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2. Partial Differential Equations
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Section 2.2 Classical PDEs and Boundary Value Problems (¥ &% %)
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[1] D. G. Zill and Michael R. Cullen, Differential Equations-with Boundary-Value Problem
(metric version), 9th edition, Cengage Learning, 2017.

[2] http://djj.ee.ntu.edu.tw/DE.htm
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2.1 Boundary-Value Problem in

Rectangular Coordinates

Use the methods of Sections 2.1 ~ 2.9

(1) separation of variables

Sections 2.10 and 2.11
(2) the Laplace / Fourier transforms*—

to solve the PDE problem.

D. G. Zill and Michael R. Cullen, Differential Equations-with Boundary-Value
Problem (metric version), 9th edition, Cengage Learning, 2017, Section 12.1.



linear second order partial differential equation for two independent
variables

Ou, pdu 0, Hnou_ pou _
Aax2+38x6y+cay2+D8x+E8y+Fu_G

7 terms

B?—4AC > 0 : hyperbolic, B> —4A4C =0 : parabolic

B> —4A4C <0 : elliptic

homogeneous : G(x, y) =0, nonhomogeneous : G(x, y) # 0

Linear: A, B, C, D, E, F, and G are independent of u
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2.1.1 Superposition Principle

[ Theorem 2.1.1] Superposition Principle

If u,, u,, ...., u, are solutions of a homogeneous linear partial
differential equation, then

U=Cly+ Cylly +ven +cu,

1s also a solution of the homogeneous linear partial differential
equation.

2 2 2
(Proof): If 40 p Ot | o0 | pOU | pOW +Fu, =0
Ox> 0x0y 0y OXx oy

ou, ou,
Ox? 0x0y 0y’ +DE+E oy

+Fu,=0
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2
0" (cuy +cyu,)

then y 0 (cu, +c,u,)
2

2
: —I—BG (Clu1+czu2)+c
ox Ox0y oy

O(cu, +c,u,) E o(cu, +c,u,)
ox oy

2 2
=¢, Aaul+86u1 Ca u1+D%+Eaul+Ful
Ox’ 5365)/ 0y’ O0x oy

D

+ F(cu, +cyu,)

o’u, o°u, o’u, ou, ou,
+c{Aa +B&x6y C6—y2+D o +E = Jy + Fu,

=¢,0+¢,0=0
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2.1.2 Method of Separation of Variables

% PDE with BVP (or IVP) 77 ;2
(1) method of separation of variables

#PDE § ¥ § ¥ x 2 ¥y ks

BRK fE 5 ulx, y) =X(0)Y(y)

(2) using the Fourier transform (or Fourier cosine transform,
Fourier sine transform) (see Sections 2.10 and 2.11)

£ 3 g4 ¢ PDE » ODE



Method of Separation of Variables 1/ 2

(Step 1) B3k 3 5 u(x,y) = X(x)Y(y) 7 2% M4

(Step 2) #-u(x, y) = X(x)Y(y) * » PDE » 4= PDE %
“ function of X7 =“ function of Y’ =

y / J:‘I S
7 A

—A

A F % real separation constant
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Steps 3,4,5 £ & = 7 e 51 Cases &k fi% 102

% 7 trivial e4F350h 5 S5 ¥ 0L e cases 39 & 4 g
(Step 3) #- function of X=—-1 25 1 > T 5 X(x)

2 A

i (a) rk )a FAER r’v'?boundary (initial) conditions -
» R AEE-HT R

(See the Examples in Sections 2.3, 2.4, and 2.5)
(b) F B+ %15 V() § R
(48 boundary (initial) conditions M %)
(c) wiz— H® > 3 iz > g &7 4|
(Step 4) #- function of Y=—-1 enfg & 1 » 5 ¥(y)
ZAR e >4 Step3 4P
(Step S) u(x, y) = X(x)Y(y)
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(Step 6) #1357 iy fE > W44z &

(Step 7) * 2% & boundary (initial) conditions #- coefficients & !
0 - AW € * 3| Fourier series, Fourier cosine series
£

Fourier sine series

X % X7 boundary (initial) conditions » Steps 6, 7 ¥ 14 /4 1%

Rules:
x 0 BVP (IVP) i ¥ > B X(x)
y s BVP (IVP) i ¥ L5 ()
<3 BVP(IVP) s LB X(x) & V()



2 2
Tux,y)  Tulxy) _

Ox oy

ou
,0)= A, T8\

u(x,0)=f(x) o, (x)
0'u(x,y) , 0°u(x,y)

O’ oy’

£ 5 Y

u(0,9)= /() u(L,y)=0 )
0 _ o =
ayu(x,y)yzo 0 ayu(x,y)y:H 0

104



Note: Separation of variables #7373 ;2 H F & &
TR ZE T X0)Y() kE T
Separation of variables #3 & 47 o & _t*



[Example 1]

ou’ _ 40u
ox” Oy

Step 1 K& 5 ulx, y) =X()Y(y)  (f#i2 M &)

2
Step 2 #-u(x, y) =Xx)Y(y) # » aLz _40u
Ox oy

X"(x)Y(y)=4X(x)Y'(y)
X"(x) _Y'(»)

4X(x) Y(y)
X'(x) _Y'(y) /

=—A  (f2 B4

real separation constant

(
4X(x) Y(»)

477,

X"(x)+42X (x)=0 Y'(y)+AY (y)=0

(The detail can be reviewed from the PowerPoint in DE1)
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X"(x)+42X(x)=0  Y'(y)+A¥Y(y)=0 107

Case 1 for Steps 3,4,5 A1 =0

Step 3-1 X"(x)=0
auxiliary function ~m” =0 roots : 0, 0
X (x)=¢ +cyx
Step4-1  Y'(y)=0 Y(y)=q¢,
Step 5-1  u(x,y)=X(x)Y(y)=(¢, +¢,x)c; = 4, + Bx

A = ¢, B, =¢,c,
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Case 2 for Steps 3,4,5 A <0

ARIEE & CLNEI N S

Step 3-2 X"(x)—4a’X (x)=0  roots of the auxiliary function: 2a, 2«

X(x)=de** +d,e”*
¥ BfEee g 2 X (x)=c,cosh(2ax)+ ¢, sinh(2ax)

epd-2 Y ) / 2 _
Sepd2 Dot ()Y ()=

V'(»)-a’¥()=0  Y(y)=ce™
Step 5-2 u(x,y)=X(x)Y(y)= Azeazy cosh(2ax) + Bzeazy sinh(2arx)

A4, =c,c, B, =c.c,
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Case 3 for Step3 4 >0

20 AR 0 £ ) =7
Step 3-3 X "( x) +4a’ X ( x) — (0 roots of the auxiliary function: 2, —j2

X (x

) = ¢, cos(2ax) + ¢g sin(2ax)
Step 4-3 ﬂ Y'(y)+azy(y):() Y(y):cge_“zy

\_/

Step 5-3  u (x, y)= A3e_“2y cos(2ax)+ B, e sin(2ax)

# & 22 boundary conditions » £ ¥ & ¥ 3| general solution °
-;kf’_,;' A "‘J K*5
Step 6 Jg___ti ;-—b—r?ff --%‘-j-\ _________________ |
|
u(x,y)= |A + B )[4, e ’ cosh(2ax) + B, e sinh(2ax)]|
_____ N
N4 T (DN R o @ (Y] a8 E39
|+Z[A e " 7 cos(2ax)+ B, e sm(2ax)]| & R

—————————————————————————————

(3 : nonseparable 7% A iz — # 7 7))



110

Hyperbolic Function

L osin(x) = e” gj.e_jx

_e+e”

2

cos(x)



5
sinh(x) /
0
-5 .
2 0 2
3
2! coth(x) &
1
0
-1
_Zﬂ
-3 -w

O N LA o 4N ow

tanh(x)

csch(x)

ol
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d

dx
d

dx

sinh (ax) = acosh (ax)
cosh (ax) = asinh(ax)

d _ 2
dxtanh(ax) asech” (ax)

d - 2
I coth(ax)=—acsch” (ax)

%sech (ax)=—asech(ax)tanh (ax)

%csch (ax)=—acsch(ax)coth(ax)

sinh (0) =0
cosh(0)=1
sinh’(0) =1
cosh’(0)=0

sin (ix) =isinh(x)

cos(ix) = cosh(x)
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Section 2.2 Classical PDEs and Boundary-

Value Problems

221 * % E

(1) one-dimensional heat equation (2 fj # = heat equation)

2. _0u
L 5*u _ ou =0 Generally, kV-u= 3t
ox* Ot
(2) one-dimensional wave equation (& f§ % wave equation)
;2 0%u _ &u Generally, a’V’u= @
2T A2 Ot
ox~ Ot
(3) two-dimensional form of Laplace’s equation (& f§ fi- = Laplace’s
equation \’8214 2, Generally, v2, -
;2 5=0
ox~ Oy

D. G. Zill and Michael R. Cullen, Differential Equations-with Boundary-Value
Problem (metric version), 9th edition, Cengage Learning, 2017, Section 12.2.
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Sk

heat equation, (page 115) wave equation, (page 117)
Laplace’s equation, (page 120) Laplacian, (page 121)
Dirichlet condition, (page 123) Neumann condition, (page 123)

Robin condition  (page 123)
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2.2.2 One-Dimensional Heat Equation

0°u _ ou
kax2 - Ot

d kBB EAER

u(x, t): temperature, ¢ time, x:location

Fig. 2.2.1

XTAX _»

-
.o—""-'_'-

X -
_— B84 |@®@@

From D. G. Zill and Michael R. Cullen,
heat equation E,lj ? . diffusion equation Differential Equations-with  Boundary-Value

Problem (metric version), 9th edition, Cengage
Learning, 2017, Section 12.2.
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0*u _ ou
k@xz Ot

Example:

u(x, t): temperature,
t: time, x: location

Fig. 2.2.2 %o X-axis
ou(x,t)
Xo R R M A o >0

x=x0
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2.2.3 One-Dimensional Wave Equation

4> 0’u _0’u
ox® ot
B - G R |

u g ulx, 0): height, # time, x:location
Differential Equations-with  Boundary-Value

Problem (metric version), 9th edition, Cengage
Learning, 2017, Section 12.2.

(1) Bﬁlj FF'E .ﬁ‘; Bi‘:, f( ) T F From D. G. Zill and Michael R. Cullen,
X ‘

: -

< 7

u(x, 1) =0 u(x, 1)=0 @Ol
Fig. 2.2.3 when x =0 whenx =L

wave equation %] & : telegraph equation
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=4

Fig. 2.2.4

-
X

[0Sl

From D. G. Zill and Michael R. Cullen,
Differential Equations-with  Boundary-Value
Problem (metric version), 9th edition, Cengage
Learning, 2017, Section 12.2.
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e Wave equation B i g *

Theory of high-frequency transmission line
Fluid mechanics (7 %8 # &)

Acoustics (B-%)

Elasticity (3£ 4 &)

Microwave engineering (7 & 1 #%)



2.2.4 Two-Dimensional Form of Laplace’s Equation

2 2
X V

u(x, y): temperature,

X, y: location

120



121

Laplace’s Equation 7= ¥ * Laplacian % 71, VZu(x, y) =0

Laplacian: V?

2 82
a2

2 82 62
Viu(x.y,z)=9 Y+ e




Modification

by bk 4 s Rpreh R 3 (T

—

] * heat equation =77 modification

O'u _ ou
ka h(u—u,)= Y

] : wave equation =7 modification

282 Yt F(x,tu,u,)= o’u

ox* ot*

e Laplace’s Equation enH 1 g #
Static displacement of membranes
Edge detection (:£ 5% 1 B])

Microwave engineering (& /& 1 #%)
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2.2.6 Boundary Conditions ¢ Initial Conditions

Dirichlet condition

Neumann condition

Robin condition

Uu—........ (/;J%‘{(Au\)

ou ... (5 HeA)
n

a_u+hu: ...... (/EE" @)

on

h 1s a constant

123



2.3 Heat Equation

This section can also be viewed as an example of Section 2-1

kazzzau, O<x<L, t>0 (1)
ox~ Ot
u(0,)=0, u(L,t)=0, ¢>0 (2)
u(x,0)=f(x), 0<x<L. 3)
Solution:
(Step 1) u(x,t)zX(x)T(t)
kX" ()T (1) = X (x)T'(1)

124

D. G. Zill and Michael R. Cullen, Differential Equations-with Boundary-Value

Problem (metric version), 9th edition, Cengage Learning, 2017, Section 12.3.



X" (x)T (£) = X (x)T'(¢) 12

X" T'
Step 2 — —_— 4
(Step 2) T (4)
X"+ AX =0 ()
T'+kAT = 0. (6)

(From Zero Boundary Conditions)
u(0,0))=XO0)T(#)=0 and u(L,t)=X(L)T'(t)=0.
Since for a nontrivial solution, 7(¢) cannot be zero,

X(0)=0and X(L)=0.
We have

{ X"+ AX =0, X(0)=0, X(L)=0. (7)

T'+ kAT =0.
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() X"+AX =0, X(0)=0, X(L)=0. (il) 7'+ kAT =0.

Case 1 for Steps 3,4,5 A=0

X"=0 X(x)=c +c,x
From X(0)=0, X(L)=0 ¢, =c,=0 X(x)=0
u(x,t)zX(x)T(t)zo

(trivial solution)



. .. 127
() X"+AX =0, X(0)=0, X(L)=0. (il) 7'+ kAT =0.

Case 2 for Steps 3,4,5 A<0

Set A=-a’
X"-a’X =0 X(x)=ce” +c,e™
X (x)=c,cosh(ax)+c,sinh(ax)
note: ax | _-ax ax __-ax
¢, cosh(ax)+c,sinh(ax)=c, € -58 +c, € _28
Lt G
From X(0)=0,c;=0
From X(L) =0, ¢,sinh(aL)=0,¢,=0
X(x)=0 u(x,t)=X(x)T(t)=0

(trivial solution)



1) X"+AX =0, X(0)=0, X(L)=0. (i) T'+kAT = 0. 128

Case 3 for Steps 3,4,5 A>0

Set A=a’
X"+’ X =0 X(x)=c, cosax+c,sinax.
X(O):O, CIZO,
X(L)=0. c,sinal =0 a=nr/L, A=n’m’/L.
X(x)=c,sin(znx/L), A=n’n"/L. n=1,2,3,....
T kn272'2 T =0 T(t) = —k(n*7? 1)t

+ 72 = (. (1) =cye

u, (x,0) = X(x)T () = e /5 sin%x, n=1,2,3, ...
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(Step 6) u(x,t)= Z;un (x,1) ZA kO s sme

(Step 7) From the boundary condition, u(x,0)= f(x)
u(x,0) = ZA sin—x f(x)

From Fourier sine series (page 131 in *i4srz )

:Z.::bn sin”]fx 2_’- sm—xdx

S j £(x) sm—xdx

Therefore,

u(x,t)= U S (x) Sln—xdxje‘k(”Z”Z/Lz)t sm%x
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*+45x2 Review for Fourier Series and Fourier Cosine / Sine

Series

Fourier Series

= oy y a x+b s1n”77)
2 Z( p

n=I

b

n

_1 1
aO T p J‘_pf(x)dx an pI-p p

1

P




f(x) 1s even

Fourier Series —

f(x) 1s odd

131

Fourier cosine series (2% cosine series)

a o0
_ % niw
—2+Eancospx

:Iz?_.'opf( )dx 4, 2jf )cos 7 xdx

P

Fourier sine series (¢ sine series)
Q0
=> b, sinx
n=l p

2 p
=< sin % xd
p.[of( pxx




Section 2.4 Laplace’s Equation

132

2.4.1 Section 2.4 3 &

O’u . O*u _
axz_l'ayz—o O<X<Cl, O<y<b,
(i * method of separation of variables X %)
ou Ou
[ p8 ou _ ou _
" % lJ Ox =0 0 Ox i—a 0 f0r0<y<b,

u(x,O)zO u(x,b):f(x) for0<x<a
I_F\:B%Q,J M(O,y):() u(a,y):() f0r0<y<b,
u(x,0)=0 u(x,b)=f(x) for0<x<a

D. G. Zill and Michael R. Cullen, Differential Equations-with Boundary-Value
Problem (metric version), 9th edition, Cengage Learning, 2017, Section 12.5.
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2 2
EFeAT0 0<x<a 0<y<h

"R 3, u(0,y)=F(y) u(a,y)=G(y) for0<x<a

X 42 & “superposition principle”
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2.4.2 Solutions for Laplace’s Equations (3 % j% %5 )

@2u+82u20 0<v<Dh
Py ayz 0<x<a, Y )
o _ 0 _

8—1)/!6,6:0_0 a—zx:a =0 for 0 <y <b,

u(x,0)=0 u(x,b)=f(x) for0<x<a

Step1 BEXfE 5 ulx,y)=Xx)Y()

2 2
Step 2 ~ » gxu gy =0 @
) . X" (X) Y” (y)
X"(x)¥ (3)+ X ()7 () =0
X (x) Y(y)
, XY,
X(x)  Y(y)

@42 % ODBs  X'"(x)+AX(x)=0 Y"(y)=AY(y)=0



Steps 3, 4, 5 e gJ2
(1) ¥] 5 x erboundary condition f f§ 8 > #7112 £ f2 X(x)
2) # = A1=0, A1<0,41>0 = i cases

(3) o g—;‘xozo for all 0 <y < b,
8X(x)Y(y) o B
b SXOT()=0
Y) 2 7 5 0 (3 R ulx,y) =X(x)Y(y) = 0)
#7114 X'(0)=0
@ .d Ou _og_, X'(a)=0
o =0 (a)

P32 d u(x,0)=0—{Y(0)=0
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X'(x)+ix(x)=0 X' (0)=0  [X'(a)

V()-Ar(»)=0  [F(0)=0

Case 1 of Steps 3,4,5: 41=0

Step 3-1  X"(x)=0 solution: X (x)=c¢, +c,x
¢ boundary conditions X'(0)=0 X'(a)=0
X(x)=¢
Step 4-1  ¥"(1)=0 Y(0) = 0
solution: Y (y)=c,+c¢,y
#2145 boundary condition ¥Y(0) =0, ¢; =0

Y(y) =G
Step 5-1
u(x,y)=X(x)Y(y)=cec,y=4,y A, =cc,
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Case 2 of Steps 3,4,5: A<0 137

L A=—a
Step 3-2 X"(x)-a’X(x)=0 X'(0)=0 X'(a)=0
solution: X' (x)=d,e” +d,e™
T i B & X(x)=d,cosh(ax)+dsinh(ax)

¢ boundary conditions X'(0)=0 X'(a)=0

o2 d . d g -
143 acosh(ax)—asmh(ax), dxsmh(ax) a cosh (ax)
_ d,=0
{dsa‘o :>{ = X(x)=0
d,asinh(aa)+dacosh(aa)=0 d,=0

F1#t > case 2 & ! trivial solution u(x, y) = X(x)Y(y) =0
u(x,b) = f(x) #- % is A<0 P & 3
(* £ & Steps 4-2, 5-2)



Case 3 of Steps 3,4,5: A>0 138

£ A=
Step 3-3  X"(x)+a’X(x)=0 X'(0)=0  X'(a)=0
solution: X (x) = ¢, cos(ax) + ¢, sin(ax)

¢ boundary conditions X'(0)=0 X'(a)=0

/

(¢, = any nonzero constant

c,oa =0
2
—> B o 2 &)
< L a="1" nE TR FE
: _ a

—c,asin(aa) +c,a cos(aa) =0 B

- G =
R i ¥ EENES ¢,=0andc, =
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Step 4-3 Y”(y)—szY(y)zO since  A=01Z
a

Y(0) =0

solution: Y (y)=d,e® +d,e °

sqans Y(v)=c cosh(fgfy)+c4 sinh(fgfy)

#2145 boundary condition Y(0)=0 ¢, =0

Y (y)=c, sinh(%y)

Step 5-3
u(x,y)=X(x)Y(»)
=c, c:os(%x)c4 sinh(%y): 4, COS(%X)Sinh(%y)

g oop 2 :
nE_EE T FH A =cc,
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Step 6 ¥ #75 ¥ it e1fE > 2 3MAcde K

u(x,y)=A4,y+> A4, cos(%x)sinh(%y)
n=1

Q: 2 H A nE I ] 4cFloor @m2bd —00 4T 00?
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e WA AE R E e 7RG P A B 4 F) oo

M 2bd —o0 4c 3] oo ?

v N\ — oo =T v (nr o\ _on[—nx
*] & cos(ax) cos( . x), smh(ay) smh( . y),

sinh (0)=0

g

72 [ Z B, cos(’zzx)sinh(nfy)
— Zcos(mx)[Bn sinh(my) -B Sinh(my):|
a a d

— Z A cos(mx)sinh(my)

a
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Step 7 lu(x, ) = dyy+ Y. 4, cos( "% x)sinh (1 y
n=I

a a

nonzero boundary condition: u (x,b) = f(x)

f(x)= Ab+ZA cos(”” )sinh(Mb)

a a
4 R 240b e 4, sinh(175)  (n=1,2, ..., )

&_f(x) 1 Fourier cosine series 7 coefficients
Fourier cosine series:

+Za cos—x a, = 2_[ f(x)dx, a, :]%jopf( cospxdx
2A0b=% [ /) y smh(mb) 2[* f(x)cos 2 xdx
4, = ij‘oa S (x)dx 4,= asmh(f )I f(x)cos 2 x
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2.4.3 Laplace’s Equations with Dirichlet Problem

2 2
ggug’;:o 0<x<a, O0<y<b,
X Y

u(0,y)=0 u(a,y)=0 0<y<b,
u(x,0)=0 u(x,b)=f(x) 0<x<a,

* method of separation of variables » i3+ & 18 )

ZA smh—ysm—x

a
2 ¢ ni

A = f (x)sin** xdx
asinh ’ZT b '[0 =) a

VR fRfEg
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2.4.4 Superposition Principle

Dirichlet Problem ¥ 4 f# = & 3 ¥ 42

2 2
gg+%g=0 O<x<a, O0<y<b,
u(0,y)=F(y) u(a,y)=G(») for0 <y <b,
u(x,O):f(x) u(x,b)zg(x) for 0 <x<a,

v e BF R SRR (REEE &Y separation of variable 17
2%
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< . Ou, 0Ou
+ B A2 1 Ly 710 0<x<a, 0<y<b,
ox® oy°

u,(0,y)=0 u,(a,y)=0 for 0 <y <b,
b (50)=7(x) 1 (xh)

g(x) for0O<x<a,

- - 2 2
—J-FFB%EZ au2+au220 O<x<a, O<y<b9

ox> oy’
u, (0,y)=F(y) u,(a,y)=G(y) for0<y<b,
u,(x,0)=0 u,(x,b)=0 for 0 <x <a,

BI3K u(x, ), up(x, p) A B A RRE L, 3 RAE 2 nfR

P u (%, ) = uy(x, p) + uy(x, p) SR KK AL R
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%‘j u (xay) — ul(xay) + u2(xay)

u (0, y)=u(0,y) +uy(0,y) =0+ F(y) = F(y)
u(a,y)=uya,y) tuya,y)=0+Gy)=G()

u (x, 0)=u(x, 0) + u,(x, 0) =flx) + 0=fx)
u (x, b) =u,(x, b) T uy(x, b) = g(x) + 0= g(x)

Ya l Y
g(x) (ab) gx) (a,) 0 (ab)
fx) " fi(x) X 0 X

&IOS

From D. G. Zill and Michael R. Cullen, Differential Equations-with Boundary-Value
Problem (metric version), 9th edition, Cengage Learning, 2017, Section 12.5.

Fig. 2.5.1
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+ B R 1 ez ul(x,y):Z{A cosh % y+B smh—y}sm%x

n=1

4,=2{1(x sm( )dx
e ey AL (5]

F R RE 2 iR uy(x,y =Z{A coshnﬂx—l—B smhngz }sm Y

Anz%j ()sm(”lfy)dy

7 L e G

Bk B RE PR u (x, ) +u, (X, )
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2.4.5 Sections 2.1~2.4F & /3 e

(1) Method of separation of variables f# PDE =if fz 82 28 £ » e g Js
% 13 & pages 101-103 =27 1% steps » i};,«’ R LR EE o

2) L& >
% boundary conditions 1 3% u(0, y) =0, u(L, y) =0,

B {$ 23 & frsine 3 B X(x) czsmﬂx FH L 2L/n

L
0 _ 0 _
% boundary conditions ! I5. 5_7; =0 a—zx:L 0

B (¢ N2 58, F Jv cosine & constant 7 B

X(x)=¢ or Xn(x)zclcos%x WH L L 2L/n



(3) 55 & 59 t6 0 7 Il u(x, y) < boundary conditions
IR u(a,y)=0 —*fﬁﬂ‘r’sﬁ X(a)=0 ~
F 3 ule, ) =0 — i V() =0 -

F3 G =0 X(0)=0

B S 8u A I8 { =
== ;LIJ va :O_> ,u«f\i”lﬁ Y(b) _O
A ., T}

(4) & 31 & cosh(x), sinh(x) e 5
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59 1 1
(5) Method of separation of variables 35 + % % )45 g 2 50

(12 #- 3 pages 134-142 Laplace equations 3 &)
(@) X"(x)  Y'(y)_ ¥

X(x)  Y(y)

(b) Steps 3,4,5 & < g #73 cases

() 2 ¥ E4&d ¢,=0 % ¢ cosax+c,sinax=0 *|%rc;=¢,=0
Fli a¥ U E_mm/L, 4o & page 138 it

(d) % Step 6 » & #-#773 ¥ ap i0fF4eA= K 0 A H_u(x, ) (- A fF
4ozt & page 140 #7it
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2.5 Nonhomogeneous Boundary-Value Problems

Ou, plu cOu,pou,pou, g, _
Aax2+B8x8y+C6y2+D8x+E8y+Fu_G

Nonhomogeneous: G #0

Key ideas: Separate the original problem into two or more problems

D. G. Zill and Michael R. Cullen, Differential Equations-with Boundary-Value
Problem (metric version), 9th edition, Cengage Learning, 2017, Section 12.6.
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Ou_, pdu  ~0u_ nou, pou _
Aax2+B@x8y+cay2+D8x+E8y+Fu_G

Method 1 u(x,y)=v(x,y)+w(x)
Method 2 u(x,y)ZV(X,y)‘i‘W(J’)
Method 3 u(x,y):v(x,y)+l//1(X)+l//2(y)

Method 4 u(x,y)=v(x,y)+w(x,y)
(Method 4 © %7 %)

Extra Methods: Expansion by Fourier series, Fourier cosine series,
or Fourier sine series
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2.6.1 Method 1

’u, pdu  ~0°u HOu_ ou _
Aax2+38x8y+cay2+D8x+E6y+Fu_G

Method 1 M(X,)/) =v(x,y)+w(x)

[Constraint]: G 1s independent of y

2 2 2
4OV%Y) | pOV(X,Y) | ~OV(X,Y)  OV(X,Y) | OV(X,))
Ox> 0x0y 6y2 0x oy

+Ay" (x)+Dy'(x)+ Fy (x)=G(x)
Problem A: (ODE for y(x))

Ay" (x)+Dy'(x)+ Fy (x)=G(x)

Problem B: (homogeneous PDE for v(x, y))

+ Fv(x,y)

2 2 2
49V0Y) | pOVLY) | cOVNY) | hOV6RY) | pOVRY) | 1y

2 2

Ox oxoy Oy Ox oy
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[Example 1]

O’u ou
Solve k—+r=—, 0<x<l, t>0
Ox ot
u(0,1)=0, u(l,t)=u,, t>0
u(x,0)= f(x), 0<x<1 r and u, are nonzero constants
(Solution): Since G =r, u(0,6)=0, u(l,t)=y,
independent of ¢ constants

Method 1 can be applied.
u(x,1) =v(x,t) +y(x),

2 2
' 0 v(z;, 1) T d ng) e ov(x,t) N dy(x)
Ox dx ot dt

2 2
I 0 v(a;,t) T d ng) e ov(x,t)
Ox dx ot




Problem A fky"(x)+r=0, w(0)=0, w()=y

2
Problem B kav av, O<x<l, t>0
ox> ot

v(0,£) =0, v(1,¢)=0, t>0
v(x,0)=f(x)—-yw(x), 0<x<l

(1) For Problem A
ky"(x)+r=0, w(0)=0, w(l)=uy,
v'(x)=-rlk l//(x)——z—kx +cx+c,

W(O) — 09 W(l) — Z/tl CO — O’ 2k +Cl — z’tl

w(x)——ﬁx +(2k+u1)

155
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(i1) For Problem B, from Section 2-3

v(x,t) = i Ane_knz”zt sin (n7zx)

n=1

where 4, —2.{[ +ﬁx —(2k+u1) }sin(mzx)dx

Therefore,

u(x,t) = —ﬁx +(ﬁ+u )x+iAne_k”2”2t sin(mzx)
n=l1
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2.6.2 Methods 2 and 3

A8 “yBo U O’u +Ca “+D8”‘+E8”‘+Fu G
ox* oxoy oy’ Ox oy

Method 2 u(x,y)=v(x,y)+w(»)

[Constraint]: G 1s independent of x

Method 3 u(x,y)=v(x,y)+v, (x)+w,(»)

[Constraint]: G = G,(x) + G,(»)
G(x) 1s independent of y
G,(y) 1s independent of x
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Ou pou cOu,plu, pou g, _
Aax2+B8x8y+cay2+D8x+E6y+Fu_G

u(x,y)=v(x,y)+y (x)+y,(»)

2 2 2
4OV%Y) | pOVY) | ~OV(X,Y) | nOV(X,Y) | OV(X,))
Ox? 0x0y 0y” Ox oy

+Ay{(x)+ Dy (x)+ Fy,(x)+Cy;(y)+ Ey, (y)+ Fy,(¥) =G (x)+G,(»)
Problem A: (ODE for y(x))

Ay|(x)+ Dy (x)+ Fy,(x)=G,(x)
Problem B: (ODE for y;(x))

Cyy (v)+Eyy(y)+Fy,(y)=G,(»)
Problem C: (homogenous PDE for v(x, y))

+ Fv(x,y)

2 2 2
4TI PN DU N I i
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2.6.3 Method 4 (¥ %7 %)

Method 4 u(x,t)=v(x,t)+y(x,1)

Constraint of Method 4: Not applicable for Laplace’s equation.

Method 1 can be applied to the wave equation and Laplace’s
equation, but Method 4 cannot.

Example:
2
k8—7;l+F(x,t)=a—u, O<x<L, t>0
ox ot

u(0,0) =u,(t), u(L,t)=u,(t), t>0
u(x,0)=f(x), O0<x<L,
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2
k8—+F(x )—8 , O<x<L, t>0
ox” ot

u(0,0) =u,(¢), u(L,t)=u,(t), t>0
u(x,0)=f(x), O0<x<L,

et u(x.t)=v(x.t) + (5.1

Sin O’u 0% 82 Ou Ov GW
P RPN RPN o ot or
0”u Ou > Oy ov_ oy
k—+F xX,t)=— k k F(x.1) =
oz D=5 o e TEED=51,
u(0,1) = u, (¢) v(0,¢)+y (0,¢)=u,(?)
u(L,t)=u,(t) v(L,t)+w (L,t)=u,(t)

u(x,0) = f(x) v(x,0)+w(x,0) = f(x)
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Therefore, after setting u(x,7) =v(x,t)+w (x,t) , we separate

2
ka—’;‘+F(x,r):a—”, O<x<L, t>0
Ox ot

u(O,t)zuO(t), u(L,t)zul(t), t>0
u(x,0)=f(x), O0<x<L,

into two sub-problems:
2
Problem A: k(;xl/zj =0, w(0,6)=u,(t), w(L,t)=u/s)
2
Problem B: ka—‘;+G(x,t) :@, O<x<L, t>0
Ox ot

v(0,6)=0, v(L,t)=0, t>0
v(x,0) = f(x)-w(x,0), 0<x<L
where G(x,7) = F(x,1) —%—‘t”

Guess: The solution of Problem B v(x, { ) = Z"n (t ) SinnTm

n=l1
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Problem A: k‘?'/z’:o, w(0,6)=uy(t), w(L,t)=u/(t)

Ox

w(x,t)=c (t)x+c, (1)

v (0,1) =uy (1) == (1) =1, ()
w(L,t)zul(t) cl(t)L+u0 (t)zul(t)
(1) =y (1) (1 (0) =, (1)
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To Solve Problem B:

2
k—+G(x )—av, O<x<L, t>0
ox” ot

v(0,6) =0, v(L,t)=0, t>0
v(x,0)=f(x)—w(x,0), O<x<L
where G(x,t)=F(x, t)—aw

ot
An assumption can be applied
(from the associated homogeneous PDE).
1% t s1n—x = N h7
; \ G(x,t) ;Gn(t)sm Tox

N

Try to solve v (¢) and G, (¢).

i(—k”;z (1)+G, (1 )sm—x Zv sm—x




164
Summary for the Process of Method 4

(Step 1) Use u(x,t)=v(x,t)+w(x,t) to separate the original problem

into two sub-problems.
(Step 2) Solve Problem A

(Step 3) Use the associated homogeneous PDE to express the solution
of Problem B by Fourier sine series

(Step 4) Expand G, (¢) to solve v (¢)
(Step 5) Use u(x, 0) to solve the unknowns of v,(¢)

(Step 6) Add the solutions of Problems A and B and obtain u(x, 7).



[Example 2] 10>
0’u _ Ou
ox® ot
u(0,t)=cost, u(l,t)=0, t>0
u(x,0)=0, 0<x<l.

, O0<x<l, t>0

(Solution):
(Step 1) u(x,t)=v(x,t)+y(x,1)
o’y
Problem A: > =0, w(0,t)=cost, w(l,t)=0
X
Problem B: a2v_ay/:av O<x<l. t>0
ox* ot ot ’

v(0,6)=0, v(1,¢)=0, >0
v(x,O)z—l,y(x,O), O<x<l



(Step 2)

O’y
Problem A: ~ =0, v (0,¢)=cost, w(Lt)=0

X
w(x,t)=c (t)x+c,(?)

Solution:  w (x,7)=[0—cost|x+cost =(1—x)cos?
0y

Problem B: —2+(1—x)sint=@, O<x<l, t>0
ox ot

v(0,6)=0, v(1,¢)=0, >0
v(x,0)=x—-1, 0<x<l

We can guess that the solution of Problem B is

v(x,t)= ivn (¢)sinnzx
n=l1

166



2
Problem B: a—‘;+(1—x)sint:@, O<x<l, t>0
ox ot

v(0,1)=0, v(1,£)=0, >0
v(x,0)=x—-1, O0<x<l

(Step 3) From the associated homogeneous PDE
o’v _0Ov
ox® ot
v(0,1) =0, v(1,¢)=0, t>0
v(x,0)=x—-1, O0<x<l

v(x,t) = X(x)T(t)

X"(x)T(t)=X(x)T'(¢)

, O<x<l1, t>0

167
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X"(x)+AX(x)=0 X(0)=0 X(1)=0

After checking the three cases, the non-trivial solution exists only when
A=n’n>>0
In this case,

X"(x)+n’7°X (x)=0 X (x)=csinnzx

Therefore, the solution of Problem B should has the following form:

e 0]

v(x,1)= Zvﬂ (¢)sinnzx

n=l

to be solved
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a—+(1 x)51nt—6v, O<x<l, t>0
ox” ot

v(0,6)=0, v(1,1)=0, >0
v(x,0)=x—-1, O0<x<l1

= ivﬂ (¢)sinnzx
to be solved

(Step 4) First, express the non-homogeneous term (1—x)sinz as
(1-x)sinz =) G, (t)sinnzx
From the Fourier sine series (*if4rz ) Zb sm—x

b = 2_{ f(x smpxdx

_2(" _ 2
= 1.[0 x)sin¢sin #& 1 T xdx = mzsmt

2 SINZSIN NTX

niw

MS

(1-x)sint =

n=1



_+(1—x)sint:— v(x,t)zivn (t)sinmrx
n=l

Since (l—x)sint = i% Sinzsin nrx

n:

we have

o0

Z[Vn (t)( n'r )+%smt}smnﬂx Zv s1nn72'x

n=l1 n=1

' _2Si1’llL
n(t)+n 7’ v, (l‘)——mZ

{ 27172' Slnt COSt+C —n*r’t
vn( ) nﬂ(n T +1)

M8

ol ‘z’sint— cost+Cne—n27z2t Sin nTx
(n T +1)

n=l

aa—ZV(xaf) — Zvn (t)(—nzﬂ )sinnﬂx %V(X,f) = g"; (t)

SIN NTX
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0°v . ov
—+(l-x)sint=—, 0<x<1, >0
Ox ot

v(0,6)=0, v(1,1)=0, >0
v(x,0)=x—-1, O0<x<l1

n=1

o(t) = i[z i EEn c} nex

(Step 5) To determine C,, we can apply v(x, 0) = x—1

xli( =z +1)+ansinnﬂx

4 4
n=1 nﬂ'(n T

From the Fourier sine series

—2 A . L,
nﬂ(n“;z“ +1) +C, = 2_[0 (x—1)sin nzxdx = —=
C = 2 p)

n

nﬂ(n47z4 + 1) niw

171
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n=1

v(x.t) = i[z - (j?;: j;’)” c} nx

Co_ 2 2

" n7z(n47z4+1) nrw
o0 2 2 2 2
_2 n'zm’sint—cost+e """ e |
v(x,t)—ﬂZ 4 p SIn nxwx
n=1 n\n.mw +1

2_2

© 2_2 -n‘z i
;Z nrw smt;cgst+e e sinnzx|
T n(n T +1) n |

<
—~
=
=~
S~
Il
~—~
p—

I
&
S~
o
o
!
=~
+
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2.6 Higher-Dimensional Problems

Modifying the method in Section 2-1 just a little.

Two-dimensional heat equation
o’'u O'u) Ou

k| —+— |=—.
ox" Oy ot

Two-dimensional wave equation

(0'u ou) Ou
a > + > = -
ox~ oy ot

u(x, y,t)=X(x)Y(y)T(2)

2 2
a_z;l:X"YTa 6_l;l:XY"T9 and a_u:XY]”'.

Ox oy ot

D. G. Zill and Michael R. Cullen, Differential Equations-with Boundary-Value
Problem (metric version), 9th edition, Cengage Learning, 2017, Section 12.8.
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[Example 1] Temperatures in a Plate

2 2
k(au auj—au, O<x<b, O<y<ec, t>0

+ =
ox® oy’ ot

u(0,y,6)=0, u(b,y,t)=0, O0<y<ec, t>0
u(x,0,¢)=0, u(x,c,t)=0, O0<x<b, t>0
u(x,y,0)= f(x,y), 0<x<b, O0<y<ec.

(b, ¢)

From D. G. Zill and Michael R. Cullen, Differential
Equations-with Boundary-Value Problem (metric version),
9th edition, Cengage Learning, 2017, Section 12.8.

-

b




0 0 19 17>
u u u
k + = — u(x,y,t)=Xx)Y(»)I'(¢),

kK(X"YT + XY "T)= XYT"

Divided by XYT
Xn Yn T X_"_ Y" Tv
K +5)= X Y kT
t
Se L": Y" T _ 2
X/ Y kT
X"+ AX =0 y' T
=—+A.
- Y kT
" T'
Y =—U —+/1=—,u



u(0,y,6)=0, u(b,y,t)=0, X(0)=0, X(b)=0, H
u(x,0,1)=0, u(x,c,t)=0 Y(0)=0, Y(c)=0

X"+AX =0, X(0)=0, X(b)=0

Y"+u¥Y =0, Y(0)=0, Y(c)=0.

T'+k(A+u)T =0.
There are 3 cases for X: 41=0,4<0,and 4> 0.

2 _2
There is non-trivial solution for X only when A = m ZT >0
. . mrx b
In this case, X(x)=c, Sme
There are 3 cases for Y: 4=0, £<0,and p> 0. L
nr
There is non-trivial solution for Y only when 4z, =———>0
C

. N7
In this case, Y (y)=c,sin—y
c



2 _2 2 2
m 7 n .
ﬂ.« j— j—
m b2 'Lln C2
' m27z2 n7z2
T'+k(A+ )T =0 T+ k(=5—+ 2 )T =

T(t) _c e—k[(mﬂ/b)er(mr/c)z]t
5 .

u(x, y,t) = X ()Y (»)T(1),

_ ~k[{(mz by +(nz /YNt i T AT
u (x,y,t)=A4 e """ e sm—xsmT ¥y,
— _ 2 2, . M . AT
u(x,p,t)=> > A, et emelgin —— ysin—y.
m=1 n—1 b c

177
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mi . nhr

0 ) ) .
u(x,y, )=y > A, e oy Sin——xsin——.
c

m=1 n=1

u(x,y,0)=f(x,y) O<x<b, O<y<ec.

i Amnsin—xsin%y /(%)

=] n=

3

2(;/1% sm—yjsme f(x)

m

From the Fourier sine series along the x-axis

Zb sm—x 2j sm—xdx

[ZAmnsm—yj 2_[ f(xy smmT”xdx

From the Fourier sine series along the y-axis

A 2J‘ f xy)sm(m” )dxsin(My)dy



i 2 - _ 2 20y . M . AT
u(x,y,t) = ZZA g MUy +(nmle) e SIn ——xsin— .

_____________________ M=1n=1mnbc
where
A —bi;jocj‘ob (x, y)sm(Tx)dxsm(n” y)dy

_______________________________________________________________________________________

2 2 2
[Example 2] ' 81/21+8L;+8L21 :8u
ox~ 0y Oz
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f(xy)= iian sin (%x)sin (%y)
where

¢ b . .
B,, :bic.‘; J-O f(x,y)sin (%x)sm (My)dxdy

C



