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(A) Difterential Equation Part
(1) Numerical Methods and Nonlinear DEs (2W)

(2) Partial Differential Equations (3W)
(3) Function Approximation (1W)

(B) Fourier Analysis Part

(1) Fourier Analysis (1.5W)
(2) 2D FT and Discrete FT (0.5W)

(C) Linear Algebra Part
(1) LU, PJP, QR, SVD (1.5W)
(2) Vector Approximation & Compressed Sensing (1.5W)
(D) Probability and Statistics Part
(1) Hypothesis Testing and p-hacking (1W)
(2) PCA & Least Square (1W)
(3) Brownian Motion (1W)
(E) Numerical Methods and Programming (1W)
(1) FFT
(2) Finite Element Method with NumPy
(3) Arbitrary Precision Floating-Point Numbers
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(1) Advanced Parts of (1) Differential Equations, (i1) Signals and
Systems, (1i1) Linear Algebra, (iv) Probability and Statistics, and (V)
Numerical Methods

(2) Connection between the Undergraduate Courses and the
Mathematical Tools Required for Research

(3) Improving the Ability to Solve Practical Mathematical Problems



*+4%— Table of Integration
1/x Injx| + ¢
cos(x) sin(x) + ¢
sin(x) —cos(x) + ¢
tan(x) —In|cos(x)| + ¢
cot(x) In|sin(x)| + ¢
a* a/In(a) + ¢
2 Jlraz étan‘1§+c

sin"' (x/a)+c

cos '(x/a)+c

eax( lj
xX——|+c
a a

)C2 eax

X -+

e‘”(z 2x 2

a a a

J+o
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Wolfram Mathematica
ONLINE INTEGRATOR

s The world's only full-power integration solver

HOW TO ENTER INPUT | RANDOM EXAMPLE

f<l::n5{ax}+l:: )

Compute Online Wit

UG

Aa

matica

:.nl'x
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(c) £ ¥# “Compute Online with Mathematica” 13

2 =7 55 N 22
T}up [N :'iﬁé s %

Wolfram Mathematica
ONLINE INTEGRATOR

The world's only ful--power integration solver

;JE%‘ HOW TO ENTER INPUT | RANDOM EXAMPLE

cus{ax}+b dx

Traditional Form | Input Form | Cutput Form

=

4k
#<

fh +coslax)dx=

sin{a x)

bx+

i

L i

Time to compute: < 0,01 secona
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Wolfram Mathematica
ONLINE INTEGRATOR

The world’s only full-power integration solver

HOW TO ENTER INPUT | RANDOM EXAMPLE
I‘|exp{—a*x*‘~2} dx

ompute Online With- Mathematica

Traditional Form | Input Form | Qutput Form
ra i

‘an:-"""'2 dzx=

v'?ﬂrf[vg.r)
2vVa

e : /
i 5

Time to compute: = 0,01 second

erf(x): Erf[x]: error function [properties]
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Part A: Differential Equations
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1. Numerical Methods and Nonlinear

Differential Equations

1.1 Review (R %% %)
1.2 Numerical Methods (F & % %)
1.3 Nonlinear Differential Equations

1.4 Applications of Nonlinear Differential Equations

[1] D. G. Zill and Michael R. Cullen, Differential Equations-with
Boundary-Value Problem (metric version), 9th edition, Cengage Learning,
2017.

[2] http://djj.ee.ntu.edu.tw/DE.htm



1.1 Review

1.1.1 Definitions

(1) Differential Equation (DE): any equation containing derivation

dy(x) _q x:  independent variable p % #c
dx y(x): dependent variable J& % #x
y: [1dx+( A+

&f(x) L d ()

dx’ dx’

= cos(x)

18
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(2) Ordinary Differential Equation (ODE): ?'?J 758

differentiation with respect to one independent variable

3 2
d?+d?+du+cos(6x)u20 dx+dy+dz
dx> dx° dx dt dt dt

=2xy+z

A
(3) Partial Differential Equation (PDE): 1i& (83 80/
differentiation with respect to two or more independent variables

82u+82u20 Ox 0y
ox*  oy° ot or

19



(4) Order of a Differentiation Equation: the order of the highest
derivative in the equation

7 6 5 4
Z?+22?+2Z—?+4jf:0 7t order
X X X X
2
fiJz’+4Z_J’_5y:ex 20 order
X X

(5) Standard Form

For a DE, if the coefficient of the highest derivative term 1s 1,
then the DE is called the standard form DE.

20
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(6) Linear Differentiation Equation:

d" d"”! d
a, (x) d;:"'anl(x) dxn_Jl/"‘"""al(x)d—i‘F%(X)y:g(x)

All of the coefficient terms a, (x) m = 1, 2, ..., n are independent of y.

(7) Non-Linear Differentiation Equation

2
(y+3)d )2/+d£+2y:x

—




OPE —

Linear
13t Order DE
_ Non-linear
Linear page 34
Higher Order DE —

L Non-linear

A

22



23

1.1.2 First Order DE

Methods:

graphic method
numerical method

analytic method —

series solution

Laplace transform

direct integration

separable variable

method for linear equation

method for exact equation
homogeneous equation method

Bernoulli’s equation method

method for Ax + By +¢
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Methods of Solving the 15t Order DE

(1) Direct computation Bz 1 F R A

g Yo r(x) Tho: (PR dX+C

g dx
(2) Separable variable BLf#iE ox,y k- 8 1 AE A

R

& Es -d_y:g(X)h(y)

X h‘\’ 3Ya'((ng/
o A V

(3) Linear DE gz 1 B Jrwa facte

ik % linear DE [reods [P Treod

J y=e e f(x)dx+ce

=4 P(x)y=/(x) j

A, (ﬂ% ta )y gln)

d P(x)dx P(x)dx

|

i Vo) . 960 abieI y}:ej /)
¥ ”"(7()/ a0

P(x) = 7 o\F) o (£)




(4) Exact equation
o Ay M(xy)

& 1= —

’ Cdx N(x,)
OM (x,y) ON(x,y)
oy o

(4-1) Exact equation % 7|
VE i+ @ = _M(x,y)
‘ N(x,y)

’ " dx
(M, —N,)/M independent of x

(4-2) Exact equation % 7|
= @ = _M(x,y)
dx N(X, y)

(M,—N_)/N independent of y

s
=3

25
B f%;%  double N method

Q__y(y)M(x, ) is exact
x  u(y)N(x,»)
J'(My—N)
wfzix s p(x)=e N

xX,y) .
—— = 1S exact
X



(5) Homogeneous equation

[ESNE @:_M(x,y)
N(x,y)

' dx
M(tx,ly) = t“M(x,y)
N(tx,ty) = t“N(x,y)

(6) Bernoulli’s Equation
\/Vl\?h N0, |Tnear

Y P(x)y+ f(x)y”

2 /s .
TTIE AR

(7YAx+ By + C

B fE

26
Cu=ylx, (y=xu)

dy = udx + xdu

£ * separable variable method

BLfZE L u=yl
dy: 1 ulfn@
dc 1—-n dx

£ * linear DE &7 ;=

cu=Ax+ By +c
dy ldu A4

dc Bdx B
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P >] 0 <
e [ Dhacon) . e
dy
Step 1 m = g(x)dx A B Sk e
i
p(y)dy = g(x)dx where p(y) = 1/h(y)
|
Step 2 [ p(y)dy = [ g(x)dx 1B w4t 4
P(J/)lJr C, = Gl(x)+c2 where dP(J’) = p(y) dG(x) 2(x)
l dy dx

Extra Step: Initial conditions

P(y)=G(x)+c

g ) Separable Variable Method




[Example 1] (Z1ll, Page 48)

dy y _
dx l+x
Step 1 dy: dx
y l+x

Step 2 In|y|=In1+ x|+ ¢,

In|1+x| ¢ In| 1+x|

y=e""e" — y=tefe

—

y=te|l+x=2e"(1+x) c=xe°

y=c(1+x)

28
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(3) Linear DE Method

(Step 1) Obtain the standard form and find P(x)
dy
+P(x)y=f(x)

(Step 2) Calculate [ PCxax

(Step 3) The standard form of the linear 15t order DE can be rewritten as:
d P(x)dx P(x)dx

F R A
X

(Step 4) Further solve the equation.

(Extra Step) Initial conditions



[Example 2] (Z1ll, Page 58)

dy 6 x
x——-4y=x’e
dx Iy

l

Step 1 Q—4X=xsex, P(x):—4
X

dx X

Step 2 )P4 _ i _ X
!
d -4 X
Step 3 g[x y] = Xxe

Step4 x*y=(x-1e* +c

y=(" —xe" +cx’

4
=X

forx>0

30



(6) Bernoulli’s Equation

31

[ Definition] Bernoulli’s equation: \;:;/
d and o
i P(x)y=f(x)y" S0 Y d—£+P(x 7= (%)
e
W Cumpin Do L de 4 the method of solvi
ccan sct|\u =y , dx 1—7’2 dx , dll € mctinod o1 solving

the 1% order linear DE,xfb solve the Bernoulli’s equation.

//,
1

dy _dydu_dudu_ 1 " du
dx du dx du dx 1-n dx
(Chain rule)
y‘”ﬁzu:’i 1 ulfn du: 1 du
dx l—n dx 1—-ndx

y”gﬁP( )y = f(x)

1 du

na“‘)( x)u=f(x)



[Example 3] (Zill, Page 74)

xﬂ+y=x2y2
dx

Previous Step: Conclude that 1t is a Bernoulli’s equation with n = 2.

Step l:setu=y ! (y=u) dy - dy du —_u—2@

dx dudx dx
(Chain rule)
Step 2: Convert into the 1%t order linear DE (standard form)
du du 1
L 2 au -1 _ .2 2 T u=—x
BN —— —Xxu dx+u XU —— T

Step 3: Obtain the solution of the 15t order DE

2
Uu=—Xx —+cx

Step 4: Substituted by u=y"! |y=

2
—X +CX




1.1.3 Linear Higher Order DE

33

—— Cauchy-Euler

L power series

Methods:
— homogeneous
linear — part
particular
solution

reduction of order

auxiliary function

2?7{; n _PD)GY
SpherTea) 4 _(e)‘ mdev

Coor Ainn

form rule (guess)
annihilator

variation of parameters

— Fourier series



Architecture for Solving Higher-Order Linear DEs

34

Nonhomogeneous linear DE

a,(x)y" (x)+a,  (x)y" 7 (x)++a (x) () +a,(x)y = g(x)

Part 1

Part 2

Associated homogeneous DE
a,(x)y" (x)+a,,(x)y"" (x)
+4a,(x)y'(x)+a,(x)y=0

find n linearly independent solutions

yl(x)>Y2(x)> """ > Vn (x)
General solution of this part:

Ve (x) =GN (x)+(:2y2 (x)+"'+cnyn (x)

particular solution y,
(any solution of the
nonhomogeneous linear DE)

general solution of the nonhomogeneous linear DE
y(x)=y.(x)+, (x) =cy (x)+ e, (x) +- 46,3, (x) +, (x)




(A) Linear DE Homogeneous Part 3 < %
(1) Reduction of Order (Zill, Section 4-2)
i * a5 0 20 order, linear,

one non-trivial solution has been known.

dx

e—jp(x)dx
»(x)=y (x)j )2 (x)




36
(2) Auxiliary Function (Zill, Section 4-3)

any(”) (x) + an_ly(”_l) (x) ++ay'(x)+a,y=0

A

n n-1 _
am' +a,m  +--+am+a,=0

i * 575 ! linear, (constantTcoefﬁments

. . 1
(i) If m, is aroot of a,m" +a, ,m" +---+am+a,=0

myx

then e 1s one of the solutions.

(11) If m, 1s a repeated root and the multiplicity 1s &

myx myX k=1 _myx

then e™",xe X" e are k of the solutions.
¥/——

(iii) If there is a pair of complex roots @ + j 5

then ™ cos Bx and e” sin fx are two of the solutions.
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(3) Cauchy-Euler Equation (Zill, Section 4-7)

anx”y(”) (x) + an_lx”_ly("_l) (x) +-+axy'(x)+a,y=0

l

_m! m! m! _
a”(m—n)!+a”‘1(m—n+1)!+m+a1(m—l)'+a0 0
\ . X (le m !
i * 525 ¢ linear, Cauchy-Euler DE Ay () = M-

(wHe) !
> W) -~ (et
(1) If m, 1s a root of the above equation ( )

then x™ 1s one of the solutions.

(11) If m, 1s a repeated root and the multiplicity 1s &

my

thenx™ , x" In x,---,x™ (In x)k_lare k of the solutions.

(iii) If there is a pair of complex roots a + j 3

thenx” cos(f1Inx) and x“ sin(S1nx) are two of the solutions.

age 36 page3
¢ A — \ I



(4) Power Series (Zill, Chapter 6)

a,(x)y" +a,, (x) "7 4k ay (x)) +ag (x) y = g(x)

If x, 1s an ordinary point (not a singular point)
J/(x) = ch (x—x,)"
n=0

If x, 1s a regular singular point

o0

y(x) = ch (x_xo)nw

n=0

38



[Example 4] (Zill page 137)

(a)

(b)

2y"=5y"=3y=0

2m?*—=5m—-3=0, m;=-1/2, my=3

_ —x/2 3x

y"'=10y"+25y=0

m?>—10m+25=0, m;=5, my=5

. S5x S5x
y=ce +c,xe

y'+4y'+7y=0
m?>+4m+7=0, m1=—2+i\/§» m2:—2—i\/§

y=e " (c1 cos/3x + c, sin \/gx)

39



[Example 5] (Zill page 138)

Solve |y"+3y"—4y=0

m> +3m*—4=0

(m—l)(m2+4m+4):0 m =1, my=m;=—

. . X
3 independent solutions: € ,e  , Xe

. -2 -2
general solution:|y =ce” +c,e”" +c,xe

[Example 6] (Z1ll page 167)

x*y"(x)-2xy'(x)—4y=0 |
l W\L/—SW“QZO)VTL"'-
m(m—-1)—2m—-4=0 m=4,-1

2 independent solutions: x*, x™'
general solution: |y = ¢, Pt C, X"

1




[Example 7] (Zill page 246)

y'—xy=0
Set  y(x)=> cx"
n=0
Stepl Y'—xy= Zc n(n—1)x"" —ch x" =

Zc n(n—-1x""> Zc x"

setk—n—Z/ \etk—nﬂ

Step 2 %+ > ¢, (k+2)(k+Dx" =) ¢, x" =0
k=0 k=1

Step 3 2¢,+ Y [c,, (k+2)(k+1)—¢, Ix" =0
k=

41
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2¢,+ ) [ (K+2)(k+1) ¢, X' =0

k=1

Step4 | 2¢,=0 Cn(k+2)(k+1)—¢,, =0
c ZlO A (Cryn = S
2 B (k+2)(k+1)

recurrence relation

c _ L
k= 03:2—.03 k=6 & 7-8 0
_ _ 4 _ _ % _ Co
k=2 =3y, k=7 ©%=8.972.3.5.6.8.9
¢, C C
— C:—:O — = 7 = 1
k=3 &745 k=8 % =91073.4.6.7.9.10
k:4 C:C3 — CO C8
6 5.6 2-3:-5-6 k=9 611:10.1120
k=5 = t=r
- 7767 3-4-6-7



group 1 CpsC3,C5,Co "t =0
group 2 €},C4,C7,Cp

group 3 CyyCqyCgyCrymrete

Step 5
—Zcx”—c[1+x3+ XX }
TSt T 1T.372.3.5.672:3:5-6-8-9
7 10
X X X ...
+Cl[x+34+3467 3.4.6-7-9-10 '

y(x)=coy (x)+ey,(x)

3k

”Zz 3. (3k D3k)™

3k+1

“23 4-. (3k)(3k+1)

43



(B) Linear DE Particular solution 4 = f% ;2 44
(1) Guess (Zill, Section 4-4)

£ 3% 1y, should be a linear combination of

g(x), g'(x), g'(x), 2" (x), gV(x), g€(x), .corvriini.....

form rule

if * 575 ! linear, constant coefficients, g(x) have finite terms

Glitch Condition: When the form of y, is overlapped with the
solution of the associated homogeneous DE — multiply y, by x

Howeva 78 G 0D Inf
7'(7)‘-;#(
0 -1,
%111(1)t i
>3



Trial Particular Solutions

(from Zill’s textbook, page 146)

2(x) Formof y,

1 (any constant) A

Sx+7 Ax+ B

3x2 -2 Ax* +Bx+C

X —x+1 A3+ Bx*+ Cx+ E

sindx Acosdx + Bsindx

cos4x Acos4x + Bsindx

o5 A5

(9x — 2)e> (Ax + B)e>

x2e> (Ax? + Bx + C)e>

e3*sindx Ae’*cosdx + Be>sindx

5x?sindx (Ax?* + Bx + C)cosdx + (Ex? + Fx + G)sindx
xe3*cosdx (Ax + B)e**cosdx + (Cx + E)e*sindx

It comes from the “form rule”.

45
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(2) Annihilator (Zill, Section 4-5)
FR A~ DE 5 L[y(x)]=g(x) Annihilator: L,[ g(x)] =0
Particular solution = L,{L[y(x)]} =0 j%

(dr o LD(X)] = 0 f3 £ 4f 935 4 )
y=y.+y,

i * §-35 ! linear, constant coefficients, g®)(x) have finite terms
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(3) Variation of parameters (Zill, Section 4-6)

it * {35 ¢ Any linear DE

Standard form:

y(n)(x)+an1(x) (”‘1)(x)+---+ al(x)yr(x)+ao(x) g(x)

a,(x)

Suppose that the » linearly independent solutions of the associated
homogeneous equation are:



Vi ) V3

u, (x) = " / / /

W Vi B2 V3

U [ Wt W=det » »n  »
wW : : :

/ (n-1) (n-1) (n-1)

determinant L Vs V3

W, : replace the k" column of ¥ by

()



(4) Fourier series (Zill, Section 11-3)

any(")(f)+an_1y(n_1)(f)+“'+aly'(f)+aoy(f) =f()
f@)=f@+2p)

Trying to express f(¢) as

_a
0 +Z(a cos—t+b sm%t)

Then, suppose that the particular solution 1s

v, (1) =4, +Z(An cos™ ¢+ B, sith)
n=1 pP P

i * 535 & periodic,

being able to transformed by the Fourier series

49



[Example 8] (Zill page 144) 50

y'—y'+y=2sin3x

Step 1: find the solution of the associated homogeneous equatlon

Guess )’"’7' +y:0
Step 2: particular solution aAliowy - 413
ep 2: u u r
pep y, = Acos3x+ Bsin3x wm: —‘tL‘E-
. 0( |/ 4_3
=—-34sin3x+3Bcos3x ) - 2 %
(¢ 1
Y =-9A4cos3x—9Bsin3x ¢°< ([ *z
" ' g . . 4 QS"’) ){)
y,=Y,+y,=(-84-3B)cos3x+(34—-8B)sin3x =2sin3x
SA=B=0 L 67, B= 1673
34-8B=2 ’
Y, = 7—63cos3x %g sin 3x
Step 3: General solution:
_ o V3 V3, 6 16
y=e (CICOS 5 Xtesin-y xj+73cos3x 73s1n3x




[Example 9] y"—-5y"'+4y=8¢" (text page 146)

Particular solution guessed by Form Rule:

y, =de’

y, =35y, +4y,=Ae" —54e" +44e" =8¢

0=8¢"

. . x 4x
Since y, =ce +c,e

(no solution)

Ade* ey,

A L - B

yp = Axe” y; = Axe* + Ae”

y, = Axe* +24e"

y, =5y, +4y, =-34e" =8e" — A=-8/3
ypz—%xex

4
y=ce +ce —Txe

8. x

3
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Until now, only a small part of DEs can be solved.
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1-2 Numerical Methods

Even if 1t can be shown that a solution of a differential
equation exists, we might not be able to exhibit it in an
explicit or implicit form.

D. G. Zill and Michael R. Cullen, Differential Equations-with Boundary-
Value Problem (metric version), 9th edition, Cengage Learning, 2017.
(Sections 2-6, 9-1, 9-2)
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1-2-1 ﬁE:ller’s Meal@
—— —

. . ing (5
* independent variable x sampling(*- k) > X0y KXo Xy ceevrnnnnnn

- .clOPe of Y(>)

e Find the solution of @z f (x,y)
dx

Slnce dya’(xx) _ f(x,y) appI'OXimatiOI’I . y(x;+l ) : i:(xn) — f(xn,y(xn))

n+l n

)4 A+ —X*\Q O
() =)+ S yE) 5 = %)y Yk dybp

e ———— S——
A i ——
/ y \ 7(h+;~7‘n = dX
T — BLenig B3k B

7= 7w

slope of Y () at A= Zn



dy ()

dx =f(x,y) y(xn+1):)’(xn)+f(xn,y(xn))h

h — xi’l+1 _xn

If y(xg) is known
for n=0: y(x)=(x)+ 1 (% 3(x)) (%~ %)
forn=1: y(x,)=y(x)+f(x.00:))(x, - x)
forn=2: y(x,)=y(x,)+ (%, 2(x,))(x, - x,)

55



dy(x) _

dx f(x,y)

V(x)

X i i'xn+1

Problem: Can we modify the slope when determining y(x,,,)?

56
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dy;XX) :f(x,y) y(xn+1):J’(Xn)+f(xn,y(xn))h

[Example 1] (Zill page 371)

h - xn+1 _'xn

y'=2xy, y()=1 slopes 27y 7o° Y 69°)
y(x,,0)=y(x,)+2x,y(x,)h

In this case, f(x,y)=2xy )
0 (A~a
(a) >

From the Taylor series 274 Permn of Taylor series 4

— / Nk . k+1
wNXTale (x—a) (kety o (X = @)
y(x) y(a)+y4(a) 1];“:; (a) 0 Y (©) (k+1)!

dope £luy) A5 2™ tehn
y(an):g/n—'_hf(xn’ynz_'_ "(6)5'
Y+

2
The local truncation error in y, , is y"(c) % 0, (hz)

Global error: O(h) Large h — Large error

(Their definitions can be seen from the next page)




The local truncation error: The error to compute the next iteration.

Global error: The error at the same point.

The local truncation error x& = the global error

O(h) gk (W)
) hLLLL O

L: dictone betwen 5;(:;{ polute

L/ht mumbc’*' of 7terortions

58



Zill TABLE 9.1.1 Euler’s Method with 4 = 0.1

Actual Abs. % Rel.
Xn Vi value eIror error
1.00 1.0000 1.0000 0.0000 0.00
1.10 1.2000 1.2337 (0.0337) 273
| —

Zill TABLE 9.1.2 Euler’s Method with # = 0.05

Actual Abs. % Rel.
Xn Vi value error error
Q 1.00 1.0000 1.0000 0.0000 0.00
g 1.05 1.1000 1.1079 0.0079 0.72

1.10 1.2155 1.2337 (0.0182Yy 147
Large i — Large error
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1-2-2 Improved Euler’s Method

dy(x) _
dx =/ (%) same QS Eulev’s methoe|

/

C yn+1 Y +hf (xnay ); 1%t estimation of y,

xn’n+ xn+’ n+)
=y n e '{y) S:2i),

( n=ntl

Where yn - y('xn)’ yn+1 = y(xn+1) }\: 7‘,\\”*1”
y'., is the first estimation for V. .
IO(a] ‘huw(m*bh eyrovr * (l'\)

%[oL a) evor - (9’(1/’ X") [/lnl) = G’(l,‘?.)

2nd estimation of y, .,

clope at Ay octmarted Slope at Xy



Zill TABLE 9.1.3 Improved Euler’s Method with 2 = 0.1

Actual Abs. % Rel.
Xn Yy value error error
1nitial 1.00 1.0000 1.0000 0.0000 0.00
n=1 110 1.2320 1.2337 {6.0017 0.14
| 4

Zill TABLE 9.1.4 Improved Euler’s Method with 4 = 0.05

Actual Abs. % Rel.
X, Vi value error error
1nitial 1.00 1.0000 1.0000 0.0000 0.00
n=1 1.05 1.1077 1.1079 0.0002 0.02
n=2 " 1.10 12332 1.2337 (0.%6% 0.04
N————

The errors are much less than those
of Euler’s method.

Local truncation error for the improved Euler’s method 1s
O(h?), the global truncation error is O(4?).
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1-2-3 Runge-Kutta Methods

General form of the Runge-Kutta (RK) method.
weighted average /? VW7?)1+~€0‘ S“M

Vi1 = Vn +hiw1k1 +w,k, +---wmkmj ot W es timateo

slo Pes

woAw, ++w =1k =f(x,y)

,Q\«o Pe
k,, ..., k,: the values of f(x, y) between (x,, y,) and (x,.{, V,1)

———

Euler’s method 1s said to be a first-order Runge-Kutta method (RK1).

Improved Euler’s method 1s said to be a second-order Runge-Kutta
method (RK2). w2, W,=W,: .)Z.
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A Fourth-Order Runge-Kutta Method (RK4)

dy(x) Yo V7D Yns1 = Y (Znt1) Yot)* Anth
dx f(xy)
Vst = Vo T HOW K+ Wy, + Wik +w, k).
ko=71(x,,7,) P estimated y(x, + k)
k,=f(x, +ah,y +ahk) estimatedy(x, + a,h)

o \/ <.z

k,=f(x +a,hy, +a,h((1- c)k +ck) | (20, ¢gn)
k,=f(x, +a;h,y, +o,h((1-c, —c )k, +ck +ck )
N

estimated ¥ (x, +a;h)

v

where  w, +w,+w,+w, =1
k,: estimated slope at x +ao,/h

k;: estimated slope at x, +a,h
k,: estimated slope at x,+a;h

O<a <a,<a,<l1



a=a,=1/2, a,=1 64

¢=1 ¢=0, ¢=1

Ck = f(x,y,) wo=w,=1/6, w,=w,=2/6
k, fx+ﬂh%+h*)

Ck ﬂx+h%1@ﬁ

k,=f(x,+h,y,+hk,)

RK4 method

Vo1 =V +g(k1 + 2k, +2k; + k),

Cn:n+1

It 1s also named as the fourth-order Runge-Kutta method
(the RK4 method) or the classical Runge-Kutta method.

k, 1s determined at x,, kl kzg ks 1554

k,, k; are estimated at x, + //2 N + M2 xth
: . n X
k, 1s estimated at x, + A " "Ane 1




[Example 2] (Z1ll page 375) RK4 Method

Use the RK4 method with 2 = 0.1 to obtain an approximation
to y(1.5) for the solution of

y'=2xy, y(1)=1.
SOLUTION

For the sake of illustration, let us compute the case when n = 0.
k= f(x,,,) =2%x,V, =2 Note: f(x,y)=2xy
ky = f (% +5(0.1), 3, +1(0.1)2)

=2(x,+5(0.1))(y, +3(0.2)) =231
ky = f (%, ++(0.1), 3, +(0.1)2.31)
=2(x, +5(0.1))(y, +5(0.231)) = 2.34255

k, = f(x, +(0.1), y, +(0.1)2.34255)
=2(x, +0.1)(y, +0.234255) = 2.715361
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And therefore,

V1= No +?(k1 +2k, + 2k, + k)

0.1

66

= 1+%(2 +2(2.31)+2(2.34255) +2.715361) =1.23367435.

TABLE 9.2.1

RK4 Method with & = 0.1

?
}H

Actual
value

Abs.
error

% Rel.
error

1.00
1.10
1.20
1.30
1.40
1.50

1.0000
1.2337
1.5527
1.9937
2.6116
3.4902

1.0000
1.2337
1.5527
1.9937
26117
3.4904

0.0000
0.0000
0.0000
0.0000
0.0001
0.0001

0.00
0.00
0.00
0.00
0.00
0.00

The remaining calculations are
summarized in Table 9.2.1,
whose entries are rounded to
four decimal places.
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much more accurate

Comparison of numerical methods with 2 = 0.05

Improved / Actual
X, Euler Euler RK4 value

1.00 1.0000 1.0000 1.0000 1.0000
1.05 1.1000 1.1077 1.1079 1.1079
1.10 1.2155 1.2332 1.2337 1.2337
1.15 1.3492 1.3798 1.3806 1.3806
1.20 1.5044 1.5514 1.5527 1.5527
1.25 1.6849 1.7531 1.7551 1.7551
1.30 1.8955 1.9909 1.9937 1.9937
1.35 2.1419 2.2721 2.2762 2.2762
1.40 24311 2.6060 2.6117 2.6117
1.45 2.7714 3.0038 3.0117 3.0117
1.50 3.1733 3.4795 3.4903 3.4904




The local truncation error for this method is ¥ (c)4’ /5!
or O(h°), and the global truncation error is thus O(/4%).

O(hPxg) = O (h%)

[Detail of proof of the RK4 method]:

https://math.stackexchange.com/questions/2636121/prove-that-runge-
kutta-method-rk4-is-of-order-4
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1-3 Nonlinear Differential Equations

Method 1: Reduction of Order
Method 2: Taylor Series

Method 3: Numerical Approach

D. G. Zill and Michael R. Cullen, Differential Equations-with Boundary-
Value Problem (metric version), 9th edition, Cengage Learning, 2017.
(Section 4-10)
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1-3-1 Method 1: Reduction of Order

FA o % 1storder DE
£ * 1%torder DE 77 2 H %

A
Uiy) _d,yuty)
e - ( u 24U
4] © The DE should have the form of v ohY
Case 1, pages 71-72 Case 2, I}['ges 7%’
d ., d )_ d, d | |_
F(xa xyadxzy)_o or F(yadxyadxzy)_o
(Without the o{erm ») (Without the term x)

V) bFJ'U y : Inolel’e“”“""{ Vo Ha“c



2
Case 1: The 2" order DE has the form of F(x %y , %y) =0

(Without the term y) / /

N _d

f2;2  (Step 1) Set u=-_-y
s FFDE % = F(x u,diu) 0¥t um 7 > #_1%order DE)
(Step 2) #-u f2 3 & (* 1% Order DE - /%

(Step 3) ¥ u (T & » TRy



[Example 1] (Zill page 189)

yrr _ 2x(yr)2

. d 4* ., 4
o A — Y. A
(Step1) U=V ax’ e T
d oction of Ay
4y =2xu’> sepavation o =
dx VO\YI“L es (P Q? e 2']) W2 |
- =
(Step2) wu=- 21
X +c
nge )l
(Step 3) y:_j 21 dx =2 P*e
X +c

\—-‘tah *) *\*(4

-
-

A dx

A ¢
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Case 2: The 2" order DE has the form of F(y , d v, j 5 y) =0
X

dx
(Without the term x) / /
v o, d,
dy

o - _d
f#2;= - (Step 1) Set =

d>  d.  _dvd  d
@y_dxu_dxdyu_ud_yu (Chain rule)

dy

(¥t u m % » ¥_1%%order DE, independent variable % y)

#* FFDE % = F(y,u,uiujﬂ



(Step 2) #-u f& 4 % (* 15 Order DE 07 /2

N4
o
gl
F
%y
it
I

* separable variable 77 & ¥
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[Example 2] (Zill page 190)
yyrr:(yr)2
Step 1) Set u=9
(Step 1) Set u=-"y
Ay =2 1st oroler
Y dy cepareble varakles

du _ Ay
(Step 2) —%-;- Injuj=Iny+¢,  |u/=|yle

u

U=6y (¢, =xe)

d B
(Step3)d—£:czy ?yzczdx In|y|=c,x+c,

y=c,e? (¢, =%e”)

} ovder, scparable variables

‘y‘ — eczxec3
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1-3-2 Method 2: Taylor Series

{ - 4 e fi

y”(xo)
2!

()= () + 2

y(4) (xo) 4

(x—x0)2 +

(x—x,)+

ym(xo)
!

_I_

Step 2 i+~ % Taylor series
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[Example 3] (Zill page 190) Ao: 0
V'i=x+y-y’ y(0)=-1 y'(0)=1
y”:x_|_y_y2 y”(o):O+(_1)_(_1)2:_

V' =4y = y?) =14y =201 1" (0) = 4
y(4)—d(1+y =2y"y)=y"-2y"vy=2(y")" »*¥(0)=-8

yO =Ly -2y 2(y)) = "= 2y"y = 63" ¥ (0)=24

* ® Taylor series

2 I 4, 1 5

3
x__x_|_ X e

y(x)=—1+x—x2+ 5




L4 2 (1) y(x) x93 > % F 5 analytic,
(x =x, * & singular point)
(2) tf% n™ order DE FF > y(x,) » v'(xy) > »''(xy) > .....
b

YrD(x,) ehig e 2k 5 e A

B)FIfER 3 & x, 'WHITRE

f* %2 : (1) Taylor series &% 3~ % > 38 ?
(2) v —xo| e B 2
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Taylor

/ polynomial

>

Solution curve
generated by
numerical solver
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1-3-3 Method 3: Numerical Method

A

Numerical Method for the 15t Order DE

5O TCMECAN

dx > _
xn+1 xn

x,,y(x,))

y('xn+l) = y(xn)_l_f('xn’y(xn))('xnﬂ _‘xn)

80



| 274 ordler DE= 2 (‘S{ oroler PDE
d Y _

f(x Vs y) J’(xo):)’o y'(x0)=u0

[ERE: V' =u subject to
u'= f(x,y,u) y(x0)=vy, ul(x))=u,

Use Euler’s Method
y('xn+1) - y(xn ) + (xn+1 B xn)y,(xn)

{ (%) =2 (3%,)+ (= x,)u(x, )

M(Xn+1) - u(xn)+ (xn+1 - xn)u’(xn)
Zu(xn)+(xn+1_xn)f(xnﬂy(xn)ﬂu(xn))

81



V' =u _ _
;V(XO)—)/O, ”(Xo)_uo
{u’=f(xay»u)

Recursive 7f% ;= (Euler’s Method)

Initial; y(xo):yo, M(Xo)=uo n=>0

\ 4 P,

y(xn+1) = J/(xn ) + (X, — xnﬁl (xn)\>

W

n=n-+1

w(x,,)=u(x,)+(x,,—x)f (x,,9(x,),u(x,))

82



y'=u

{u'=f(x,y,u)

83
y(xo):)’o ; ”(xo):”()

Recursive «1f%;2 (Modified Euler’s Method) RK =2

n

Initial: y(xo)=y0, u(xo):uo n=>0

A4

+ 1

'M*(Xn+1) — u(xn)+(xn+1 _xn)f(xn’y(x”)’u(x”))

|

() =2 (x,)+ (5, —‘Ec»((u(xn)w*(x%l))@

\

u(x,.,)=u(x,)+(x,., —x,)/2x

(f (o (e su () + f (300060 (3,0 )




{ I )= rs u(n) = o)
u':f(x,y,u) 7(‘”%:7(”_'_ ;-n /

Recursive e7f% ;2 (RK4)

Initial: y(x,)=y,, u(x,)=u, n=0

bl = - (x,), /2
|$‘€ ?$€.(W€'('7£Iu (xn+1/2) Z/l(xn)_l_(xnﬂl xn)f(xn y(xn) u(xn))

ot Ay L V(%) =y(x,)+(x, —xu(x,)/2

2\«»‘

n=n-+1 egh"““"
a+ XV\H/}. j}(xn+1/2) - y(xn)+ (xn+1 _xn)u* (xn+1/2)/2

(%00 ) = u(x,)+ (X, —x,) f (xn+1/2 S CAVIRTY ('xn+1/2)) /2
)

u ('xn+l ) =u ('xn ) + (X, —x,)f ('xn+1/2 , V(X,002)5 ﬁ('xn+l/2))

A 4

9 (50) = 3 (5,)+ (o~ 5 (10(5,) + 20 (%,02) + 201 (5,00) +0 (3,,)) /6

(X)) =u(x,)+(x,, - xn)[f(xn (X, ),u(x,)) + 2f(xn+l/2 9y*(xn+1/2)?u*(xn+l/2))
+2 f (xn+1/2 , V(X,0002)5 ﬁ(xn+1/2)) +f (xn+1 ,V(X,00) u (X, ))] /6




| k" ovder DE = < 1Bt order DE_S 85

{ — AL A
d'y _
dx*
y(xo) =Yoo y'(xo) = Vo yﬂ(xo) il %

(2,395 9"y

y(k_l) (xo) = Vo x-1

T
!
Yy =u _
R y(%5) = Yo
u =y =1u, _
' =" = subject to ul(x()) — Yo
) =YV = U _
) . u, (Xy) =¥,
- _y(k—l) .
k-2 e Uy (xo) = Vo.k-1
u, lzf(x,y,ul,uz, ...... ,uk_l)
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Recursive 1f%;% (Euler)

Initial:  y(x,)= Yoo U (x,)= Yoi, Uy (x5) = Yoo o

...... U (X0) = Yosi s n=0

!

y(xn+1) — y('xn)‘_'_ (‘xn-i-l _xn)ul (xn) y = ul

U (‘xn+1) = U ('xn ) + (X, —X,)u, (xn) u; = 1u,

n=n-+1 ‘ -
U, ('xn+1) = U, ('xn ) + (X, — X, U, (xn) Uy = Uy

i

Up_o (xn+l ) = U, (xn ) + (X, —X,)u;_ (xn ) Uy = Uy

Ui ('xn+l) = Uy, ('xn ) T (xn+1 - Xn )f(an(xn)»ul (x,),us (X,)5- oo Uy ('xn))

u, = f(x,y,u,uy,...... U )




Recursive :73f%;# (Modified Euler Method)

Initial

y(xo) =Yoo > ul(xO) =Yo1> U (xo) =Yo2 >

...... ,uk_l(xo):y(),k_1 , n=>0

n=n-+1

| st

A 4

1 () =1, (5,) (o~ ()

v

estimation ey (K1) =t (X)) + (K =% (,)

I

u_, (xn+1) = U (xn ) + (xn+1 — X, )f(xn9 y(x,),u,(x,),uy (X, ), ... ’uk—l(xn))

A 4

y('xn+1):y('xn)+(xn+l_‘xn)(ul( L)+ (x,,) )/2

\4

“1(Xn+1) ”1( )+('xn+1_'x )(”2( )"'”2( n+1))/2

v

uk—2 ( xn+1 )

5 (x,)+(x,, - x)(ukl( )+uk1('xn+1))/2

A4

Z/lk—l ( xn+1 )

= uk—l (xn ) + (xn+1 o xn )[f(xn 2 y(xn )9 ul (xn )9u2 ('xn )9 """ ” uk—l (‘xn))
+f (xn+1 V(0051 (X, Uy (X, )5 Uy (X058 (%, ))] /2
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o

k
Z’T{ = f(x,y,y',y", ...... ,y(k_l))
(D)% f(x,y,y',y", ...... ,y(k‘l)) 5B (0
f f(n0 ) e ) 7 L

VIR RER S N i)

@QeFF k@

e

f= — 2L emnitial conditions

4 singular point)
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1-4 Applications of Nonlinear Differential
Equations

)

V& i3+ (1-4-1)
£ 485 )3 (1-4-2)

D. G. Zill and Michael R. Cullen, Differential Equations-with Boundary-
Value Problem (metric version), 9th edition, Cengage Learning, 2017.
(Section 5-3)
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1-4-1 X % e+

2
Femg  F= 4

dt’
Py e e (V7514 L)
mM  _ d’y(t)
v " i

3 i 4 ¥ tew Tmle(?- V“ef"‘blde

‘H\ t Md( d _Z__ Y=
:/o‘nr?:l:(e £ pnéent. A %«Z*— Ma?




1-4-2 £ 485 chp) 3 91

F:jtmv
m: g, v R, mv: & 20 N
m € REF X M TR (£48F Db F), T U.]I)WEII’d
m = kx(?) T force
Z & (weight) = x(7)

B £ (mass) =x(2)/9.8




d d
F — =vVv—m+m—v, F=F —
) —mg thm mdtv ( 0 mg)

d

£t (0)=[ 4x(0) | % kx(e) (1) 20,

dt

;l;x(t)—i—k(;ix(f))z +kgx(t) =k,

Fp#%4, k5E=E0FE, x() 3R (r5 F)

kx ()

R R SF4PF > g =9.8 metres per s?
i * &4 0 g=32 feet per s?
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[Example 1] (Zill page 227)

k=1/9.8
d’x | (dxy2 _ g=9.38
xdt2 —I—( ) +9.8x =196 F =20

Ped< 1o (2)
U= aAx aioA . A“
aE ) des 0‘7(

0:{“ 4 u \_}"T g)( 21196
dv B8 - )
Y gy )cl(o)U‘ _ Bern«ouui
w 4 X = U Page 3| ’
\VAS MH‘t uz

n=~|
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