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8. Component Analysis

Section 8.1 Singular Value Decomposition (SVD)

Section 8.2 Principal Component Analysis (PCA)



674
8.1 Singular Value Decomposition

If A is a square matrix, then we can perform eigenvector-eigenvalue
decomposition for A:
A =EDE"

A=Aef +Aef) +-+ A, e fay + Avenfn

where f
fH

E=[e, e, - e, E'=|" Ae_=41¢e_
AN

If |4,| is the largest, then
Ae fo

m m m

1s the most important component of A.
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8.1.1 Singular Value Decomposition Process

Q: How do we perform eigenvector-eigenvalue decomposition for A
if A is not a square matrix?

size(A)=MxN, M=#N

We can apply the singular value decomposition (SVD) process as
follows.

(Step 1) Generate B and C
B=A"A C=AA"

(Note): Since B is an Nx/N square matrix,
C 1s an MxM square matrix,
therefore, it 1s possible to derive the eigenvector sets for B and C.
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B=A"A C=AA"

(Step 2) Perform Eigenvector-Eigenvalue Decomposition for B and C
B=VDV" C=0QU"

(Note): Since B =B, CH = C, B and C have orthogonal eigenvector
sets and U and V are orthogonal matrices.

(1) It 1s necessary to normalize [Jand V properly such that
ViV = "0 =1

then
B=VDV" C =U0qQU"

(11) It 1s proper to sort the eigenvalues of B and C from large to small.

The eigenvectors are also sorted according to eigenvalues.
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(Step 3) Then, we calculate

S, =U"AV
S, will be an MxN diagonal matrix
S, [m,n]=0 if m#=n

(Step 4) Varying the sign of S, and U
Sm.n]=s,[m.n]

U[m,n]|=U[m,n] ifS[n, n]>0,

—U[m,n] if §,[n, n] <0, (varying the sign
of the n™ column)

U[m,n]
(Note): With sign change,
§=pu¥AvV and C=UQU"

are still satisfied.
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(Step 5) Then, the SVD of A 1s

/A/ USVH\
eigenvectgr matrix diagonal matrix, eigenvector matrix
of AAY, size: MxM size: MXN of AHA, size: NxN
If

U=[u1 u, - uM], V=[V1 vV, - VN]
then

_ H H H H

/ S, 28, 228 =8k
where K = min(M, N)
most second

significant  significant s, =S[n,n]




itM<N

s, 1s call the singular value

679
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[Example 1] Perform the SVD for the following matrix

e
A=|-1 1
-1 1

(Solution): First, we determine

8 0 0
B=AHA:{6 2} C=AA"=|0 2 2
26 02 2

Then, we perform eigenvector-eigenvalue decomposition for B and C:

el e

B=VDVH" where V=

1/2 —1/42 0 4

(with normalization)
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c=0Qu"
10 0 | 8 0 0]
where U=|0 1/42 1/+/2 Q=0 4 0
0 1/V2 -1/42] 0 0 0]

(with normalization)

Note: The eigenvectors should be (1) normalized and (11) sorted
according to the magnitudes of the eigenvalues.

Then,




Then,

Ve o
0 |2|-
0 0

/8

0
O

OI\JO
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Since S,[2, 2] < 0, we change the sign of the 2" column of U and obtain

Therefore,

[ 1

A =USVH

0
“1/\2

[ 1
U=|0

1/~2
~1/V2 -1/+2]

0
“1/2

~1/V2 -1/42)

0

0

1/2

where

RE

0
O

Ol\)O

E

/2 1742
1/J2 =1/42

|



Note that

. H H

=
A=Bl0| L -]
s 4

/

principal component

|+2

0
v

/

minor component
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(Note):

(1) In fact, the eigenvalues of B and C has a close relation to the
singular values of A.

S"S=D SSH =0
Sz[n,n]zD[n,n]zﬂ[n,n]

Since
A =USVY

B=A"A =vStutusv! = ystsyH
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(Note):

(2) Even when M = N (i.e., A 1s a square matrix), the SVD may not be
the same as the eigenvector-eigenvalue decomposition.

For the SVD, U and V are both orthonormal matrices and the singular
values are non-negative.

However, for a square matrix, the eigenvectors may not be orthogonal
and the eigenvalues can be negative (even complex).

(3) Moreover, since U and V are usually different and VH = U-!, one
cannot use the SVD to compute the power of a matrix.
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[Example 2] Determine the eigenvector-eigenvalue decomposition

and the SVD of A.
2 -1
A =

(Solution): The eigenvalues of A are 2 and -1.

The eigenvectors corresponding to 2 is [1 0]!
The eigenvectors corresponding to -1 is [1, 3]!

I

Therefore,
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To perform SVD for A,
4 2 5 1
B=A"A= C=AA" =
-2 2 1 1
\% D vH

1 0.8507  0.5257 ]| 5.2361 0 0.8507 -0.5257
1-0.5257 0.8507 0 0.7639 || 0.5257 0.8507

~

U ] Q oY
_{0.9732 —0.2298} 52361 0 }{0.9732 0.2298}

102298  0.9732 0 0.7639 || —0.2298 0.9732

0.9732 —0.2298 HA‘0.8507 0.52577] [2.2882 0
0.2298 0.9732 | = |-0.5257 08507 | 0  —0.8740

0.9732 0.2298 || 2.2882 0 |[0.8507 -0.5257
0.2298 -0.9732 0 0.8740 ]| 0.5257 0.8507



8.1.2 Generalized Inverse Using the SVD

Suppose that the SVD of A is
A=USV"

Then the generalized inverse of A 1s
AT =vSsUu"

where
S*[n,n]=1/8[n,n] if S[n,n]=0

S*[n,n]=0 if S[n,n]=0

Size(S+):NxM if size(S)=M xN

6838
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(Proof):
AA*A =USVVSTUMUSV! = USss* svH
If
S,=S"S
then
S,[n,n]=1 if S[n,n]#0 S,[n,n]=0 if S[n,n]=0
Therefore,

S=SS'S
AATA=USV" = A
(1) AA"A = A is satisfied.
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Note: The generalized inverse derived from the SVD is in fact the

pseudo inverse since
2) ATAAT=A"
(3) (AA*)" =AA’
+ H +
4) (ATA) =A"A
are all satisfied.

(Try to prove them)
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[Example 3] Determine the generalized inverse of the following matrix

Note: Since the 1%t and the 3™ columns are dependent, we cannot

[ 2
2
1
-1

use the method of

to determine the generalized inverse. Instead, we should apply the

SVD method.

2
2
-2
2

5
2
1

—1

(ATA) AT

A =USVH

At =vVSTUuH



(Solution): Since 2 2 2
2 2 2
A =
1 2 1
-1 2 -1
10 4 10]
B=A"A=|4 16 4 C=AA" =
10 4 10]
B=vDV" i
1/\3 1/46 1/42
where V=|1/J3 -2/46 0

1/3 1/46  —1/4/2

12
12

12 0 0]
2 0 0
0 6 -6
0 -6 6
24 0 0]
0 12 0
0 0 0

692
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C=UAU where

1/2 0 0 1/\2 24 0 0 O
ﬁ;.UJE 0 0 -1/\2 A0 1200
0 1/42 1/42 o 0 0 00
0 -2 N2 0] |00 0 0]
Then - _
J24 0 0
0O 0 0
0 0 0]

Since all entries of S, are non-negative,

S=S§, U=U



/N2 0 0  1/42 ] 094
/20 0 —1/2

A =USVH U=
0 1/4J2 1/42 0
- Lo -2 12 0
24 0 0 ] _
1/3 1/46  1/42
g_| © J120 0
o o ol V= /3 =2/4J6 0
o 0 0 /3 1/46  —1/42
1/v24 0 0 0]
AT —VSTUH S*=| 0 1/4J12 0 0
0 0O 0 0

(1/12 1/12 1/12 -1/12
A" =|1/12 1/12 -1/6 1/6
1/12 1/12 1/12 -1/12 ]




695
8.2 Principal Component Analysis

Principal component analysis (PCA) 1s to find the principal
component of a set of data.

Principal components: Corresponding to larger singular values for SVD
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[Process of PCA]

Suppose that there is a set of data. The number of data is M and each
data has the length of V.

Xm — [xm,l xm,2 xm,3 o xm,N:I
m=1,2,....M
(In usual, M >> N)

M
- ¥ = 1
(1) First, we subtract each entry by X, = i n;xm,n

am — I:am,l am,2 am,3 o am,N:I



(2) Then, construct an MxN matrix A: 697

a, ay G 4y,
a a a s a
2 2,1 2,2 2,n
A = =
_aM_ _am,l am,2 Tt am,n_

(3) Then, perform SVD for A
- second (N-1)®h Nth
A =USV important ~ important important

(4) Then / / /

. H H H H
A=su, v, +5,U,V, +---+ Sy Ung Vg TSvUN YN

where s, =S|n,n]
most
important U=[u1 u, - uM], V=[V1 vV, - VN]



If we want to reduce the component from N to L due to the
consideration of compression or feature selection, then

= ju— H H e o o H
A=A, =su v, +5U,V, +---+s U, v

Note:

N H H H r— -
Xy =€ Vi +CpnVs +---+cm,LVL+[x1 X, e xL]

where Coun =S, U, M
m,n n n[ ]\mth entry Oflln

H _H H . .
Vi ,Vy, 0,V can be viewed as the most important L axes

In general,
H H H - - _

¢, € (—o0,)

698
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Main Applications of the PCA

(1) Dimensionality reduction (i.e., feature selection) for pattern
recognition and machine learning

(2) Data compression
(3) Data mining
(4) Identifying the principal axis of an object in an image

(5) Line approximation
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Example of PCA

3. ERE _HREE AENERHEBREEREIE -HER LUXESHES &M
TR B R — S BUR AV R - TEO—H 4% SEEEIH - RENESR
e —HERENZEREGER/?

(1) y=2 ‘21 [ lod
@) y=-2 2 af
(3) y=—x []} EEEEE N
) =5 2 e
() y=-3 ¥ £
5

5-4-3-2-10123435

From 2022 « % ¢ & F %
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[Example 1] Suppose that there are 5 points in a 2-D space and their
coordinates are

(7,8), (9,8), (10, 10), (11,12), (13,12

15 T

Try to find a line that can approximate
these points. e
(Note): M=5,N=2 )
(Solution):
First, since the mean of these 5
points is
(10, 10), UL’I é 1IU 15

we subtract these points by (10, 10) and obtain

(-3,-2), (-1-2), (0,0), (1,2), (3,2)



(-3,-2), (-1-2), (0,0), (1,2), (3,2)

Then, we construct a 5x2 matrix A:

Then, we perform SVD for A:

L [20 16
B=A"A =
16 16

B=VDV' vy_
0.6618 0.7497

{0.7497 —0.6618} D{

34.1245
0

0
1.8755

|

702



C=AA"
0.6116 —0.3549 0
—0.3549 0.6116 0

0 0 1
0.3549 —0.6116 0
| 0.6116 03549 0
34,1245 0 0

0 1.8755 0

0 0 0

0 0 0
0 0 0

0.0393
0.7060
0
0.7060
0.0393

oS O O O O
S O O O O

0.7060 |

—0.0393

—0.0393
0.7060

703



—0.6116
—-0.3549

0.3549

| 0.6116

5.8416
0

0
0
0

0.3549
—-0.6116
0
0.6116
—-0.3549

—1.3695

0

0
1
0
0

0

0
0
0

0.0393
0.7060
0
0.7060
0.0393

(5.8416
0
S=IS,/=| 0
0
0
0.7060 ]
~0.0393
0
~0.0393
0.7060 |

0
1.3695
0
0
0
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A =TUSVH
[—0.6116 0.3549 0 0.0393 0.7060 |
—0.3549 -0.6116 0O 0.7060 -0.0393
U= 0 0 1 0 0
0.3549 0.6116 0O 0.7060 -0.0393
| 0.6116 -0.3549 0 0.0393 0.7060

Then, A can be expanded by

A =5.28416

[ —0.6116 |

—0.3549
0

0.3549

| 0.6116 |

principal component

[0.7497  0.6618]+1.3695

secondary component

(58416 0
0 1.3695
S=| 0 0
0 0
| O 0 _
[0.7497 -0.6618
{0.6618 0.7497}
[ 0.3549
~0.6116
0 |[-0.6618 0.7497]
0.6116
| —0.3549 |

705



Therefore,

A =5.8416

11 12
13 12

112

Approximation line:

[10 10]+¢[0.7497 0.6618]

[ —0.6116 [ —3.5726 ]
—0.3549 —2.0733
0 [0.7497 0.6618]= 0
0.3549 2.0733
| 0.6116 | 3.5726 |
[ —3.5726 | (10 10|
-2.0733 10 10

0 [0.7497 0.6618]+|10 10
2.0733 10 10
| 3.5726 110 10

c € (-0, )

[0.7497  0.6618]

706
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Approximation line:

[10 10]+¢[0.7497 0.6618]

¢ € (-0, )
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[Simplification for Computation]

Suppose that we only want to find the most important L axes of the data.
(It 1s usually the case for practical applications).

If M 1s very large, then the MxM matrix U is unnecessary to be
computed. One only has to perform eigenvector-eigenvalue
decomposition for B and obtain the NxN matrix V:

B=AYA B=VDV!

If D[n, n] 1s larger than other diagonal entries of D, then the nth column
of V is the principal axis.
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4%+ — Some Common Mathematical Notations

(1) Commutator
[A,B]=AB-BA

(2) Trace

N

tr(A)=ZA(n,n)

n=1

(3) Bras and Kets Notations -, -

b,
. « 7 b A and B are column vectors
(A|B)=|a; a, - a 2 °
[ 1/2 N] : \B
AH _bN _
b,
% % % b2
<A‘_|:a1 a4, aN] B)= :
| by |
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(4) sup: supremum (the least upper bound > } £z J)

sup{x|l<x<2}=2
sup{(—l)n—l/n|neN}:1

(5) inf: infimum (the greatest lower bound > ™ & %} )
inf{x|l<x<2}=1

inf{e_x|xeR}=O

(6) card: the number of elements 1n a set

card ({x,y})=2
card({xz,yz,xy,x,y,l}) =6
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9. Advanced Probability

Section 9.1 Moment and Correlation

Section 9.2 Probability Model (¥ %% )

Section 9.3 Entropy

Section 9.4 Kullback-Leibler Divergence (KL Divergence)
Section 9.5 Basic Concepts of Random Process (¥ & 7% %)

Section 9.6 Independent Component Analysis (¥ % % %)
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9.1 Moment and Correlation

9.1.1 Review for Probability

1. Discrete Case

(a) Probability (Probability Mass Function, PMF)
B _y _ number of cases where X =n
Py (n)=P{X =nj= total number of cases

Note: ZPX (n)=1
(b) Joint Probability

PX’Y(n,m)zp{(in) and (Y =m)}

_ number of cases where X =nand Y =m
total number of cases
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(c) Conditional Probability

Py (n|m)=P{(X =n)|(Y =m)}

_ number of cases where X =nand Y =m
number of cases where Y =m

Py y(n,m)
Py (m)

PX|Y(n|m):

An Example of the Discrete Probability Distribution

Binomial Distribution
N n N-n
Py (n)= |P"A=p)T" forn=0,1,2,...,N

Py (n)=0

Other examples are shown in Section 9.2.1



2. Continuous Case

In the continuous case, it is hard to determine Prob{X =n}

(a) Cumulative Distribution Function (CDF)

Fy(x)=Prob(X <x)

(b) Probability Density Function (PDF)

Le., fX() c?;cF()
F (x+A)—FX(x—A)

fi () =lim == 2A
Iy Prob(x—A<X£x—|—A)
fi(x) = lim A

Note: Fy (x)= j " fe(x)dx

lim Fy (x)= [ fy (x)dx =1

X—>0

714

Sy (x)# Prob{X =x}



2. Continuous Case

(c) Joint Cumulative Distribution Function
Fyy(x,y)=Prob((X <x)and (Y <y))

(d) Joint Probability Density Function
_0 0
SIxy (an’) = E@FX,Y (x,y)

(e) Conditional Probability

0 O
_fX,Y(an’) axayFXY(an/)
fX|Y()C|J/)— fy(y) — dF (y)
dy

(f) Integral Probability
fr (%) _.fX,Y(an’)dy
(1) =] ey (xr,p)dx

715
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Examples of the Probability Density Function in the Continuous Case

Uniform Distribution  (Quantization error is a special case of B = 0.5)

fr(x)=5k  when|x|<B -

fyv(x)=0 otherwise

-B B X
Normal Distribution

R

04

L : mean

2i| -OO<x<OO

o . standard deviation

0.35 -
0.3

0.25 -

When ﬂ: O, O — 1 02

Other examples are shown in Section 9.2.2
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3. Expected Value

(discrete case)

E(g[X]) Zg (X =n)=) g[n]P(n

(continuous case)

E(e(X)=]" g(x) fy (x)ds

It 1s usually written as

E(g(X))=[" g(x)dFy(x)
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9.1.2 Moments

Mean
py =E(X)= Z nPy (n) (discrete case)

pHy =E(X)= jj:ox Iy (x)dx (continuous case)
Variance (var)

vary, = E((X —,uX)z) = Z(n — 1, ) Py (n) (discrete case)

vary, = E((X— ,uX)Z) = f:o (x— ,uX)2 fy(x)dx  (continuous case)

Standard Deviation (std)
Oy = Jvary = \/E((X — ,uX)z) (discrete case)

o, =4/var, = \/ E ((X — U X)z) (continuous case)




[Example 1] 719

0.8

(1) P)((n) 06"

-0.2
-1

1y =1-05+2-05=1.5
var, =0.5(1-1.5)* +0.5(2-1.5)" =0.25

o, =+/vary =0.5

(2) Py(n)

1 2 3 4 5

0.8
0.6

04r

[ [ T ]

0.2 I I 1 I
-1 0 1 2 3

Uy =2.5 vary, =1.25 O'X=\/§/2
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(1) Moment (raw form)

i, = E(Xk) = n"Py(n) (discrete case)

m, = E(Xk) = J-O:Oxk Sy (x)dx (continuous case)

(2) Moment (central form)
m, :E((X—,uX)k):Z(n—,uX)kPX(n) (discrete case)

m, = E((X —,uX)k) = I_O:O (x—uy)" fy(x)dx (continuous case)



(3) Moment (standardized form)
o E((X-mp)f) Zn:(” ~ )" P ()

Vi = T k/2

7 [E<<X‘ﬂx>2ﬂk/2_{;m—ﬂ){f@((m)}

(discrete case)

E((X-u)t) [ =) S (x)dx

my

vk: =

ox [E(r - )] _ [ [ICEYS5 fX(x)dx}

ki/2

(continuous case)

721



Order | Moment (raw) | Moment (central) Moment
(standardized)

k=1 Mean 0 0

k=2 Variance 1

k=3 Skewness

k=4 Kurtosis

k=35 Hyperskewness
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Skewness (15 /&) 723

It indicates the relative locations of the high-probability region and
the long tail to the mean.

Zn:(n_'uX)SPX(n) ) jj:o(x_ﬂX)3 fX(X)dX
3/2 r . 3
So-wrn| (Lo n e

skewness =

skewness > 0: The high-probability region 1s in the left of the mean.
skewness < 0: The high-probability region is in the right of the mean.

skewness = 0: Symmetry



skewness = 0
mean =0

skewness = 0.4992
mean = 0

skewness = -0.4992
mean = 0

0.4

0.2

0.4

0.2

0.4

0.2

724



. 725
Kurtosis (*§ 7 )

It indicates how sharp the high-probability region is.

2,01 41)" Py () [* (=) £ (x)

or

{Zx:(x—ﬂx)sz(x)}z U_O:O(x—ﬂX)Z fX(X)dx:|2

kurtosis =

kurtosis > 0

large kurtosis: The high probability region 1s sharp.



fi)=e

kurtosis = 6
std =0.707

Sy (x)= %e—bcl
kurtosis = 5.86

std =1.414

fX ( ) 4 —|x|/2
kurtosis = 4.38

std = 2.647

05

05

05

726



£y (x)=0.396¢772"

kurtosis = 2.4184

std = 0.864
fe(x)=p=e?
2
kurtosis = 3
std =1
—|x|/\/_
fr(x)= f

kurtosis = 5.2903
std=1.9726

727
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[Example 2] Suppose that X is uniformly distributed in x € [0, 10].
Determine the central moments, the standardized moments, the variance,

the skewness, and the kurtosis of .X.

(Solution): fy (x)= % for 0<x<10
0 10

fv(x)=0 otherwise

Uy = J. llodx 5

oy = \/j (x— 5)21dx \/ 3

Central moment:

1 . (0  ifkisodd
x—35) a’x Xdx=4{ i
j ( ) 10'[‘5 A if kiseven




Standardized moment:
(0 if kisodd

m k2 M
ko 3fle Tk 312

v, = —%
k k k P
o 5 if kis even
* Lk +1 f
Variance: vary =m, = %

Skewness = v; =0

Kurtosis = v, =%
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9.1.3 Correlation

Covariance

COVyy = E((X_ILIX)(Y_ILIY))

COVy y = ZZ(X — 1y )y — IUY)PX,Y (x,y)

y

covyy =" [ (x=p)y=tty) fryy (x.)dxdy

Note: (1) When X =7,

COVy y =Vary

(2) covyy = E(XY)— py ity

(discrete case)

(continuous case)

730
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Correlation

corry, , = E((X = )Y — py)) _“OVxy
o O xOy OOy

Zz(x_:ux)(y_,uy)PX,Y (x,y)
\/Z(X_IUX)zPX (X)Z(y_ﬂy)zPY (J/)

COI"I"X,Y =

(discrete case)

J'jo jj:o (= )y =ty ) Sy y (x,y)dxdy

\/.[jo(x_ﬂX)zfX (x)dxj:(y—ﬂy)zfy (v)dy

(continuous case)

COI"I/'X’Y =
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E((X_IUX)(Y_/UY))
OxOy

Corry y =

Note: (1)

—1< corry y < 1
(2) When ¥V = cX + d, c 1s a positive constant, d is a constant,
corry y =1
(Proof):  y —cx 44 : Ly =clly +d
E(X=u )Y =) =E((X=p WX +d—cu,—d))
= E(C’(X — 1)’ ) = cvary

Oy = \/E((CX—i—d—c,uX —d)z) =\XC'2E((X—/{.II)2) =\c|oy

Lo cevary e
T dosoy
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(3) When Y = cX + d, c 1s a negative constant, d 1s a constant,

COTFy y = —1]

(4) If Y 1s independent of X,

corr :E((X_'UX)(Y_IUY)):E(X_ﬂX)E(Y_ﬂX):O
o O xOy OOy




(1) Full Correlation:
‘COVVX,Y‘ >0.9
(i1) High Correlation:

0.6 <|corry y| < 0.9

(i11) Middle Correlation:

0.3< ‘coer,Y‘ <0.6

(iv) Low Correlation:

‘coer,Y‘ <0.3
(v) Positive Correlation:
corry y >0

(vi) Negative Correlation:

corry y <0
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[Example 3] Determine the Covariance and the Correlation of X and Y if

1 X X
fX,Y(xay): 50 O <x<l0, 2<y<2+5
0 otherwise
IO‘.y |
(Solution):
Note that 5
x) = X, dv — L x/2+5 _ L i
fX( ) ij,Y( J’) % 501 dy T 1'0‘x
. _ 1 min(10,2y)
Ty (y) - J-fX’Y (X,y)dx 50 Jmax(0,2y-10) dx

y/25 for <y <5
10-y)/25 for5<y<l10

0 otherwise

N

fY(J’):




10
=Ifo (x)dx:%jo xdx =5

[ty ()= [ G 122 =

To determine the covariance,

covey =[ [ (x=u)y= ty) fyy (x.7)dxdy
10 px/245
=g |, =5)y=5)dydx

L

_ 25
6
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To determine the correlation, first, we determine the variance 137

7% = [Cr= e fy (e =L [ (=57 =2

o7 =[ =)y () dy = j(y D gy j“)(y 5>2<510 " gy
_25 (setyl = IO-y)
6
Therefore, Ox = % :%

_Covxy 2518 _ 1 _
COTTy y = oo, 6 25 —\/5—0.707

(X and Y are highly correlated)



[Example 4] Note that if 110 S
I
=—0(x—y) 0<x<l10 i
fX,Y('xay): 10 ( ) :
0 otherwise -
10 X
then
fX(x):%j- 5(x_y)dy:ﬁj_w5(y—x)dy (page 343(1))

_ 1

—ljloxdx—S Uy ==
Hx=10)o B Y 10

jloydy _s

0



10

covyy =], [ (x=5)y=35)7k5(x—y)dvds

.O o
10

=] [ =9)(r=3)156(y-x)dyax

oOo

B 1 10 2 _2
_Ejo (x=5)"dx= 3 (page 344(2))

1w 3 :\/L10_2:§
JX_\/EJ‘O (X—S)de—\/; Oy IOJO (y 5) d)’ 3

COVy y 4

corr =
XY oo
XY



[Example 5] If

Sfxy (x,y) _{100
0

then

:jloidyzl

fX(x) o 100 10

—L 10 .
ﬂX—leo xdx =5

10

10 1
COVX,Y:IO .[o (x—S)(y—S)mdydx=0

corr = OVxr =
Xy - - - =
O yOy

740

NS %
0<x<10and 0<y<10 |,

otherwise

B IOL . L lb "X
H=], 100% =10

10
ILIY = %J‘O ydy — 5
(odd symmetry with

respect to (5, 5))



