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2. Partial Differential Equations

Section 2.1 Separation of Variables

Section 2.2 Classical PDEs and Boundary Value Problems (¥ &% %)
Section 2.3 Heat Equation

Section 2.4 Laplace’s Equation

Section 2.5 Nonhomogeneous PDEs (¥ % av = i f#;2)
Section 2.6 Higher Dimensional PDEs

Section 2.7 PDEs in Polar Coordinates

Section 2.8 PDEs in Cylindrical Coordinates (¥ %t % %)
Section 2.9 PDEs in Spherical Coordinates (% %% %)
Section 2.10 Solving PDEs by Laplace Transforms (¥ #t % %)
Section 2.11 Solving PDEs by Fourier Transforms (¥ # % %)

[1] D. G. Zill and Michael R. Cullen, Differential Equations-with Boundary-Value Problem
(metric version), 9th edition, Cengage Learning, 2017.

[2] http://djj.ee.ntu.edu.tw/DE.htm



Solving PDEs
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— Rectangular
Coordinate
Examples

— Basic Process (Sec. 2.1)

— 1 Superposition (Sec. 2.1, Sec. 2.4)

—— Nonhomogeneous Cases (Sec. 2.5)
(Two Methods)

—— Problem Classification (Sec. 2.2)
—— Heat Equation (Sec. 2.3)

Wave Equation

- Laplace Equation (Sec. 2.4)

— Higher-Dimensional Case (Sec. 2.6)

—Polar and Spherical Coordinates (Sections 2.7, 2.8, 2.9)
— Integral Transform Methods (Sec. 2.10 and Sec. 2.11)
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2.1 Boundary-Value Problem in

Rectangular Coordinates

Use the methods of Sections 2.1 ~ 2.9

(1) separation of variables

Sections 2.10 and 2.11
(2) the Laplace / Fourier transforms*—

to solve the PDE problem.

D. G. Zill and Michael R. Cullen, Differential Equations-with Boundary-Value
Problem (metric version), 9th edition, Cengage Learning, 2017, Section 12.1.



linear second order partial differential equation for two independent
variables
40U g Ou 00Uy pou, E s+ Fu=G

ox” Ox0y oy’ ox 7 terms
Q’?\Eb .ty‘n‘c ‘FOM O'c Solutions

B?—4AC > 0 : hyperbolic,/B? — 44C = 0 :'parabolic

L thén
B> —4A4C <0 : elliptic
&ﬁﬁ A+ B‘Kf+()’3+by(~|-E7+Fo
B‘-4A6>0—»n¢b£i ex: -;(-y‘.| A\, C:4, B:0, B 4AC >0
BLAAC:O oW L oiys0 A1,B:CO,BR4AC:O
B-4ACCO > ellytic A4YE| As (1, B0, B-4ACLO

homogeneous : G(x, y) =0, nonhomogeneous : G(x, y) # 0

Linear: A, B, C, D, E, F, and G are independent of u

T N—
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2.1.1 Superposition Principle

[ Theorem 2.1.1] Superposition Principle

If u,, u,, ...., u, are solutions of a homogeneous linear partial
differential equation, then

U=Cly+ Cylly +ven +cu,

1s also a solution of the homogeneous linear partial differential
equation.

2 2 2
(Proof): If 40 p Ot | o0 | pOU | pOW +Fu, =0
Ox> 0x0y 0y OXx oy

ou, ou,
Ox? 0x0y 0y’ +DE+E oy

+Fu,=0
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2
0" (cuy +cyu,)

then y 0 (cu, +c,u,)
2

2
: —I—BG (Clu1+czu2)+c
ox Ox0y oy

O(cu, +c,u,) E o(cu, +c,u,)
ox oy

2 2
=¢, Aaul+86u1 Ca u1+D%+Eaul+Ful
Ox’ 5365)/ 0y’ O0x oy

D

+ F(cu, +cyu,)

o’u, o°u, o’u, ou, ou,
+c{Aa +B&x6y C6—y2+D o +E = Jy + Fu,

=¢,0+¢,0=0




2.1.2 Method of Separation of Variables

% PDE with BVP (or IVP) 77 ;2
(1) method of separation of variables

#PDE § ¥ § ¥ x 2 ¥y ks

BRK fE 5 ulx, y) =X(0)Y(y)

(2) using the Fourier transform (or Fourier cosine transform,
Fourier sine transform) (see Sections 2.10 and 2.11)

£ 3 g4 ¢ PDE » ODE
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Method of Separation of Variables 1/ 2

(Step 1) BK 25 u(x,y) =X(x)Y(») 7 2% B 4

(Step 2) #-u(x, y) = X(x)Y(y) * » PDE » 4= PDE %
“ function of X7 =“ function of Y’ =

7 Ay two ODE

—A

A F % real separation constant

01



Steps 3,4,5 £ & = 7 e 51 Cases &k fi% 102

% 7 trivial e4F350h 5 S5 ¥ 0L e cases 39 & 4 g
(Step 3) #- function of X=—-1 25 1 > T 5 X(x)

2 A

i (a) rk )a FAER r’v'?boundary (initial) conditions -
» R AEE-HT R

(See the Examples in Sections 2.3, 2.4, and 2.5)
(b) F B+ %15 V() § R
(48 boundary (initial) conditions M %)
(c) wiz— H® > 3 iz > g &7 4|
(Step 4) #- function of Y=—-1 enfg & 1 » 5 ¥(y)
ZAR e >4 Step3 4P
(Step S) u(x, y) = X(x)Y(y)
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(Step 6) #1357 iy fE > W44z &

(Step 7) * 2% & boundary (initial) conditions #- coefficients & !
0 - AW € * 3| Fourier series, Fourier cosine series
£

Fourier sine series

X % X7 boundary (initial) conditions » Steps 6, 7 ¥ 14 /4 1%

Rules:
x 0 BVP (IVP) i ¥ > B X(x)
y s BVP (IVP) i ¥ L5 ()
<3 BVP(IVP) s LB X(x) & V()



2 2
Tux,y)  Tulxy) _

Ox oy

ou
,0)= A, T8\

u(x,0)=f(x) o, (x)
0'u(x,y) , 0°u(x,y)

O’ oy’

£ 5 Y

u(0,9)= /() u(L,y)=0 )
0 _ o =
ayu(x,y)yzo 0 ayu(x,y)y:H 0
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Note: Separation of variables #7373 ;2 H F & &
TR ZE T X0)Y() kE T
Separation of variables #3 & 47 o & _t*



[Example 1]

I neav
5_U§ _4q0u lnauosmeoqs
Ox oy

Step 1 B3K 2 5 u(x,y) =X@)Y()  (f%i2 B )

2
Step 2 #-u(x, y) =Xx)Y(y) # » aLz _40u
Ox oy

X"(x)Y(y)=4X(x)Y'(»)
X"(x) _Y'(»)

4X(x)  Y(»)
X"(x) Y'() /

D)3 (g
= — qz/é’: FE;_

real separation constant

4X(x) Y

477,

X"(x)+42X (x)=0 Y'(y)+AY (y)=0 page 34

(The detail can be reviewed from the PowerPoint in DE1)
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X"(x)+4/1X(x):O Y'(y)+/1Y(y):O 107

Case 1 for Steps 3,4,5 A1 =0

Step 3-1 X"(x)=0
auxiliary function ~m” =0 roots : 0, 0
X (x)=¢ +cyx
Step4-1  Y'(y)=0 Y(y)=q¢,
Step 5-1  u(x,y)=X(x)Y(y)=(¢, +¢,x)c; = 4, + Bx

A = ¢, B, =¢,c,
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Case 2 for Steps 3,4,5 A <0

oLl ¢ cw?l ?ea.l (a*\d’qh‘f
S S o ’ . 2
= 1AL 5 d=—0 Sﬂ'ETg-Py?u;. K>0
Step 3-2 X ”( x) _4a*X ( x) — (0 roots of the auxiliary function: 2a, 2«
m*— 4*=0 W= i)b(
X(x)= de’ ™ +d,e”™
WOF BfE:e B S X (x)=c,cosh(2ax)+ c. sinh(2ax
e
472 + (g

epd-2 Y ) / 2 _
Sepd2 T _at () (1)=0

V'(y)-a’Y(»)=0  Y(y)=ce”

2

DK ((=C5 22X
:Atg..’i.e -[—(fi_?.e

Step 5-2 u(x,y)=X(x)Y(y)= Azeazy cosh(2ax) + Bzeazy sinh(2arx)

A4, =c,c, B, =c.c,
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Case 3 for Step3 4 >0

a0 AR £ ) =g >0 w3300
Step 3-3 X "( x) +4a’ X ( x) — (0 roots of the auxiliary function: 2, —j2

X (x

) = ¢, cos(2ax) + ¢g sin(2ax)
Step 4-3 Ly) Y'(y)+azy(y):() Y(y):cge_“zy

\_/

Step 5-3  u (x, y)= A3e_“2y cos(2ax)+ B, e sin(2ax)

# & 22 boundary conditions » £ ¥ & ¥ 3| general solution °

.ﬁ;}—;—h’-r " ,}3’7;—*!}4‘:3&% (o\s 2
Step 6 cagg) | - liErRRR_ e .
u(x,y)= |A + Bx Y [ 4, e ycosh(2ax)+B2ae“ Y sinh(2ax)].
_____ I |2!>_0___________________________!
N EE Y E Y Y EYE
:+Z[A e cos(2ax)+ B, e ~a’y sm(2ax)]| a A EEF &
L_06_>0__________________________.! 0‘563

/\
s
o)
=
0]
(@)

_o)
o
o
U
e
CD

éia
Y

F_k
c-\;
I

o

N/




110

Hyperbolic Function

L osin(x) = e” gj.e_jx

_e+e”

2

cos(x)



5
sinh(x) /
0
-5 .
2 0 2
3
2! coth(x) &
1
0
-1
_Zﬂ
-3 -w

O N LA o 4N ow

tanh(x)

csch(x)

.
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d

dx
d

dx

sinh (ax) = acosh (ax)
cosh (ax) = asinh(ax)

d _ 2
dxtanh(ax) asech” (ax)

d - 2
I coth(ax)=—acsch” (ax)

%sech (ax)=—asech(ax)tanh (ax)

%csch (ax)=—acsch(ax)coth(ax)

112

sinh(0) =0
cosh(0)=1
sinh’(0) =1
cosh’(0)=0

sin (ix) =isinh(x)

cos(ix) = cosh(x)



Section 2.2 Classical PDEs and Boundary- '"

Value Problems

221 * % E

(1) one-dimensional heat equation (& fj # = heat equation)

k>0

Generally, kV’u= %

(2) one-dimensional wave equation (& f§ % wave equation)

2
Generally, a’V’u= g—t’f

(3) two-dimensional form of Laplace’s equation (& f§ fi- = Laplace’s

B=o, A=k, (9 2

BLéac:O  |[pdu_ou
ramLolwc Ox ot
02, (~,B:

pdacro a2 lu =0
laﬂ;ﬂ bolic Ox ot

equation )

Acit, B0 0u, Qu_

B-AACLYO 0x° Oy
ellptre

2

v u=0

Generally, v2, -0

D. G. Zill and Michael R. Cullen, Differential Equations-with Boundary-Value
Problem (metric version), 9th edition, Cengage Learning, 2017, Section 12.2.
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Sk

heat equation, (page 115) wave equation, (page 117)
Laplace’s equation, (page 120) Laplacian, (page 121)
Dirichlet condition, (page 123) Neumann condition, (page 123)

Robin condition  (page 123)




|
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2.2.2 One-Dimensional Heat Equation

0°u _ ou
kax2 - Ot

d kBB EAER

u(x, t): temperature, ¢ time, x:location

Fig. 2.2.1

XTAX _»

-
.o—""-'_'-

X -
_— B84 |@®@@

From D. G. Zill and Michael R. Cullen,
heat equation E,lj ? . diffusion equation Differential Equations-with  Boundary-Value

Problem (metric version), 9th edition, Cengage
Learning, 2017, Section 12.2.
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0*u _ ou
k@xz Ot

Example:

u(x, t): temperature,
t: time, x: location

Fig. 2.2.2 %o X-axis
ou(x,t)
Xo R R M A o >0

x=x0



[ Y
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2.2.3 One-Dimensional Wave Equation

4> 0’u _0’u
ox® ot
JER( -SRI g B

u g ulx, 0): height, # time, x:location

From D. G. Zill and Michael R. Cullen,
Differential Equations-with  Boundary-Value
Problem (metric version), 9th edition, Cengage
Learning, 2017, Section 12.2.

-
< 7

u(x, 1) =0 u(x, 1)=0 @Ol
Fig. 2.2.3 when x =0 whenx =L

1) | B e Fe
ORETE N P

=
M

wave equation %] & : telegraph equation
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=4

Fig. 2.2.4

-
X

[0Sl

From D. G. Zill and Michael R. Cullen,
Differential Equations-with  Boundary-Value
Problem (metric version), 9th edition, Cengage
Learning, 2017, Section 12.2.
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e Wave equation B i g *

Theory of high-frequency transmission line
Fluid mechanics (7 %8 # &)

Acoustics (B-%)

Elasticity (3£ 4 &)

Microwave engineering (7 & 1 #%)



[

2.2.4 Two-Dimensional Form of Laplace’s Equation

2 2 2 2
SERECRL St
ox~ Oy x rt ot

QU _

\A:heh 24:0

BAEMEF R A R0 e 24 v .qg
X ay'-

u(x, y): temperature,

X, y: location

20
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Laplace’s Equation 7= ¥ * Laplacian % 71, VZu(x, y) =0

Laplacian: V?

2 82
a2

2 82 62
Viu(x.y,z)=9 Y+ e




Modification

by bk 4 s Rpreh R 3 (T

—

] * heat equation =77 modification

O'u _ ou
ka h(u—u,)= Y

] : wave equation =7 modification

282 Yt F(x,tu,u,)= o’u

ox* ot*

e Laplace’s Equation enH 1 g #
Static displacement of membranes
Edge detection (:£ 5% 1 B])

Microwave engineering (& /& 1 #%)

122



2.2.6 Boundary Conditions ¢ Initial Conditions

123

Dirichlet condition

Neumann condition

Robin condition

Uu—........ (/;J%‘{(Au\)

ou ... (5 HeA)
n

a_u+hu: ...... (/EE" @)

on

h 1s a constant
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2.3 Heat Equation

This section can also be viewed as an example of Section 2-1

o’u  Ou

k—=—, 0<x<L, t>0 (1)
7(;0 Ox Ot (X*L

u(o 1)=0, u(L,t)=0_ t>0 (2)

u(x,0) = f(x), O<x<L. (3)

T gmlf (onsi der .
Solution: (702 stnp % {5“" M—é

X 0 KL h75 , 0(~
(Step 1) u(x,t)zX(x)T(t) st
kX" ()T (1) = X (x)T'(¢)

D. G. Zill and Michael R. Cullen, Differential Equations-with Boundary-Value
Problem (metric version), 9th edition, Cengage Learning, 2017, Section 12.3.



KX"(X)T(t)= X (X)T'(¢) X = sia(2£=) 125

-

Xn Tv :O (R
Step 2 — ) 4
(Step 2) T (4)
" — 5
PDE - 2 OPEs X+ AX =0 ()
T'+kAT =0. (6)

(From Zero Boundary Conditions) wivt): X0 T(+)

u(0,t)= X(0)T(£)=0 and u(L,t)= X(L)T(t)=0.

Since for a nontrivial solution, 7(¢) cannot be zero,

.0, wvq)z0 Hrivial
X(0) =0 and X(L) = 0. ¥ TH):0, ut¥, solution
We have
T'+kAT =0.
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() X"+AX =0, X(0)=0, X(L)=0. (il) 7'+ kAT =0.

:Case 1 for Steps 3,4,5 A=0

X"=0 X(x)=c +c,x
From X(0)=0, X(L)=0 ¢, =c,=0 X(x)=0
u(x,t)zX(x)T(t)zo

(trivial solution)



. .. 127
() X"+AX =0, X(0)=0, X(L)=0. (il) 7'+ kAT =0.

fCase 2 for Steps 3,4,5 A<0

Set A=-a’
X"-a’X =0 X(x)=ce” +c,e™
X (x)=c,cosh(ax)+c,sinh(ax)
Note:
¢, cosh(ax)+c,sinh(ax)=c,

cosh(o)z{ , gmk(o)ZQ C;+Cy o
(3|16 0:0 =T 5 € t— —¢

2 2
From X(0)=0,¢;=0 Pom poge |

From X(L) =0, c,sinh(aL)=0,c,=0 cnh(x) £O 7§ A+40
X(x)=0 u(x,t)=X(x)T(t)=0

ax

e +e
2

—ax ax —ax

e —e
+C,

(trivial solution)
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() X"+AX =0, X(0)=0, X(L)=0. (il) 7'+ kAT =0.

Case 3 for Steps 3,4,5 A>0

Set A=cqg?
X"+a’X =0 X(x)=c cbﬁx+c2 sin ax.
X(0)=0 o =0 anh =0 for all Tuteger W
— VY 1 2
X(L)=0. c,sinal =0 a=nx/L, A=n'n’/L.
ol: A
X(x)=c,sin(znx/L), A=n’n"/L. n=1,2,3,....
' n27Z2 —k(n*7? /)t
T'+k 7 T =0. T(t)=c,e

u, (x,6)= X ()T(£) = A,e "=+ sm%x -

1
h 0 ¥
h<0 has the gsame X
AasS W) O

, 2,3, ...
¥t O
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nr

(Step 6) u(x,t) = 2:21 u, (x,t)= i A g ke sinTx,
n=1

(Step 7) From the boundary condition, u(x,0)= f(x)

u(x,0) = ZA sin—x f(x)
From Fourier sine series (page 131 in *i4srz )

= b,sin"% x 2_[ sm—xdx
- P p is yq;la(eo( L/ L

S j £(x) sm—xdx

Therefore,

u(x,t)= U S (x) Sln—xdxje‘k(”z”z/Lz)t sm%x
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*+45x2 Review for Fourier Series and Fourier Cosine / Sine

Series

Fourier Series £x)= Px+pD

N ni
2‘)+Z(a cos—x+b sin & ’ )

n=I

_1 1
ao—pjpf(x)dx a, o), p

1

p

b

n




s\
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-.‘-—r-‘\-‘.

)

f(x) 1s even : : .o : :
Fourier cosine series (£ cosine series)

Fourier Series —

bn"o

a o0
_ % niw
—2+Eancospx

_2 =2 d
J' f(x)dx @ J- f(x)cos™® »  xdx
[Poalol 0 f even ljo eveh

Fourier sine series (% sine series)

f(x) 1s odd B
Aoz On:Q f(x)zzbn sinn;zx

2 p
= £ sin 2% xd
pj-of( pxx
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Section 2.4 Laplace’s Equation

2.4.1 Section 2.4 3 &

O0’u . 0’u
+ =0
o oy’ 0<x<a, 0<y<b, ey

(i * method of separation of variables X %)

gl

u(x,0)=0 u(x,b):f(x) forO0<x<a

rF\:"%E2J/,u(O,y):O u(a,y)=0 &x(a)tfor0<y<b,
X0 4(x,0)=0 u(x,b)=f(x) ?0r0<x<a

utny) = X00 Yey)
D. G. Zill and Michael R. Cullen, Differential Equations-with Boundary-Value

Problem (metric version), 9th edition, Cengage Learning, 2017, Section 12.5.

o ou

x=0 ax

=0 for0 <y <b,

X=a
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2 2
EFeAT0 0<x<a 0<y<h

"R 3, u(0,y)=F(y) u(a,y)=G(y) for0<x<a

X 42 & “superposition principle”



2.4.2 Solutions for Laplace’s Equations (3 % j% %5 )

gzgu_gzz;:o 0<x<a. 0<y<b,
X0y 5 X'to=X(@z=0 X@=<
ou —0 ou ~0 for 0 , or (xtosdX
= = <ypy<
Y90, Gl O liwa R 2 fogr)
Mu(x,0)=0  wu(x,p)=f(x) for0<x<a S Cow Sinbexd
o an g _ (kxR STU(KA)=O
Step 1 13K ﬁ’araz ug; , 1) =Xx)Y(y) Dw\::l’lr ) K:%
N U O 0 uz‘-h n). . ne
Step 2~ » Py 8y (g 4 _é(. = ,m_a_‘_;_.
) . B X" (X) Y” (y)
X (x)¥ (y)+ X (x)Y" () =0
X(x) Y(y)
y XY,
X(x)  Y(»)

@42 % ODBs  X"(x)+AX(x)=0 Y"(y)=AY(y)=0




Steps 3, 4, 5 e gJ2

(1) ¥] 5 x erboundary condition f f§ 8 > #7112 £ f2 X(x)
2) # = A1=0, A1<0,41>0 = i cases
() 4 94 =0 forall0<y<b,

, (’“; o X'()Y(y)

X (x)Y ,

S = X(0)Y(y)=0
x=0
JO) 27 5 0 (3R ulx, y) =X(x)Y(y) =0)

w012 X'(0)=0

P32 od U 0| X'(a)=0

xX=a T ——

P32 d u(x,0)=0—{Y(0)=0
XY (2)=0

135



X"(x)+AX(x)=0 X'(0)=0 X'(a)=0
P (=0 [7(0)=0
Case 1 of Steps 3,4,5: 41=0
Step 3-1  X"(x)=0 solution: X (x)=c¢,+c,x  X'(A)=(,
¢ boundary conditions X'(0)=0 X'(a)=0 ¢, =0

X(x) =¢
Step 4-1 Y”(y) -0 Y(0) =0
solution: Y (y)=c,+c¢,y
245 boundary condition ¥(0) =0, ¢; =0
Y(y)=cy
Step 5-1
u(x,y)=X(x)Y(y)=clc4y:i4£;_ 4 =ce,

136
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)KCase 2 of Steps 3,4,5: A<0

L A=—a
Step 3-2 X"(x)-a’X(x)=0 X'(0)=0 X'(a)=0
solution: X (x)=d,e™ +de ™ From page 13

e . %)= in
R X(s) (o) i) XD s

¢ boundary conditions X'(0)=0 X'(a)=0

o2 d . d g -

145 acosh(ax) =asinh(ax), 4, sinh(erx) =& cosh(arx)
{dsazo mﬁo :>{d5:o :> X(X):O
d,asinh(aa)+dacosh(aa)=0 d,=0

% >0 sinh(« &) $0
]2t > case 2 ¥ J) trivial solution u(x, y) = X(x)Y(y) =0

u(x,b) = f(x) #- % is A<0 P & 3
(* % £ ¥ Steps 4-2, 5-2)



Case 3 of Steps 3,4,5: 41>0

L A= ot

Step 3-3  X"(x)+a’X(x)=0

solution: X (x)=c, cos(ax)+c, s/ﬁ@x) X

X'(0)

138

0 X'(a)=0

10z = (o sixx)t (o)

¢ boundary conditions X'(0)=0 X'(a)=0

/

c,a =0

(¢, = any nonzero constant

< [< a=""  nA EE
—c,asin(aa) + c,a cos(aa) =0 . 61
- . C, =
-~ Sin(hr)=0 , ka=h7t, 0(-”-4 -

BRAE AV ERENE S ¢,=0andc,=0
BZ%apEFTRE T EF S BT ENT |
paky Lons"‘n‘; o
2_2
Xn(x)zclcos%x nEERD K A=g’ =T nED
a
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Step 4-3 Y”(y)—szY(y)zO since  A=01Z
a

Y(0) =0

solution: Y (y)=d,e® +d,e °

sqans Y(v)=c cosh(fgfy)+c4 sinh(fgfy)

#2145 boundary condition Y(0)=0 ¢, =0

Y (y)=c, sinh(%y)

Step 5-3
u(x,y)=X(x)Y(»)
=c, c:os(%x)c4 sinh(%y): 4, COS(%X)Sinh(%y)

g oop 2 :
nE_EE T FH A =cc,
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Step 6 ¥ #75 ¥ it e1fE > 2 3MAcde K

u(x,y)= A+ A, cos(Mx)sinh(My)

’—T n=1 a a
(asel CageI

-

Q: 4 HAan I 1 4Flord2td —04rF| o0?
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e WA AE R E e 7RG P A B 4 F) oo

M 2bd —o0 4c 3] oo ?

v N\ — oo =T v (nr o\ _on[—nx
*] & cos(ax) cos( . x), smh(ay) smh( . y),

sinh (0)=0

g

72 [ Z B, cos(’zzx)sinh(nfy)
— Zcos(mx)[Bn sinh(my) -B Sinh(my):|
a a d

— Z A cos(mx)sinh(my)

a



Step 7 u(x,y):Aoer;Ancos(f )smh( y)

nonzero boundary condition: u (x,b)= f(x)

f(x)=4b+ 2 A cos(Mx)sinh(Mb)

a a
(7@ n

LRI 24,b nsi/nh(% n=1,2, ...., )

#_f(x) 1 Fourier cosine series 77 coefficients Fage 13)
A b =° p s Vepfaced ")’ (|
° >

24 =2[" f(x)dx Ansinh( ) 2[* f(x)cos ™7 xdx

4, = ij‘oa S (x)dx 4,= asmh(f )I f(x)cos 2 x

142
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2.4.3 Laplace’s Equations with Dirichlet Problem

221;_'_221;:0 O<X<Cl, O<y<b,
Y X()=YX(a)z0 XA =CK$‘“°<7‘ g?no(.a;(’?t
M(O,y):() u(a,y):() O<y<b, oK O

0(-.’1.7_"-
u(x,0)=0 u(x,b)=f(x) 0<x<a, X(X)=(, s?ne-nz)

* method of separation of variables » &3+ & & !

., u: XY
u(x,y):ZAnsinh%ysin%x X"Y+Y'x:0 fEaA XY
n=1 o .
2 a . X "I'T‘=
A = j 1 (x)sin % xdx x ¥
asinh "% p°° a Xy
a X T° -2
R R R A .hznl
"R R R
Y'-ay:o wm"NZ 0 m<3 Al
p 2“2;2 % . Wt he

W, - i
=0 T Y(y) :C"f_'uz} (ze-u7=C;(o‘k o 7



2.4.4 Superposition Principle

[

Dirichlet Problem ¥ 4 f# = & 3 ¥ 42

2 2
gg+%g=0 O<x<a, O0<y<b,
u(0,y)=F(y) u(a,y)=G(») for0 <y <b,
u(x,O):f(x) u(x,b)zg(x) for 0 <x<a,

v e BF R SRR (REEE &Y separation of variable 17
2%

44
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< . Ou, 0Ou
+ B A2 1 Ly 710 0<x<a, 0<y<b,
ox® oy°

ul(O,y)@ u,(a,y) :@ for 0 <y <b,

u, (x,0)=f(x)  wu(x,0)=g(x) for 0 <x<a,

- - 2 2
—J-FFB%EZ au2+au220 O<x<a, O<y<b9

ox> oy’
u, (0,y)=F(y) u,(a,y)=G(y) for0<y<b,
u,(x,0)=0 u,(x,b)=0 for 0 <x <a,

BI3K u(x, ), up(x, p) A B A RRE L, 3 RAE 2 nfR

P u (%, ) = uy(x, p) + uy(x, p) SR KK AL R
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%‘j u (xay) — ul(xay) + u2(xay)

u (0, y)=u(0,y) +uy(0,y) =0+ F(y) = F(y)
u(a,y)=uya,y) tuya,y)=0+Gy)=G()

u (x, 0)=u(x, 0) + u,(x, 0) =flx) + 0=fx)
u (x, b) =u,(x, b) T uy(x, b) = g(x) + 0= g(x)

Ya l Y
g(x) (ab) gx) (a,) 0 (ab)
fx) " fi(x) X 0 X

&IOS

From D. G. Zill and Michael R. Cullen, Differential Equations-with Boundary-Value
Problem (metric version), 9th edition, Cengage Learning, 2017, Section 12.5.

Fig. 2.5.1



0 147
+ B R 1 ez ul(x,y):Z{A cosh % y+B smh—y}sm%x

n=1

4,=2{1(x sm( )dx
e ey AL (5]

F R RE 2 iR uy(x,y =Z{A coshnﬂx—l—B smhngz }sm Y

Anz%j ()sm(”lfy)dy

7 L e G

Bk B RE PR u (x, ) +u, (X, )
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[

2.4.5 Sections 2.1~2.43F & /i e &

(1) Method of separation of variables % PDE e 4282 X & » {2 & _Js
¥5 i & pages 101-103 e 7 % steps R A i 48 o

(2) i1
% boundary conditions 1 3% u(0, y) =0, u(L, y) =0,

B {$ ﬁjﬁgl‘,&a’ff’ sine "ﬁ fid X(x):czsinﬂx H L 2L/

L
, .. 0 _ 0 _
% boundary conditions I} 75 5_7; L 0 8_)Lé _ 0

B (¢ N2 58, F Jv cosine & constant 7 B

X(x)=¢ or Xn(x)zclcos%x WH L L 2L/n



(3) 55 & 59 t6 0 7 Il u(x, y) < boundary conditions
IR u(a,y)=0 —*fﬁﬂ‘r’sﬁ X(a)=0 ~
F 3 ule, ) =0 — i V() =0 -

F3 G =0 X(0)=0

B S 8u A I8 { =
== ;LIJ va :O_> ,u«f\i”lﬁ Y(b) _O
A ., T}

(4) & 31 & cosh(x), sinh(x) e 5

149
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(5) Method of separation of variables 35 + % % )45 g 2 50

(12 #- 3 pages 134-142 Laplace equations 3 &)
(@) X"(x)  Y'(y)_ ¥

X(x)  Y(y)

(b) Steps 3,4,5 & < g #73 cases

() 2 ¥ E4&d ¢,=0 % ¢ cosax+c,sinax=0 *|%rc;=¢,=0
Fli a¥ U E_mm/L, 4o & page 138 it

(d) % Step 6 » & #-#773 ¥ ap i0fF4eA= K 0 A H_u(x, ) (- A fF
4ozt & page 140 #7it
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2.5 Nonhomogeneous Boundary-Value Problems

Ou, plu cOu,pou,pou, g, _
Aax2+B8x8y+C6y2+D8x+E8y+Fu_G

Nonhomogeneous: G #0

Key ideas: Separate the original problem into two or more problems

D. G. Zill and Michael R. Cullen, Differential Equations-with Boundary-Value
Problem (metric version), 9th edition, Cengage Learning, 2017, Section 12.6.



Ou_, pdu  ~0u_ nou, pou _
Aax2+Bax8y+cay2+D8x+E8y+Fu_G

W /sar/
Method 1 u(x,y)=v(x,y)+w(x)

Method 2 u(x,y) = v(x,y)ﬂﬂ(y)
Method 3 u(x,y)zv(x,y)+l//1(x)+l//2 (y)

Method 4 u(x,y)=v(x,y)+w(x,y)
(Method 4 © %7 %)

Extra Methods: Expansion by Fourier series, Fourier cosine series,
or Fourier sine series
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2.6.1 Method 1

’u, pdu  ~0°u HOu_ ou _
Aax2+38x8y+cay2+D8x+E6y+Fu_G

Method 1 M(X,)/) =v(x,y)+w(x)

=y

[Constraint]: G 1s independent of y

™

2 2 2
4OV%Y) | pOV(X,Y) | ~OV(X,Y)  OV(X,Y) | OV(X,))
Ox> 0x0y 6y2 0x oy

+Ay" (x)+Dy'(x)+ Fy (x)=G(x)
Problem A: (ODE for y(x))

Ay" (x)+Dy'(x)+ Fy (x)=G(x)

Problem B: (homogeneous PDE for v(x, y))

+ Fv(x,y)

2 2 2
49V0Y) | pOVLY) | cOVNY) | hOV6RY) | pOVRY) | 1y

2 2

Ox oxoy Oy Ox oy
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[Example 1] nonhome geheoug

o’u ou
Solve k—+r=—, 0<x<l, t>0
Ox ot
u(0,1)=0, u(l,t)=u,, t>0
u(x,0)= f(x), 0<x<1 r and u, are nonzero constants

(Solution): Since G =r, u(0,6)=0, u(l,t)=y,

independent of ¢ constants

Method 1 can be applied. i, ) =vlGt) +90) = U
u (‘7‘,0):\I(790)+ q,(*l’)t(xa 1) =v(x,t)+y(x), Lex V (\/‘t) 20, &I) “) =U,

:_Fh() aZV(X, t) dzl//(X) _ 6v(x, f) dl//ﬂ)
vi#,°): {—‘(x)—-cp(x\k o’ A & o +/a’t

2 2
I 0" v(x,t) T d y(x) e ov(x,t)
ox’ dx’ ot
N —
Problew A
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Problem A fky"(x)+r=0, w(0)=0, w()=y

2
Problem B kav av, O<x<l, t>0
ox> ot

v(0,£) =0, v(1,¢)=0, t>0
v(x,0)=f(x)—-yw(x), 0<x<l

(1) For Problem A
ky"(x)+r=0, w(0)=0, w(l)=uy, g
" (x) "k
wv'(x)=-rlk l//(x)——z—kx +cx+c, u
W(O):Oa W(l):ul CO 209 2k+cl _ul

w(x)——ﬁx +(2k+u1)



(i1) For Problem B, from Section 2-3 page 121
v(x,t)=) A e sin (nzx)

n=1

where 4, —2'[[ +ﬁx —(2k+u1) }sin(mzx)dx

Therefore,

u(x, t)——ﬁx +(ﬁ+” ) +iAne_k” & 51n(n7zx)
n=1

\ I g

ix) v (%t)

f

156
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2.6.2 Methods 2 and 3

0’u 0’u O°u | nou , ou
A@x +B@x@y+cay +D8x+E6y+Fu G /pmueh/\

Method 2 u(x,y)=v(x,y)+w(») ¢ q/”()_} EY (YH'HP(Y) *GlY

9 ’ az Y
iRV 4 CSo.V
[Constraint]: G 1s independent of x &y :{m
DSFHEY; 4R/
ﬁ___/

Method 3 u(X%,)=v(x,»)+y, (x)+w,(») Problem B

[Constraint]: G = G,(x) + G,(»)
G(x) 1s independent of y
G,(y) 1s independent of x
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Ou pou cOu,plu, pou g, _
Aax2+B8x8y+cay2+D8x+E6y+Fu_G

u(x,y)=v(x,y)+y (x)+y,(»)

2 2 2
4OV%Y) | pOVY) | ~OV(X,Y) | nOV(X,Y) | OV(X,))
Ox? 0x0y 0y” Ox oy

+Ay{(x)+ Dy (x)+ Fy,(x)+Cy;(y)+ Ey, (y)+ Fy,(¥) =G (x)+G,(»)
Problem A: (ODE for y(x))

Ay|(x)+ Dy (x)+ Fy,(x)=G,(x)
Problem B: (ODE for y;(x))

Cyy (v)+Eyy(y)+Fy,(y)=G,(»)
Problem C: (homogenous PDE for v(x, y))

+ Fv(x,y)

2 2 2
4TI PN DU N I i
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2.6.3 Method 4 (¥ %7 %)

Method 4 u(x,t)=v(x,t)+y(x,1)

Constraint of Method 4: Not applicable for Laplace’s equation.

Method 1 can be applied to the wave equation and Laplace’s
equation, but Method 4 cannot.

Example:
2
k8—7;l+F(x,t)=a—u, O<x<L, t>0
ox ot

u(0,0) =u,(t), u(L,t)=u,(t), t>0
u(x,0)=f(x), O0<x<L,
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2
ka—+F(x )—8 , O<x<L, t>0
ox” ot

u(0,0) =u,(¢), u(L,t)=u,(t), t>0
u(x,0)=f(x), 0<x<L,

et u(x.t)=v(x.t) + (5.1

. o’u 0% 82 Ou 8v 8!//
Since - =
Ox Ox* 8x or
82
k—+F(x )—— ‘ +k W+F(xt)—av aw
ox*
u(0,¢) = uo v(0,¢)+w (0,¢)=
u(L,t)—ul() (L,t)+w(L,t)— 1(t)

u(x,0) = f(x) v(x,0)+w(x,0) = f(x)



Therefore, after setting u/(x,¢) =v(x,7)+y (x,7) , We separate
o’u ou

k—+F(x,t)=—, 0<x<L, t>0
ox ot

u(0,1) =u, (t), u(L,t)=u, (t), t>0

HEHD=SE, Der<h Ay G AHG)

into two sub-problems: g T depmdent on Loth X oandt

2
Problem A: k(gl/l 0, w(0,0)=u,(t), w(Lit)=u/t)

=
Problem B: k%z‘z)JrG(x,t):a—:, O<x<L, t>0
v(0,1)=0, v(L,t)=0, t>0
v(x,0)=f(x)—w(x,0), 0<x<L
where G(x,t):F(x,t)—%—l/t/

Guess: The solution of Problem B v(x, { ) = Z"n (f ) SinnTm

n=l1

161
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Problem A: k‘?'/z’:o, w(0,6)=uy(t), w(L,t)=u/(t)

Ox

w(x,t)=c (t)x+c, (1)

v (0,1) =uy (1) == (1) =1, ()
w(L,t)zul(t) cl(t)L+u0 (t)zul(t)
(1) =y (1) (1 (0) =, (1)
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To Solve Problem B:

2
k—+G(x )—av, O<x<L, t>0
ox” ot

v(0,6) =0, v(L,t)=0, t>0
v(x,0)=f(x)-y(x,0), 0<x<L -
where G(x,t)=F(x,t)— ad

19
*FA, 4 0194 A A if)‘Uo('”)

An assumption can be applied
(from the associated homogeneous PDE).

00 o0

v(x,1)= Z (t)smﬂx G (7) smﬂx

n= nl"‘"

\ / ﬂ°'°‘" pagel3)
Glt): = fc.(v(*)sln % o

Try to solve v (¢) and G, (¢).

ni;sm—x v (0)bin 27 x
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Summary for the Process of Method 4

(Step 1) Use u(x,t)=v(x,t)+w(x,t) to separate the original problem

into two sub-problems.
(Step 2) Solve Problem A

(Step 3) Use the associated homogeneous PDE to express the solution
of Problem B by Fourier sine series

(Step 4) Expand G, (¢) to solve v (¢)
(Step 5) Use u(x, 0) to solve the unknowns of v,(¢)

(Step 6) Add the solutions of Problems A and B and obtain u(x, 7).



[Example 2] 105
O’u _ Ou
ox* ot
u(0,t)=cost, u(l,t)=0, t>0
u(x,0)=0, 0<x<l.

w(x,0)= V004 Yx,0) =0 vixo0): —%0)

, 0<x<l, t>0

(Solution):
(Step 1) u(x,t)=v(x,t)+y(x,1)
o’y
Problem A: > =0, w(0,t)=cost, w(l,t)=0
X
Problem B: a2v_ay/:av O<x<l. t>0
ox> ot ot ’

v(0,6)=0, v(1,¢)=0, >0
v(x,O)z—w(x,O), O<x<l



(Step 2)

O’y
Problem A: ~ =0, v (0,¢)=cost, w(Lt)=0

X
w(x,t)=c (t)x+c,(?)

Solution:  w (x,7)=[0—cost|x+cost =(1—x)cos?
0y

Problem B: —2+(1—x)sint=@, O<x<l, t>0
ox ot

v(0,6)=0, v(1,¢)=0, >0
v(x,0)=x—-1, 0<x<l

We can guess that the solution of Problem B is

v(x,t)= ivn (¢)sinnzx
n=l1

166
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Problem B: a—‘;+(1—x)sint:@, O<x<l, t>0
ox ot

v(0,1)=0, v(1,£)=0, >0
v(x,0)=x—-1, O0<x<l

(Step 3) From the associated homogeneous PDE
o’v _0Ov
ox® ot
v(0,1) =0, v(1,¢)=0, t>0
v(x,0)=x—-1, O0<x<l

v(x,t) = X(x)T(t)

X"(x)T(t)=X(x)T'(¢)

, O<x<l1, t>0

167
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X"(x)+AX(x)=0 X(0)=0 X(1)=0

After checking the three cases, the non-trivial solution exists only when
A=n’n>>0
In this case,

X"(x)+n’7°X (x)=0 X (x)=csinnzx

Therefore, the solution of Problem B should has the following form:

e 0]

v(x,1)= Zvﬂ (¢)sinnzx

n=l

to be solved
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a—+(1 x)51nt—6v, O<x<l, t>0
ox” ot

v(0,6)=0, v(1,1)=0, >0
v(x,0)=x—-1, O0<x<l1

= ivﬂ (¢)sinnzx
to be solved

(Step 4) First, express the non-homogeneous term (1—x)sinz as
(1-x)sinz =) G, (t)sinnzx
From the Fourier sine series (*if4rz ) Zb sm—x

b = 2_{ f(x smpxdx

_2(" _ 2
= 1.[0 x)sin¢sin #& 1 T xdx = mzsmt

2 SINZSIN NTX

niw

MS

(1-x)sint =

n=1
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_+(1—x)sint:a—: v(x,t)zz;vn (t)sinmzx

Since (1 —x)sint = g%sintsin NiTx
g S

a@_xzzv(x,t) _ ni::vn (t)(—nzﬂ'z)SiIlnﬂ'x %v(x,t) = gv; (t)sinnﬂx

e

s

we have

o0

Z[vn (t)(—n2ﬂ2 ) +Lsint} sin nzrx = iv,; (¢)sinnzx

nriw

n=l1 n=l1
. ; 11 h
/ 2 2 _ 2sint P“"t'(“‘ov solu
v, (t)+n TV, (t)— g /\;ih* +B et

2 2 -
f :272 /A Slnf—COSt_'_C —n*r’t
K ( ) n7z(n47z4 +1) n©

® 222 G0t cost 2y |
v(x,t);(Zn;;(S;?ffcl))s +Ce t]smnﬂx



0%y . oV
—+(l-x)sint=—, 0<x<1, >0
ox ot

v(0,6)=0, v(1,1)=0, >0
v(x,0)=x-1, 0<x<lI

o(t) = i[z i EEn c] nex

n=I1
(Step 5) To determine C,, we can apply v(x, 0) = x—1
) page(3)
) : .
x—1= +C  |sinnzx b
Z(mz(n“ﬂ4 +1) J
From the Fourier sine series

n=1

—2 A . L,
Tlﬂ'(n47z'4 +1) +C, = 2_[0 (x—1)sin nzxdx = —=
C = 2 p)

n

nﬂ(n47z4 + 1) nix

171



172

n=1

v(x.t) = i[z - (j?;: j;’)” c} nx

Co_ 2 2

" n7z(n47z4+1) nrw
o0 2 2 2 2
_2 n'zm’sint—cost+e """ e |
v(x,t)—ﬂZ 4 p SIn nxwx
n=1 n\n.mw +1

2_2

© 2_2 -n‘z i
;Z nrw smt;cgst+e e sinnzx|
T n(n T +1) n |

<
—~
=
=~
S~
Il
~—~
p—

I
&
S~
o
o
!
=~
+
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2.6 Higher-Dimensional Problems

Modifying the method in Section 2-1 just a little.

bost 12} Lo\;l;a ‘O“(‘i,}mensmnal heat equation

Z n: 2Y o'u 0’u _ Ou
l"m'\’ Y k(@xz ’ 6)/2]_5.

Two-dimensional wave equation

31) Leq-(- eqm'hoh
( r)
ax‘ a)" &z‘

3P wave equatio’

3 1Y 1Y "
Wo‘vevzu -4 az(aqurazu]:@ z( d 67‘*62 at™
2 2 2 °
> ox® Oy Ot 3 p Laylo\(e equﬂ'f"oh
u(x, y,6) = X(X)Y(0)T(t) o Lo W‘J‘
2 2
U _xvyr, 4o xyor, and = xyr.
ox” 5)’ ot

D. G. Zill and Michael R. Cullen, Differential Equations-with Boundary-Value
Problem (metric version), 9th edition, Cengage Learning, 2017, Section 12.8.
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[Example 1] Temperatures in a Plate

2 2
k(au auj—au, O<x<b, O<y<ec, t>0

+ =
ox® oy’ ot

u(0,y,6)=0, u(b,y,t)=0, O0<y<ec, t>0
u(x,0,¢)=0, u(x,c,t)=0, O0<x<b, t>0
u(x,y,0)= f(x,y), 0<x<b, O0<y<ec.

(b, ¢)

From D. G. Zill and Michael R. Cullen, Differential
Equations-with Boundary-Value Problem (metric version),
9th edition, Cengage Learning, 2017, Section 12.8.

-

b
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u u u

k + =— u(x, v,t) = X(x)Y(»)T(¢),

(axz ayzj Py (x, y,0) = X ()Y (»)T(2)
k(X"YT+ XY "T)= XYT"

Divided by XY7  (v=XYT)

x,yn_r o X'_ Y, T
S+ 5 =7 X Y hkT
S —m —kew

Set X'y,
X Y kT
X"+ AX =0 Y T
A
3DDE5 / \
Yn _+l_




u 1,0 XY T w0, £)=X(0)Yly) T(+)=0

u(0,v,6)=0, u(b,y,t)=0, X(0)=0, X(b)=0,
u(x,0,6)=0, u(x,c,t)=0 Y(0)=0, Y(c)=0

176

X"+AX =0, X(0)=0, X(b)=0
Y"+u¥Y =0, Y(0)=0, Y(c)=0.
T'+k(A+u)T =0.

There are 3 cases for X: 41=0,4<0,and 4> 0.

2 _2
m T

There is non-trivial solution for X only when 4 =——>0

In this case, X(x)=c, sianﬂx X" 00 +)X (=0
— (6FE 4o D)sing A 7‘? mipt
There are 3 cases for Y: 4=0, £<0,and p> 0. bt

2_2
n 7w

There is non-trivial solution for ¥ only when 14, =———>0
C
. NI
In this case, Y (y)=c,sin—y
C

o —-—

=




2 _2 2 2
m 7T n .
l j— j—
m b2 'Lln C2
' m27z2 n7z2
T'+k(A+ )T =0 T+ k(=5—+ 2 )T =

T(t) _c e—k[(m/f/b)2+(n7z/c)2]t
5 .

u(x, y,t) = X ()Y (»)T(1),

_ ~k[{(mz by +(nz /YNt i T AT
u (x,y,t)=4 e "7 Y sin——xsin—,

C
Yn,n < '/2, 5/"“\ ~*

N _ 2 2, . M . AT
u(x,p,t)=> > A, e mrtr=omery sin——xsin—.

m=1 n=I C

177

T'4 aT=0
T(“’):C‘ e-a‘*

otus(l.ho\vy
145 S R X"
‘s\.a
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— mir nii/c : njz.
u(x, y,t) = E E A e Y+l g xsm—y

m=1 n=1 b C

u(x,y,0)=f(x,y) O<x<b, O<y<ec.
> 4 sin—xsinﬂy /(%)
c

mn

Ms

ln

(ZAW sm—yjsme f(x y) “’C’(“‘e P B)/ m\o
" veplace b, ),/ZA “5""“)'

replace -P(x,y) )/ 20
Zb sm—x 2j sm—xdx

(ZAmnsm—yj 2_[ f(xy smmT”xa’x

= opC, Ay
From the Fourier ine series along the y-axis

A = 2J‘ f xy)sm(”;?” )dxsin(ﬂy)dy

C

3
I

Ms

1

3
I

From the Fourier sine series along the x-axis



= - _ mir ni
M(X, y, t) — 2 : 2 :Amne kl(mz/b) +(nrm/c)” ]t n XSIH—y
m=1 n=1 C

_______________________________________________________________________________________

_______________________________________________________________________________________

[Example 2] k(azu o’u Ou ) _ Ou

+ + —.
ox> 0y 0z*) ot
u(1,y,z,~t):)((7r)~{(7) Z(z)T(’c) 4 9'0 Es
’ ; ] X2 X:E9
k(Y2 TE XY "z XY 2T )= XY eT Y4 70
divided L]' W XY 2T '% +fY =0
,I(Z_':. + Y +2‘(> Tl T '-("((7(-‘-“(4,?):0

A =T —p -k(h+r+P)

Vll

X
TN G ‘tj—- P, Lkt T+e)



f(xy)= iian sin (%x)sin (%y)
where

¢ b . .
B,, :bic.‘; J-O f(x,y)sin (%x)sm (My)dxdy

C
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2.7 Polar Coordinates

Sections 2.7, 2.8, 2.9 are extended from Sec. 2.1, but the polar,
cylindrical, and spherical coordinates are adopted.

—— 2D —— Polar Coordinate (Sec. 2.7) ¥/ S

— Cylindrical Coordinate (Sec. 2.8) (¥,©s 2
__ 3p— |
| Spherical Coordinate (Sec. 2.9) (¥, e, ¢)

D. G. Zill and Michael R. Cullen, Differential Equations-with Boundary-Value
Problem (metric version), 9th edition, Cengage Learning, 2017, Section 13.1
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Vi (X, y) or
(r, )
; I
I
LY
0 I
l J:E From D. G. Zill and Michael R. Cullen, Differential
¥ Equations-with Boundary-Value Problem (metric version),
Oth edition, Cengage Learning, 2017, Section 13.1.
Fig. 2.7.1 Polar coordinates

of a point (x, ¥) are (r, )

(x,») (r, 0)
original polar
coordinate coordinate

. 2 2 2
x=rcosf, y=rsinf, and r" =x"+y
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the Laplacian of u in

dinat Vzu . 521/! N azu
x-y coordinates Fehew
the Laplacian of u in . o lou 1 &
i Viu=——s+—+ :
polar coordinates PRSP g

In this section we focus only on boundary-value problems
involving Laplace’s equation V*u =0 in polar coordinates:

: heat
The key points | . « 99U
. . é..t
of this section. \ 0%y N 1 ou N 1 0% _o| wowe ]
or* ror r’of’ ceien = VM
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O°’u Ou O'u 16u 1 ou
Vzu — + . Vzu = — 34— + .
ox® oy’ or* ror r 06’

(Proof): Since From page 184 to page 188

x=rcosf, y=rsinf

_ Y
I”=«/x2+y2 Q—arctan;

6u_8r8u+896u 5u_5r8u+86’8u
ox Ox Or Ox 00 oy oy or oy oo

we have

poge \!
ou _ 2x ou N 1 —y Ou from di arctan x = —L :
Ox  2\x*+y* or 1+(y/x)* x* 66 X I+x

_ X  Ou 1 —y  Ou =cosc9@u _sing Ou

+
x2_|_y2 51’ \/x2_|_y2 \/x2_|_y2 @(9 51” r 89




_ Y
F=xt+ ) ﬁ—arctan;

Ou Or ou 00 Ou 2y  Ou 1 1 Ou

= + = + =<
oy oyor oy od 9 [,2 +y? Or 1+(y/x)* x 06
y ou 1 X ou . ,0u cosé ou
+ =sin—+
x2_|_y2 or \/x2_|_y2 \/x2_|_y2 olv or r 06
M _ o592t _sing O E@_uzsmeﬁqucosgau
X or I 00 Oy or ro 06

__________________________________________

qu_(?@u_@r@@qu@@@@u
ox* Ox Ox OxOrox Ox 060 ox

= cosﬁi(cosé’éu _sind auj— sin@ 0 (cos@ﬁu _sing Ou

or or 1 00 r 00 or r 00
— cos’ @ O°u L sindcosd Ou  sinHcosé O’u
o’ P 00 v 0bor

sin®@ o4 sin@cosH Ou L sinfcosd Ou L sin’ @ 0”u

_|_
ro or r odor P 00 r* 06?
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O'u 0 Ou or 0 ou , 00 0 ou
& oydy oyordy oy 00 oy

=sin9§(sin¢9@u+coseaujJrCOSH 0 (Sing5“+cosﬁ 5“)
r

or ro o6 r 060

O’u _sinfcos® Ou L Sinfcosd 0’u

=sin’ 60— :
or r 00 r orod
L cos’ @ OU  sin@cosd 0t sin@cosd Ou L cos’ @ O’u
roor r 0ro o r 060 r* 006°
O'u 0 2sinfcosd U cos’H OU | cosP O 2sinfcosd Ou




@ — cos O 8%21 _ 2sinfcosf 0”u N sinj 6 52’/; L sin’ @ ou L 2sin 6’2c0s6’ ou
X or’ roobor v 00 v o 1 00|
E@:sinz 952” L 2sin@cosd O'u L cos’ 0 O'u L cos’ 00U _2sin@cosd O |
oy’ or’ r obor r> 06’ ro or 7 00

O’'u O0u Ou l1ou 1 0u
BRI Y
ox” oy- or° ror r°o6

The proof 1s completed.
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V2, - o’'u Ou B O’u 1ou 1 0u

t— =t
ox> oy> or° ror r 06

In this section, we focus on the Laplace’s equation with steady
temperature, 1.€.,

Viu=0

O’u 1ou 1 0u
—t——
or* ror r*of?




37-0 Leplae s equatron
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[Example 1] Steady Temperatures in a Circular Plate
Solve Laplace’s equation =10 V4
@ +l ou N 1 0°u B \
ot ror r2ofr Rl .
X
subject to u(c,0)=f(0), 0<6<2x
pérsc
SOLUTION
Fig. 2.8.2
(Step 1) Suppose that u(l" 9) — R (r) @ (6) From D. G. Zill and Michael R. Cullen,
Differential Equationsjwith Boundary—
R'(r)0(6)+ LR (1)0(0)+-L R(r)©"(6)=0 Mttt
Section 13.2.
( ) R(r ) 0"(0) _, Avided by uR@
R(r) "R(r) 0(0) then multplied by ¥
R'+rR' O

=—— =4
R 0
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(Step2)  FR"+rR'  ©"

A.
R ®
( aw? ~Emler
r"R"+rR'-AR=0 0"+ 410 =0.
: . J+ must be
There 1s no zero boundary condition. setisfreo.

But note that ©(6) should be periodic: ©(8) (O (6 +27))

(Step 3) Then, we try to solve
©"(0)+10(0)=0, ©(0)=0(0+2x)

Case 1: 4=0, ©"(0)=0, O(0)=c +c,0

from ©(0)=0(0+2x) ®(0)=c
Casg2: A0, set f=—a’ == 0"(0)-’0(0) =0,
©(6)=c, coshab+c, sinhaf ©(0)=0
(trivial)
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©"(8)+10(6)=0, 0(0)=0(0+21)

Case3: 4A>0, set 4 =? G)"(6’)+az®(9)=0,
©(6)=c cosab+c,sinabd

From @(9) = @(9+27z)

¢, cosaf+c,sinal = ¢ cos(ab +a2r)+c,sin(abd+alr)
a2r =n2x where n 1s a positive integer,
2
a=n (A=n")
m———— e

©(6)=c,cosnd+c,sinnf  where n is a positive integer,
. When h- v ) ) 0
Combine the results of Cases 1 and 3 B9y ¢ ((ase) )

e

(,ctse\ (£e3



(Step 4) 12

This 1s an important application of the
2pn " —
FRSrR=AR=0 Cauchy-Euler equation on page 37
Since A, =n*,n=0,1,2, ...

FR"+7R'—-n’R=0

Cauchy-Euler

Auxiliary: m(m—1)+m—n2=0, m=1n

. m2_n:. O
the solutions are

R(r)=c3—|—cdrfr, n=>0
R(r)zcsr”+%r/”, n=1, 2, ....

Since In0—> -0 0" —ow but R(0) should not be infinite
c, = ¢¢ = 0 should be satistied

R(r)y=c,, n=0, R(r)y=cs", n=1, 2, ...
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©(60)=c, cosnd+c,sinn@ where n is a nonnegative integer

R(r)=c¢,, n=0, R(r)=csg", n=1, 2, ....

(Step 5)  u,(r,0)=R(r)O(0)
u, (r,0) = A, whenn =0,
u,(r,0)=r"(4,cosnd+B,sinnd) whenn=1, 2, ....

____________________________________________________________________

(Step 7)
By applying the boundary condition u(c,8)= f(6), 0<8 < 2.
MASCAE AN

f(0)=A4,+) c"(A4,cosnf+ B, sinnb)
n=I1

Next, solve the unknowns from the formula of the Fourier series



f(0)=A4, +Zc (A cosnf+ B, sin n6)) 194

From the formula of the F ourler series p>~, 2> 0

o0 1 -
= MTypsiny| | A=5 [ f(0)0
+ cos” +b, sin
f(-x) 2 nzz;(a p x p xj 272_“1}{
—p<Xx<p
. d 4=
a, =%._ppf(x)dx -
a, =1" f( )COS—xdx B =
pI-r p -
b=y I, f (x)sin 7 xd R
n _p p SlIl » .x X 7 o

- A =

Since f(0)= f(0+2r)
B =




QUL
= 20

EXAMPLE 2 Steady Temperatures in a Semicircular Plate

Find the steady-state temperature u(z;, 6) in

2
Vu=10
) A 1 = MO
From D. G. Zill and Michael R. Cullen, N
Differential Equations-with Boundary- e
Value Problem (metric version), 9th _— /(“
edition, Cengage Learning, 2017, 9 =TT
Section 13.2. { //
— 2 —_—
/ / X
u=0 at u=0 at
O=rm =0
Fig. 2.8.3 Semicircular plate

in Example 2

195



SOLUTION The problem can be formulated as 196

O'u lou 1 0u
P IS R
or- ror r o060
u(c,0)=u,, 0<0<rw

u(r,0)=0, u(r,7)=0, O<r<ec.

(Step 1) Suppose that u(r,0) = R(r)©(0)
R'(r)©(8)+1 R (r)©(68)+ L R(r)©"(6)=0

K0, R0, 00,
R(r)  R(r) ©(0)

=0

r

»”R"+rR' 0"
R e

”R"+rR'-AR =0

"+ 40 =0.

A

(Step 2)



(Step 3)

From u(r,0)=0, u(r,7)=0,
R(r)®(0)=0, R(r)®(x)=0,
©0)=0and O(7r)=0.

We then try to solve
0"+ 40=0, 0(0)=0, O(r)=0.

Casel: 1=0=0"(0)=0=0(8)=cb+c,

From ©(0)=0, O(r)=0=0(f)=0

Cas?<2: A <0, Setﬂ,=—052:>@"((9)—0£2@(9)=0

= 0(8) = c3coshal + c,sinhab
From ©(0)=0, O(7r)=0=0(0)=0

197



1
©"+ 10 =0, ©(0)=0, O(r)=0. .

Case3: A1>0, seti=a’=0"(0)+a’0(0)=0

:>®(6’)=05 C(%fa9+c6 sin o cnX 77=0
— XA~ N7
From @(O):O, ®(7Z'):OZ>C5=O, o= X =

= 0(0)=c,sinnd  n=1,2,3,....

The only nontrivial solution for ®(6) is

———————————————————————————————

______________________________

In this case, A =n"

— m(m4) +m =0
=2
(Step 4) To solve R(r) mwrm page 31

FR"+7rR'—AR=0=r’R"+rR'-n*R =0

80— To be bounded at r = 0, cg must be 0

ER(”):@’”nE n=1,2,3,....

_____________________
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(Step 5)  u, (r,0)=R(r)O(6) = 4,r" sin n6, Zi

(Step 6)  u(r,0)=> Ar"sinnb.
n=1

(Step 7) From  u(c,0) =u,

= Z A c" sinnf
n=1
Using Fourier sine series /, -
x>0
Zb sm Ly  byepal"
O<x<p
b=2| )sin % xdx
" erf( P
Qolution: T
u(r,0) = 2uy - 1= (=)
T n=l1 n

________________________________________________

XAZ4A

arc "' D<ok
’f.
[ SMMQJO
~'-k(osh9\
Ac :—j u, sinn6do J,
5 (H)™-D
4 2y 1= CO8u, <{d)
" e on
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2.8 CYLINDRICAL COORDINATES

ZA .
x=rcosf, y=rsinf, z=rz.

y

\ 4
»

D. G. Zill and Michael R. Cullen, Differential Equations-with Boundary-Value
Problem (metric version), 9™ edition, Cengage Learning, 2017, Section 13.2
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2.8.1 Review for Special Functions

e Bessel’s equation of order v

2.

X’y +xy'+ (x> =v*)y =0 Solution: Cr]v(x)"'CzYv(x)

B X (_1)” (£)2n+v. G .
JV(X)_nZ:(;n!F(1+v+n) > : I"kind Bessel function

_cosvaJ, (x)—J_, (x)
- sin vz

: 20d kind Bessel function

Y, (x)

where I(x)= j: t“‘e'dr  (gamma function)

[(n+1)=n!

’

[(x+1)=x(x)
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Ist kind Bessel function

o)

2nd kind Bessel function

‘- Bose

From D. G. Zill and Michael R. Cullen,
Differential Equations-with Boundary-Value
Problem (metric version), 9th edition,
Cengage Learning, 2017, Section 6.4.
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Zeros of Jy, Jy, Yo, and Y

Jo(x) Ji(x) Yo(x) Yi(x)
X1 24048 0.0000 0.8936 2.1971
Xy 5.5201 3.8317 3.9577 5.4297
X3 B.6537 7.0156 7.0861 8.5960
X4 11.7915 10.1735 10.2223 11.7492
X5 149309 13.3237 13.3611 14.8974

From D. G. Zill and Michael R. Cullen,
Differential Equations-with Boundary-Value
Problem (metric version), 9th edition,
Cengage Learning, 2017, Section 6.4.
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e Generalization of Bessel’s equation of order v

XY +x) +(x*=v)y=0 f£ 1 cJ(x) oY (x)

Y +xy +(a’xt=v)y=0  fE#cJ(ax)t ol (ax)

Proof: Set?= ax
dy _dtdy _ 4y
dx dxdt %t
- d’y _drd(dv\_ _d(. dv)_ .d’y
sumlarly & = dvarldax )" % ai\ Y ar )T a4t
BN =xy"+x)+(a’x -V )y—iazdy+tad—+(a £ )y
2T dt a  dt o’

| 2 : ,
:5;2Q+t_y+(t2 _vz)y:() —> ¥t m % &_Bessel equation

y=cJ () +c,Y(t) = cJ(ax)+ e, Y (ax)
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e Modified Bessel’s equation of order v

XY+ xy'+ (O —v )y =0 2 1ol (x) + 6K (%)
Y xy H (v y =0  fR ol (ax)+ oK (ax)

g I (x)=i"J,(ix) # 17 £_modified Bessel function of the
first kind of order v

K (x) _7 L, (x) —1, (x) #- 1% %_modified Bessel function of the
' 2 SIn vz second kind of order v

BV L EHPE > 4 3 limit



h — n R Lh WD
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Modified Bessel functions of
the first kind forn =20, 1, 2

1,(0)=1
1,(0)=0 forv=0
I,(x)#0 forx#0

Modified Bessel functions of
the second kind forn =0, 1, 2

K (0)—)00

v

K, (x)#0 forx+0

From D. G. Zill and Michael R. Cullen,
Differential Equations-with Boundary-Value
Problem (metric version), 9th edition,
Cengage Learning, 2017, Section 6.4.



imilar o C“““"]‘Fu'eﬂ(ﬂ
bat the coefficrent of 7’" TS
|- %

e Legendre’s equation of order n

(1-x°)y"=2xy +n(n+1)y=0

One of the solution: Legendre polynomials P, (x)

F(x)=1 P(x)=x
P,(x)=5(3x" 1) Py(x)=1 (53" ~3x)
P, (x)=g(35x" ~30x* +3) P.(x) = g(63x" = 70x* +15x)
f_'\ P (% )Pl Abhx = C') i § min
[ BB (x)de=52=5,, i T8 Wy



Legendre polynomials

Y
1 i
Po Interval:
P1
0.5 o - x e [—1,1]
0 X
-0.5F _
1
' 05 0 05 1

From D. G. Zill and Michael R. Cullen,
Differential Equations-with Boundary-
Value Problem (metric version), 9th
edition, Cengage Learning, 2017,
Section 6.4.
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2.8.2 PDE for Cylindrical Coordinates

Laplacian in Cylindrical Coordinates

x=rcosf, y=rsinf, z=rz.

2 2 2
0 0
Viu = 0 th + L; 1 Zl .
ox° oy~ oz
, Ou lou 1 0u 0u
Viu=—+——+5—+—.
or- ror r 060" oz ]
For the case of radial symmetry é =0
V2, O’u 1 ou O’u

=——+ +—.
or* ror oz
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[Example 1] Steady Temperatures in a Circular Cylinder

VAT

3 )— — —\—": From D. G. Zill and Michael R. Cullen,
£ y Differential Equations-with Boundary-

Value Problem (metric version), 9th

X u=0atz=0 edition, Cengage Learning, 2017,

Section 13.2.
FIGURE 13.2.5 Circular cylinder
in Example 2

u(2,z)=0, 0<z<4
u(r,0)=0, u(r,4)=u,, 0<r<2.



It 1s a problem of the 2D heat equation
o’'u 0Ou O'u Ou
YW -
ox~ oy° 0z° ot
o’u lTou 1 o'u Ou _Ou

Viu = 0

—+ + + 0
or’ ror r00° 0z ot
steady temperatures l
Ou 1ou 1 0u 0Ou 0

— +—=
or* ror r*o0* oz

radial symmetry l (since u = 0 when r = 2)

oO'u lou Ou
—+——+—=0

or- ror oz

u(2,z)=0, 0<z<4

u(r,0)=0, u(r,4)=u,, 0<r<2

211



o'u 1 0u 82 212
—+— =0
or- ror 82

(Step 1) u (r,z) = R(r)Z(z)

R"(r)Z(z) R'(r)Z(z)+R(r)Z"(z)=0

R”(I/') +_ (7") Z”(Z) _ O
R(r) T R(r) " Z(2)
" l '
Step2) K __ 2"
R Z
"rR"+R'+ ArR =0 Z"-AZ =0
From u(2,z)=0, u(r,0)=0,

R(2)=0  Z(0)=0



"R"+ R'+ ArR =0 R(2)=0 213
Z"-A7 =0 Z(O):O
(Step 3) aw«‘l?ﬂ
Casel: 1=0 "rR"+R'=0 rR4+rR=0 mm4)4n=0
X auxiliary: m(m-1)+m=0, m=0,0

R(r) =, +62N

Since In0— -0, c,=0
Since R(2)=0—>c¢,+¢,In2=0—->¢, =0

R(r)=0 (trivial)
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Case2: A=—a2<0 rR"+R'—-a’rR =0

>< ”R"+rR'-a’r’R=0
compared to modified B€ssel function (page 205)
v:0, ro>x
x>y +xy = (x* +v*))=0 solution : ¢,/ (x) + ¢,K (x)

Xy +xy —(@*x*+v?)y=0  solution : ¢l (ax) + c,K (e x)
[ (x): modified Bessel function of the 1% kind
K (x): modified Bessel function of the 2" kind

The solution of #R"+ R'—a’* R =0 is

(page 206) Since K,(0) = o0, ¢, =0 T, #9 £or all x
Since R(2)=0, ¢ ,2a)=0
(page 206) From [(x) #0 forallx #0 — ¢, =0

(trivial)



215
Case3: A=a2>0

rR"+R'+a’rR=0
2pn ' 2.2 _
r"R"+rR'+a’r R_Ov:O,Y-?ﬂ
compared to the Bessel furiction on page 204

V' +x) + (x> =v)y=0

solution : ¢;J (ax) + ¢, Y (o x)
R(r)=cJ,(ar)+ czYo)éQr)
(page 202)
Since Y,(0) > -0, ¢, =0  R(r)=c¢J (ar)
Since R(2)=0 ¢, J,(2a) =0

Therefore,

——————————————————————————————

_____________________________

x, are the zeros of J,(x), 1.e., J,(x)=0

f
(defined on page 203) A=a, A=x /4



(Step 4) Try to solve 216
Z"-AZ =0 Z(0)=0

Since A, =a_,
Z"-aZ =0
Z(z)=c¢,cosh(a,z)+c,sinh(e,z)

From Z(0)=0, ¢, =0

____________________________________

EZ(Z):c4sinh(anz)§ where o, =x /2  Jy(x,)=0

____________________________________

(Step 5) u(r,z)=R(r)Z(z)=A,J,(a,r)sinh(e,z)

(Step 6) u(r,z)= Z A smha zJ,(a,r).
n=1

where o, =x /2  Jy(x,)=0
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(Step 7) From  u(r,4) =u,,

u, = A, sinh(4a,)J, (a,r).
n=1

From Eq. (9) in Section 11.5 of D. G. Zill and
Michael R. Cullen, Differential Equations-with
Boundary-Value Problem (metric version), 9t

edition, Cengage Learning, 2017
2 if m#n
jo rJ,(a )], (a,r)dr =

2J:Qa,) if m=n

[Cugrdy(a,r)dr =Y 4,sinh(4a,)[ Jy(a,r)r (@, r)dr
° 09»17 presevve( =l 0 Ao 2\'&
n=Mm - =4 sinh(4a)2J(2a,)

U,

2
rJ. (o r)dr =
olar) a,sinh(4a,)J,(2a,)

u
A = .
! 2sinh(4an)Jl2(2an)J‘0




(Solution): 218

I o0 1 . i
sinh(e,z)J (e, r)

u r,Z)=u
i (r:2) 0; a, sinh(4a, )J, 2a,)

____________________________________________________________________________________________
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[Example 2] Steady Temperatures in a Circular Cylinder

2 2 v u=0
%+lgu+g’f=0 u=0 for 27
r- ror oz 2
u(l,z)=1-z, 0<z<lI 1'—2
u(r,0)=0, u(r,1)=0 0<r<l

Uu=0 ‘POV =0

(Solution):
(Step 1) u(r,z)=R(r)Z(z)

R'(r)Z(2)+ LR (r)Z(z)+R(r)2"(z)=0

b ]
relp Mvided by u: R Z
R /
rR"+R'+ ArR =0 Z"-AZ =0

From u(r,0)=0, u(r,1)=0
Z(0)=0, Z(H)=0
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(Step 3): Solve

7" 217 =0 Z(0)=0, Z(1)=0
There 1s no non-trivial solution for A=0and A >0
£vom 2‘0):0 , €1=0

fom Z()=0
Z"'v+a’Z =0 Cn(os A=0, d:nT

When 1 <0, set A =—¢?,

Z(z)=c¢ cosaz+c,sinaz

From Z(0)=0, Z(1)=0

(Step 4): Solve
rR"+R'+ ArR =0

FR"+R'—n*7*rR =0
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R+ R'—n’7°rR=0 r*R"+rR'—n’7°r’*R=0

. 2. m ' 2.2 2 /V:OI ?l:h.-’r’
Since x°y"+xy' —(a’x"+v?)y=0 solution : ¢/ (ax) + c,K (& x)

the solution of 7’R"+7R'-n°7’r*R=0 is
R(r) = c;1(nnr) + C4W r) o<rll (page 205)
[ (x): modified Bessel function of the 1% kind

K (x): modified Bessel function of the 2"¢ kind
Since K (0) — oo

________________________________

_______________________________

_________________________________________________________
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_________________________________________________________

(Step 7): From u(l,z)=1-z

S 4,1, (n7)sin (nzz) =1-2
n=1

P:\ ) X7 2, bn:A"L’(hn)

From the Fourier sine series

Zb sm b, Z%J‘Opf( )Slnnﬂ. xdx
we have fU\'V: LV —fuv' V:-% v-|-2
1
4,1, (n)=2[ (1-2)sin(nrz)dz = - 2 (-1 cos(nrz)| jol%cos(mz)dx
_ 2
4. = nrl, (nr)
_____________ & L(nwr)
u (r,z) = 2; g (niz) sm(mrz)

__________________________________________________________
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2.9 SPHERICAL COORDINATES

Spherical Coordinates

x=rsinfcosg, y=rsinfsing, z=rcosb.

(X, V. Z)Or

(r. 8. 0)

From D. G. Zill and Michael R. Cullen,
Differential Equations-with Boundary-
Value Problem (metric version), 9th
edition, Cengage Learning, 2017,
Section 13.3.

FIGURE 13.3.1 Spherical coordinates
of a point (x, y, ) are (r, 6, ¢).

D. G. Zill and Michael R. Cullen, Differential Equations-with Boundary-Value
Problem (metric version), 9th edition, Cengage Learning, 2017, Section 13.3



x=rsinfcos@, y=rsinésing, z=rcoséb.

Laplacian in Spherical Coordinates
The 3D Laplacian is
o’u N O’u N o’u
ox* 0y’ 0z
vefer to pages 1843 ¢

62 2 8u 1 /@214 1 0’u cot@ ou
+ .
o PRsnt0of o 1 00

Suppose that u is independent of ¢.

Vzu_@_l_g@u 1 0°u cotf ou

+ + :
or* ror r*ob* r* 00

224



225

[Example 1] Steady Temperatures in a Sphere
V2u=0

Find the steady-state temperature u(r, ) within the sphere
shown in Figure 13.3.2.

‘t

From D. G. Zill and Michael R. Cullen,
Differential Equations-with Boundary-Value
Problem (metric version), 9th edition, Cengage

‘ y Learning, 2017, Section 13.3.

X N U‘(C)B) 2-('(9)

u=[0)

atr=c DO<r<cC
FIGURE 13.3.2 Dirichlet problem
for a sphere in Example 1
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SOLUTION
Steady Temperatures
2 2 2
viu=Zu, Ou, O
ox® oy’ 82

Analogous to page 184-188

Vzu—@+28u+l 82u+cot¢98u_
or* ror r’ob* r* 06

Wwith u(c,0)=f(0), 0<fO<rx 04v <
(Step 1): u=R(r)®(0),

R"(r)@(e)+%R’(r)@(9)+LR(r)@"(9) COteR(r)@ (6)=0
R() 2R0), 1 ©'0) cot00(0)_ Aved Ly

R(r) r R(r) > ©O0) > 0©O)

SR, R()_0'©0),  ,00)_ mulfidied by
R0 R Te0) T eo)
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(Step 2): 7’R"+2rR' _ O"+cott®'

= = A.
R ®
F*R"+2rR'— AR =0 sin @O "+ cos @O '+ A sin 60 = 0.
COW“)’— Euler w fact  Le gevo“’f-

(Step 3): Try to solve
sin@®" () +cosIO'(6)+ Asin O () = 0. 0<0<r
Setx=cos(fd) -1<x<1

d dx d - d
d6’® d)éc? de) s1n6?—! ¢ chatn vule

d’ g_d d :_L( d )_ d d d
d92®_d9d9® 10 smé’dx@ cos@dx@) smﬁdedx@

B d dx d* o _ d d’
cos@dx® smé’dgd ®= cosé?dx®+s1n 0-=— 3 -0

sin Qd O 2sm@cos<9d®+ﬁsin6®20
dx dx
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sin 9d® 2sin@cos 04 + AsinO =0 x = cos(6)

dx’ dx
sin ¢9d O 2cos«9d®+/1®=0
dx dx anc 207
2
(1—x2)62—(;) xd2420=0  -l<x<l
X

— page 207

When A = n(n+1), it becomes Legendre’s equation of order n

This 1s one of the applications of the Legendre equation

The solution 1s
O(x)=cP,(x) P, (x): the Legendre polynomial of order »n

E@(@)ZC@(COS@)E n:()a 1929

______________________________________

Note: The other linearly independent solution may not have finite
derivatives at x = *1.



(Step 4): Try to solve 229

P”R"+2rR'—- AR =0
Since A = n(n+1),

r’R"+2rR'-n(n+1)R=0 (q“d‘/ ~Euler page s
Auxiliary: m(m—1)+2m —n(n —I—I) =0

Mm% m—h(ht)0

m=n, —(n+l1) (W +n+1) (=)= 0

R(r)=cr" +c,; 2TV

Since 0" 5 o c, =0

————————————————————

___________________

(Step 5): u,(r,0)=A4r"P(cosd) n=0,1,2,...

__________________________________________



u(r,0)= iAnr”Q (cos0)

(Step 7): From u(c,0)= f(0)
S 4¢P, (cos6) = £ (6)

n=0
We have known that £rom oG e 29°]
1
j IP"(X)B”(X)dx: 2n2_|_15n,m é‘n,n :1
5, =0 if nem

Set x = cos(6) X — _sing 4+ == &0 dJe

do
0
LP (cos@) P, (cosO)(—sinB)dO = 2n+15”’"
J;) P (cos)P,(cos6)sinfdO = 2n+1§”’"

(orthogonal with the weight function siné)

230



u(c, ©)=€(e)
1(6) = i A,c"P,(cosd) J‘OﬂP (cos@) P, (cos8)sin0dl =

T

| £(O)P,(cos0)sin 6d6 = ZA ¢" [ P, (cos 0)P,(cos 0)sin 66

231

2n+1§”””

s f(H)Bq(COSQ)sdeH:Anc ) 0’\\7 preserve m:

2

_2n+1

j f(O)P (cosB)sinOdo

u(r 0) = Z(2n+lj f(H)P(cos&’)smHa’Hj(cjnP(cos@)
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Another Method for Solving PDEs:
Method of Characteristics (¥ %7 7)

Method of Characteristics
The method is suitable for the 15t Order PDE.

Suppose that there is a 15t Order PDE as follows:

6u(xl,x2,---,xk) au(xl,x2,---,xk)
a,(X,,%,, ++, X, ,u) ox, +a,(X,%,, X, ,U) x,

Ou (X, %y, ++, X, )

I +ak(x1,x2,...,xk,u) =g(x1,x2,-..,xk,u)

ox,



Method of Characteristics
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a, (%, %y, X u)ﬁu(x”xbm’xk)Jra (3,5, X u)au(x“xpm’xk)
1\ AoA2s s N s axl 2\ M oMo s N o ax2
au(x Xy, s X )
19V s A
e R +ak(x1,x2’...,xk’u) :g(xpr,...,xk,u)
Oox,
We set a variable s and suppose that
ox Ox
2
aSl :a1(x1>x27"'9xkau)a Bs :az(xpxza'”:xkau)a
ox
k
...... — = X XA o X, .U ).
9 8S k( 19V 9NV o )
Then, the original equation can be expressed as
ox, oy . Ox Ox
1 Ou 2 Ou k Ou
_|_ _|_ ...... _|__—: X XAt o X, . U
Os Ox, Os Ox, Os Ox, g (x5, 0)

du _

ds g(xl’x2"”’xka”) Solve the 15t order ODE for u
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Then, we apply the process as follows to solve u: .

(Step 1) Solve the relation between x, x,, ..., x, and s from
each of the following ODEs:
Ox
a_Sl:al (x19x29'”9xk9u) Y =4 (xl’xz’”"'xk’u)s—i_cl
Ox,
_ﬁs zaz(xl,xz,---,xk,u), X, :aZ(xl,xz,n-,xk,u)S+c2
ox; _
Os _ak(-xlaxza'”’xk’u)' xk:ak(xl,xz,---,xk,u)SJrck

(Step 2) Try to find the general equation b such that

b(x,, %, 0%, ) =, where ¢, 1s a constant
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(Step 3) Solve the following ODE

% = g(x1 (8),%,(8),+*, X, (S),u) Solve the 15t order ODE for u

The solution has the form of u =u\s,c¢
(o) u= [g4s

where Cq 1s some unknown constant.

(Specially, for case where g =0, u = c,)

(Step 4) Replace ¢, by
¢, :f(cb):f(b(xl,xz,---,xk,u))

where fis any function, then the solution is
u=u,(s(x),f(c,)) Here, we express s as a function of x,.

(Specially, for case where g =0, u = f(c;))
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[Example 1] Solve

Gu(x,y) 5 8u(x,y)
ox oy
(Solution): ou(x,y) . ou(x,y)
-2 =0
Ox oy

& = =
(1) 55 I, x=s+c,

dy _ _

Frie 2, y=-2s+c,

(2)  2x+y=c¢, b))z 2%ty
(3) %zO, u=c, = f(c,)

u=f(2x+y) where f'is any function.



[Example 2] Solve 237

5“(2,%2) _ 5%(2,%2) ~ 6u(3§y,2) ru(ny,s) | WXYZ
X v z X'Yz=XYZ-XY2 '
(Solution): < XYz
ou(x,y,z) ou(x,y,z) ou(x,y,z) - X - T—r‘- Z-E' +
& o & =u(xy.z) 5 ¢ T+

X'D0 X erx
0
(1) %:1, =1, %:1 YiTY:0  Y:el

Z a0 gl E
U, 2 XYZ = e (XDt “/‘h‘.)eif
(2) Note that b(x,y,z)=x+y

x+y=c,+c, and y+z=c, +c b,(x,y,z)=y+z
can all generate a constant. Although x-z can also generate a constant,
it 1s dependent on x+y and y+z. Therefore, a general way to obtain a
constant is (s yopez)mc A: zﬂ() g()-l)(ﬂﬂ e('f-)'ﬁ)(ﬂ-i) e;{
SONs = € R(xYy, yz)

where f'1s any function with two independent variables.

x=s+c, y=-s+c,, z=s+c,
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(3) & ﬁu(X,y,Z) N Oy 5u(x,y,z) Loz 5u(x,y,z)

5 T o o & ~unrz)

du _
ds

u=ce =ce " =ce’  Hereweset c=ce

U, Since x=s+c,

—C,

u=f(x+y,y+z)e
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‘147 Review for Laplace Transforms
btdk: 2-sided fovn Laplae transfom L:e-S{-F('(')d‘E

Laplace transform (1-sided form) F(s)=L{f (1)} = _f: e f(t)dt

. - | —gUled Loplace
Differentiation Property for the Laplace transform \
R s=pand

L)) =sLLf(t)}~ f(0) Laphe —> FouvTer

L{f7(0)) =" LU O =5 f(0)=5"f'(0) =+ =5/ (0)= 17 (0)
[*&S et a4 E
s st -feoeteway o (O arh=n!
> =4(0) +s F(s)



A1) F(s)
1 :
n!
r" Sn+1
1
exp(at) .

- k
sin(kt) e
cos(kt) 2 i o

sinh(k?) - A .
cosh(kt) S

240



Seven Important Properties of the Laplace Transform

input Laplace transform
(1) Differentiation s"F(s)- " (0)- S"—2f'(()) I
f(n) (t) _Sf(n—z) (O) _ f(n—l) (0)
(2) Multiplication by ¢ g
. ()" F(s)
t" f(2) ds”
(3) Integration
t F(s)
Jl) f(z)dr E

()
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input

Laplace transform

(4) Multiplication by exp

" f (1)

F(s—a)

(5.1) Translation  (#): unit step

S(t=a)u(t=a)

e “F (S)

(5.2) Translation

g(t)u(t-a)

(6) Convolution

W0 =| f(D)gt-r)dr

(7) Periodic Input
) =At+T)
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2.10 Solving PDEs by Laplace Transforms

(F %3 %)

In this section, we see that a linear PDE with constant coefficients 1s
transformed into an ODE using the 1-sided Laplace transform.

D. G. Zill and Michael R. Cullen, Differential Equations-with Boundary-Value
Problem (metric version), 9th edition, Cengage Learning, 2017, Section 14.2



Transform of a Function of Two Variables
U(x,s) = L{u(x,0)} = [ e u(x, 1)dt
To avoid confusing, we denote it as
Ux,s)=L_ {u(x,0)} = j:’ eu(x,t)dt

Transform of Partial Derivatives

'Bt—xv% au}:SU(xos)_u(xao):
ot
(0%u 5
'Bt—>s<? =S8 U(X,S)—SM(X,O)—MI(X,O).

Because we are transforming with respect to ¢,

/ (not to x)
o’u B d*U

L = .
Be careful to>s { Py } o

244

where
_0
u,(x,t) = 5 u(x,t)
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[Example 1] Laplace Transform of a PDE
O’u  Ou

o> ot

t>0.

Find the Laplace transform of the wave equation a’
(respect to 1)

Llu®): *U () -sulo)-u' (o)

SOLUTION
2 2
e, { a—} -2, {a—}
Ox o where u, =Ly
ot
d2
2

a F,BHS u(x,0)y =s>L_ {u(x,t)} —su(x,0)—u,(x,0)
X
ulx,s): £ esslU 4,%))

—s*U(x,s) = —su(x,0)—u,(x,0).

a2 dzU(.;C, S)
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The process for solving the BVP or IVP of a partial differential
equation (PDE) by the Laplace transform

The range of the independent variable

should be [0, o0) \

(Step 1) Apply the Laplace transform for one independent variable
to change the PDE into an ordinary differential equation (ODE) with
another independent variable.

(Step 2) Solve the ODE obtain in Step 1.

(Step 3) Solution in Step 2 contains some constants. Find these
constants by transforming the initial conditions.

(Step 4) Inverse transform.



[Example 2] Using the Laplace Transform to Solve a BVP

o’u 0Ou
Solve ~=—5, 0<x<l1, >0
ox~ Ot
Subjectto  u(0,£)=0, u(l,£)=0, t>0
u(x,0)=0, Z—Zl =sinzx, 0<x<l.
SOLUTION -

(Step 1) From Example 1 and the given initial conditions,

d’U(x,s)
2

dx

—s°U(x,s) =—sin rx,

where  U(x,s)=L_ {u(x,t)}.

£, u0,0}=U0,5=0 £, {ul,n}=U(s)=0.

247

(from page 2455



( .ay ‘-o- - - +
auvxiliary m*_.¢>0 w:=%s o (x4
42U (x,5) Ulms)= GE+(4€
) 2 .
——sU(x,s)=—sInrx,

a’x/ \

Complementary Function

(Step 2)

Particular Solution

U,(x,s)=asinzx+bcoszx.

U, (x,s) =c, cosh sx+ c, sinh sx. 1
a=————~, b=0
s*+7
~antsintx— bn oS
_ -Ci e oY el T
U(x,s)=U (x,5)+U (x,s) $*a s x ~¢tb (0sTx = ~Tulx
. 1 .
= ¢, cosh sx + ¢, sinh sx + ——sin 7 x.

S+



U(x,s) = c, cosh sx +c, sinh sx +

(Step 3) From

£ u(0,0}=U(0,5)=0
¢, =0.

We have ¢, =0 and ¢, = 0.
1

2 2
S +7

1

+ 7t

SIN TX

Sin 7[)6}

u(x,t) =—sin zxsin rt.
T

U(x,s)=

(Step4) u(x,0)=L", { - =

A

249
1

2 2
S+

SIn 77X.

£ {u(l,0)} =U(l,5) =0,

¢, coshs+c,sinhs =0

1 . |
—sinzxLl_,
T

{
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[Example 3] The Wave Equation with Gravity

2 2
Solve aza—Z— :6—?, x>0, t>0
Ox ot )
Subjectto  u(0,7)=0, }ngax_o, t>0 =U( ) $) t-(vs
_o Ou| _ limUxr,8): u, (29
u(x0)=0, & =0, x>0 b ')o(;;é %4
.l =D
Solution: L) ¢
0’u 0’u
Step 1 L L =L
( ep ) t—)s{a axz} t—)s{g} t—)s{atz}
o°U (x,
a’ (f S) - SzU(x,S)—Su(x,O)—ut (x,O) = SZU(X,S)
OX S
82U(x,s) s°
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Step 2 0U(xs) s g > S
( cp ) axz azU(x,S) E W= a;—D mce :t
N
/ congtont for 4
Complementary Function Particular Solution
Uc(x,s):c1 cosh(%x)—l—c2 sinh(%x) U, (x,y)=c¢,
g
C — ——
3 3
- g
U(x,s)=c cosh (ix) +c, s1nh(ix) —5



U(x,s)=clcosh(ix)+c2sinh(%x)_é3 ‘2“’" e*-e™/; 252

s hix) = (6% e ™)z
(Step 3) From initial conditions t_’:’wsmlubr) - EL")M’OSMZ): €%/
ou(x,t)
£, w00} =U0,5)=0 £ (im0 = lim-DU(x,5) =0
¢, -2 =0 - S cinh(S s s
L3 limc, —smh(—x) +c¢, =cosh (—x) =0
x—o A a a a
_&
Cl_Ss lim ¢, =-ex (i )—I—c =_ex ( ):O
/' e 124 P\ g 224 P\
o~y LTI . _ . __ &
. Note: | G =76 = 3
lim sinh( ) = lim cosh( ) = exp(x) /2

____________________________________________________
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g S g
Ulx,s ——exp(——x = . 2 Prow
( ) s> a s> L(‘t )- Z:} (lgaac 340)
(Step 4)
u(x.0)= £, {% p(—ix)—%}
N a N

u(x,t)=%g(t—f)2‘u(f—g)‘lgt from page 24?-(5)

where U () is the unit step function

We have applied the translation property:

L{f(t—a)u(t—a)}=exp(—as)F(s)
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4% Review for Fourier Transforms

Fourier transform
3[g(x)]= jig(x)e‘jz”fxdx =G(f)

X % Fourier transform

L

mverse Fourier transform

S [G()]=]" G(1)e " df = ()
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> }I?ej H {5 Fourier transform “hz_&

S[g X ]=Jm (x)e " dx =G (o)

] 27[_“ “do=g(x)

éjﬁ ] \/;j e/ dx =
51[6(w)]= J;j d= g(x
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Ji 0

When g(x) is even (g(x) = g(-x))

Fourier transform — F(_“iri_ef Scls_in_e_tr_azlgfgrm .
3. [e(0)]=[ g(x)cos@rdx=G,(f) |  Seven o
_ : z 2;”9 vendy
3. [G.(f)]=4] G.(f)cos2rfo)df =g(x) >

Remember that if &(x) 1s even

po -4 2N €x
j_ k(x)dxzzj'o k(x)dx [.Aﬂl't)e o"r,, 4_,
If k(x) is odd : [“guncosprnindx <3 gonsmi>T #)obx
J k(x)dv=0 L2( 29D S (AENAX 3 glmis even

S9N MM a: -1 {,8 5T (28 x)dx
if gtn) t odd
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When g(x) 1s odd (g(x) = —g(-x))

Fourier transform » Fourier sine transform



Fourier, Fourier Cosine / Sine Transforms i 4 & &

(1) Fourier transform iz 4 14 &

3[g'(x)]=[" &' (x)e > dv=g(x)e >
=j27f3g(x)]

s (TR — B BERK ¢ g(x) =0 when x — o0 and x — —©

WL gz %t Laplace transform
L{f'()} = sL{f ()}~ £ (0) o f(x)edx
¥+ Fourier transform

s — j2 nf, without initial conditions

258

OOOO -|—j27zf_[_oo g(x)e > dx



(2) Fourier cosine transform =iz 4 487

3.[¢'(x)]=] g'(x)cos(27 fir)dx

= g(x)cos(2z fx), +27f | f(x)sin(27 fic)dx

2275 [¢(9)]-(0)
(3) Fourier sine transform =g 4 & &

3,[g'(x)]= | & (x)sin(27 fic)dx

= g(x)sin(27 fx), - 27zfj?g(x)cos(27rfx)dx

=2 f 3, [g(x)]

/2 & + (1) Fourier sine, cosine transforms 7 ##

R arfH5rk

(3) Fourier cosine transform & <% Jg initial condition

259
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___________________________________________________________________________________________________________

___________________________________________________________________________________________________________

_______________________________________________________________________________________________________
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2.11 Solving PDEs by Fourier Transforms

(F %7 %)

Differentiation > Multiplication

D. G. Zill and Michael R. Cullen, Differential Equations-with Boundary-Value
Problem (metric version), 9th edition, Cengage Learning, 2017, Section 14.4



N

62

Method

(Condition 1) interval 5 —co <y < o0 PF:
* Fourier transform
(Condition 2) interval 5 0 <y <oo >

% “u(v,.....)=0 ora constant when v = 0" &7 boundary condition F=:

*  Fourler sine transform

(Condition 3) interval 5 0 <v <oo >

7 “@a” (v,eeeee )=0 ora constant when v = 0” &7 boundary condition
s Y

* Fourier cosine transform



transform X f% partial differential equation (PDE) =7 BVP #1VP

e AR

(Step 1) ™ page 262 e3Lp] » kLT & -4+ 98— B independent
variable - i+ A& transform (Fourier, Fourier cosine, £ Fourier sine
transform)

(Step 2) ¥ PDE # Step 1 #7/4 Z_¢i transform, B'| i & ¢ PDE % =
&%+ ¥ ¢k - 1% independent variable 7 ordinary differential equation
(ODE)

(Step 3) #-Step 2 #718 1, 57 ODE ef2 8 ) %

(Step 4) Step 3 7% &} k efiZ € 3 — & constants > ¥ 14 4 initial
conditions (£ boundary conditions) i< transform -#- constants f% J!

(% 4r Step 1 #1igieiitransform — $& » ¥ &_transform %t % & =
#_initial &% boundary conditions * & pages 265, 268 5]+ )

(Step 5) & 1& » W] % 7 #inverse transform (Z 7 B/ )



[Example 1] 264

2
heat equation: % gx’;‘ = %Z; —00 < X < 0 t>0
b' . l/lo, | X |< 1
subject to M(X,O)—g(X) where g(x):
0, |x[>1
92X  uo
Step 1 /4 7_4+¥f x #2 Fourier transform — :._

o0

u(x,t)e " dx=U(f,t)

FT(M"(‘X)) z (;Ulc)‘ V(P)

3o u(xt)) :j

—00

2
Step2 3., (k0 uf=3,_ %I
p x—)f{ ax2} x—=>f al‘
Ui PR S SNV

oU(f,t)

ot % 1@ Fourier transform z_ ¢ >
N AL S A WY

k4 fPU(f 1) =



JdU(f.t 265
c(z’t )+4k772f2U(f>f)=0 ¥~ m = 0 & 15t order ODE

Step3 U(f,1)=c oMt g e @ 0 ¥t @ 3 H_constant o
e 8 ¥ 5t ¢ dependent on f(4F %)L )
Step 4 95 u(x, 0) = g(x) #-c fz 4

o Step 1 — t& » » & & ¥t x 7 Fourier transform

& ¥ % :T = initial condition

3., {u(x,0)} = “‘jog(x)e_iz”ﬁcdx = jlluoe_iz”ﬁ“dx

-i2zf _ i2nf sin(27 f) ni+<)

e

— Uy —i27z'f — Uy 7z'f __:‘_—L~ — Stng (P)
ER 2 sta(w )

Fle 3., {u(x0)}=U(f,0)

U (f,0)=u, 271 () "Ils‘“c(zﬁ)
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22 bL # T sin(27
U(f.0)=ce s EREE, y(1,0) =y, L)
o=y sin(27 1)

f& 4 " onf

B sm(272f) —4k7z2f2t
U(f,t)=u, 7f e

Step5 | A = &4 > B3 7 & 18 & #inverse Fourier transform

M(X,f) _ S}l_)x [U(f,f)] _ J‘_O:OMO Slngfr;z-f) e—4k7z2f2tej27rfxdf

IR I g%jafgtfﬁfygsm(z”f) -4k’ %t f @ 2 E_even
Vs

function #-u(x, 1) * i =

u(xt)=u,[” Smgfj’ff ) o7 (cos(27 o) + jsin(2rr fi))df

© sin(27 f)cos(27 fx) o S
=y, [ SR e "




[Example 2] Laplace’s equation 267

82u +82u -0

o’ oy 0<x<l y>0
1(0,y)=0 u(l,y)=e’ y>0 Po,,t'bI/
\V4
oul _ . u vs evea for
Oy _0—0 0<x<l1 JaN ) /)
= ' Fouyler (oSthe CepieS

Step 1 4+ T_4+%F+ y # Fourier cosine transform

Sy {un )} = |, u(x, y)cosr fr)dy =U (x, /)

~ O’ul | ~ O°u |l _ ~
Step 2 ‘Sc,y—>f {a—g} + ‘Sc,y—>f {1/2!} o ‘Sc,y—>f {O} 260
yaac

from 3 [g"(y)]|=—47"1"3,[2(y)]-£'(0)

d*U(x, f)

1 —47* f2U (x, f)=0 #3 x 712 order ODE
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2
Step 3 d (il’();,f)_él'ﬂzfo(x,f):O
X

——> U(x,f)=c cosh(27 fx)+ ¢, sinh(27 fX)

|
Step4 & u(0,y)=0 u(fr,y)=e” %f# c,, c,(may be dependent on )

foStep 1 - ¥ » » & 4% y # Fourier cosine transform

P &_¥ % ¢z = boundary conditions

(1) U0, /)=3,,,, u(0,y)} = j:o .cos(27 f)dy = 0

@) ULN=T,, {uly)} =] ¢ cosQufy)dy = (217rf)2

__________________ fovereeeeee

(¥ 12 * Laplace transform & ' B~39 % |



U(x, f) = ¢, cosh(2 fic) + ¢, sinh(27 fx) 209

A E,lJ (BVEDN U(O,f) -0 U(Lf) — - (217Z.f)2

¢, =0 c,cosh(2z f)+c,sinh(2z f) = I

1+ 27 1)
::> c, =0 C l

2" (1447 £)sinh(27 f)

B sinh(27 fx)
(1447 f*)sinh(27 f)

U(x.f)

Step 5 1nverse cosine transform

sinh(27z fx)
(1+ 47> £*)sinh(27 f)

u(x,y)= S;lf_)y U (x,f)]= 4_‘-000 cos(2x fy)df

(B Tl ®v > 3ol s i)



AT &R e F70

(1) #g~ = 3§ ¢ > Fourier cosine transform §= Fourier sine transform ¢
3 I 4% enfiA) o (See page 259)
(2) & f# boundary value problem pF > £ 7 %

@ FF % Fourier transform »

@ BF * Fourier cosine transform,

i FF % Fourier sine transform  (see page 262)

(3) #f# partial differential equation pF » AL ¥ 44—
independent variable i Fourier transform, ¥ — i# independent
variable 7 % #%8 » 4r Examples 1 and 2 5]+

»

PR AT 0 op e & F A 40— 1 independent variable fAFourier
transform
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