319
4. Fourier Analysis

Section 4.1 Definition of the Fourier Transform
Section 4.2 Dirac Delta Function

Section 4.3 Properties

Section 4.4 Uncertainty Principle

Section 4.5 Convolution and Correlation
Section 4.6 2D Fourier Transforms

Section 4.7 The Operations Related to Fourier Transforms (¥ & 7% %)

[1] R. N. Bracewell, The Fourier Transform and Its Applications, 3rd ed., McGraw Hill,
Boston, 2000.

[2] D. G. Zill and Michael R. Cullen, Differential Equations-with Boundary-Value Problem
(metric version), 9th edition, Cengage Learning, 2017.

[3] D. G. Zill, W. S. Wright, and J. J. Ding, Engineering Mathematics, Metric Edition,
Cengage Learning, Taipei, Taiwan, 2019, Chapter 15.



320

Fourier Transform

— Definition (Sec. 4-1)

 Basic | Properties (Sec. 4-3) —— Uncertainty (Sec. 4-4)

L Transform Pair (Sec. 4-1)
—Sinc (Sec. 4-1)
— Dirac Delta (Sec. 4-2)

—Hermite-Gaussian (Sec. 4-4)
—Jinc (Sec. 4-6)

Fourier — Special Functions—

Transform

— Convolution (Sec. 4-5)

- Correlation (Sec. 4-5)

—2D FT (Sec. 4-6)
| Hankel Transform (Sec. 4-6)

Related Transforms —— Hilbert Transform (Sec. 4-7)
— Laplace Transform (Sec. 4-7)
— Mellin Transform (Sec. 4-7)
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4.1 Definition of the Fourier Transform

Fourier transform

3g(x)]= jig(x)e‘jzﬂfxdx =G(f)

iX % Fourier transform

L

inverse Fourier transform
SG(N)]=] G(f)e " df = g(x)

[1] R. N. Bracewell, The Fourier Transform and Its Applications, 3rd ed., McGraw Hill,
Boston, 2000.

[2] D. G. Zill, W. S. Wright, and J. J. Ding, Engineering Mathematics, Metric Edition,
Cengage Learning, Taipei, Taiwan, 2019, Sections 15-2.



Review: Fourier Series of the Complex Form

¢,,(x)=exp(j27”nx) n=..-1,0,1,2,3, ...

form a complete and orthogonal set within x ¢ [_%, %J

0 ifm#n
T ifm=n

(7.6 ()=
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Review: Fourier Series of the Complex Form

(Compared to pages 277, 280)

If g(x) = g(x+7), then

Z C exp( —nx)

where
T/2

-71/2

g(x)conj(exp(] 2]? nx))dx
cC =

n /
J-T 2 exp(]%{znx)conj(exp(jzz{znx))dx

-T1/2

T2
i J_T/zg(x)exp( j 2]? nx)dx

" T
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4.1.1 Derivation and Physical Meaning

Fourier transform can be viewed as the Fourier series where

T — x
Note that, if we set g, =c, T
T/2 o |

En T/2g( )eXp( 2]? )dx g(x)= %eXp(]ZTﬂnx)
Then weset A, =1/T

g, TT/;g( )eXP(—j27mAfx)dx g Z 2,4, exp(]27mA )

/
G(f)= Tszg( )exp(—,27 fi)dx Z G(f)exp(j2r fr)A,

where f nA,, G(f)=g,
If 7 —0, A, -0

G(f)=[ g(x)exp(-j2nfe)dx  g(x)=] G(f)exp(j2xfr)df



Physical Meaning of the Fourier Transform:

expanding a signal as a combination of exp ( j2r fx)
exp( /27 fx)  period: 1/f, frequency: f

G(f): the expansion coefficient for  exp( /27 fx)

g(x)=[" G(f)e”"df
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When will the Fourier transform exist?

Sufficient Conditions:

(1) Ii‘g(x)‘dx@o

(2) g(x) 1s of bounded variations (It means that g(x) can be
represented by a curve of finite length 1n any finite interval of x).



4.1.2 Transform Pair

[Example 1] Find the Fourier transform of
g (x) = exp (—3 |x|)

(Solution):

fi{g(x)} = jie_3|x|e_j2”fxdx = IO

—00

3x _—i2 ® 3x —j2
ee’ ”ﬁcdx+j e e P dx
0

0

o0

_ e3xe—j27zﬁc N e—3xe—j27[fx _ 1 B 1
3—-j2zf|, -3-j2xf|, 3-j2nf -3-j2nf
6

T 9+ f)
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[Example 2]
Find the Fourier transform of the rectangular function I'l(x) where
M(x) = {1 for -1/2.< x<1/2, (page 339)
0 otherwise. 10 12
(Solution):

o o nan [P sin(zf)
9{g(x)} _1—1/26 dx = -2z f s B wf

fi{g(x)} =sinc f  (page 338)



[Example 3]

Find the Fourier transform of the Dirac delta function o(x)
(Solution): From the sifting property of &(x):

j_i5(x — X, )y(x)dx = y(xo) (see page 344)

9'{5(x)} = Iié(x)e‘jz”ﬁdx —e /P70 =

5
(%) height = 1/2b

b—0
area=1/

b b x-axis

329
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Note:

More generally,

5(x—x,)

height = 1/2b
b—0

area =1 /

Xg=b  xytb x-axis
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Linearity Property of the Fourier Transform

If
S[gl(x)]:(;l(f) S[gz(x)]sz (f)

then

Sag (x)+Be, (x)]=aG,(f)+BG,(f)



Duality Property of the Fourier Transform 332

If  3[g(x)]=G(f)
then 3[G(+)]=£(~/)

(Proof): Since
SG(N] =] G(f)e " df = g(x)
B G(x)e”™dx=g(f)

Glx)e " dv=g(~f) == 3[G(x)]=g(~/)

o —00

(® 0O

o —00

Q: How do we compute the Fourier transforms of sinc(x) and 1?
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[Example 4] Find the Fourier transform of sinc(x) where

(Solution): Since
3[I1(x)]=sinc( f)

from the duality property, we have

3[sinc(x)]=T1(-/)=T1(f)
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[Example 5] Find the Fourier transform of exp(j2 7 k x)

(Solution): Since
9{5(x—k)} = /T .‘}'{5(x+k)} = g/?"k]
from the duality property, we have
Gl =5(-f+k)=5(f—k)
(Here we apply the fact that Ax) = &(-x)).

Specially,

(Note): Although 1 does not satisfy the sufficient condition on page 326,
its Fourier transform exists.
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[Example 6] Find the Fourier transform of cos(2 7 & x)

(Solution):



Some basic Fourier transform pairs

g(x) G(f)=%F{gx)]
(1) Ax) 1
(2) 1 Af)
3) k) exp(—j2 7kf)
(4)  exp(j27kx) Af - k)
(5)  cos(27kx) %5(f—k)+%5(f+k)
(6)  sin(27kx) %§(f—k)+%§(f+k)
@ T sinc(/)
8)  sinc(x) [1¢)
(9) exp(-lr)Ux) (k> 0) ——

2k

(10) exp(-klx|) (k> 0)

kz+47z2f2
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N

Ax)

cos(2 mx)

LN o - N
§
L N

sin(2 7zx)

1 (69!

sinc(?) !

Some basic Fourier transform pairs

2
| F
0 L
-1 _
5 5 0 5
4
¥
—>2 [
0
5 5 0 5
4
¥
2 L
—
0
5 5 0 5
5 5 0 5
1. :
“; L i
0 f\/\A/\f
05 -
5 5 0 5
15
05
5 5 0 5
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)

| 8(f-1)/2

+6(f+1)/2

| —jo(f-1)/2
[ +jo(f+1)/2

sinc(f)

11¢)



4%~ Summary of Popular Special Functions

sin(7zx)
X

(1) Sinc Function sincx=

sinc0 =1, (L'hospital's rule)
sincn =0 1f n is a nonzero integer,

sinc x = sinc(—x)

Applications: sampling theorem; 1deal filters

1 T

0.8

0.6

0.4

0.2

0

-0.2

0.4 | | | | | | |
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(2) Rectangular Function | __rectangular function
1 for |x|k1/2 T
11 (x) — f | | . 0.8
0 otherwise 06|
In general, %47
b b 0.2
H(x—a): 1 ifa—§<x<a+§ 0
b 0 otherwise 2, -1I.5 1 -ol.5 (I) o.l5 1 1.|5 2
triangular function
(3) Triangular Function i
08
, 1-|x| for |x|l<1 °|
()= {111 Sor 1xi<t (]
0 otherwise oz}
0
-0.2

-2 -1.5 -1 -0.5 0 0.5 1 1.5 2



(4) Step Function

U(x):{

1 forx>0
0 forx<0

1.2

0.8

04 r

0.2

-0.2

step function

-1.5

-0.5

0.5

1.5
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4.2 Dirac Delta Functions

The Dirac delta function does not have a fixed definition. It is in
fact the limitation of a distribution.

(1) 1 (x) height = 1/2b

area = 1 /

b b _axi
limr, (x) =6 (x) AR

b—0



(2) tri, (x)

lim¢ri, (x) = 5(x)

b—0

height = 1/b
b
height = 1/b

x-axis
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Definition of the Dirac delta function:

(1) I:&(x)dle
(2) 5(x):O ifx#0

(3) §(x) = 5(—x)
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Properties of the Dirac delta function:

(1) &(x)= g; U(x)  U(x): unit step function

5(x—k)=4U(x~k)

(2) Sifting property

J-:5(x—k)g(x)dx=g(k)

(Proof):

|~ o(x—k)g(x)dx

-tim g [ g(x)as 1
i de] Tty —

k-b k+b
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(3) Sifting property (without integral)

5(x—k)g(x) = 5(x—k)g(k)
(4) Scaling property
5(ax) = |71‘5(x)

(to balance the integral)

@ 00

5(x) B =L[” 5(x)dx

oJ—0 a ad ¢J—o

._005()6') d; = _al j:é(x)dx

fora>0 [ 5(ax)dx:

o —Q0

fora<0 [~ & (ax)dx =

o —00

o/ 0O

(5) Convolution property
g(x)*5(x)=g(x)

Specially, &(x)*5(x)=35(x)



(6) Integral for exponential functions 346

joo ejz”fxdf = 5(x)

—00

It 1s directly from the fact that
Se(h =1 31 =5(x)

(7) Generalization of the integral for exponential functions

J‘: ej27rfg(x)df _ 5(g(x))
™~

How do we define 1t?



(8) Ag(x))
If g(x) = 0 only at x = x,,, then
_o(x—x,)
o1& =To)
(Proof):
g(x)zg'(xo)(x—xo) when X=X,
_ , _ _ O(x—x,)
5(8(x)=5(8'(x)x=x)) =7 EN]
In general, if g(x) = 0 only at x = x, x,, ..., x,, then

o(x—x,)
(g() Z|g<x>|
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N L) freemr)ar

=| 5(r)g'(x—7)dr  (from the sifting property)

348



(10) Properties related to derivative of &(x)

i) &'(x)=-6"(~x)

(i) |~ &'(x—x,)g(x)dx=~g'(x,)

(i) &'(x—x,)g(x)=0"(x—x,)g(x,)—(x—x,) g (x,)

(Proof): Since

349



(11) Higher order derivative of &x) 350

5" (x)*g(x) _ g(n) (x)

.0:05(”) (x—xo)g(x)dx — (_1)” g™ (xo)

[~ 5™ (x—x,)dx=0 whenn>0

o —00

5(")(x):O when x # 0
()= 8-



4.3 Properties of the Fourier Transform

4.3.1 Listof Properties

(x)]= j x)exp(—j27zf x)dx
(1) Recovery |
(inverse Fourier transform) g (x) - j_ G(f )exp(] 27 fx ) If
2 I 0 -
DC preperty) G(0)=] e(x)dx  £(0)=["G(1)ar
(3) Modulation Fg(x)e™ |=G(f- 1)
(4) Time Shifting Flg(x—x,)]=G(f)e />
(5) Scaling g[g(ax)] = ﬁG(%)
(6) Time Reverse fi[g(—x)] = G(—f)

351



(7) Real / Imaginary Input

If g(x) is real, then G(f) = G*(—/);
If g(x) 1s pure imaginary, then G(f) = —-G*(—f)

If g(x) = g(—x), then G(f) = G(—f);

(8) Even / Odd Input

If g(x) = —g(—x), then G(f) = -G(-f);
(9) Conjugation fi[g* (x)} =G"(-f) fi[g* (—x)] =G*(f)
(10) Differentiation ¥ :g'(x)] =j27xfG(f)

(11) Multiplication by x

Fxe ()] =2 G'(1)

(12) Division by x

9{@}—1'2%;(?(#)61#

X

(13) Parseval’s Theorem
(Energy Preservation)

| e ax=[_le(r) af

(14) Generalized Parseval’s
Theorem

o0

[* g(x)n (x)ax=[" G(/)H (f)df

—Qo0

352



(15) Linearity

Flag (x)+bh(x)] = aG( 1)+ bH ()

(16) Convolution

(
If z(x)=g(x)*h(x)= jig(f)h(x—f)dr,

(17) Multiplication

(18) Correlation

(19) Two Times of Fourier
Transforms

(20) Four Times of Fourier
Transforms

353



(Proof of (2) Integration Property)
G(f)=] exp(-j2zfx)g(x)dx

G(0)=[ exp(-j270x)g(x)dr=[ g(x)dx

(Proof of (5) Scaling Property)

F|g(ax)|= I:exp(—j27zfx)g(ax)dx
_ j_i exp(—j27zf%)g(x') |dc)zc’|

= ﬁ J:exp(— jond x'j g(x")dx' = |71|G(£)

a

Property (6) 1s a special case of Property (5) where a = -1.

354



355
(Proof of (7) and (9))

G (—f)= j:exp(j2ﬂfx)g(x)dx

~ I_i exp(—j27f x)g" (x)dx = f}'[g* (x)] ((9) is proven)

If g(x) 1s real, then

(Proof of (10) Differentiation Property)
g(x)=5"[G(/)]=]_exp(j22f x)G(f)df

%g(x):I:jZﬂfexp(ﬂﬂfx)G(f)df25_1 |27 f G(f)]
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[Example 1] Determine the Fourier transform of the following signal.

g(x)=3 for x| <1,
g(x)=1 for1<|x[ <3, g(x)=0 for |x|>3

(Solution): Note that
<()=2n1(3)+113)

g(x) 201(x/2) I(x/6)

[ ] — %] LS ]
] — (%] (]
] — (%] (]

-5 fI] 5 -5 fIJ 5 -5 fIJ 5
Therefore, G(f)=2-2sinc(2)+6sinc(6f)
=4sinc(2 )+ 6sinc(6f)
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[Example 2] Determine the Fourier transform of the following signal.

g(x)=xexp(—|x|)

(Solution): From page 336, we have

Flexp(—|x])]=

1+ 4 2 f?
Then, from the differentiation property ¥ [xg(x)] = ﬁ G'(f)
fi[xexp(—|x|)]=2Jﬂac,"]’fl_|_42 : 2
I f

.(1+47r %)
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[Example 3] Determine the Fourier transform of the following signal.

g(x)=exp(-3|x—1|+,67x)

(Solution): Since

g -3 __ 6

[eXp( |x|)] 9_|_472_2f2
g [exp(—3 [x -1 |)] 94 422 IZ e time shifting property
F[exp(-3]x—1|+,67x)]= 0 Pty

O+47x*(f -3)’
modulation property
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[Example 4] Determine the Fourier transform of the following signal.
g(x)=cos(67x) for0<x<S8,
g(x)=0  otherwise

(Solution): Note that

g (x)=cos(67x) (x 4)

8
:%exp(]&zx H(XS 4)+%exp(—j6ﬂx)ﬂ(x_4)
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f}':H(x_4)J =8¢ /" sinc (8 f)

8
¥ :exp( j 67zx)H(xT_4ﬂ =8¢ /" sinc(8(f—3)) (modulation)
.‘i[exp(—j67zx)1_[(x g 4)} =8¢ /"I sinc(8(f +3))
Therefore,
Fg(x)]

— %g[exp(j6ﬂx)H(XT_4)J +%fi[exp(—j6ﬂx)ﬂ(xg4ﬂ

= 4¢PV ginc(8(f —3)) +4e "V sinc(8(f +3))
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4.3.2 Real, Imaginary, Even, and Odd Parts

Moreover, from Properties (7), (8), (9), we can conclude that

(i) [ Re{g(x)}]

() S jgm{g(x)}]=1(G(/)-G"(-1))

HG(n+6' (=)

(Practice to prove them)



Also, any function can be decomposed into

1 g(x)=g.(x)+g,(x)
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One can prove that

3e.(x)]=G.(f) 3, (%)]=G,(f)

3[g.,(x)]=G.. (/) 3[g..(x)]=G..(f)

g, (x)]=G,.(f) 3[g,.(x)]=G,,(f)
\ note /
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g(x)=g,,(x)+g,.(x)+g,, (x)+g,(x)

R

Q
R
W

G(f)=G.,(f)+G,,(f)+G,.(f)+G,,(f)



365

4.3.3 Parseval’s Theorem

J gt ac=[ [G(r) af

Parseval’s theorem is also called the energy preservation property,
Rayleigh’s Theorem, or Plancheral’s Theorem.

(Proof):
_OO g(z)e ™ drdf

j_";G( )G (f)df = j_"; j_fo g(x)e > dx|

@O0 OO

[ g (o) [ e ar |avar

00

o —00 o —00 —!

*O00 (OO

= g(x)g"(r)o(7—x)drdx (from page 346)

o —00 ¢ —00

(® OO

=| g(x)g"(x)dx (from the sifting property)

= [ lg(x) dx



366
Generalized Parseval’s Theorem

o0

[ g (x)ax= [ G(/)H' (1)df

—Q0

It also called the power theorem.



[Example 5] Determine the following integral:

J-_i sinc” (x) dx

[Example 6] Determine the following integral:

J'_Z cos(87x)sinc(3x)dx

(Solution): Since

¥

¥

:cos(87zx)]:% 5(f—-4)+5(f+4))
sinc(3x)] = %H(%)

Jmo cos(87zx)sinc(3x)dx = j

Lo(r-a)+atra)in(Lar

6[3/2 (f-4)+5(f+4))df =0
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4.4 Uncertainty Principles 308

4.4.1 Uncertainty Principles from Different Views

(1) From the Point of View of the Scaling Property

F[g(ax)]= 1 G(i)

lal\a
wide 1n the time domain — narrow in the frequency domain

narrow 1n the time domain — wide 1n the frequency domain

n ' ' ‘ p 1

05: 74 05: 1 . f
H(2x) ‘0 N 4 -0\/\/ ESIHC(EJ




(2) From the Point of View of Equivalent Width

Equivalent Width in the Time Domain:

I g(x)dx
W, ===
g(0)
. . G(0)
from the integration property W, = 2(0)

Equivalent Width 1n the Frequency Domain:

[“a(ndr (o)
G(0)  G(0)

Product of the Two Equivalent Widths:

G(0) 2(0)
g(0) G(0)

W, =

=1

W W, =

g
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(3) Heisenberg’s Uncertainty Principle

For a signal g(x), if\/;g (x)=0 when |x| — oo, then

6,0, > 1/dn

where o2 =[(x-pu)?P,(x)dx o} =[(f~u, VB (f)df,

u, =[x P, (x)dx, uy = f B (S
g(x) [ GNP
P = ) PG = R
) Jlg@)F ) JIGUNHEar
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(Proof of Henseinberg’s uncertainty principle):

For simplification, we consider the case where x, = u,= 0

Then, use Parseval’s theorem
o _[¥ e ax [ £1GOOF df
o JleeFas [IGNHFdf
1 [ le)F dx [l g'Go)F dx
47" [lg@)F dx [lgx)F dx

Here, we apply the fact that

[lg) P dx=[1G(NI df
[IlgF de=47>[ £ 1G(N df

A

g'(x)]=j27fG(f)



Jx 18 dxf|g'()F dxz(

vV

372

2
]/2

/4 (using |a+b|? + |a—b|* = 2|al?)

From Schwarz’s inequality <g(x),g(x)><h(x), h(X)> > ‘<g(x),h(x)>‘2

2

d

ng* (x)ag(x)dx +

ng(x)%g*(x)dx

2

J(xg’k (x)%g(x) + xg(x)%g*(x)jdx

2

jx%[g(x)g*(x)]dx /4= Y

xg(x)g" (0] —[g" ()g(x)dx

(xg()g' (0 —xg@eg’ @) |-[g' e /4

[leeor a’x‘z /4




4.4.2 Gaussian and Hermite-Gaussian Functions

Gaussian function:  exp (—7zx2 )

1+

0.8 -

0.6 -

04

0.2

0

-3 -I2 -1 CI) ‘; 2I 3
The Gaussian function is an eigenfunction of the Fourier transform
with eigenvalue = 1:

S[exp(—ﬂxz )} = exp(—ﬂfz)
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S[exp(—mcz )] — eXp(_ﬂJd) 374

(Proof): From the fact that

J.OO e—(at2+bf)dt _ /7Z'/Cl .852/40 M. R. Spiegel, Mathematical Handbook of Formulas
—0 and Tables, McGraw-Hill, 3 Ed., 2009.

we have
. 2
Vo —x? X’ —j2rfx v/ L] —7rf2
J{e }:j e el dx= e * =e"
—00 72'

The Gaussian function 1s not the only eigenfunction of the Fourier
transform.



375

The Gaussian function satisfies the lower bound of Heisenberg’s
uncertainty principle.

9’[6_”2} e/
[ lg(x) de=]" e dax=A1/2
use J: e gy — Nr/la Lol 4a

I: X ‘g(x)‘z dx = j_z x2e ™ dx = ZJ‘: 2o 27 df =

_23/2] _Nmi2_ 1
227y )" aor

© m —ax F[(m + 1) / 2]
use -..0 dx = 2 g2

r(1/2)=~z  T(n+1)=nl(n)
j x|g (x \ dx L 2_I_2x2\g(x)\2dx_ 1

j g(x) T I:\g(x)‘zdx Ar
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2_ 1 _ |1
O 4 Ox = iV
Since G(f) = g(f),
_ |1
Gf E
Therefore,

2
—7TX

0.0, :4172 1f g(x)ze

Note: Other Hermite Gaussian functions do not satisfy the lower bound of
Heisenberg’s uncertainty principle.



S[Hn (\/%x)exp(—ﬂxz )} =(—j) exp(—ﬂfz)Hn (\/Ef)

H (x): The Hermite polynomial of order n (see page 318).
H, (x)=1 H,(x) = 2x

H,(x)=4x-2 H,(x)=8x"—12x

H,(x)=16x"-48x" +12 H.(x)=32x"-160x +120x
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*t4&x ~ Convolution

o0 o0

g(x—7)h(r)dr =I g(t)h(x—7)dr

—00

Convolution: g(x)*h(x)= I

—00

Specially, 1f g(x) = 0 for x <0 and /(x) = 0 for x <0, then

Convolution (causal form):
g(x)*h(x)= J.Owg(x—r)h(r)dr = J.Ooog(r)h(x—f)df

Physical meaning: The effect of the input on the output is determined
by their time difference.

y(x) =Iowg(r)h(x—r)dr

output  input effect of g(7) on y(x)
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y(x)= IO g(z)h(x—7)dr
/ / \

output  input effect of g(7) on y(x)

y(x)=g(0)h(x)A+g(A)h(x—A)A+g(2A)h(x—2A)A
+---g(x)h(0)A

Any linear time-invariant system can be expressed as the
convolution form.



[Support Theorem]:

If the support of g(x) 1s x € [x,, x,]

(1.e., g(x) = 0 for x <x, and x > x,)
and the support of /(x) 1s x € [x3, X4],
then the support of z(x) 1s

X € [x;F x5, X+ xy]
(Proof):

z(x) =J-j:og(r)h(x—r)dr :j

X1

X

g(r)h(x-7)dr
h(x—7)#0 whenx— 7€ [x;, x],

X € [x3+ min(7), x4 + max(7)] = [x; +x3, X+ xy]
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*+4%4 Change of Independent Variables for Integrals

J' j ......... dxdy = j j ......... C~' dwdv
_%w %w_ ox  Ox | [ Ox Ox
X y ow Ov _ ow Ov
here C =det = det : ' = det
WhHETE ov v Oy 0y ©mdtey oy
| Ox Oy | | Ow  Ov] | Ow OV

For the indefinite integral case

Ow Ow] Cox  ox |
9, 0
C =|det * Y =|det ow. Ov
ov Ov oy 0Oy
' Ox Oy L Ow  Ov_




4.5 Convolution and Correlation

4.5.1 Convolution Property

o0

If  z(x)=g(x)*h(x) zj g(r)h(x—7)dr,

—Q0

then Z(f)=G(f)H(f)

convolution ===) multiplication
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(Proof): If z(x):g(x)*h(x):f g(t)h(x-7)dr, 383

00

FG(f)H(f)]= j_“;[ [" e g(z)dr jjoeﬂ”ﬁh(t)dt}eﬂ”fwf

fo0 oo J‘OO e g (2)e (1) e drdrdf

o0

o —00 o — —Q0
o0
00

co0 o0 |:jw e_jzﬂfre_jz;zftej27rfxdf:|g(z-)h(t)dfdf

—Q0

[ [ olx—r-0)g()h()drdr=["| [ 5(c+7-x)h(o)de |g(7)dz

=| h(x—7)g(r)dr=z(x)

o —00

Therefore,

Flz(x)]=G()H(f) Z(f)=G(N)H(S)



[Example 1] Determine the Fourier transform of 334

(x+1 for—-1<x<0
A(x)={1-x for0<x<I We (I:all it the triangylar f}lnction.

1k

0 otherwise

0.8

06

(Solution): 04
Note that A(x)=TI(x)=*II(x) 7l

[ (x)*1(x)= [

—00

0

[I(7)[(x—7)dr = J-l/z [I(x—7)dr

-1/2

)= 1.1 _1 1
[I(x—7)=1 for S <X=T<5, he, X—5 <T<X+3

When x —1/2>1/2or x +1/2 <-1/2,1.e.,x >1orx <-1,
" [I(x-7)dr=0
1/2 x+1/2 -2
When -1 <x <0 H(x—r)drzj l-dr=x+1

-1/2 -1/2

1/2 1/2
When 0 <x <1 H(x—r)drzj l-dr=1-x

-1/2 x—1/2
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Therefore,

[I1(x)]=sinc® x

Gy

F(x)]
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[Example 2] Determine the inverse Fourier transform of

_ 1 1
G(f)_1+72'2f2 ]7Z'f+1

(Solution): Note that

2.2 1
G(f)=2 _
/) 4+4n’ f* j2rf +2

From page 336

G- 2-2 _ -1 1 _
g L+4ﬂ2f2}—exp(—2x) g [jzﬂerz}—exp(—Zx)U(x)

g(x)= 2exp(—2|x|) xexp(—2x)U (x)

=2 exp(—2 T )exp(—2x+27)U(x—r)dT

* X

=2 ooexp(—2 T )exp(—Zx + 2r)dr




= wa exp(—2‘r‘)exp(—2x + 22')d7

When x <0, since T € (-0, x], 7< 0 is always satisfied,

exp(—2‘r‘) exp(27)
exp(2x)

g(x):2exp(—2x)j_wexp(4r)drz >

When x > 0,

2eXp [ eXp 47 dr+j df}

= exp( 2)6)[l + ZXJ

(\&)
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[Example 3] Determine

sinc () *sinc(¢)

[Example 4] Determine

sinc(¢)*sinc(2¢) *sinc(3¢)

[Example 5] Determine

5(t)*5(¢)

[Example 6] Determine

sinc(4¢)*sin(27¢)

388
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[Theorem 4.5.1]

g(x)*5(x—x0) = g(x—xo)
Specially,

g(x)*(x)=g(x)

(Proof):
5[g(x)*5(x—xo )] B 5[g(x)]9’[5(x—xo )]
=G(f)exp(—j27x,f)
g {g[g(x)*5(x—x0)]} =5 [G(f)exp(—j27zx0f)]

g(x)xd(x—x)=g(x-x,)

(from the time-shifting property)
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4.5.2 Multiplication Property

If z(x)=g(x)h(x)
then Z(f)=G(f)*H(f)=| G(s)H(f-s)ds

multiplication convolution
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(Proof): J[Z X)] J[g )]

= U sj e H(u)du} 2L Iy
=[] [ ”™G(s)e”™ H(u)e "> *dsdudx
- U o755 g2 fz”fxdx}G(s)H(u)dsdu
_jj (s+u—f)G(s)H (u)dsdu
"G s

Therefore,

Z(f)=G(f)*H(f)=[_ G(s)H(f~s)ds



[Example 7] Determine the Fourier transform of

g(x)= cos(4ﬂx)rect(%)
(Solution):

g{rect(%)} = 6sinc(6 /)
F{cos(4mx)} =1[5(f -2)+5(/ +2)]

Therefore,

G(f)=6sinc(6/)=5[5(f=2)+5(f +2)]
G(f)=3sinc(6(f —2))+3sinc(6(f +2))
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4.5.3 Correlation

Correlation

z(x)=corr(g(x),h(x))= j_ig(r+x)h*(f)dr

Auto-Correlation

a,(x)=corr(g(x),g(x))= j_ig(r+x)g*(r)df

Applications: Matched filter, communication, pattern recognition,
signal detection ......
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[Theorem 4.5.2] In fact, correlation is equivalent to convolution with
the conjugate + time reverse of a signal.

corr((x), ()= 8 (x) ¥ (=)
(Proof):
g(x)*h"(-x)= _Oo g(x—7)h(r)dr where h(x)=h"(-x)

0.0)

:.“"’ g(x—7)h’ (-f)df

= _j x + T dT z-new _Told

=jj:og(x+r)h*(r)dr

=corr(g(x),h(x))
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Since

we have

F| corr(g(x).h(x))]=G(f)H" (f)
Specially, if a,(x) 1s the auto-correlation of g(x):
a,(x)= corr(g(x).g(x))

then

Fa,(x)]=G(f)
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4.6 Two-Dimensional Fourier Transform

4.6.1 Rectangular Coordinate

Two Dimensional Fourier Transform
3,02 (x,0)] j j (x,y)e > K 2™ dxdy = G( f,h)
Two Dimensional Inverse Fourier Transform
30 [G(f.h)]= j Lo (f,h)e”  e™ dfdh = g (x,y)

Possible Applications: Image processing, optics, electromagnet wave
propagation analysis, ....

[1] R. N. Bracewell, The Fourier Transform and Its Applications, 3rd ed., McGraw Hill,
Boston, 2000.
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Physical meaning: Express a signal by a linear combination of

ej27rfxgj27rhy
£ 1s the number of periods per unit of x

h 1s the number of periods per unit of y
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real part of e’/

Bright colors mean higher values and dark colors mean lower values.

2 1 0 1 2

(b) =2, h=0

]

-2

) 1 0 1 2

(@fzahzs (®f=2h=3

-2 0 1

N
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[Example 1] Find the 2D Fourier transform of

g(x,y)=sinc(x)sinc(y)
(Solution):

G(f.n)=]"

00 o —00

00

e /e 2™ sinc(x)sinc( y) dxdy

— f f g /2R sinc(x)dx} e 7™ sinc(y)dy

- I:H(f)e_jz”hy sinc(y)dy

=T1(f)| e ™ sinc(y)dy =TI(f)T1(h)

—00
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[Example 2] Find the 2D Fourier transform of

g(x.y)=M(x)
(Solution):  G(f,h)= _[: j_io e P e T (x ) dxdy
— j:[j: ej2ﬂﬁcn(x)dx} e ™ dy = sinc(f)J‘_O:o e ™ dy
=sinc( f)5(h)

[Example 3] Find the 2D Fourier transform of

g(x,y)=sin(27(x+2y))
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4.6.2 Circular Coordinate Conversion

g(x,) g(r,0) x=rcosf, y=rsin@
G(f.,h) G(s,9) f=scos¢, h=ssing

G(f,h)= joo jie‘jz”fxe_jzﬂhyg(x,y)dxdy

—00

© 2 Tsrcos@dcosl — j2msrsindsin -
G(S,¢)=j0 jo g IATITCospeosOgmIRmsngsnG o ( O)\C™'dQdr
[ Ox  Ox | .
where (! — det or 06 _ det C?S@ —rsiné .
oy Oy sinf  rcosé@
(page 381) o 06

G(S,¢) _ J-Ooo -‘-O2ﬂej27zsrcos(¢9)g(r’ Q)rdﬁdr



[~ 2 —j27srcos(p—0) 402
G(s.9)=| [ e g(r,0)rdOdr

Specially, 1f g(r, 6) 1s independent of &
g(r.0)=g(r)
G(S,¢) j0w|:j2ﬂ e_j2ﬂ3r005(¢_9)d9:| rg(},.)dr

0

From the fact that

(p=9¢-0)

J-27r e_jxcos(¢_9)d9 _ _J‘¢—27Z e_jxcosq)dgﬂ _ J‘¢ e—jxcosgodgp
0 @ ¢-2r

— J' 2”e‘fxcos(<”)d¢ =2rJ, ( x) «___ Bessel function of the 1* kind
0

of zero order, see pages 201-
(cos@ has a period of 2 7) 203

We have G(S,¢)=27ZJOOOJO (27sr)rg(r)dr (Note that it is
o ind dent of
G(S):Zﬂ'j() Jo(27zsr)rg(r)dr ndependent of ¢)



403
Hankel Transform

27zj (27zsr)rg(r)dr

It 1s 1n fact the 2D Fourier transform for a rotationally symmetric
signal.
g(r.0)=g(r)

Inverse Hankel Transform

27[_[ (27zsr)sG(s)ds

It has the same form as the forward transform.
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Several Hankel Transform Pairs

() If g(r)=0(r—r)

then G(s)=27zrJ,(277,s) C / X

Note that
27ZJ. (27zsr)ré(r—r,)dr

(from page 344(2))
=2rJ, (27zsr0 ) A
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(i) If g(r)=circ(r)

1 forr<l
0 forr>1

circ(r) :{

then G(s)= 4 (27”)\
> Bessel function of the 15 kind of 1% order,
See pages 201-203.




406
Jinc function (also called the Besinc function).

. J (s
jinc(s) = gs)

If g(r)=circ(r) G(s)= Jl(iﬂs) =4 jinc(2s)

It plays a similar role as the sinc function.

1*

jinc(s)
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Hankel
transform

g(r)=circ(r): > G(s)=4jinc(2s)
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4.7 The Operations Closely Related to the
Fourier Transform (= %37 %)

(1) Two-Sided Laplace Transform

F(s)=£{f(} =] e f(t)dt
Note that when
s=j2nf
it 1s reduced to the Fourier transform. When
s=o0+j2nf
it 1s equivalent to the Fourier transform of exp(—o?)f(?).

LU, ey = € e f(0)a
LU oy =3[ 0]
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(2) One-Sided Laplace Transform

F(s)=L{f()}=] e f ()t

When
s=o0+ j2rf
it 1s equivalent to the Fourier transform of exp(—o?)f(¢) U(¢).

L{fD} ey =37 FOU@) ]

U(%): unit step function

It has less physical meaning, but the probability that the transform
exists 1s higher. It 1s suitable for solving the initial value problem.



FT S[g(x)]:jjog(x)e—jzfzﬁcdx:G(f) 410

inverse FT 3 [G(f)] = I:G(f)ejz”fxdf =g(x)

(3) Fourier Cosine Transform

When g(x) is even, the FT is reduced to the Fourier cosine transform.
3, [ g(x)] = jo‘” g(x)cos(27 fx)dx=G.(f)
4J‘ Jeos(27 fx)df = g(x)

(4) Fourier Sine Transform

When g(x) is odd, the FT 1s reduced to the Fourier sine transform.

(x)]= j )sin (27 fx)dx =G, ( f)
4_[ )sin (27 fx)df = g(x)
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(5) Hartley Transform

3. lg(x)]= Jig(x)cas(hzﬁc)dx =G, (f)

where cas(x) = cos(x) + sin(x)

3G ()] = j G,,(f)cas(27z fx)dx = g(x)

real input — real output



(6) Mellin Transform
3, [e(0)]= [ g (x)x"dx =G, (5)

If we set x = exp(-?), % =—x, dt=-x""dx,then

G, (s)= jjog(e_t)e_“dt
It 1s the two-sided Laplace transform of & (e_t)

It is suitable to deal with the fractal (#-2), since i1f
g(ex)=4g(x)

then
g(e_Hlnc):lg(e_t)

412
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(7) Hilbert Transform
gu (x)=3"{3[g(x)]H (/)]
where
(—j if >0
H(f)=10 if f=0
WAR/AVAS

Note that -1 [H(f)] :jJ-_O eﬂ”ﬁ‘df—j_‘-:ejz”fxdf

B 0 . 00 .
=lim jJ‘_ e"feﬂ”fxdf—jjo e_"fejz”fxdf}

c—0
B . 0 . 00
. ‘ of j2nxf . —-of _j2rxf
— lim j e 8‘ — e e.
o—0| "o+ j2rx| 7 -0+ jorx|,

—lim| j—L 4 ] }:um_ rx -1

o0 Y o+ j2nx T —o+ j2nx | oo0g? +4x%xE X
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Therefore, h(X)
Lo 2l g

g (x)=g(x)* x Jom(x—1)

h(x) ° j




! |

¢ (x) = cos(2hr) = o (x) = sin(27kv)
k#0 -

g(x)=sin(2rke) ===y ¢ (x)=—cos(27kx)

k#0
(Proof): If g(x)=cos(2kx)
then G(f)=L5(/~k)+55(f +k)
H(f)G(f)=F8(f ~k)+55(f +k)
SG(f)H(f)} =sin(27kx)

0Q

T

—~~
-

S~
I
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&) Analytic Si | :
(8) Analytic Signa reconstruction:

g, (x)=g(x)+ /gy () g(x)=Re{g, ()|
Since if g(x) is real
Flg,(x)|=%[g(x)]+ j%|gu (x)]

G, (f)=G(S)+H(f)G(f)=(1+H (f))G(f)

(2 if £>0
L+ jH(f)=q1 if /=0
0 i f<0

we have 2G(f) if f>0 (It 1s called the ‘single

G(f) if f=0 sided band signal’)
0 if <0

N

G,(f)=

(halve the bandwidth)
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(9) Fractional Fourier Transform

X¢ (u) _ \/1 —jcot¢ ej”00t¢'u2 j‘_o; —j2mcscpur __ jr-cotPt x(l‘)dl‘
When ¢ = 0.57, the FRFT becomes the FT.
Physical meaning: Performing the FT a times, ¢=0.5ar

[Ref] L. B. Almeida, “The fractional Fourier transform and time-frequency
representations,” IEEE Trans. Signal Processing, vol. 42, no. 11, pp. 3084-
3091, Nov. 1994,

[Ref] H. M. Ozaktas, Z. Zalevsky, and M. A. Kutay, The Fractional Fourier

Transform with Applications in Optics and Signal Processing, New York,
John Wiley & Sons, 2000.

[Ref] V. Namias, “The fractional order Fourier transform and its application to
quantum mechanics,” J. Inst. Maths. Applics., vol. 25, pp. 241-265, 1980.



Fractional Fourier transforms for a rectangular function

$=001%

=

¢$=0
1 rectangle
b=02n

$=0.05n

4
\
N

sinc function

blue lines: real parts; green lines: imaginary part
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(10) Linear Canonical Transform

d 1 .
1 Jr—u® poo  —J2m—ut jm—t
X pom ()= e’ [Te e x(t)a
where ad — bc =1
X a b 0 1 Fous ]
= t
when . g 10 ourier transform

when | ¢ b _ cosg  sing fractional Fourier transform
c —sing cos¢

[Ref] K. B. Wolf, “Integral Transforms in Science and Engineering,” Ch. 9:
Canonical transforms, New York, Plenum Press, 1979.
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Summary of Transforms

Fourier Transform G( f ) — j N g( x)e—ﬂ”fxdx

G(f.h)=
f f g(x,y)e’ e 2™ dxdy

2D Fourier Transform

Hankel Transform 27Zj (27zsr)rg(r)dr
Two-Sided Laplace "
= H)dt
Transform G(S) )€ g(®)
One-Sided Laplace G(s)= [ e o(r\dt
Transform ( ) 70 &)

® 00

Fourier Cosine Transform G.(f)=| g(x)cos(27 fx)dx

J0

(® 00

Fourier Sine Transform G (f)= s g (x)sin (27 fi)dx




Hartley Transform

G, () =] g(x)cas(27 fi)dx

Mellin Transform

G, (s)= joog(x)xs_ldx

0

gy (%) =3 {3[g(¥)]H (/)]

Hilbert Transform H (f ) —J for f >0,
H(f)=j for f<0, H(0)=0
Analytic Signal g, (x)=g(x)+jgy (x)

Fractional Fourier
Transform

X, (u)= \/1 — jcotd gireotpu

—j2 u t
J‘ j2m-cscPut ]7Z'C0 ¢t x(t)dt

Linear Canonical
Transform

(ade)(u) / eﬂrdu /b

j_oo e—]27z ut/beﬂratz/b x(l‘)dl‘
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