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2.7 Polar Coordinates

Sections 2.7, 2.8, 2.9 are extended from Sec. 2.1, but the polar,
cylindrical, and spherical coordinates are adopted.

—— 2D — Polar Coordinate (Sec. 2.7)

— Cylindrical Coordinate (Sec. 2.8)

L Spherical Coordinate (Sec. 2.9)

D. G. Zill and Michael R. Cullen, Differential Equations-with Boundary-Value
Problem (metric version), 9th edition, Cengage Learning, 2017, Section 13.1
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Vi (X, y) or
(r, )
; I
I
LY
0 I
l J:E From D. G. Zill and Michael R. Cullen, Differential
¥ Equations-with Boundary-Value Problem (metric version),
Oth edition, Cengage Learning, 2017, Section 13.1.
Fig. 2.7.1 Polar coordinates

of a point (x, ¥) are (r, )

(x,») (r, 0)
original polar
coordinate coordinate

. 2 2 2
x=rcosf, y=rsinf, and r" =x"+y



the Laplacian of u in
x-y coordinates

the Laplacian of u in
polar coordinates

In this section we focus only on boundary-value problems
involving Laplace’s equation V*u =0 in polar coordinates:

Viu =

o'u  0u

+ :
ox® oy

Viu =

O’u 1ou 1 0u

+—— :
or* ror r*ob*

The key points
of this section.

.

0°u

ot

1ou 1 0u

——
ror r* o6’

183
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o’u 0Ou O'u lou 1 0u
Vzu = + . V2 - 4+ + .
ox® oy’ y or* ror r 06’
(Proof): Since From page 184 to page 188
x=rcosf, y=rsinf
we have
r=qx? + 97 Hzarctan%
6u_8r8u+896u 5u_5r8u+86’8u
ox Ox Or Ox 00 oy oy or oy oo
ou _ 2x  Ou N 1 —y Ou from di arctan x = —L :
Ox  2\x*+y* or 1+(y/x)* x* 66 * I+x

_ X  Ou 1 —y  Ou =cosc96u _sing Ou

+
x2_|_y2 51’ \/x2_|_y2 \/x2_|_y2 89 51” r 89




_ Y
F=xt+ ) ﬁ—arctan;

Ou Or ou 00 Ou 2y  Ou 1 1 Ou

= + = + =<
oy oyor oy od 9 [,2 +y? Or 1+(y/x)* x 06
y ou 1 X ou . ,0u cosé ou
+ =sin—+
x2_|_y2 or \/x2_|_y2 \/x2_|_y2 olv or r 06
M _ o592t _sing O E@_uzsmeﬁqucosgau
X or I 00 Oy or ro 06

__________________________________________

qu_(?@u_@r@@qu@@@@u
ox* Ox Ox OxOrox Ox 060 ox

= cosﬁi(cosé’éu _sind auj— sin@ 0 (cos@ﬁu _sing Ou

or or 1 00 r 00 or r 00
— cos’ @ O°u L sindcosd Ou  sinHcosé O’u
o’ P 00 v 0bor

sin®@ o4 sin@cosH Ou L sinfcosd Ou L sin’ @ 0”u

_|_
ro or r odor P 00 r* 06?
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O'u 0 Ou or 0 ou , 00 0 ou
& oydy oyordy oy 00 oy

=sin9§(sin¢9@u+coseaujJrCOSH 0 (Sing5“+cosﬁ 5“)
r

or ro o6 r 060

O’u _sinfcos® Ou L Sinfcosd 0’u

=sin’ 60— :
or r 00 r orod
L cos’ @ OU  sin@cosd 0t sin@cosd Ou L cos’ @ O’u
roor r 0ro o r 060 r* 006°
O'u 0 2sinfcos® U cos’H OU | cosP O 2sinfcosd Ou




@ — cos O 8%21 _ 2sinfcosf 0”u N sinj 6 52’/; L sin’ @ ou L 2sin 6’2c0s6’ ou
X or’ roobor v 00 v o 1 00|
E@:sinz 952” L 2sin@cos® O'u L cos’ @ O'u L cos’ 00U 2sin@cosd O |
oy’ or’ r obor r> 06’ ro or 7 00

O’'u O0u Ou l1ou 1 0u
BRI Y
ox~ oy- or" ror ro06

The proof 1s completed.
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V2, - o’'u Ou B O’u 1ou 1 0u

t— =t
ox> oy> or° ror r 06

In this section, we focus on the Laplace’s equation with steady
temperature, 1.€.,

Viu=0

O’u 1ou 1 0u
—t——
or* ror r*of?
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[Example 1] Steady Temperatures in a Circular Plate
Solve Laplace’s equation ‘=[O Y4
oOu lou 1 0u
— = 7
or’ ror r o6’ - .
X
subject to u(c,0)=f(0), 0<0<2rx
SOLUTION
Fig. 2.8.2
(Step 1) Suppose that u(r, 9) = R(f' )®(9) From D. G. Zill and Michael R. Cullen,
Differential Equationsfwith Bpundary—
R'(r)0(0)+LR(r)0(0)+ L R(r)0"(0)=0 Ui S
Section 13.2.
LR() . R(r) @"(9)20
R(r) " R(r) " ©(0)
R'+rR'__O"_
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(Step2)  F’R"+rR'  ©"

R ®

A.

r’R"+rR'-AR=0 ®"+ 10 =0.
There is no zero boundary condition.

But note that ®(6) should be periodic: © (6’) =0 (6’ + 27z)

(Step 3) Then, we try to solve
©"(0)+10(0)=0, ©(0)=0(0+2x)

Case 1: 41=0, ©"(0)=0, O(0)=c +c,0
from ©(0)=0(0+2x) O(0)=c

Case 2: A<0, set | =—q @"(9)_052@((9):0,
©(6)=c, coshab+c, sinhaf ©(0)=0
(trivial)



0'(0)+10(0)=0,  ©(0)=0(0+2x) o

Case3: A>0, set J=¢ ©"(0)+a’0(0)=0,
©(6)=c cosab+c,sinabd
From @(0)=®(9+27z)
¢, cosaf+c,sinal = ¢ cos(ab +a2r)+c,sin(abd+alr)

a2 =n2x where n 1s a positive integer,
a=n (A=n)

©(6)=c,cosnd+c,sinnf  where n is a positive integer,

Combine the results of Cases 1 and 3
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(Step 4) ?

This 1s an important application of the

2pn U —
rPRSrR'—AR=0 Cauchy-Euler equation on page 37

Since A, =n*,n=0,1,2, ...

R+ rR'-n’R=0 — Cauchy-Euler

Auxiliary: m(m —1)+m -n’=0, m=xn
the solutions are
R(r)=c;+c,Inr, n=0
R(r)=cg" +c ", n=1, 2, ....

Since In0—> - 0" —ow but R(0) should not be infinite
c, = ¢; = 0 should be satisfied

R(r)y=c,, n=0, R(r)y=cs", n=1, 2, ...
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©(60)=c, cosnd+c,sinn@ where n is a nonnegative integer

R(r)=c¢,, n=0, R(r)=csg", n=1, 2, ....

(Step 5)  u,(r,0)=R(r)O(0)
u, (r,0) = A, whenn =0,
u,(r,0)=r"(4,cosnd+B,sinnd) whenn=1, 2, ....

____________________________________________________________________

(Step 7)
By applying the boundary condition u(c,8)= f(6), 0<8 < 2.
f(0)=A4,+) c"(A4,cosnf+ B, sinnb)
n=I1

Next, solve the unknowns from the formula of the Fourier series



f(O)=4,+ Zc” (A cosnf+ B, sin n6)) 194

From the formula of the Fou}ier series

o 1 -
f(x)=%+nzz;(a cos7x+b sm%x) A4, =Ej_ﬁf(6’)d6’
—p<x<p
. d 4
W=, |, f () n
a :L ¥ f( )COS—XdX Bn =
n pd-p D ]
by=L[ f(x)sin " xx =L [ reoxe
topir p 2790

- A =

Since f(0) = f(0+27)
B =




EXAMPLE 2 Steady Temperatures in a Semicircular Plate

Find the steady-state temperature u(z;, 6) in

I \ —
) U /— Uo
From D. G. Zill and Michael R. Cullen, b4
Differential Equations-with Boundary- e
Value Problem (metric version), 9th P /(“
edition, Cengage Learning, 2017, 9 =7
Section 13.2. { //
—_— 2

Fig. 2.8.3 Semicircular plate

in Example 2

195



SOLUTION The problem can be formulated as 196

O'u lou 1 0u
P IS R
or- ror r o060
u(c,0)=u,, 0<0<rw

u(r,0)=0, u(r,7)=0, O<r<ec.

(Step 1) Suppose that u(r,0) = R(r)©(0)
R'(r)©(8)+1 R (r)©(68)+ L R(r)©"(6)=0

K0, R0, 00,
R(r)  R(r) ©(0)

=0

r

»”R"+rR' 0"
R e

”R"+rR'-AR =0

"+ 40 =0.

A

(Step 2)



(Step 3)
From u(r,0)=0, u(r,7)=0,
R(r)®(0)=0, R(r)®(r)=0,
®(0)=0 and O(7)=0.
We then try to solve
O"+10=0, 0(0)=0, O(r)=0.
Casel: 1=0=0"(0)=0=0(8)=cb+c,
From ©(0)=0, O(r)=0=0(f)=0
Case2: A<0, setl=—a’= @"(9)—052@(9) =0
= 0(8) = c3coshab + c,sinhoab
From ©(0)=0, O(7r)=0=0(0)=0

197



©"+ 10 =0, O(0)=0, O(z)=0.
Case3: A1>0, seti=a’=0"(0)+a’0(0)=0
= 0(0)=c,cosal+cgsinal
From ®(0)=0, O(7r)=0=c¢, =0, a=n
= 0(0)=cssinnd  n=1,2,3,....

The only nontrivial solution for ®(6) is

———————————————————————————————

______________________________

In this case, A =n"

(Step 4) To solve R(r)
PR"+rR'—AR=0=r*R"+rR'-n*R=0

198

80— To be bounded at r = 0, cg must be 0

ER(”):Cﬂ”nE n=1,2,3,....

_____________________
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(Step5) u, (r, 6?) = R(r)®(0) = A r" sinnd,

(Step 6)  u(r,0)=>_ A r"sinnb.
n=I

(Step 7) From  u(c,0) =u,

= Z A c" sinnf
=1
Using Fourier sine series
w27
Zb sm—x 4,c =;_[O u, sin nfd 0
O<x<p )
b, :;-[0 /() Sm?x x " mc"  n

Solution:

_____________________________________________________________



200
2.8 CYLINDRICAL COORDINATES

ZA .
x=rcosf, y=rsinf, z=rz.

y

\ 4
»

D. G. Zill and Michael R. Cullen, Differential Equations-with Boundary-Value
Problem (metric version), 9™ edition, Cengage Learning, 2017, Section 13.2
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2.8.1 Review for Special Functions

e Bessel’s equation of order v

2.

X’y +xy'+ (x> =v*)y =0 Solution: CIJV(X)+CZYV('X)

B X (_1)” (£)2n+v. G .
JV(X)_nZ:(;n!F(1+v+n) > : I"kind Bessel function

_cosvaJ, (x)—J_, (x)
- sin vz

: 20d kind Bessel function

Y, (x)

where  T'(x)= j: r'e”'dt  (gamma function)

[(n+1)=n!

[(x+1)=x(x)



0.8

0.6

0.4

0.2

J1

202
ISt kind Bessel function

o)

J,(0)=1
J,(0)=0 forv=0
X limJ, (x)=0

2nd kind Bessel function

‘- Bose

From D. G. Zill and Michael R. Cullen,
Differential Equations-with Boundary-Value
Problem (metric version), 9th edition,

Cengage Learning, 2017, Section 6.4.
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Zeros of Jy, Jy, Yo, and Y

Jo(x) Ji(x) Yo(x) Yi(x)
X1 24048 0.0000 0.8936 2.1971
Xy 5.5201 3.8317 3.9577 5.4297
X3 B.6537 7.0156 7.0861 8.5960
X4 11.7915 10.1735 10.2223 11.7492
X5 149309 13.3237 13.3611 14.8974

From D. G. Zill and Michael R. Cullen,
Differential Equations-with Boundary-Value
Problem (metric version), 9th edition,
Cengage Learning, 2017, Section 6.4.
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e Generalization of Bessel’s equation of order v

XY +x) +(x*=v)y=0 f£ 1 cJ(x) oY (x)

Y +xy +(a’xt=v)y=0  fEcJ(ax)t ol (ax)

Proof: Set?= ax
dy _dtdy _ 4y
dx dxdt %t
. d’y _drd(dv\_ _d(. dv)_ .d’y
sumlarly, & = avar\ax )" % ai\ Y ar )T a4t
BN =xy"+x)+(a’x -V )y—iazdy+tad—+(a £ )y
2T dt a  dt o’

| 2 : ,
:5;2Q+t_y+(t2 _vz)y:() —> ¥t m % &_Bessel equation

y=cJ () +c,Y(t) = cJ(ax)+ e, Y (ax)
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e Modified Bessel’s equation of order v
XY+ x4+ (=x" =v*)y =0 f# ol (x) + K (x)

77

XY +xy +(—a’xt —v)y=0  fF ol (ax)t oK (ax)

g I (x)=i"J,(ix) # 17 _modified Bessel function of the
first kind of order v

K (x) _7 L, (x) —1, (x) #- 1% %_modified Bessel function of the
' 2 SIn vz second kind of order v

BV L EHKPE > 4 3 limit



h — n R Lh WD
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Modified Bessel functions of
the first kind forn =20, 1, 2

1,(0)=1
1,(0)=0 forv=0
I,(x)#0 forx#0

Modified Bessel functions of
the second kind forn =0, 1, 2

K (0)—)00

v

K, (x)#0 forx+0

From D. G. Zill and Michael R. Cullen,
Differential Equations-with Boundary-Value
Problem (metric version), 9th edition,
Cengage Learning, 2017, Section 6.4.



207
e Legendre’s equation of order n

(1-x°)y"=2xy +n(n+1)y=0

One of the solution: Legendre polynomials P, (x)

Fy(x)=1 B(x)=x
P (x)=3(3+* 1) P (x) =5 (5% ~3x)
P (x) =1 (35x* 3047 +3) P.(x) = g(63x" = 70x" +15x)




Legendre polynomials 208

Y
17 —
Po Interval:
P1

0.5- ] v e [=1. 1]

0 X
0.5

_17

i 05 0 0.5 1

From D. G. Zill and Michael R. Cullen,
Differential Equations-with Boundary-
Value Problem (metric version), 9th
edition, Cengage Learning, 2017,
Section 6.4.
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2.8.2 PDE for Cylindrical Coordinates

Laplacian in Cylindrical Coordinates

x=rcosf, y=rsinf, z=rz.

2 2 2
0 0
Viu = 0 th + L; 1 Zl .
ox° oy~ oz
, Ou lou 1 0u 0u
Viu=—+——+5—+—.
or- ror r 060" oz ]
For the case of radial symmetry é =0
V2, O’u 1 ou O’u

=——+ +—.
or* ror oz
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[Example 1] Steady Temperatures in a Circular Cylinder

)— —_— From D. G. Zill and Michael R. Cullen,

£ y Differential Equations-with Boundary-

Value Problem (metric version), 9th

X u=0atz=0 edition, Cengage Learning, 2017,

Section 13.2.
FIGURE 13.2.5 Circular cylinder
in Example 2

u(2,z)=0, 0<z<4
u(r,0)=0, u(r,4)=u,, 0<r<2.



It 1s a problem of the 2D heat equation
o’'u 0Ou O'u Ou
YW -
ox~ oy° 0z° ot
o’u lTou 1 o'u Ou _Ou

Viu = 0

—+ + + 0
or’ ror r00° 0z ot
steady temperatures l
Ou 1ou 1 0u 0Ou 0

— +—=
or* ror r*o0* oz

radial symmetry l (since u = 0 when r = 2)

oO'u lou Ou
—+——+—=0

or- ror oz

u(2,z)=0, 0<z<4

u(r,0)=0, u(r,4)=u,, 0<r<2

211



o'u 1 0u 82 212
—+— =0
or- ror 82

(Step 1) u (r,z) = R(r)Z(z)

R"(r)Z(z) R'(r)Z(z)+R(r)Z"(z)=0

R”(I/') +_ (7") Z”(Z) _ O
R(r) T R(r) " Z(2)
" l '
Step2) K __ 2"
R Z
"rR"+R'+ ArR =0 Z"-AZ =0
From u(2,z)=0, u(r,0)=0,

R(2)=0  Z(0)=0



"R"+R'+ ArR =0 R(2)=0 213
Z"-1Z =0 Z(0)=0
(Step 3)

Case 1: A=0 rR"+R'=0
auxiliary: m(m-1)+m=0, m=0,0
R(r)=c¢ +c,Inr
Since In0— -0, c,=0
Since R(2)=0—>c¢,+¢,In2=0—->¢, =0

R(r)=0 (trivial)
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Case2: A=—a2<0 rR"+R'—-a’rR =0

P"R"+rR'-a’r’R=0
compared to modified Bessel function (page 205)

XY +xy = (x* +v)y=0 solution : ¢,/ (x) + ¢,K (x)

x*y"+xy —(a’x>+v*)y=0  solution : ¢,/ (ax) + ¢,K (@ x)
[ (x): modified Bessel function of the 1% kind
K (x): modified Bessel function of the 2" kind
The solution of 7R"+R'-a’rR=0 is
R(r) = ¢ l(ar) + c, K (ar)
(page 206) Since K,(0) — o, ¢, =0
Since R(2)=0, ¢, [,2a)=0
(page 206) From [(x) #0 forallx #0 — ¢, =0

R(r)=0
(trivial)
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Case3: A=a2>0

rR"+R'+a’rR=0
F’R"+rR'+a’r’R=0
compared to the Bessel function on page 204

V' +x) + (x> =v)y=0

solution : ¢;J (ax) + ¢, Y (o x)
R(r)=cJ,(ar)+c,Y,(ar)
(page 202)
Since Y,(0) > -0, ¢, =0  R(r)=c¢J (ar)
Since R(2)=0 ¢ J,(2a)=0

Therefore,

——————————————————————————————

_____________________________

x, are the zeros of J,(x), 1.e., J,(x,)=0

f
(defined on page 203) A, =a’, A =x./4



(Step 4) Try to solve 216
Z"-AZ =0 Z(0)=0

Since A, =a_,
Z"-aZ =0
Z(z)=c¢,cosh(a,z)+c,sinh(e,z)

From Z(0)=0, ¢, =0

____________________________________

EZ(Z):c4sinh(anz)§ where o, =x /2  Jy(x,)=0

____________________________________

(Step 5) u(r,z)=R(r)Z(z)=A,J,(a,r)sinh(e,z)

(Step 6) u(r,z)= Z A smha zJ,(a,r).
n=1

where o, =x /2  Jy(x,)=0
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(Step 7) From  u(r,4) =u,,

u, = A, sinh(4a,)J, (a,r).
n=1

From Eq. (9) in Section 11.5 of D. G. Zill and
Michael R. Cullen, Differential Equations-with
Boundary-Value Problem (metric version), 9t
edition, Cengage Learning, 2017

joz rJ, (e, )], (e, r)dr :{ if m#n

2J:Qa,) if m=n

2 ¢ x . 2
| ugrdy(a,r)dr = Z} 4, sinh(4a,) | Jy(a,r)r)y(a,r)dr

= A sinh(4a,)2J; (2a,)
u 2 u
A = g J (a r)dr = L
: 2sinh(4an)Jf(2an)jor o = i (4, ), (2



(Solution): 218

I o0 1 . i
sinh(e,z)J (e, r)

u r,Z)=u
i (r:2) 0; a, sinh(4a, )J, 2a,)

____________________________________________________________________________________________
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[Example 2] Steady Temperatures in a Circular Cylinder
O'u 1ou 0O’u
—t——+t—=
or~- ror oz
u(l,z)=1-z, 0<z<l
u(r,0)=0, u(r,)=0 0<r<l

0

(Solution):
(Step 1) u(r,z)=R(r)Z(z)

R'(r)Z(2)+1R (r)Z(2)+R(r)Z2"(z)=0

r
1
R+-R' .
(Step 2) r __ 2 __,
R /
rR"+R'+ ArR =0 Z"-AZ =0

From u(r,0)=0, u(r,1)=0
Z(0)=0, Z(H)=0
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(Step 3): Solve

7" 217 =0 Z(0)=0, Z(1)=0
There 1s no non-trivial solution for A=0and A >0

When 1 <0, set A =—¢?,
Z"+a*Z =0
Z(z)=c cosaz+c,sinaz

From Z(0)=0, Z(1)=0

(Step 4): Solve
rR"+R'+ArR =0

FR"+R'—n*7*rR =0
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R+ R'—n’7°rR=0 r*R"+rR'—n’7°r’*R=0

Since x°y"+xy' —(a’x* +v*)y =0 solution : ¢/ (ax) + c,K (ax x)

the solution of ¥’R"+rR'-n’7°r’R=0 1is
R(r) = csly(nmr) + c,Ky(nmr) (page 205)
[ (x): modified Bessel function of the 1% kind

K (x): modified Bessel function of the 2"¢ kind
Since K (0) — oo

————————————————————————————————

_______________________________

_________________________________________________________
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_________________________________________________________

(Step 7): From u(l,z)=1-z
S 4,1, (n7)sin (nzz) =1-2

From the Fourier sine series

:ibn sin%x b, = 2'[ f sm xdx

p
we have
y =2 (1= 2)si dz = 1 (2 d
1, (nm)= IO( —z)sin(nzz)dz == 2 (- )cos(mzz)o j()%cos(nﬂz) z
_ 2
4. = nrl,(nr)
_____________ & L(nwr)
u(r,z) = 2; g (I’lﬂ') sm(mrz)

__________________________________________________________
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2.9 SPHERICAL COORDINATES

Spherical Coordinates

x=rsinfcosg, y=rsinfsing, z=rcosb.

From D. G. Zill and Michael R. Cullen,
Differential Equations-with Boundary-
Value Problem (metric version), 9th
edition, Cengage Learning, 2017,
Section 13.3.

FIGURE 13.3.1 Spherical coordinates
of a point (x, v, z) are (r, 6, ¢).

D. G. Zill and Michael R. Cullen, Differential Equations-with Boundary-Value
Problem (metric version), 9th edition, Cengage Learning, 2017, Section 13.3
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x=rsinfcos@, y=rsinésing, z=rcoséb.

Laplacian in Spherical Coordinates
The 3D Laplacian is

o'u O'u Ou

Viu=—+—+
ox* 0y’ 0z

O0°u gﬁu 1 O'u 1 0'u cotd ou

Viu=—+ + + + .
or* ror r’sin"@o¢> r’o6> r 00

Suppose that u 1s independent of ¢.

O’u 20u 1 0*u cotf ou
—t——t S —+— :
or- ror r-o6l r- o060

Viu =
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[Example 1] Steady Temperatures in a Sphere

Find the steady-state temperature u(r, ) within the sphere
shown in Figure 13.3.2.

‘t

From D. G. Zill and Michael R. Cullen,
Differential Equations-with Boundary-Value
Problem (metric version), 9th edition, Cengage

‘ y Learning, 2017, Section 13.3.

* .t £6)

atr=c

FIGURE 13.3.2 Dirichlet problem
for a sphere in Example 1



SOLUTION
Steady Temperatures
2 2 2
viu=Zu, Ou, O
ox® oy’ 82

Analogous to page 184-188

vzu—@+%8’“‘+l ﬁzu_l_cot@@u_
or* ror r o6’ > 00

Wwith u(c,0)=f(0), 0<fO<rx
(Step 1): u=R(r)®(0),

cot 6

R"(r)@(e)+%R’(r)@(9)+LR(r)@"(9)
R'(r) 2 R'(r) 1 ®"(@) cotf O(O)
RO r RO 200 7 00

LSRG, R),O'0), 600)
RO R Tew) T e

R(r)®'(8) =0

226



227
(Step 2): 7’R"+2rR' _ O"+cot O’
R C

= A.

F*R"+2rR'— AR =0 sin @O "+ cos @O '+ A sin @O = 0.
(Step 3): Try to solve

sin@®" () +cosIO'(6)+ Asin O () = 0. 0< @<
Setx=cos(fd) -1<x<1

d o dx d d
202" g @S0 0

d’ g_d d :_L( d )_ d d d
d92®_d¢9d¢9® 10 smé’dx@ cos@de) smﬁdedx@

B d dx d* o _ d d’
cosﬁdx(@ sm&’dgd ®= cos@dx®+sm edx ®

sin Qd O 2s1n6?cos<9d®+isin6®:0
dx dx
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sin 9d® 2sin@cos 04 + AsinO =0 x = cos(6)

dx’ dx

sin ¢9d O 2cos«9d®+/1®=0
dx’ dx

(1-¢)4© 2,49  jo-0  -1<x<]
dx’ dx page 207

When A = n(n+1), it becomes Legendre’s equation of order n

This 1s one of the applications of the Legendre equation

The solution 1s
O(x)=cP,(x) P, (x): the Legendre polynomial of order »n

E@(@):CR?(COSQ)E n:()a 1929

______________________________________

Note: The other linearly independent solution may not have finite
derivatives at x = *1.



(Step 4): Try to solve
P”R"+2rR'—- AR =0
Since A = n(n+1),
7’ R"+ 2rR'—n(n+1)R =0

Auxiliary: m(m—1)+2m—n(n—|—1) =0

m=n, -— (n + 1)
R(r)y=cr" +c,r "

Since 0" 5 o c, =0

————————————————————

___________________

(Step 5): u,(r,0)=A4r"P(cosd) n=0,1,2,...

__________________________________________
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u(r,0)= iAnr”Pn (cos0)

(Step 7): From u(c,0)= f(0)
Y Ac"P (cosO)=f(6)
n=0

We have known that

1
j IPn (X)Pm (X)dx = 2n2_|_1 5n,m §n,n :1

5, =0 ifnzm

Set x = cos(6) X — _sing

do
0
LP(COS@) > (cos8) (- 81n¢9)d9—2n+15nm
_“OEP (cos@) P, (cosO)sinBd6 = 2n+15”’"

(orthogonal with the weight function siné)
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2n+1§”m

7(0)= i A c" P (cos ) jOﬂP (cos@) P, (cos8)sin0dl =

I

'O” f(0)F,(cosO)sinfdf =) A" jo” P, (cos )P, (cos §)sin 0d 0
) m=0

o | )
J, f(@)P (cosB)sinfdO = A c T

_2n+1

=], S(O)F,(cosO)sin0ap

u(r 0) = Z(2n+1-[ f(H)P(cosﬁ)smé?d@j(cjnP(cos@)
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Another Method for Solving PDEs:
Method of Characteristics (¥ %7 7)

Method of Characteristics
The method is suitable for the 15t Order PDE.

Suppose that there is a 15t Order PDE as follows:

6u(xl,x2,---,xk) au(xl,x2,---,xk)
a,(X,,%,, ++, X, ,u) ox, +a,(X,%,, X, ,U) x,

Ou (X, %y, ++, X, )

I +ak(x1,x2,...,xk,u) =g(x1,x2,-..,xk,u)

ox,



Method of Characteristics
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a, (%, %y, X u)ﬁu(x”xbm’xk)Jra (3,5, X u)au(x“xpm’xk)
1\ AoA2s s N s axl 2\ M oMo s N o ax2
au(x Xy, s X )
19V s A
e R +ak(x1,x2’...,xk’u) :g(xpr,...,xk,u)
Oox,
We set a variable s and suppose that
ox Ox
2
aSl :a1(x1>x27"'9xkau)a Bs :az(xpxza'”:xkau)a
ox
k
...... — = X XA o X, .U ).
9 8S k( 19V 9NV o )
Then, the original equation can be expressed as
ox, oy . Ox Ox
1 Ou 2 Ou k Ou
_|_ _|_ ...... _|__—: X XAt o X, . U
Os Ox, Os Ox, Os Ox, g (x5, 0)

du _

ds g(xl’x2"”’xka”) Solve the 15t order ODE for u
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Then, we apply the process as follows to solve u: .

(Step 1) Solve the relation between x, x,, ..., x, and s from
each of the following ODEs:
Ox
a_Sl:al (x19x29'”9xk9u) Y =4 ('xl’xz’”"'xk’u)s—l_cl
Ox,
_ﬁs zaz(xl,xz,---,xk,u), X, :a2(x1,x2,~-,xk,u)s+c2
ox; _
Os _ak(-xlaxza”"xk’u)' xk:ak(xl,xz,---,xk,u)SJrck

(Step 2) Try to find the general equation b such that

b(x,, %, 0%, ) =, where ¢, 1s a constant
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(Step 3) Solve the following ODE

% = g(x1 (8),%,(8),+*, X, (S),u) Solve the 15t order ODE for u

The solution has the form of “ =, (S ’Cg)

where Cq 1s some unknown constant.

(Specially, for case where g =0, u = c,)

(Step 4) Replace ¢, by
¢, :f(cb):f(b(xl,xz,---,xk,u))

where fis any function, then the solution is
u=u,(s(x),f(c,)) Here, we express s as a function of x,.

(Specially, for case where g =0, u = f(c;))



[Example 1] Solve

au(x,y) 5 8u(x,y)
ox oy
(Solution): ou(x,y) . ou(x,y)
-2 =0
Ox oy

& = =
(1) 55 I, x=s+c,

dy _ _

2 2, y=-2s+c,

(3) du _ u=c, = f(c,)

u=f(2x+y) where fis any function.
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[Example 2] Solve 237

Gu(x,y,z) B Gu(x,y,z) - Gu(x,y,z)

Ox oy 0z +u(x,y,z)
(Solution):
8u(x,y,z) 8u(x,y,z) 8u(x,y,z) B
o v —ulwr)
x_y W_ g dz_
() Os =1, Os L Os =1
X=s+c, y=-s+c, z=s+c,
(2) Note that b(x,y,z)=x+y
x+y=c,+c, and y+z=c, +c b,(x,y,z)=y+z

can all generate a constant. Although x-z can also generate a constant,
it 1s dependent on x+y and y+z. Therefore, a general way to obtain a
constant 1s

f(x+y,y+z):c

where f1s any function with two independent variables.
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(3) & ﬁu(X,y,Z) N Oy 5u(x,y,z) Loz 5u(x,y,z)

5 T o o & ~unrz)

du _
ds

u=ce =ce " =ce’  Hereweset c=ce

U, Since x=s+c,

—C,

u=f(x+y,y+z)e
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47 Review for Laplace Transforms

Laplace transform (1-sided form) F(s)=L{f (1)} = jooo e f(t)dt

Differentiation Property for the Laplace transform

LU (O} =sLLf()} - f(0)

S“f(b)(O), a+b=n-1



A1) F(s)
1 :
n!
r" Sn+1
1
exp(at) S
- k
sin(kt) e
cos(kt) 2 j_ o
sinh(k?) - A .
cosh(kt) S

240
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Seven Important Properties of the Laplace Transform

input Laplace transform
(1) Differentiation s"F(s)- " (0)- S"—2f'(()) A
f(n) (t) _Sf(n—z) (O) _ f(n—l) (0)
(2) Multiplication by ¢ g
. (-1D)" 2L F(s)
t" f(2) ds”
(3) Integration
t F(s)
Jl) f(z)dr E

()
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input

Laplace transform

(4) Multiplication by exp

"1 (1)

F(s—a)

(5.1) Translation  (#): unit step

f(t=a)u(t=a)

e “F (S)

(5.2) Translation

g(t)u(t-a)

(6) Convolution

W0 =| f(D)gt-r)dr

(7) Periodic Input
A =At+T)
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2.10 Solving PDEs by Laplace Transforms

(F %3 %)

In this section, we see that a linear PDE with constant coefficients 1s
transformed into an ODE using the 1-sided Laplace transform.

D. G. Zill and Michael R. Cullen, Differential Equations-with Boundary-Value
Problem (metric version), 9th edition, Cengage Learning, 2017, Section 14.2



Transform of a Function of Two Variables
U(x,s) = L{u(x,0)} = [ e u(x, 1)dt
To avoid confusing, we denote it as
Ux,s)=L_ {u(x,0)} = j:’ eu(x,t)dt

Transform of Partial Derivatives

'Bt—xv% au}:SU(xos)_u(xao):
ot
(0%u 5
'Bt—>s<? =S8 U(X,S)—SM(X,O)—MI(X,O).

Because we are transforming with respect to ¢,

/ (not to x)
o’u B d*U

L = .
Be careful to>s { Py } o

244

where
_0
u,(x,t) = 5 u(x,t)
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[Example 1] Laplace Transform of a PDE

2 2
Find the Laplace transform of the wave equation a’ g Ij _9 I;l , t>0.
ox~ Ot
(respect to 1)
SOLUTION
2 2
e, { 5—} -2, {a—}
Ox o where u, =Sy
Ot
, d

@ (w0} = 5L, ()} su(e,0)~ 1, (x,0)
X

2 dzU()C, S)
2

a —s*U(x,s) = —su(x,0)—u,(x,0).
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The process for solving the BVP or IVP of a partial differential
equation (PDE) by the Laplace transform

The range of the independent variable

should be [0, o0) \

(Step 1) Apply the Laplace transform for one independent variable
to change the PDE into an ordinary differential equation (ODE) with
another independent variable.

(Step 2) Solve the ODE obtain in Step 1.

(Step 3) Solution in Step 2 contains some constants. Find these
constants by transforming the initial conditions.

(Step 4) Inverse transform.



[Example 2] Using the Laplace Transform to Solve a BVP

o’u 0Ou
Solve ~=—5, 0<x<l1, >0
ox~ Ot
Subjectto  u(0,£)=0, u(l,£)=0, t>0
u(x,0)=0, 2—1; =sinzx, 0<x<l.
SOLUTION -

(Step 1) From Example 1 and the given initial conditions,

d’U(x,s)
2

dx

—s°U(x,s) =—sin rx,

where  U(x,s)=L_ {u(x,t)}.

£, u0,0}=U©0,5=0 £, {u,n}=U(s)=0.

247
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2
d U();’S) —s°U(x,s) =—sin zx,

dx/ \

Complementary Function

(Step 2)

Particular Solution

U,(x,s)=asinzx+bcosrzx.

U, (x,s) =c, cosh sx+ c, sinh sx. 1
a=————~, b=0
s“+r

U(x,s)=U,(x,8)+U (x,5)
1

2 2
S +7

sin 77x.

= ¢, cosh sx + ¢, sinh sx +
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1

2 2
S+

SIn 77X.

U(x,s) = c, cosh sx +c, sinh sx +
(Step 3) From
L, w0,0);=U0,5)=0 £ u(,0);=U(s)=0.
¢, =0. ¢, coshs+c,sinhs =0

We have ¢, =0 and ¢, = 0.
1

2 2
S +7

U(x,s)= SIN 77X

(Step 4) u(x,t)zﬁsit{ 21 Zsinﬂx}:lsinﬂx.q;t{ 27[ 2}.
s+ 7z s+

u(x,t) =—sin zxsin rt.
T
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[Example 3] The Wave Equation with Gravity

2 2
Solve aza—l;— :a—zj, x>0, t>0
Ox ot
Subjectto  u(0,£) =0, limg—Z:O, £>0
_ ou|l _
u(x,0)=0, ol 0, x>0
Solution:
0’u 0’u
Step1) L3~ —L, {8 =L, {7
( ep ) s{ axz} S{g} S{étz}
o°U (x,
a’ (f S) - SzU(x,S)—Su(x,O)—ut (x,O) = SZU(x,S)
Ox S
82U(x,s) s° ( ) g
— X,8)=—
Ox” 2 a’s



52U(X,S) S2 U _ g 251

(Step 2) — X,8)=——
ox” a’ ( ) as
Complementary Function Particular Solution
_ S .1 [s _
U.(x,s)=c cosh(gx)+c2 smh(gx) U,(x,y)=c

g

C —_— e —_—

3 S3

U(x,s)=c cosh (ix) +c, sinh(ix) _&

a a §°
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_ : g
U(x,s)=c¢ cosh(ix) +c, sinh (ix) —

(Step 3) From initial conditions

£ w00} =U0.5)=0 £ {lim 5D~ lim 2z, 5) =0,
¢, —£ =0 - S cinh (S s s
L3 hmcl—smh(—x)+cz—cosh(—x):O
x—o A a a a
_&
ATy lim ¢, =2—ex (i )—I—c =_ex ( )—O
/X—>OO 2apa 22apa B
'~ Note: : 022—01:—%
s
hmsinh( )—hmcosh( )—exp(x)/Z

____________________________________________________



(Step 4)
u(x,t)=L" {

S—>t

& expl=5x]-&

e p( ax) 33}
_1 _iz(u _x)_ 1,

u(x,t)—zgt p t p 2gt

where U () is the unit step function

We have applied the translation property:

L{f(t—a)u(t—a)} =exp(—as)F(s)

253



254

4% Review for Fourier Transforms

Fourier transform
3[g(x)]= jig(x)e‘jz”fxdx =G(f)

iX % Fourier transform

L

mverse Fourier transform

S [G()]=]" G(1)e” " df = ()
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> }I?ej H {5 Fourier transform “H%_&

S[g X ]=Jm (x)e " dx =G (o)

] zﬂj “do=g(x)

éjﬁ ] \/;j e/ dx =
51[6(w)]= J;j d= g(x
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When g(x) is even (g(x) = g(-x))

Fourier transform » Fourier cosine transform

ESC [g(x)]= jowg(x)cos(Zﬂﬁc)dx =G.(f)

SG.(f)]=4 jow G, (f)cos(2x fx)df = g(x)

L. - S Jy0 - -2 |

Remember that if &(x) 1s even
J._ik(x)dx = 2j0wk(x)dx
If &(x) 1s odd
f; k(x)dx=0
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When g(x) 1s odd (g(x) = —g(-x))

Fourier transform » Fourier sine transform



Fourier, Fourier Cosine / Sine Transforms i 4 & &

(1) Fourier transform iz 4 14 &

3[g'(x)]=[" & (x)e > dv=g(x)e >
=J27f3g(x)]

s (TR — B BERK ¢ g(x) =0 when x — o0 and x — —©

WL gz %t Laplace transform
L{f'()} = sL{f ()} = £ (0) o f(x)edx
¥+ Fourier transform

s — j2 nf, without initial conditions

258

OOOO -|—j27sz g(x)e > dx



(2) Fourier cosine transform =iz 4 487

3.[¢'(x)]=] g'(x)cos(27 fir)dx

= g(x)cos(2z fx), +27f | f(x)sin(27 fic)dx

2275 [¢(9)]-(0)
(3) Fourier sine transform =g 4 & &

3,[g'(x)]= | & (x)sin(27 fic)dx

= g(x)sin(27 fx), - 27zfj?g(x)cos(27rfx)dx

=2 f 3, [g(x)]

/2 & + (1) Fourier sine, cosine transforms 7 ##

R arfH5rk

(3) Fourier cosine transform & <% Jg initial condition

259
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___________________________________________________________________________________________________________

___________________________________________________________________________________________________________

_______________________________________________________________________________________________________
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2.11 Solving PDEs by Fourier Transforms

(F %7 %)

Differentiation > Multiplication

D. G. Zill and Michael R. Cullen, Differential Equations-with Boundary-Value
Problem (metric version), 9th edition, Cengage Learning, 2017, Section 14.4
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Method

(Condition 1) interval 5 —co <y < o0 PF:
* Fourier transform
(Condition 2) interval 5 0 <y <oo >

% “u(v,.....)=0 ora constant when v = 0" &7 boundary condition F=:

*  Fourler sine transform

(Condition 3) interval 5 0 <v <oo >

7 “@a” (v,eeeee )=0 ora constant when v = 0” &7 boundary condition
.

* Fourier cosine transform
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® * Fourier transform, Fourier cosine transform, Fourier sine

transform X f% partial differential equation (PDE) =7 BVP #1VP

e AR

(Step 1) ™ page 262 e3Lp] » kLT & -4+ 98— B independent
variable - i+ A& transform (Fourier, Fourier cosine, £ Fourier sine
transform)

(Step 2) ¥ PDE # Step 1 #7/4 Z_¢i transform, B'| i & ¢ PDE % =
&%+ ¥ ¢k - 1% independent variable 7 ordinary differential equation
(ODE)

(Step 3) #-Step 2 #718 1, 57 ODE ef2 8 ) %

(Step 4) Step 3 7% &} k efiZ € 3 — & constants > ¥ 14 4 initial
conditions (£ boundary conditions) i< transform -#- constants f% J!

(% 4r Step 1 #1igieiitransform — $& » ¥ &_transform %t % & =
#_initial &% boundary conditions * & pages 265, 268 5]+ )

(Step 5) & 1& » W] % 7 #inverse transform (Z 7 B/ )



[Example 1] 264

kﬁzu _ou

heat equation: =
q axz ot

—0 < X <00 tr>0

Uy, |X|<1

subjectto u(x,0)=g(x) where g(x):{o I x|>1
b x>

Step 1 4+ Z_4+%+ x 7 Fourier transform

S tulx)p= j

—00

o0

u(x,t)e ™ dx=U(f,t)

2
Step2 3., {k 27’;} =3, {%—’;}
Bk, 15 T B A
oU(f.t)

ot % 1@ Fourier transform z_ ¢ >
N AL S A WY

—kAZ U (f 1) =



JdU(f.t 265
c(z’t )+4k772f2U(f>f)=0 ¥~ m = 0 & 15t order ODE

s

Step 3 U(f,t)zce—‘”mzfzt iz e 0 ¥ a3 ¥ _constant o
iz § ¥ 5 ¢ dependent on f(4F %L {)

Step 4 45 u(x, 0) = g(x) #c fz

e Step 1 — % > » & &% x & Fourier transform

& ¥ % :T = initial condition

3, {u(x,0)} = Ijog(x)e_iz”ﬁdx = j_lluoe_ﬂ”ﬁ“dx

e e _ sin(27z f)
-2 f O xf

Fle 3., {u(x0)}=U(f,0)
U(f,O) _— sin(27z f)

:uo
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22 bL # T sin(27
U(f.0)=ce s EREE g (1,0) =y, L)
o=y sin(27 1)

f& 4 " onf

B sm(272f) —4k7z2f2t
U(f,t)=u, 7f e

Step 5 | A = &4 » B X 7 & 18 & #inverse Fourier transform

M(X,f) _ S}l_)x [U(f,f)] _ J‘_O:OMO Slngfr;z-f) e—4k7z2f2tej27rfxdf

IR I g%jafgtfﬁfygsm(z”f) 4k’ %t f @ 2 E_even
Vs

function #-u(x, 1) * i &

u(xt)=u,[” Smgfj’ff ) o7 (cos(27 o) + jsin(27r fio))df

© sin(27 f)cos(27 fx) o S
=y, [ SR e "




[Example 2] Laplace’s equation 267

2 2
gx’;“rgy'f:o 0<x<l y>0
u(O,y):O u(l,y)ze_y y>0
g—” =0 O0<x<l

V]

Step 1 4+ T_4+4F+ y # Fourier cosine transform

Sy (e )} = | u(x, y)cosr fr)dy =U (x, /)

from 3 [g"(y)|=—47"1*3,[2(y)]-£'(0)

d*U(x, f)
dx*

—47z2f2U(x,f) =0 %3 x 28 order ODE
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2
Step 3 d (/cvl’();,f)_él'ﬂzfo(x,f):O
X

—> U(x,f)=c cosh(27 fx) +c, sinh(27 fx)

Step4 & u(0,y)=0 wu(xz,y)=e” *f#c,, c,(may be dependent on )

foStep 1 - ¥ » » & 4% y % Fourier cosine transform

F & ¥ % 2z = boundary conditions

(1) U, /)=3,,,, u(0,y)} = j:o .cos(27 f)dy = 0

@) ULN=T,, {uly)} =] ¢ cosQufy)dy = (Zlfrf)z

__________________ fovereeeeee

(¥ 12 * Laplace transform & I B~397% )



U(x, )= c cosh(27 fx) + c, sinh(27 fx) 269

A E,lJ (BVEDN U(O,f) -0 U(I,f) — - (217Z.f)2

¢, =0  c¢coshQrf)+c,sinh(Qzf)=-—]

1+ 27 1)
::> c, =0 C l

>~ (1+ 472 f?)sinh(27 f)

B sinh(27 fx)
(1447 f*)sinh(27 f)

U(x.f)

Step 5 1nverse cosine transform

sinh(27z fx)
(1+ 47> £*)sinh(27 f)

u(x,y)= S;lf_)y U (x,f)]= 4_‘-000 cos(2x fy)df

(B Tl v > 3ol @ i)
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A8 g IR e o

(1) #c4 = 35§ ¢ » Fourier cosine transform - Fourier sine transform ¢
3 3 3 0A) o (See page 259)
(2) & f# boundary value problem pF > £ 7 %

® pF * Fourier transform »

@ BF * Fourier cosine transform,

@ FF % Fourier sine transform  (see page 262)

(3) #f# partial differential equation p¥ » AL ¥ 44—
independent variable i Fourier transform, ¥ — i# independent
variable 7 % §2 % > 4r Examples 1 and 2 5]+

PR AT 0 p e & F A 40— 1 independent variable fAFourier
transform

XOAHEY VT T R




