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3. Function Approximation

Section 3.1 Review for Orthogonal Basis Expansion

Section 3.2 Polynomial Approximation Using Legendre Polynomials
Section 3.3 Generalization for Function Set Approximation

Section 3.4 Other Orthogonal Polynomials (¥ & % %)

[1] D. G. Zill and Michael R. Cullen, Differential Equations-with Boundary-Value Problem
(metric version), 9" edition, Cengage Learning, 2017.

[2] R. Beals, Special Functions and Orthogonal Polynomials, Cambridge Studies in
Advanced Mathematics, vol. 153, Cambridge University Press, 2016.
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Function Approximation

—— Theorems for Orthogonal Basis (Sec. 3.1)

— Legendre Polynomials (Sec. 3.2)
——— by Polynomials—
Function

Approximation ___ Other Polynomials (Sec. 3.4 » = %% %)

— by Other Function Set (Sec. 3.3)



Sec. 3.1 Review for Orthogonal Basis Expansion

(1) inner product on an interval [a, b]

(S f)=[ A fi(x)dx  (fo & real )

b .
or (fl ,f2) =] i (x )fz (x )dx (more standard definition)

(2) orthogonal on an interval [a, b]

(/i-/2) =]
(/i-12) =

.abfl(X)]Z(x)dx:O (f;, f» & real p¥)

A £1(x) f, (x)dx=0 (more standard definition)
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D. G. Zill and Michael R. Cullen, Differential Equations-with Boundary-Value Problem
(metric version), 9" edition, Cengage Learning, 2017, Sections 11-1~11-3.



1%  =E® even function §riE #® odd function & [-b, b] 2. FFF & &
_______________ orthogonal, (a=-b) |
|, £i(x) £ (x)dx =0

(3) orthogonal set
For a set of functions ¢,(x), ¢,(x), @,(x), @5(x), .......... , 1f

_‘j¢m (X)¢: (x)dx —0 foranym#n

then ¢@,(x), @,(x), @,(x), P5(x), ceveenn... 1s an orthogonal set on the
interval [a, b]



(4) square norm
o )= [ £ (x)ete= [ (=)'

(5) norm

S =T@ ) =] S () ()

(6) orthonormal set

4t — B orthogonal set, & { i&— # 5% &_

j ¢, (x)¢ (x)dx=1 forall n
RIAL AL % orthonormal set

(7) normalize

) normalize =v(x):m 4 norm % % 1
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[Example 1] Suppose that [a, b] = [-1, 1]. Then 276
{L = —2,-1,0,1,2,3, - }

\/58

forms an orthonormal set.

. L jmnx L ]ﬁmx _ljl ejﬂnxe—jﬂmxdx
(Proof): NG e \/— 0

If m #n,

1 j(n—m)

_eimmmsin(z(n—m))
2r(n—-m) m(n—m)

_ €

jmnx 1 ]ﬂmxj eﬂr(n m)x — O

NG J2m(n—m)|_

%e 2

If m=n,

1 jmnx 1 jrmx _11 .
—=e"" , —=e ==| ldx=1
e e AL
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(8) complete

% v interval [a, b] 2. F » = i® — B function f{x) f‘}glﬁ? 4

T @y(X), @1(x), §(x), A3(x), «evennnn.n 77 linear combination
£ (3)= o (x)+ih (x)+ e () o= Y, (1)
A @y(x), @,(%), Pr(x), P5(x), ceennnnn.n A 1F complete
(9) orthogonal series expansion .
» “(x)d
f(x) = ch¢n (x) where ¢, =] S ()9, (x)dx
["4,(x)4; (x)ds
Specially, 1f g,(x), ¢,(x), @,(x), @5(x), «.......... are orthonormal

¢, = f(x)g; (x)ax
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(10) weight

inner product with weight function

() fo () = [ w(x) £, (x) f5 (x)

w(x) 1s called the weight function

With the weight function
(10-1) orthogonal 1 Z_z T =
(S )= [ w(x) £, (x) £ (x)dx =0 form=n
= [ W) £ ()5 () ds

(10-2) square norm #H1F_% T = Hf(x)H2

(10-3) norm #9736 |7 (x) = [ wl(x) £ () /()



279
(10-4) orthonormal = %_3 & =

-.jw(x)fm (X)fn* (X)dx —0 form#nm

[ () £, () £; (x)dx =1

(10-5) normalize =& ;% sz =

(X)
HW H \/.[ )dx

(10-6) orthogonal series expansion of f(x) & j* T =
b .
N | w(x)f(x)g, (x)dx
A .
" | w(x)8,(x)é, (x)dx

orthonormal case: ¢, = Jjw(x)f(x)ﬁ (x)dx



trigonometric functions
1, cos % x, cosz—”x cos3—7zx ...... ,sin” x, smz—”x sm3—7[x ...... }
p p p % p %
form a complete and orthogonal set on the interval of [—p , p]
nx ¥4 : . 2p 2 . N
cos“™*x, sin“**“x R Hp oL 28 i
p p R " 2p
cos 7 x = cos( x+27z)—cos( (x+2—pD
p p p n

Fourier Series (expanded by trigonometric functions)

= O+Z(a cos—x+bn sin 1% xj

2 p

* P

a, zljp f(x)dx a, :;._pf(x)cos ”];[xdx
1
P

(7 ni
._pf(x)sm ’ xdx
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Q: Why should we use the orthogonal basis?

(1) The expansion coefficients are easier to determined,

(2) No Interference

(3) More basis functions — Less error



e, and e, are orthogonal 282
v=(22)

e, =
(0,1) . v=2e,+2e,
______________ |
e, =
(1,0)
e, and e, are not orthogonal
v=(2,2)

V= 2\/§e3 +4e,

€; = [19_1] /\/5



Section 3-2 Polynomial Approximation Using e

Legendre Polynomials

e Legendre’s equation of order n

(1-x°)y"=2xy +n(n+1)y=0

One of the solution: Legendre polynomials

n=0 P(x)=1 n=1 p(x)=x
n=2 Pz(x)zé(%cz—l) n=3 })3()6):%(5363—3)6)
n=4 P,(x)= %(35x ~30x°+3)  n=5 P(x)=g(63x"~70x +15x)

D. G. Zill and Michael R. Cullen, Differential Equations-with Boundary-Value Problem
(metric version), 9™ edition, Cengage Learning, 2017, Sections 6-4, 11-5.



3.2.1 Legendre Polynomial

Legendre’s Equation  (1-x°)y"—2xy"+n(n+1)y =0

o0

y(x)chkxk o Jn

k=0

Two linearly independent solutions are
n(x)=¢, {1 _n(n+l) N (n—2)n(n+1)(n+3) o

2! 4
_(n—4>(n—2)n<rg!+1><n+3><n+5)x6+ ...... }

v (x)=¢ [x (n—-D(n+2) NN (n=3)(n-1)(n+2)(n+4) 4

3! 5!
(n=5)(n-3)(n-1)(n+2)(n+4)(n+6) N

(1t Dt Yt Gy ... }

284
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(a) When 7 1s not an integer, both the two solutions have infinite number

of terms.

(b) When 7 1s an even integer, y,(x) has finite number of terms.
In y,(x), the coefficient of x* is zero when k > n.

(c) When 7 1s an odd integer, y,(x) has finite number of terms.

In y,(x), the coefficient of x* is zero when k > n.

¥,(x) when n 1s an even integer and y,(x) when » 1s an odd integer are

called the Legendre polynomials (denoted by P, (x)).



) M EQRN =
W ¥ iR

n/21'3 ...... (n_l) _(_ (n—1)/2 13 ...... n
¢ =(~1) 2 by ¢ =(-1) 2o (n—1)
(& P(1) - Ex3 1)
¢ yi(x) g (%)
Fy(x)=1 B(x)=x
P, (x)=5 (3% -1) P, (x) = 5(5x" = 3x)
P (x)=1(35x* ~30x" +3) P, (x) = 4(63x = 70x" +15x)

In general,

Rodrigues’ formula
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: 2
Legendre polynomials 57

Po | Interval:

P1
0.5+ P

X
P, : 5 ES f ;
0.5 -

x e [—1,1]

| | |
-0.5 0 0.5 1

o000
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(1) P (—x)=(-1)"P,(x) even/odd symmetry

2) P(1)=1 P (-1)=(-D"
(3) P(0)=0  whennisodd
4) P (0)=0  whenniseven

(5) (n+)P,, (x)—(2n+1DxP,(x)+nP,_,(x)=0 recursive relation

©) [ R(x)P(x)dr=02"

(7) j (x)dx=0 Ifm#n  orthogonality property

Orthogonality property 4 &_Legendre polynomials # & & a4 &7
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3.2.2 Expansion by Legendre Polynomials

Fixi®axel[-1,1] % 5 continuous =773 3% fx)

—_—

+ v
=~ /7 &

352 [ F()R(¥)dx=Ya,[ B (0)B (x)dx=a, [ B, (x)P, (x)dx
n=0
1245 orthogonality property

’:”‘i—«"}\
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Q: How do we use the V! order polynomial to approximate a
function f(x) for x € [-1, 1]?

Answer: /
P

The detail of proof can be seen from Section 3.3.



[Example 2] Suppose that 291

f(x):cos(gx) when -1 <x < 1.

Try to approximate f{x) by a 2" order polynomial
f(x)= f(x)=a,+ax+ax’
to minimize | £ (x)- £, (x)]" = [, (/ (x)= £, (%))’ dx

(Solution):

Note that 1, x, x* are not a orthonormal set with x € [-1, 1].
Therefore, instead, we may adopt the Legendre polynomials.

R(x)=1  R(x)=x  Bx)=1(E"-1)




N

Then F(x)= f,(x)=c, B (x)+c,P(x)+c,P(x
%:1 f(x)B(x)dx= %j COS(2 )dx:
CIZ%:_llf(x)Pl(x)d %I xcos(2 )dx 0
S
2

J-llf( )P, (x a’x_zj‘12 3x —1)003(2 )dx

N 8

=5
:%% %sin(%x)(?,xz 1)_1 llzxs1n(2x)dxj
:§(§__6)
4\ 71'3
_ 2 5(8 9611 2
f2(x)—;(l)+0x+z(;—7z_—)§(3x —1)
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15_180) ) (_; 60) 293

red line: f(x)
blue line: £,(x)

-0.2

-1 -08 -06 -04 -02 0 0.2 04 06 0.8 1

Approximation error (expressed by ||f{x) — £,(x)||?) is

I_ll(f (x)-f, (x))2 dx =0.00059606

Comparison: When using the Taylor series, °°

f()=T(x)=1-% 2

[ (f(x)=T(x)) dx=0.0125 | S




[Example 3] (Zill page 456)
0, -1<x<0

f(x):{l, 0<x<l.

SOLUTION % () p (1)
Using ¢,=7;
P,(x) P (x)ds
1 ¢t I ¢t |
c, 25._1f(x)Po(x)dxZEJOI-ldeE
3 ¢ 3 ¢l 3
¢, =§.lf(x)E(x)dngjol-xdxzz
5 .l 5. 1
¢ =3 L SR () = jo 1-5(3x2 ~Ddx=0
__ 7 _ 11
C3 T 169 C4 Oa Cs 329
3 7 11

f(x)=lPO(x)+—Pl(x)——P3(x)+3—2[>5(x)+...

2 4 16
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If we want to approximate f(x) by the 15t order polynomial,

fG)2eRM+eRE) =R +3 R(x)=1+3x

If we want to approximate f{x) by the 2" order polynomial,

F(xX)=e,P(x)+¢P(x)+c,P(x)=1 LR (x)+3 5 > B(x)+0P,(x) _% %x

If we want to approximate f{x) by the 3™ order polynomial,
f(x)=c,B(x)+cP(x)+c,P(x)+ c3P (x)

_1 3 1,45 35 .3
P(x)+ P(x)+OP(x) P(x)= +32x 37"
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3.2.3 Generalization for the Interval

Problem :

How do we expand f(x) where the range of x is [a, b] and a # -1, b # 1?

(1) g(x)= f(bga x+ a;b) Note: "[Hie i‘e]mge of x is changed into

(2) Expand g(x) by Legendre polynomials

g(x)= nzji(;cnPn (x) where ¢, =(n+%)j_llg(x)Pn(x)dx

& (=2 (x-932)) = en (52 (-250))
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Section 3.3 Generalization for Function Set

Approximation

Suppose that @y(x), @,(x), ¢ (x), ......... Pr(x) are a set of independent
functions where x € [a, b] and the weight function is w(x).

Problem :

How do we expand f(x) by @,(x), ¢,(x), @, (X) .... §y(x)

/norm of f(x) — f(x)

where error = Hf x)“:\/jbw (x))2 dx

a

1S minimized.



—— Complete (Case 1) 298

—— Orthogonal —
_— Incomplete (Case 2)
| — Complete, Incomplete (Case 3)
Non-Orthogonal —  (Using Gram-Schmidt, page 305)

— Over-Complete
(Using Compressive Sensing > page 310)

(Case 1): The function set is complete and orthogonal / orthonormal

f(x)chncﬁn(x)

o) S () e [ () £ () ()
[ w(x)|g, (x)] dx

(orthogonal case)

CcC =

(orthonormal case)

error =0
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(Case 2): The function set 1s incomplete and orthogonal

______________________________________________

N w(x) f(x)g, (x)dx
f(X)EfN( ):Zdn¢( ) d :j b 2
[w(o)8, (o)

______________________________________________

emor =1 (5) 1, ()] = | 3 4. w(x) (2

n=N+1

Specially, 1f the function set 1s orthonormal

f(x)sz<x>=gdn¢n<x> d = ['wlx) £ () ()

______________________________________________

eror—| 3° 4P |[ () (e Fa

n=N+1



(Proof): The formula of d, is directly from page 279. 300

4,(x)
If v, (x)=7"3
¢, (x)
then y,(x), y(x), Yo(x), ..oen...... , Wy(x) form an orthonormal set and
N
fN (.Xf) = Zdn ¢n (X)‘ Wﬂ (X)
n=0
Suppose that y,(x), w(x), w(x), ..cveet.. , Wy(x) 1s a subset of
the complete and orthonormal function set v (x), w(x), w5(x), .........,
WalX), Waniy(X), «oen...ee..... Then, f(x) can be expressed as

F()=2 e, (x) where ¢, = [ w(x)f (x)y; (x)ds
Therefore, "

£~ fo (1) = (e ~d, g, (s (1) + S e, ()

n=0 n=N+1




N OO 301

f(x)=fu(x)=2 (e, =d,[¢,(x))w, (x)+ 2 cw,(x)

n=0 n=N+1
Then, from Parseval’s theorem on page 302,
()= 1 ()] =
n=N+1
To minimize |/ (x ( ) , we should set
w(x) f (%), (x)dx
d, = " '[ orn=0, 1, N

() M)l

, (x) d
In this case, — . -
error =| f(x) = fy (x)] = \/ > e, ’ :\/Z e[ =Ye [
n=N+l n=0 n=0
C S . 2 (b 2
Parseval’s - \/Z(; “nl T HZ:(; d” L W(x) ¢n (x)‘ dx

theoremon~ = o= ==

page 302 \\,“ \\ N b )

~ -
e - -




3.3.1 Parseval’s Theorem

302

[Theorem 3.3.1] Parseval’s Theorem (Energy Preservation Theorem)

Suppose that @g,(x), @,(x), @,(x), @;(x), ........... are a complete and
orthonormal function set for x € [a, b] and

F(3)=3ed(x)  where ¢ =(/(x).4,(x)
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The result on the previous page leads to Parseval’s theorem:

[0l (x)} =D, [ w(x) g, (2
Specially, if the function set {gy(x), @(x), $y(x), ....... ... } is orthonormal

jjw(x)‘f(x)‘z dx = i ’

n=0

C

n



3.3.2 Non-Orthogonal Function Set Expansion 305

(Case 3)
How do we generate an orthonormal function set {¢,(x), ¢,(x), @,(x),
/N6 I ¢ 1f the mput {p,(x), p,(x), p,(x), p5(x) , ..coeee.n. }1s

independent but not an orthogonal function set ?

Gram-Schmidt process
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Proof for orthogonality of the function set generated from the Gram-
Schmidt process

Suppose that we have known that @,(x), @,(x), @r(x), ... ... .., @,.1(x)
are orthonormal.

If k <n,
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[Example 4]

Derive @,(x), ¢,(x), @5(x), ..ovnn..... such that

.Xf):kz::)rn,kpk(x)’ p(x)=ulx—k)-u(x—k=2) u(x)

u(x): unit step function

and . 0
[6.()6,(dr=0 [ 4(x)4,(x)dr=1
when m # n
Po (x)
__ 0 2
pi(x) 1 3 orthonormalization
P (x) 2 4
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Answer:

Set p,(x)=u(x—k)-u(x—k-2)
L px) _ulx)-u(x-2)

S P G

gl(x):pl(x)_(pl(x)9¢0(x))¢0(x)

:u(x—1)—u(x—3)—\}E(M(X)_jz(x_z)j

4 (x)= g, (x) :u(x—l)—u(x—3)—é(u(x)—u(x—2))
1 Hgl(x)H \/8/2




g (x) = P> (X)—(pZ(X),%(X))% (x) —(pz(x),¢1(x))¢1 (X)
(e 1) u(x-3)- L ()~ u(-2)

=u(x—2)—u(x—4)-

2 u
J6 J6/2

=u(x—2)—u(x—4)—%u(x—1)+%u(x—3)+%(u(x)—u(x—2))

309
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*+4%— Compressive Sensing

The problems that compressive sensing deals with:

Suppose that by(¢), b,(¢), by(?), b3(¢) «oevveenn. . form an over-complete and
non-orthogonal spanning set.

(Problem 1) We want to minimize ||c||, (|| ||, ®- zero-order norm ° ||c||, &
thc, FEF & 0 B dH) such that

x(t)= ;cmbm (¢)

(Problem 2) We want to minimize ||c||, such that

| (x(t) - ;cmbm (r)j2 dt < threshold

(Problem 3) When ||c||, 1s imited to M, we want to minimize

_[ x(t)—;cmbm (t)j dt




Examples for the spanning set used for compressive sensing
(Since they are not linearly independent, they are not basis).

3-atom form

b, (1) = exp(j27 , tyexp(~ZL )
4-atom form
b, (1) = exp(j2( [+ 1, exp(—-FL = ta)"
O'

m

Problems: over-complete, non-orthogonal, too many functions in
the sets
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Section 3.4 Other Orthogonal Polynomials

(F %7 %)

In addition to Legendre Polynomials, there are many other orthogonal
polynomials. However, their weight functions and intervals are different.

[1] R. Beals, Special Functions and Orthogonal Polynomials, Cambridge
Studies in Advanced Mathematics, vol. 153, Cambridge University Press,
2016.

[2] M. R. Spiegel, Mathematical Handbook, Schaum, 1990.



Summary of Weights and Supports of Orthogonal Polynomials 313

Name Weight Function w(x) Support
Legendre 1 x e [-1, 1]
Jacobi (1+x)"(1—=x)" x e [-1,1]
Associated Legendre (1-x?)m x e [-1, 1]

(Ultraspherical, Gegenbauer)

Chebyshev (1%t Kind) (1-x?)"12 x e [-1,1]
Chebyshev (25 Kind) (1-x?) 172 x € [-1,1]
Laguerre e x € [0, )
Associated Laguerre x"e " x € [0, )
Hermite e"‘z x € (-0, )
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* Associated Legendre Functions

P (x): the Legendre polynomial of order n, in fact, P, (x)=PF, ,(x)
They are orthogonal for x € [-1, 1], w(x)= (1 —x’ )m

._11(1 -x’ )m P . (X)F , (x)dx=0 ifnzk

el

2\ 2 +m)!
(1-¢) (£.() dx:2n2+1EZ—nm?!

Ex: Whenm =1,
A,(x)=1 P, (x)=2x

PM(x):l?sz_% P4’1(x):375x3—175x



* Chebychev polynomials 7. + & v filter design % *

| 7 itn=0,
|7z /2 otherwise

1 1 B 1
[ R R (=9 [
n

They are the solutions of  (1-x*)P/(x)—xP!/(x)+n’P,(x)=0

F(x)=1 B(x)=x

Py(x)=2x" -1 P,(x) =4x’ —3x

315



* Laguerre polynomials J10

_____________________ S SR
They are orthogonal for x € [0, ) w(x)=e"
["e B, (x) P, (x)dx =0 [7e (B (x))’ dx= ()
ifn+k

They are the solutions of ~ xP/(x)+(1—x)P/(x)+nP,(x)=0

F(x)=1 P(x)=-x+1

[’2(x):x2—4x+2 P3(x)=—x3+9x2—18x+6



: : 1
* Associated Laguerre polynomials S

______________________________________

where P, (x) is the n' order Laguarre polynomial

They are orthogonal for x e [0, o0) w(x)=x"e"

i o0 2
J-O xme_xpnm (x)l)k,m (x)dx =0 jo x"e " (E%m (X))2 dx (I/l')

B (n—m)!
ifn+k
They are the solutions of  xP/(x)+(m+1-x)P/(x)+(n—m)P,(x)=0
B (x)=-1 B (x)=2x-4

P, (x)=-3x"+18x-18 P, (x)=4x" —48x* +144x—-96
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* Hermite polynomials & &k ~ 5 ~#FH L 47 5% *

______________________________________________

2

They are orthogonal for x e (-c0, ) w(x)=e

2

[[e"B(x)R(x)dr=0 [ e (B (x)) de=2"n7
ifn#k

They are the solutions of  P'(x)—xP!(x)+nP, (x)=0

P (x)=1 R(x)=2x

P, (x)=4x" -2 P(x)=8x" —12x

P,(x)=16x" —48x* +12 P.(x)=32x" —160x" +120x



