,Y)=—-0.5In(0.6)—0.5In(0.8) = 0.3670
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Section 9.5 Basic Concepts of Random Process

9.5.1 Definition

In the case where the data is not known explicitly (e.g., the noise, the
future information, an uncertain data, or a non-fixed signal ), then it 1s

a random ProcCcss.

If the data has a fixed form, then it is a deterministic signal.

For example,
X(t)=1 X (t)=cost X(t)=2"

are all deterministic signals, and
18t measurement X (2,1) = x, (¢)

; where X(¢z, m) is the m™
2" measurement X (£,2)=x, () measuring result for X(7)

M™ measurement X (¢,M)=x,, ()

is a random process.




1

deterministic signal °°f

cos(?)

random process

15t measurement of

-

o

2nd measurement

'
=N

-

3rd measurement

o

'
=N

-

4th measurement

o

1
-

%W
% MWW%W
%M%
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One cannot use a function to express a random process explicitly.
Instead, one often use some metrics related to probability to express the

random process.

M m: the m™ time of
(1) Mean ey (t)=mean| X (t)]= ﬁZX(t,m) measurement

Note: (1) On page 773, the random process has the mean of w,(f) = cos(?).

(1) For a pure noise, it 1s usually assumed that z,(¢) = 0 for all z.

(2) Variance oy ()= var[X (¢)]= ﬁi X(t,m)—,uX(t))2

2

M
(3) Standard Deviation: oy (¢)=+/oy (¢ \/]342 (X (@t,m)- ,uX(t))
m=1
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(4) Auto-Covariance:

COV ttl cov[ ]

=ﬁZ(X(r,mwX(r))(X(a,m)—uXal))
(5) Auto-Correlation:

In many literature, the auto-variance 1s also called the auto-correlation.

However, its standard definition should be

corry (t,4,)=corr| X (1), X (#,)]=
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(6) Joint Probability
Py (1,1, ty5¢1,C5 5 Cyy ) =Pr0b{X(t1) =, X(t,)=¢pyuene X (ty) = CN}

P, (t;c)= Prob{X(t) = c}
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9.5.2 Stationary Random Process

Suppose that

Py (81,8, b3, Cay ey Cy ) = Prob{X(tl) =c, X(t))=¢p s X (ty) = CN}
(joint probability for the random process)

If

PX(tl,tz,---,tN;cl,cz,---,cN):PX(tl+T,t2+T,---,tN+T;cl,cz,---,cN)
for all possible 7,,t,, ", yC,Co s Cp s N
then the random process 1s called a strict-sense stationary random

process (also called the strictly stationary random process or the
strongly stationary random process).




784

stationary .

non-stationary | !

non-stationary
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K™ Order Stationary

If

Py (tl,tz,---,tN;cl,cz,---,cN) =Py (t1 + T, + T, Ty +T;cl,cz,---,cN)

for all pOSSible T,tl,tz,"',tN;Cl,Cz,"',CN andN: 1, 2, ey K,

then X is a K order stationary random process.

2"d Order Stationary (WSS)

Specially, when K = 2, then X is a 2"¢ order stationary random process.

The definition of the 2" order stationary random process is similar to
that of the wide sense stationary random process.



Wide-Sense Stationary (WSS) Random Process 786

(1) w, (t),04(t),0%(¢) are all constants and can be denoted by

2
Hy,0x,0x

(2)  covy (t,t+7)=covy (4,8 +7)

In fact, we can replace cov, (ta,tb) by covy (fb - fa)
covy (1,:1,) = Ry (4, —1,)

since the covariance 1s only dependent on the difference of ¢, and ¢,.

() E{X@]}<o  foralls

The wide-sense stationary random process is also called the weak-sense
stationary or covariance stationary random process.
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Most random processes can be expressed by the addition (or
multiplication) of a stationary random process with a deterministic signal.

For example, for the random process on page 773,

X (t)=cost+n(t)
stationary random process
For the 2" random process on pagey
X(t)=(1+1/2)n(¢)
For the 3™ random process on page 779,

X(t)=—1+t/3+n(?)
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9.5.3 White Noise

Power Spectral Density (PSD)

o0

Sy (fs)=F%_  [covy(t,t+7)]= I_ covy (t,t+7)e’* ™ dr

If X 1s a WSS random process and
Ry (T) =COVy (tat + T) = E((X(t) - /UX(t))(X(t +7) =y (E+ 7)))

M
= LD (Xm) = (O) (X @+ 7,m) = (1 47)
m=1
then the Power Spectral Density (PSD) of X 1s

Sx(f)=%.,, [Ry (7)]= f:o Ry (r)e " dr
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White Noise

The white noise 1s a WSS random process where
Ry (7)=co(7) C=E(X2(t))

My =0
In other words,
covy (tt+7)=E[ X)X (+7)]=0

when 7# 0. It means that the noises at different time are uncorrelated.

The PSD of a white noise 1s

Sy(f)=c



Additive White Gaussian Noise (AWGN) 790

For a white noise X, if it is additive and its probability density
function (PDF) is a Gaussian distribution with zero mean:

x2

P, (x)=Prob(X =x)=—1_¢ 2

o~N2TT

then X 1s an additive white Gaussian noise (AWGN).

1.5

1

-1.5

an AWGN with o= 7710



Section 9.6 Independent Component Analys

Suppose that s, s,, ..

M1
V2

| VN

If aljl, aljz, oo

S1s Sps -

| AN

., ay y are all known, then one can recover the sources
., 8y from the received signals y,, y,, ..., V-

Ay

W)

o)

dy >

) N

dy N

Ay N

a N

dy N

Ay N

-1

341
%)

YN |

1S

., ) are sources and y,, y,, ..., ¥, are outputs. If
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Q: However, how do we recover the sources sy, s,, ..., sy 1t a; 1, a;,,
..., @y y are all unknown?

We can make an assumption that the sources s, s,, ..., sy are
independent and have zero correlations:

1(Sn[m]—,un)(sk[m]—,uk)=O ifn=k

M
cov(s, ;)=

where | M i M
ﬂnzﬁn%sn[m]’ :uk:ﬁn;sk[m]

s,|m], s,[m] means the values of s,, s, for the m™" measurement

Based on the above assumption, we perform independent
components analysis (ICA).
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cov(s,,s;)=E[(s, —1,) (s, =44 )] =0 ifnk
Therefore,
E|(s=sy)(s=s,)" |=D

where

s=[s, s, = sy ] Se=le - u] #=E(s,)
D:E[(S_So)(s_so)q

_E[(Sl_ﬂl)(sl_ﬂl)] E[(Sl_:ul)(SZ_IUZ)] E[(Sl_lul)(SN_:uN)]_
_ E[(Sz_ﬂzo)(sl_ﬂl)] E[(Sz_ﬂz.)(sz_ﬂz)] E[(Sz_ﬂz?(SN_ﬂN)]

_E[(SN _:uN)(Sl - /“1)] E[(SN _:UN.)(Sz —H, )] E[(SN _:uN.)(SN _:UN)]_

D 1s a diagonal matrix:
D[n,k]=cov(s,,s;)

:E[(Sn_/un)(sk_:uk)]:o iftn#k




If 794

y = AS
where dp  dip aLN-
y=[n » S N B
Ay Ay aAN.N
then
E[y]- E[As]= AE[s] - As,
where

then



Therefore, 795
Y = E[(y—yo)(y—yo)q = ADA’

where DzE[(s—so)(s—so)T}

A D
It 1s similar to eigenvector-eigenvalue decomposition.

Note that since E [(y -¥0)(Y-Y, )T} is a symmetric matrix,

the eigenvectors of E[(y Yo )(¥Y Y, )TJ can form a

complete and orthonormal set.
A-l — AT
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Process of Independent Component Analysis

Suppose that we have measured the outputs y = [y, »,, ..., yy]! many
times.

(1) Construct an NxN covariance matrix Y where

Y=E|(y-y))(y-¥,)" |
1.e., Y[n,k] = E[(yn _/On)(yk — Pr )] Pn = E[yn]

(2) Perform eigenvector-eigenvalue decomposition for Y

Y=ADA/

where each column of A; 1s an eigenvector of Y (with
normalization) and the diagonal entries of the diagonal matrix D, are
the corresponding eigenvalues.

(3) The independent components can be reconstructed from c¢=A,y

(¢ may not be the same as s)



[Example 1] Suppose that 797

y, 12 -1 s

Va_ 13 o)
Suppose that s, and s, are two independent AGWNs with o= 0.3409
and 0.5504, respectively (simulated by Matlab programs).

Also suppose that we measure y, and y, 300 times and obtain

{ 0.7465 —0.6472}

YzE[(y—yo)(y_y")T}: —0.6472 2.8785

- 0.9630 -0.2694 || 0.5655 0 0.9630 —0.26947
102694 0.9630 0 3.0596 || 0.2694 0.9630

Therefore 0.9630 —-0.2694
AT 02694 0.9630
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0.9630 —0.2694 | 2 -1
Note: A, = 1s unequal to
0.2694 0.9630 1 3

Then, the independent components can be reconstructed from

)

Note that although ¢, and ¢, are not equal to s, and s, but

cov(c,0,)=E| (¢ ,—E(c;,))]=0
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Note that

(1) The ICA is very similar to the PCA.
(compared to page 697)
The difference is that ICA is to find independent components.
PCA is to select principle components.

(2) The independent component set obtained by the above ICA process
1s not the only solution for independent component separation.



