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2. Partial Differential Equations

Section 2.1 Separation of Variables

Section 2.2 Classical PDEs and Boundary Value Problems (¥ &% %)
Section 2.3 Heat Equation

Section 2.4 Laplace’s Equation

Section 2.5 Nonhomogeneous PDEs (¥ % av = i f#;2)
Section 2.6 Higher Dimensional PDEs
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[1] D. G. Zill and Michael R. Cullen, Differential Equations-with Boundary-Value Problem
(metric version), 9th edition, Cengage Learning, 2017.

[2] http://djj.ee.ntu.edu.tw/DE.htm
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— 1 Superposition (Sec. 2.1, Sec. 2.4)
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2.1 Boundary-Value Problem in

Rectangular Coordinates

Use the methods of Sections 2.1 ~ 2.9

(1) separation of variables

Sections 2.10 and 2.11
(2) the Laplace / Fourier transforms*—

to solve the PDE problem.

D. G. Zill and Michael R. Cullen, Differential Equations-with Boundary-Value
Problem (metric version), 9th edition, Cengage Learning, 2017, Section 12.1.



linear second order partial differential equation for two independent
variables

2 2 2
A0u g ou ,cou, pou, pou, py_ g
ox* Ox0y oy’ Ox Qy 7 terms

A2 5 IR 45
B?—4AC > 0 : hyperbolic, B> —4A4C =0 : parabolic

B2 —44C<0 : Mfg@
In geo»w-hy AAFBAy +(y> oo

2=Y*=1 > hyper belTe A24y%1 S ellpte
A%\, B:0,(~] ,B-9ACO0 A C‘~|7) B:0
Aey = parabslte B-4A(<0

A‘.] , B0, B"J}A( 0
homogeneous : G(x, y) =0, nonhomogeneous : G(x, y) # 0

Linear: A, B, C, D, E, F, and G are independent of u
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2.1.1 Superposition Principle

[ Theorem 2.1.1] Superposition Principle

If u,, u,, ...., u, are solutions of a homogeneous linear partial
differential equation, then

U=Cly+ Cylly +ven +cu,

1s also a solution of the homogeneous linear partial differential
equation.

2 2 2
(Proof): If 40 p Ot | o0 | pOU | pOW +Fu, =0
Ox? 0x0y 0y 0x 0y

ou, ou,
Ox? 0x0y 0y’ +DE+E oy

+Fu,=0

98
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2
0" (cuy +cyu,)

then y 0 (cu, +c,u,)
2

2
: —I—BG (Clu1+czu2)+c
ox Ox0y oy

O(cu, +c,u,) E o(cu, +c,u,)
ox oy

2 2
=¢, Aaul+86u1 Ca u1+D%+Eaul+Ful
Ox’ 5365)/ 0y’ O0x oy

D

+ F(cu, +cyu,)

o’u, o°u, o’u, ou, ou,
+c{Aa +B&x6y C6—y2+D o +E = Jy + Fu,

=¢,0+¢,0=0




2.1.2 Method of Separation of Variables

% PDE with BVP (or IVP) 77 ;2
(1) method of separation of variables

#PDE § ¥ § ¥ x 2 ¥y ks

BRK fE 5 ulx, y) =X(0)Y(y)

(2) using the Fourier transform (or Fourier cosine transform,
Fourier sine transform) (see Sections 2.10 and 2.11)

£ 3 g4 ¢ PDE » ODE
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Method of Separation of Variables 1/ 2

(Step 1) B3k 3 5 u(x,y) = X(x)Y(y) 7 2% M4

(Step 2) #-u(x, y) = X(x)Y(y) * » PDE » 4= PDE %
“ function of X7 =“ function of Y’ =

y / J:‘I S
7 A

—A

A F % real separation constant

01



Steps 3,4,5 £ & = 7 e 51 Cases &k fi% 102

% 7 trivial e4F350h 5 S5 ¥ 0L e cases 39 & 4 g
(Step 3) #- function of X=—-1 25 1 > T 5 X(x)

2l

T (a) s'zr% }a A *? 3 r’v'?boundary (initial) conditions -

(See the Examples in Sections 2.3, 2.4, and 2.5)

(b) § B » 12 Y0) § B 2
(48 boundary (initial) conditions M %)
(c) wiz-#H ¥ » F chmiz > g7 A5
(Step 4) #- function of Y=—-1 enfg & 1 » 5 ¥(y)

203 3 = 4r Step 3 4P FF
(Step 5) u(x, y) = X(x)¥(y)



- 103
(Step 6) #1357 iy fE > W44z &

Page 120
(Step 7) * 22 s boundary (initial) conditigns #- coefficients F !
0 - AW € * 3| Fourier series, Fourier cosine series
& Fourier sine series ex! page 129
j\Pﬁsc 131
X % X3 boundary (initial) conditions » Steps 6, 7 ¥ 14 4 %

page 13 )

Rules:
x 0 BVP (IVP) i ¥ L B X(x)
y s BVP (IVP) i ¥ L5 V()
<3 BVP(IVP) s LB X(x) & V()



2 2
Tux,y)  Tulxy) _

Ox oy

ou
,0)= A, T8\

u(x,0)=f(x) o, (x)
0'u(x,y) , 0°u(x,y)

O’ oy’

£ 5 Y

u(0,9)= /() u(L,y)=0 )
0 _ o =
ayu(x,y)yzo 0 ayu(x,y)y:H 0

104



Note: Separation of variables #7373 ;2 H F & &
TR ZE T X0)Y() kE T
Separation of variables #3 & 47 o & _t*



[Example 1] | PO = 20DkLs

ou’ _ 40u
ox” oy

Step 1 K f# 5 ulx, y) =X()Y(y)  (f#:2 M &)

et

2
Step 2 #-u(x, y) =Xx)Y(y) # » ou” _ 40u

Ox’ Oy
X"(x)Y (y)=4X (x)Y'(»)
X"(x) _Y'(y) |
4X(x) Y(y) real separation constant

X"(x) _Y'(
4X(x) Y(y)

477,

X"(x)+42X (x)=0 Y'(y)+AY (y)=0

(The detail can be reviewed from the PowerPoint in DE1)
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X"(x)+4/1X(x):O Y'(y)+/1Y(y):O 107

Case 1 for Steps 3,4,5 A1 =0

Step 3-1 X"(x)=0 age 3¢
(x) A P2

auxiliary function ~ m” =0 roots : 0, 0

X (x)=c¢ +c,x
Step4-1  Y'(y)=0 Y(y)=q¢,
Step 5-1  u(x,y)=X(x)Y(y)=(¢, +¢,x)c; = 4, + Bx

A = ¢, B, =¢,c,
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Case 2 for Steps 3,4,5 A <0
v %>0

ROBARL 2 Q=0 mi-4 x"=0
Step 3-2 X"(x)—4a’X (x)=0  roots of the auxiliary function: 2a, 2«

X(X) — dleZax +d26_2ax Potae uo

¥ BfEee g 2 X (x)=c,cosh(2ax)+ ¢, sinh(2ax)
: Latls 2wt Gl apx

Stepd2 V'O _ 2y gv(yy=0 2 > ©

r(y) “

V'(v)-a’¥(y)=0  Y(y)=ce™

Step 5-2 u(x,y)=X(x)Y(y)= Azeazy cosh(2ax) + Bzeazy sinh(2arx)

A4, =c,c, B, =c.c,
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Case 3 for Step3 4 >0 o 5D

Y. - s L R,
= 3 l{i‘—\ﬂ; s ﬁ,—a 2_'_40{0 wié_zo(
Step 3-3 X "( x) +4a’ X ( x) — (0 roots of the auxiliary function: j2 ¢, -2«

X (x

) = ¢, cos(2ax) + ¢g sin(2ax)
Step 4-3 Ly) Y'(y)+azy(y):() Y(y):cge_“zy

\_/

Step 5-3  u (x, y)= A3e_“2y cos(2ax)+ B, e sin(2ax)

F $ /i L4 boundary conditions » £ ¥ # ¥ 3| general solution -

I S |2 40
u(x,y)= ./_1 + By [4, e ycosh(2ax)+B2ae“ysinh(2ax)]i
|- Igi_o::::::::::::::::::: _____ ;—-'ﬁ
:+Z[A e“ycos(2ax)+B e“ysm(2ax)]| a LELTF &
L0 o o o o e X2

(3L : nonseparable 7f% A iz — ) F 3))
limear , homogeneoas



110

Hyperbolic Function

L osin(x) = e” gj.e_jx

_e+e”

2

cos(x)



5
sinh(x) /
0
-5 .
2 0 2
3
2! coth(x) &
1
0
-1
_Zﬂ
-3 -w

O N LA o 4N ow

tanh(x)

csch(x)

ol
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d

dx
d

dx

sinh (ax) = acosh (ax)
cosh (ax) = asinh(ax)

d _ 2
dxtanh(ax) asech” (ax)

d - 2
I coth(ax)=—acsch” (ax)

%sech (ax)=—asech(ax)tanh (ax)

%csch (ax)=—acsch(ax)coth(ax)

sinh (0) =0
cosh(0)=1
sinh’(0) =1
cosh’(0)=0

sin (ix) =isinh(x)

cos(ix) = cosh(x)
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Section 2.2 Classical PDEs and Boundary- '"

Value Problems

221 * % E

(1) one-dimensional heat equation (2" f§ # = heat ¢ L
. Py o Generally, (kViy=94
PO\YO\LD)(L kax2 _51}[ k>0 ot

Ak, B:(:0, BL4A (=0

(2) one-dimensional wave equation (& f§ % wave equation)
2
l") perbolit |42 0*u _ O’u Generally, | a*V’u = 8_151
ox’ or’ /\\[ ot |

Az 0\2’ B"O; C“' 4/\ (P4
(3) two- dimenstonal form of Laplace’s equation (2 f§j # % Laplace’s

equation ) 8214 . PYy 053} Genef—all 1
=Vl— € 7o b c} W pavaiuve
9“717{’“— ox* oy’ * equatty —% 0( Ti sP‘tao\;\e

A, B%0,(:\, B=4Ac <O
D. G. Zill and Michael R. Cullen, Differential Equations-with Boundary-Value
Problem (metric version), 9th edition, Cengage Learning, 2017, Section 12.2.

~—"
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Sk

heat equation, (page 115) wave equation, (page 117)
Laplace’s equation, (page 120) Laplacian, (page 121)
Dirichlet condition, (page 123) Neumann condition, (page 123)

Robin condition  (page 123)




|
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2.2.2 One-Dimensional Heat Equation

0°u _ ou
kax2 - Ot

d kBB EAER

u(x, t): temperature, ¢ time, x:location

Fig. 2.2.1

XTAX _»

-
.o—""-'_'-

X -
_— B84 |@®@@

From D. G. Zill and Michael R. Cullen,
heat equation E,lj ? . diffusion equation Differential Equations-with  Boundary-Value

Problem (metric version), 9th edition, Cengage
Learning, 2017, Section 12.2.
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kﬁzu:(?u )

SN

Example:

u(x, t): temperature,
t: time, x: location

Fig. 2.2.2 %o X-axis
ou(x,t)
Xo R R M A o >0

x=x0



otk

2.2.3 One-Dimensional Wave Equation

. % 52 2Y wowe fquq~f‘ton
a® * “
o o \ 4o i*_ aw 37,) a{,
RN S R A
iy . . .
?P u g ulx, 0): height, # time, x:location
1 1133_&«];& TF F D. G. Zill and Michael R. Cull
( ) i J RS f(x) Differenti.al 'Equations-with Bound'ary-Value’

Problem (metric version), 9th edition, Cengage
Learning, 2017, Section 12.2.

: -
< 7

u(x, 1) =0 u(x, 1)=0 @Ol
Fig. 2.2.3 when x =0 whenx =L

wave equation %] & : telegraph equation

17
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=4

Fig. 2.2.4

-
X

[0Sl

From D. G. Zill and Michael R. Cullen,
Differential Equations-with  Boundary-Value
Problem (metric version), 9th edition, Cengage
Learning, 2017, Section 12.2.
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e Wave equation B i g *

Theory of high-frequency transmission line
Fluid mechanics (7 %8 # &)

Acoustics (B-%)

Elasticity (3£ 4 &)

Microwave engineering (7 & 1 #%)



[

2.2.4 Two-Dimensional Form of Laplace’s Equation

0°u . 0’u heat equq+7ow
> T =0 A - dn
ox~ oy 2 <
Y ol )
e ZD
BENMFCE A B R _}gzu au
37!* Sy2 ot

20

6 P 5

u(x, y): temperature, W%eh Jhe ‘l‘ehpam S
X, y: location s st f&‘o'-e
VZ\AiO | D %’u{(‘»v
2D ai&, +Q__.
) 9“(4
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Laplace’s Equation 7= ¥ * Laplacian % 71, VZu(x, y) =0

Laplacian: V?

2 82
a2

2 82 62
Viu(x.y,z)=9 Y+ e




Modification

by bk 4 s Rpreh R 3 (T

—

] * heat equation =77 modification

O'u _ ou
ka h(u—u,)= Y

] : wave equation =7 modification

282 Yt F(x,tu,u,)= o’u

ox* ot*

e Laplace’s Equation enH 1 g #
Static displacement of membranes
Edge detection (:£ 5% 1 B])

Microwave engineering (& /& 1 #%)

122



2.2.6 Boundary Conditions ¢ Initial Conditions

123

Dirichlet condition

Neumann condition

Robin condition

Uu—........ (/;J%‘{(Au\)

ou ... (5 HeA)
n

a_u+hu: ...... (/EE" @)

on

h 1s a constant
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2.3 Heat Equation

This section can also be viewed as an example of Section 2-1

)

2 X —
kazzau, O<x<L, t>0 OIS -
o or o Al

u(0,)=0, u(L,t)=0, ¢>0 (2)
u(x,0)= f(x), 0<x<L. 3)
.[.

D el temparature

Solution:
(Step 1) u(x,t) = X(x)'T(t)
kX" ()T (1) = X (x)T"(1)

D. G. Zill and Michael R. Cullen, Differential Equations-with Boundary-Value
Problem (metric version), 9th edition, Cengage Learning, 2017, Section 12.3.



X" (x)T (£) = X (x)T'(¢) 12>

X" T!
Step 2 — —_— 4
(Step 2) AT (4)
X"+A1X =0 (5)
T'+ kAT =0. (6)

(From Zero Boundary Conditions) i, - X0 Ti(t)

Y

u(0,)= X(O)T(t)=0 and u(L,t)=X(L)T(t)=0.

Since for a nontrivial solution, 7(¢) cannot be zero, If T):0
U= XN T(¢) <0

X(0)=0and X(L) = 0. Tov all w, ¢
We have
{ X"+1X =0, X(0)=0, X(L)=0. (7)

T'+ kAT =0.
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(i) X"+AX =0, X(0)=0, X(L)=0. (i) T'+kAT =0.

XCase 1 for Steps 3,4,5 A=0

X"=0 X(x)=c +c,x
{C)‘}(;-O‘-O, (., =J
From X (0)=0, X(L)=0 C,=cC,= X(x)=0
> C.L:0, (,:0
u(x,t)zX(x)T(t)zo

(trivial solution)



. .. 127
() X"+AX =0, X(0)=0, X(L)=0. (il) 7'+ kAT =0.

Case 2 for Steps 3,4,5 A<0

Set A=-a’
X"-a’X =0 X(x)=ce” +c,e™

X (x)=c,cosh(ax)+c,sinh(ax)
Note:

¢, cosh(ax)+c,sinh(ax)=c,

ax —ax ax —ax

e '58 +C4 e —28
Pe‘ge "')~) f?:;t}(?))}z\o _ C3 —504 eax 4+ C3 ;C4 e—ax
From X(0) =0, ¢; =0 page I, gnhlp Ly40 ¢ L3O

From X(L) =0, ¢,sinh(aL)=0,¢,=0
X(x)=0 u(x,t)=X(x)T(t)=0

(trivial solution)
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() X"+AX =0, X(0)=0, X(L)=0. (il) 7'+ kAT =0.

Case 3 for Steps 3,4,5 A>0

Set ﬂ=a2

X"+’ X =0 == X(x)=c cosax+c,sinax.

X(0)=0,== ¢, =0, sih|nn) =0 Fsr ahy Integer N

X(L)=0.== ¢,sinaL =0== a=nx/L, A=n'zn"/L".
KL= hn
X(x)=c,sin(znx/L), A=n’n"/L. n=1,2,3,....
hZO/ h(O M
TUkBZ T 0, = T()=ce =/mn oh be Tohove

2 - 1y
L~ owulhm; wm+ kh:.#:o' W= _k 2‘70
u, (x,6) = X ()T (1) = A,e " sin%x, n=1,2,3, ...
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nr

(Step 6) u(x,t) = 2:21 u, (x,t)= i A g ke sinTx,
n=1

(Step 7) From the boundary condition, u(x,0)= f(x)

u(x,0) = ZA sin—x f(x)
From Fourier sine series (page 131 in *i4srz )

:Z.::bn sin”]fx 2_[ sm—xdx

Lm"/é
:_J- f(x)sm—xdx PQL g

Therefore,
nir

u(x,t)= U S (x) Sln—xdxje‘k(”z”z/Lz)t sme
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*+45x2 Review for Fourier Series and Fourier Cosine / Sine

Series

2iA): £r¥zp)

Fourier Series

dy N\ ni
=)+ cos M +b, sin ™~
/() 2 Z(a P p )

n=I

b

n

I 1
ao—pjpf(x)dx a, = ol p

1

p-




131

f(x) 1s even

Fourier cosine series (2% cosine series)
o0
a
=0+ Z a, cos™ x
2 = p

L _2 d
_p.[of( )dx 4, J-f cospxx

Fourier Series —

Fourier sine series (¢ sine series)

f(x) 1s odd
g :=Fx4w) 3 +@)- -{N Zb sm—x

or we only khow £G) for 0¢A <\’

_2
sm—xdx
2 ), £ (x)sin
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Section 2.4 Laplace’s Equation

2.4.1 Section 2.4 3 &

b
2 2
gg+%g=0 0<x<a,  0<y<b, Yi i

0O X G
(i * method of separation of variables X %)

gl

u(x,O)zO u(x,b):f(x) for0<x<a
I_F\:B%Q,J M(O,y):() u(a,y):() f0r0<y<b,
u(x,0)=0 u(x,b)=f(x) for0<x<a

o ou

x=0 ax

=0 for0 <y <b,

X=a

D. G. Zill and Michael R. Cullen, Differential Equations-with Boundary-Value
Problem (metric version), 9th edition, Cengage Learning, 2017, Section 12.5.
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2 2
EFeAT0 0<x<a 0<y<h

"R 3, u(0,y)=F(y) u(a,y)=G(y) for0<x<a

X 42 & “superposition principle”



2.4.2 Solutions for Laplace’s Equations (3 % j% %5 )

0*u | 0’u
5x2+8y220 0<x<a, 0<y<b,
OX |x=0 OX |x—a for0<y<b,

\/u(x,0)=0 u(x,b)=f(x) for0<x<a

Step1 BEXfE 5 ulx,y)=Xx)Y()
o’u 82

Step2 & » 2 8y =0 @
" 4 X” - Y”
X"(x)Y(y)+X(x)Y"(y)=0 X((x)):_Y((yy))
s X YO
o X(x) Y(y)

@412 ODBs _ X"(x)+AX(x)=0 Y"(y)=AY(y)=0

34



Steps 3, 4, 5 e gJ2
(1) ¥] 5 x erboundary condition f f§ 8 > #7112 £ f2 X(x)
2) # = A1=0, A1<0,41>0 = i cases

nX(#)Y(y)
(3) 43 G4 =0 forallo<y<b, AW X ()
T —x )=
YO) 27 5 0 (F R u(x, y) =Xx0)Y(y) =0)
HHXO=0 ]y yiy»0
32 > o g_zxa:o_.)('(a):o

P32 d u(x,0)=0—{Y(0)=0
YD)\ (0)%0

135



WX (©=0  X(0=0 [X(a)=0 136

V()-Ar(»)=0  [F(0)=0

Case 1 of Steps 3,4,5: 41=0

Step 3-1  X"(x)=0 solution: X (x)=c¢, +c,x X'(7):= (s
¢ boundary conditions X'(0)=0 X'(a)=0 ¢, =0
X(x) =¢
—_——~—
Step 4-1  ¥"(y)=0 Y(0) = 0
solution: Y (y)=c,+c¢,y
#2145 boundary condition ¥Y(0) =0, ¢; =0

Y(y) =G
Step 5-1
u(x,y)=X(x)Y(y)=cec,y=4,y A, =cc,



Case 2 of Steps 3,4,5: A<0 137

L A=—a
Step 3-2 X"(x)-a’X(x)=0 X'(0)=0 X'(a)=0
solution: X' (x)=d,e” +d,e™
T i B & X(x)=d,cosh(ax)+dsinh(ax)

¢ boundary conditions X'(0)=0 X'(a)=0

pagell >
4 %COSI’I(ODC) — asinh(ax), %Sinh(OlX) = acosh(ax)
= d.=0
{Cl’sa—o ::>{ 5 :> X(X)ZO
d,asinh(aa)+dacosh(aa)=0 d, =0 X
X316, sihhlda)3D
F]t > case 2 ¥ I trivial solution u(x, y) = X(x)Y(y) =0 it a 7':0
u(x,b)=f(x) #-ix % L A<0 5 & ja

(% 2 L & Steps 4-2, 5-2)
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Case 3 of Steps 3,4,5: 41>0

L A=
Step 3-3  X"(x)+a’X(x)=0 X'(0)=0  X'(a)=0
! «~ =(C, gl
solution: X(x) = ¢, cos(ax)+c, Siw X iX) (L stn(®x)
¢ boundary conditions X'(0)=0 X'(a)=0

( (¢, = any nonzero constant
c,a =0 C
J | Sin(hw) =0 L o= nE ZE FE
—c,asin(aa)+ c,a cos(aa) =0 a /IE

Lo Rksimka):0  socny L& =0

BRAE AV ERENE S ¢,=0andc,=0
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Step 4-3 Y”(y)—szY(y)zO since  A=01Z
a

Y(0) =0

solution: Y (y)=d,e® +d,e °

sqans Y(v)=c cosh(fzfy)+c4 sinh(”jy)

#2145 boundary condition Y(0)=0 ¢, =0

Y (y)=c, sinh(%y)

Step 5-3

u(x,y)=X(x)Y(»)

_ nr k(AT ) = nx \einh (A7
—clcos( p, x)c4s1nh( ; y) A cos( p, x)smh( ; y)

\,

Bl (=2 :
nE_EE T FH A =cc,
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Step 6 ¥ #75 ¥ it e1fE > 2 3MAcde K

u(x,y)=A4,y+> A4, cos(Mx)sinh(My)
T n=1 . d
Cage ,‘CMCB

Q5 B0 i1 4ef|oos @ 2id —o0 e ] 00?
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e WA AE R E e 7RG P A B 4 F) oo

M 2bd —o0 4c 3] oo ?

v N\ — oo =T v (nr o\ _on[—nx
*] & cos(ax) cos( . x), smh(ay) smh( . y),

sinh (0)=0

g

72 [ Z B, cos(’zzx)sinh(nfy)
— Zcos(mx)[Bn sinh(my) -B Sinh(my):|
a a d

— Z A cos(mx)sinh(my)

a
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Step 7 lu(x, ) = dyy+ Y. 4, cos( "% x)sinh (1 y
n=1

a a

nonzero boundary condition: u (x,b) = f(x)

(x)owib+ ZA cos(”” )smh(””b)

TL{‘;D ‘—f(@ n=1,2, ...., )

A
&_f(x) 1 Fourier cosine series 7 coefficients P=

Fourier cosine series: page |3 |

+Za cos—x a, = 2_[ 1 (x)dx, an:]%jopf( cospxdx

2A0b=% [ /) y smh(””b) 2[* f(x)cos 2 xdx

4, = ij‘oa S (x)dx 4,= asmh(f )I f(x)cos 2 x
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2.4.3 Laplace’s Equations with Dirichlet Problem

O’u , O’u u=x7
5x2+6y220 0<x<a, 0<y<b, X'"'3+HX =0
X(0)<0 X(a)<0 X'=2Y:0
u(0,)=0 u(a,y)=0 0<y<b,
%)% (STho
u(x,0)=0 u(x,b)=f(x) 0<x<a, X1 );;hi
Y10)0 , X&a=n7,
* method of separation of variables » §iF 3+ & 17 ! (X(“)' /S”\{ ”7‘) 0)
u(x,y):Z_;Ansmh—ysm7x To 50&754 )‘ +))('O
n= ) 7\ nz
4 =2 j 1 (x)sin % xdx
aSIHhMb a Q‘ yw?
a Fowler ¢ine tramnsto

oo Bl g sy pming



2.4.4 Superposition Principle

[

Dirichlet Problem ¥ 4 f# = & 3 ¥ 42

2 2
gg+%g=0 O<x<a, O0<y<b,
u(0,y)=F(y) u(a,y)=G(») for0 <y <b,
u(x,O):f(x) u(x,b)zg(x) for 0 <x<a,

v e BF R SRR (REEE &Y separation of variable 17
2%

44



< . Ou, 0Ou
+ B A2 1 Ly 710 0<x<a, 0<y<b,
ox® oy°

u,(0,y)=0 u,(a,y)=0 for 0 <y <b,

[ - e N

u, (x,0)=f(x) u(x,b)

2 2
+ FAL2 8u2+8u220 <x< <yp<
x| oy 0<x<a, 0<y<b,

u, (0,y)=F(y) u,(a,y)=G(y) for0<y<b,

u,(x,0)=0 u,(x,b)=0 for 0 <x <a,

—

BI3K u(x, ), up(x, p) A B A RRE L, 3 RAE 2 nfR

P u (%, ) = uy(x, p) + uy(x, p) SR KK AL R

g(x) for0O<x<a,

145
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%‘j u (xay) — ul(xay) + u2(xay)

u (0, y)=u(0,y) +uy(0,y) =0+ F(y) = F(y)
u(a,y)=uya,y) tuya,y)=0+Gy)=G()

u (x, 0)=u(x, 0) + u,(x, 0) =flx) + 0=fx)
u (x, b) =u,(x, b) T uy(x, b) = g(x) + 0= g(x)

Ya l Y
g(x) (ab) gx) (a,) 0 (ab)
fx) " fi(x) X 0 X

&IOS

From D. G. Zill and Michael R. Cullen, Differential Equations-with Boundary-Value
Problem (metric version), 9th edition, Cengage Learning, 2017, Section 12.5.

Fig. 2.5.1
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+ B R 1 ez ul(x,y):Z{A cosh % y+B smh—y}sm%x

n=1

4,=2{1(x sm( )dx
e ey AL (5]

F R RE 2 iR uy(x,y =Z{A coshnﬂx—l—B smhngz }sm Y

Anz%j ()sm(”lfy)dy

7 L e G

Bk B RE PR u (x, ) +u, (X, )



48

[

2.4.5 Sections 2.1~2.43F & /i e &

(1) Method of separation of variables % PDE e 4282 X & » {2 & _Js
¥5 i & pages 101-103 e 7 % steps R A i 48 o

(2) i1
% boundary conditions 1 3% u(0, y) =0, u(L, y) =0,

B {$ ﬁjﬁgl‘,&a’ff’ sine "ﬁ fid X(x):czsinﬂx H L 2L/

L
, .. 0 _ 0 _
% boundary conditions I} 75 5_7; L 0 8_)Lé _ 0

B (¢ N2 58, F Jv cosine & constant 7 B

X(x)=¢ or Xn(x)zclcos%x WH L L 2L/n



(3) 55 & 59 t6 0 7 Il u(x, y) < boundary conditions
IR u(a,y)=0 —*fﬁﬂ‘r’sﬁ X(a)=0 ~
F 3 ule, ) =0 — i V() =0 -

F3 G =0 X(0)=0

B S 8u A I8 { =
== ;LIJ va :O_> ,u«f\i”lﬁ Y(b) _O
A ., T}

(4) & 31 & cosh(x), sinh(x) e 5

149



) » 1
(5) Method of separation of variables 35 + % % )45 g 2 50

(12 #- 3 pages 134-142 Laplace equations 3 &)
(@) X"(x)  Y'(y)_ ¥

X(x)  Y(y)

(b) Steps 3,4,5 & < g #73 cases

() 2 ¥ E4&d ¢,=0 % ¢ cosax+c,sinax=0 *|%rc;=¢,=0
Fli a¥ U E_mm/L, 4o & page 138 it

(d) % Step 6 » & #-#773 ¥ ap i0fF4eA= K 0 A H_u(x, ) (- A fF
4ozt & page 140 #7it
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2.5 Nonhomogeneous Boundary-Value Problems

Ou, plu cOu,pou,pou, g, _
Aax2+B8x8y+C6y2+D8x+E8y+Fu_G

Nonhomogeneous: G #0

Key ideas: Separate the original problem into two or more problems

D. G. Zill and Michael R. Cullen, Differential Equations-with Boundary-Value
Problem (metric version), 9th edition, Cengage Learning, 2017, Section 12.6.
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Ou_, pdu  ~0u_ nou, pou _
Aax2+Bax8y+cay2+D8x+E8y+Fu_G

/ PS/ /Saz/
Method 1 u(x,y)=v(x,y)+w(x)
Method 2 u(x,y)=v(x,y)+w(y)

Method 3 u(x,y)=v(x,y)+l//1(X)+l//2(y)

Method 4 u(x,y)=v(x,y)+w(x,y)
(Method 4 © %7 %)

Extra Methods: Expansion by Fourier series, Fourier cosine series,
or Fourier sine series
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2.6.1 Method 1

’u, pdu  ~0°u HOu_ ou _
Aax2+38x8y+cay2+D8x+E6y+Fu_G

Method 1 u(x,y)=v(x,y)+w(x)  2¥0N,

[Constraint]: G 1s independent of y

2 2 2
4OV%Y) | pOV(X,Y) | ~OV(X,Y)  OV(X,Y) | OV(X,))
Ox> 0x0y 6y2 0x oy

+Ay" (x)+Dy'(x)+ Fy (x)=G(x)

Problem A: (ODE for y(x))
Ay" (x)+Dy'(x)+ Fy (x)=G(x)

Problem B: (homogeneous PDE for v(x, y))

+ Fv(x,y)

2 2 2
49V0Y) | pOVLY) | cOVNY) | hOV6RY) | pOVRY) | 1y

2 2

Ox oxoy Oy Ox oy
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[Example 1] MPWl cat

o’u ou
Solve k—+r —, O0<x<1, t>0
ox” t
Ou0,1)=0, 5,0 =u, t>0
u(x,0)= f(x), 0<x<l r and u, are nonzero constants
® =0
Solution): Since G =r, 0.0)=0, u(l,f)= u(9,t/-
(Solution) P HODER MOS0
independent of ¢ constants  V(9,%)=0, Y(0)=U
Method 1 can be applied. u((1,t)u, Yliy: U,

uCe0) = vy, VUDTYTL I o

L O*v(x,1) o dzt//(x) _ ov(x,0) dt/// ® ul%,0): Fi»
o’ dx’ o far VxS fx)

D Ay | o VE49)s Lhy_pix)
Ox” dx’ ot

pPa—
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Problem A fky"(x)+r=0, w(0)=0, w() =y,

2
Problem B k@v av, O<x<l, t>0
ox> ot

v(0,£) =0, v(1,¢)=0, t>0
v(x,0)=f(x)-w(x), O0<x<l IN’” ) = =

(i) For Problem A OW\YHT km*z0 , m=0,0
" ""‘9"36 Y 1) o+ c,z
k') +r=0,  p(0)=0, y(O=1,  ypH.po>

w'(x)=-r/k l//(X)——ﬁx +ex+c, 2Bk = =¥
_— T =7
ro, 2)

p(0)=0, y()=u, — ¢ =0, —F+c =y Polsr)s =¥ 52

C.: \A-}—E
w(x)——ﬁx +(2k+u1) ) z
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(11) For Problem B, from Section 2-3 L:)
v(x,t) = iAne_k”Q”Zt sin(nzx) ¥ 29129 fom s “P‘&ceo‘ L}
00— W)
where 4, —2j [ +ﬁx —(2k+u1) }sin(mzx)dx

Therefore,

u(x,t) = —ﬁx +(ﬁ+” )x+iAne_k”2”2t sin(mzx)
n=l1



157

2.6.2 Methods 2 and 3

A8 “yBo U O’u +Ca “+D8”‘+E8”‘+Fu G
ox* oxoy oy’ Ox oy

Method 2 u(x,y)=v(x,y)+w(»)

[Constraint]: G 1s independent of x

Method 3 u(x,y)=v(x,y)+v, (x)+w,(»)

[Constraint]: G = G,(x) + G,(»)
G(x) 1s independent of y
G,(y) 1s independent of x
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Ou pou cOu,plu, pou g, _
Aax2+Bax8y+cay2+D8x+E6y+Fu_G

u(x,) =v(x,y)+y, (x)+y, ()

2 2 2
4OV%Y) | pOVY) | ~OV(X,Y) | nOV(X,Y) | OV(X,))
Ox? 0x0y 0y” Ox oy

+ Ay (x)+ Dy (x) + Fyy (x)+ Cy3 (y) + Evy () + Fys (¥) = Gy (x) + G, ()
(J) Problem A: (ODE for y,(x)) .

Ay (x)+ Dy (x)+ Fy,(x)=G,(x)
(® Problem B: (ODE for y,(®)

Cyy (v)+Eyy(y)+Fy,(y)=G,(»)
@Problem C: (homogenous PDE for v(x, y))

+ Fv(x,y)

2 2 2
AT TN OV, D O ()0
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2.6.3 Method 4 (¥ %7 %)

Method 4 u(x,t)=v(x,t)+y(x,1)

Constraint of Method 4: Not appli(;able for Laplace’s equation.

Method 1 can be applied to the wave equation and Laplace’s
equation, but Method 4 cannot.

Example:
2
k8—7;l+F(x,t)=a—u, O<x<L, t>0
ox ot

u(0,0) =u,(t), u(L,t)=u,(t), t>0
u(x,0)=f(x), O0<x<L,
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2
k8—+F(x )—8 , O<x<L, t>0
ox” ot

u(0,0) =u,(¢), u(L,t)=u,(t), t>0
u(x,0)=f(x), O0<x<L,

et u(x.t)=v(x.t) + (5.1

Sin O’u 0% 82 Ou Ov GW
P RPN RPN o ot or
0”u Ou > Oy ov_ oy
k—+F xX,t)=— k k F(x.1) =
oz D=5 o e TEED=51,
u(0,1) = u, (¢) v(0,¢)+y (0,¢)=u,(?)
u(L,t)=u,(t) v(L,t)+w (L,t)=u,(t)

u(x,0) = f(x) v(x,0)+w(x,0) = f(x)



161
Therefore, after setting u/(x,¢) =v(x,7)+y (x,7) , We separate

O%u ou
k—+F(x,t)=—, 0<x<L, t>0
ox ot

u(O,t)zuO(t), u(L,t)zul(t), t>0
u(x,0)=f(x), O0<x<L,

into two sub-problems: > ODE for %, -léozisiv:z;td as

2
Problem A: k(gl/j 0, w(0,0)=u,(t), w(Lit)=u/t)

2 =
X

2
Problem B: k%JrG(x,t):@, O<x<L, t>0
X !
v(0,6)=0, v(L,1)=0, t>0
v(x,0) = f(x)-w(x,0), 0<x<L
where G(x,t):F(x,t)—%—l/;

Guess: The solution of Problem B v(x, { ) = Z"n (f ) SinnTm

n=l1
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Problem A: kif =0, w(0,0)=u,(t), w(L,t)=u, ()
X

w(x,t)=c (t)x+c, (1) (s,C, cwe dependent on -+

v (0,1) =uy (1) == (1) =1, ()
w(L,t) =U, (t) ¢ (t)L +u, (t) =u, (t)
p (xat) =y () +F(u, (1) =y (1))
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To Solve Problem B:

2
k—+G(x )—av, O<x<L, t>0
ox” Ot
L300 =0, W(L.0)=0, >0
v(x,0)= f(x)-y(x,0), 0<x<L

where G(x,1)=F(x,1)- aﬁl/t/

An assumption can be applied
(from the associated homogeneous PDE).

paye \3)

)SIHMX

\ ’F‘ram yo«ge \3)

Try to solve v () and G (U Gin (1) =5 G\(V'bs"" “"7'0|)(

IE

n=1

+G )sm—x Zv sm—x [5% oide)
N obE Yor
k—:ku>+\/mm~ o) Vinl)
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Summary for the Process of Method 4

(Step 1) Use u(x,t)=v(x,t)+w(x,t) to separate the original problem

into two sub-problems.
(Step 2) Solve Problem A

(Step 3) Use the associated homogeneous PDE to express the solution
of Problem B by Fourier sine series

(Step 4) Expand G, (¢) to solve v (¢)
(Step 5) Use u(x, 0) to solve the unknowns of v,(¢)

(Step 6) Add the solutions of Problems A and B and obtain u(x, 7).



[Example 2] 10>
0’u _ Ou
ox® ot
u(0,t)=cost, u(l,t)=0, t>0
u(x,0)=0, 0<x<l.

, O0<x<l, t>0

(Solution):
(Step 1) u(x,t)=v(x,t)+y(x,1)
o’y
Problem A: > =0, w(0,t)=cost, w(l,t)=0
X
Problem B: a2v_ay/:av O<x<l. t>0
ox* ot ot ’

v(0,6)=0, v(1,¢)=0, >0
v(x,O)z—l,y(x,O), O<x<l



(Step 2)

O’y
Problem A: ~ =0, v (0,¢)=cost, w(Lt)=0

X
w(x,t)=c (t)x+c,(?)

Solution:  w (x,7)=[0—cost|x+cost =(1—x)cos?
0y

Problem B: —2+(1—x)sint=@, O<x<l, t>0
ox ot

v(0,6)=0, v(1,¢)=0, >0
v(x,0)=x—-1, 0<x<l

We can guess that the solution of Problem B is

v(x,t)= ivn (¢)sinnzx
n=l1

166



2
Problem B: a—‘;+(1—x)sint:@, O<x<l, t>0
ox ot

v(0,1)=0, v(1,£)=0, >0
v(x,0)=x—-1, O0<x<l

(Step 3) From the associated homogeneous PDE
o’v _0Ov
ox® ot
v(0,1) =0, v(1,¢)=0, t>0
v(x,0)=x—-1, O0<x<l

v(x,t) = X(x)T(t)

X"(x)T(t)=X(x)T'(¢)

, O<x<l1, t>0

167
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X"(x)+AX(x)=0 X(0)=0 X(1)=0

After checking the three cases, the non-trivial solution exists only when
A=n’n>>0
In this case,

X"(x)+n’7°X (x)=0 X (x)=csinnzx

Therefore, the solution of Problem B should has the following form:

e 0]

v(x,1)= Zvﬂ (¢)sinnzx

n=l

to be solved
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a—+(1 x)51nt—6v, O<x<l, t>0
ox” ot

v(0,6)=0, v(1,1)=0, >0
v(x,0)=x—-1, O0<x<l1

= ivﬂ (¢)sinnzx
to be solved

(Step 4) First, express the non-homogeneous term (1—x)sinz as
(1-x)sinz =) G, (t)sinnzx
From the Fourier sine series (*if4rz ) Zb sm—x

b = 2_{ f(x smpxdx

_2(" _ 2
= 1.[0 x)sin¢sin #& 1 T xdx = mzsmt

2 SINZSIN NTX

niw

MS

(1-x)sint =

n=1



_+(1—x)sint:— v(x,t)zivn (t)sinmrx
n=l

Since (l—x)sint = i% Sinzsin nrx

n:

we have

o0

Z[Vn (t)( n'r )+%smt}smnﬂx Zv s1nn72'x

n=l1 n=1

' _2Si1’llL
n(t)+n 7’ v, (l‘)——mZ

{ 27172' Slnt COSt+C —n*r’t
vn( ) nﬂ(n T +1)

M8

ol ‘z’sint— cost+Cne—n27z2t Sin nTx
(n T +1)

n=l

aa—ZV(xaf) — Zvn (t)(—nzﬂ )sinnﬂx %V(X,f) = g"; (t)

SIN NTX

170



0°v . ov
—+(l-x)sint=—, 0<x<1, >0
Ox ot

v(0,6)=0, v(1,1)=0, >0
v(x,0)=x—-1, O0<x<l1

n=1

o(t) = i[z i EEn c} nex

(Step 5) To determine C,, we can apply v(x, 0) = x—1

xli( =z +1)+ansinnﬂx

4 4
n=1 nﬂ'(n T

From the Fourier sine series

—2 A . L,
nﬂ(n“;z“ +1) +C, = 2_[0 (x—1)sin nzxdx = —=
C = 2 p)

n

nﬂ(n47z4 + 1) niw

171
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n=1

v(x.t) = i[z - (j?;: j;’)” c} nx

Co_ 2 2

" n7z(n47z4+1) nrw
o0 2 2 2 2
_2 n'zm’sint—cost+e """ e |
v(x,t)—ﬂZ 4 p SIn nxwx
n=1 n\n.mw +1

2_2

© 2_2 -n‘z i
;Z nrw smt;cgst+e e sinnzx|
T n(n T +1) n |

<
—~
=
=~
S~
Il
~—~
p—

I
&
S~
o
o
!
=~
+
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2.6 Higher-Dimensional Problems

Modifying the method in Section 2-1 just a little.

Two-dimensional heat equation
o’'u O'u) Ou

k| —+— |=—.
ox" Oy ot

Two-dimensional wave equation

(0'u ou) Ou
a > + > = -
ox~ oy ot

u(x, y,t)=X(x)Y(y)T(2)

2 2
a_z;l:X"YTa 6_l;l:XY"T9 and a_u:XY]”'.

Ox oy ot

D. G. Zill and Michael R. Cullen, Differential Equations-with Boundary-Value
Problem (metric version), 9th edition, Cengage Learning, 2017, Section 12.8.
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[Example 1] Temperatures in a Plate

2 2
k(au auj—au, O<x<b, O<y<ec, t>0

+ =
ox® oy’ ot

u(0,y,6)=0, u(b,y,t)=0, O0<y<ec, t>0
u(x,0,¢)=0, u(x,c,t)=0, O0<x<b, t>0
u(x,y,0)= f(x,y), 0<x<b, O0<y<ec.

(b, ¢)

From D. G. Zill and Michael R. Cullen, Differential
Equations-with Boundary-Value Problem (metric version),
9th edition, Cengage Learning, 2017, Section 12.8.

-

b




0 0 19 17>
u u u
k + = — u(x,y,t)=Xx)Y(»)I'(¢),

kK(X"YT+XY"T)=XYT'
A ) PDE >3 0PEs

Divided by XYT
X" Yn T Lﬂ_ Y" Tv
k(S +5) = X Y kT
Set X Y" o .
X/ Y kT
X"+AX =0 T
T - Y kT
/ T\A
Yn !
= —+ A=
Y #H kT H
Y'"+uY =0 T'+k(A+u)T =0




ALY, DNOYDTH ul0,),4) X YINTI0 2 X0):0

u(0,y,6)=0, u(b,y,t)=0, X(0)=0, X(b)=0,
u(x,0,6)=0, u(x,c,t)=0 Y(0)=0, Y(c)=0
" gy _ _ o = XA EEMIAA)
X"+AX =0, X(0)=0, X(b)=0 s‘m(o(L:):O &b L
YU uy =0, ¥(0)=0, Y(c)=0. s

T'+k(A+u)T =0.
There are 3 cases for X: 41=0,4<0,and 4> 0.

2 _2
There is non-trivial solution for X only when A = m ZZ >0
. . mrx b

In this case, X(x)=c, sme
There are 3 cases for Y: 4=0, £<0,and p> 0. L

nr
There is non-trivial solution for ¥ only when 14, =———>0

C

. nrw
In this case, Y (y)=c,sin—y
c



177

2 2 2 2
m 7T nioimw
ﬂ.« — j—
m b2 'Lln C2
' m272'2 n7z2
T'+k(A+ u)T =0 I'+k(—5—+ 2 )T =0

T(t) _ Cse—k[(mzr/b)er(mr/c)z]t.
Am nt (5 Cz (4,
u(x, y,t) = X(x)Y(»)T (1),

_ ~k[{(mz by +(nz /YNt i T AT
u (x,y,t)=A4 e """ e sm—xsmT ¥y,
— _ 2 2, . M . AT
u(x,p,t)=> > A, et emelgin —— ysin—y.
m=1 n—1 b c
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nic

M(X y, t) ZZAmne—k[(mﬂ/b) +(nzlc)? ] b XSin—y

m=1 n=1 C

u(x,y,0)=f(x,y) O<x<b, O<y<ec.

iAmn sin—xsinﬂy /(%)
c

1 n=1

LZ sm—yjsme f(x)
N - P2Lb 9 (A>HY)

From the Fourler)sme series along the x-axis

ZO n—x b, = 2j sm—xdx
S e 135
b

From the Fourier sine series along the y-axis 2 i

A 2I f xy)sm(m” )dxsin(ﬂy)dy

M8 i WL~

3
I




_______________________________________________________________________________________

_______________________________________________________________________________________

[Example 2] k(azu O’u  Ou ) _ Ou

ox* 0y o7) ot
< YY) DT | L, 2X 4% w0
k(X' YZTH X274 XY Z' )XY T Y"4 2. Y0
o\‘“;f"“’x,/ uXYZ T 2425 20
\ 4 L ,_.) I. :T_T_-,-h\:.(]f]’)z"})_g):?T “\'k‘)f})?.")}y
XXX % "

M D ~“N -..\A\?\,—"%l-\%g \FVEéA'ODES



f(xy)= iian sin (%x)sin (%y)
where

¢ b . .
B,, :bic.‘; J-O f(x,y)sin (%x)sm (My)dxdy

C
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2.7 Polar Coordinates

Sections 2.7, 2.8, 2.9 are extended from Section 2.1, but the polar,
cylindrical, and spherical coordinates are adopted.
—— 2D — Polar Coordinate (Sec. 2.7)

— Cylindrical Coordinate (Sec. 2.8)

L Spherical Coordinate (Sec. 2.9)

D. G. Zill and Michael R. Cullen, Differential Equations-with Boundary-Value
Problem (metric version), 9™ edition, Cengage Learning, 2017, Section 13.1
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Vi (X, y) or
(r, )
; I
I
LY
0 I
l J:E From D. G. Zill and Michael R. Cullen, Differential
¥ Equations-with Boundary-Value Problem (metric version),
9th edition, Cengage Learning, 2017, Section 13.1.
Fig. 2.7.1 Polar coordinates

of a point (x, ¥) are (r, )

(x,») (r, 0)
original polar
coordinate coordinate

. 2 2 2
x=rcosf, y=rsinf, and r" =x"+y



the Laplacian of u in
x-y coordinates

the Laplacian of u in
polar coordinates

Lople’ equq~l'\oq183

V2, 0°u N 0’u | Vu=0
ox® oy
¥ 4
<V2u=@ 18u+ 1 ou
or* ror r*ob* /
N~N— /

In this section we focus only on boundary-value problems
involving Laplace’s equation V*u =0 in polar coordinates:

The key points

of this section.

.

0°u

ot

;87”

1 ou

1 0°u

_|_
r* 06°
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o'u  O’u O'u lou 1 0u
Viu=—+—. Viu=—+——+ .
ox® oy’ or* ror r 06’
(Proof): Since From page 184 to page 188
x=rcosf, y=rsinf
we have
— Y
hotn r=qxt + 97 ¢ = arctan "
rule ou _ 0r du__ 00 du Ou _ 0r du_ 08 du
ox Oxor Ox 06 oy oOyor oy o6
ou _ 2x  Ou N 1 —y Ou from -2 arctan x = —1 :
Ox  2\x*+y* or 1+(y/x)* x* 66 dx I+x

_ X @u+ 1 —y Guzcosgﬁu_singﬁu
x2_|_y2 51’ \/x2_|_y2 \/x2_|_y2 @(9 57‘ r @(9

o




_ Y
F=xt+ ) ﬁ—arctan;

Ou Or ou 00 Ou 2y  Ou 1 1 Ou

= + = + =<
oy oyor oy od 9 [,2 +y? Or 1+(y/x)* x 06
y ou 1 X ou . ,0u cosé ou
+ =sin—+
x2_|_y2 or \/x2_|_y2 \/x2_|_y2 olv or r 06
M _ o592t _sing O E@_uzsmeﬁqucosgau
X or I 00 Oy or ro 06

__________________________________________

qu_(?@u_@r@@qu@@@@u
ox* Ox Ox OxOrox Ox 060 ox

= cosﬁi(cosé’éu _sind auj— sin@ 0 (cos@ﬁu _sing Ou

or or 1 00 r 00 or r 00
— cos’ @ O°u L sindcosd Ou  sinHcosé O’u
o’ P 00 v 0bor

sin®@ o4 sin@cosH Ou L sinfcosd Ou L sin’ @ 0”u

_|_
ro or r odor P 00 r* 06?
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O'u 0 Ou or 0 ou , 00 0 ou
& oydy oyordy oy 00 oy

=sin9§(sin¢9@u+coseaujJrCOSH 0 (Sing5“+cosﬁ 5“)
r

or ro o6 r 060

O’u _sinfcos® Ou L Sinfcosd 0’u

=sin’ 60— :
or r 00 r orod
L cos’ @ OU  sin@cosd 0t sin@cosd Ou L cos’ @ O’u
roor r 0ro o r 060 r* 006°
O'u 0 2sinfcosd U cos’H OU | cosP O 2sinfcosd Ou




@ — cos O 8%21 _ 2sinfcosf 0”u N sinj 6 52’/; L sin’ @ ou L 2sin 6’2c0s6’ ou
X or’ roobor v 00 v o 1 00|
E@:sinz 952” L 2sin@cosd O'u L cos’ 0 O'u L cos’ 00U _2sin@cosd O |
oy’ or’ r obor r> 06’ ro or 7 00

O’'u O0u Ou l1ou 1 0u
BRI Y
ox” oy- or° ror r°o6

The proof 1s completed.
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V2, - o’'u Ou B O’u 1ou 1 0u

t— =t
ox> oy> or° ror r 06

In this section, we focus on the Laplace’s equation with steady
temperature, 1.€.,

Viu=0

O’u 1ou 1 0u
—t——
or* ror r*of?
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[Example 1] Steady Temperatures in a Circular Plate

: 2. o<y
Solve Laplace’s equation. vu:o0 V4

u=fO-_
@Jrl ou N 1 0°u B \
or* ror r*ob* il

subject to u(c,0)=f(0), 0<6<2x
SOLUTION 1, 0G0 = UL, 8827 Loy al) ©
P'U')(@(Q) @(91-27(,)) O Fig. 2.8.2
(Step 1) SUPPOSC that wu(r, 9) = R( )(“)(6’) From D. G. Zill and Michael R. Cullen,
Differential Equations—‘with Bpundar;;
K(r)e(e )+ LR(1)0(0)+LR()O"(0)=0 U "L

podet vy TV

SRE w0 k) 00

L R R 60
R"+1R' @

=——FA
R O
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(Step 2) 2R "+ 7R’ _ _@ 1 \ PDE

© = 2 ODEg

CO\U\ CL)’ Pc,ae 3’]
— u\eV

P’R"+rR'-AR =0 0"+ 10 =0.
There is no zero boundary condition.
But note that ®(6) should be periodic: @(6’) =0(0+2r) Porall G

(Step 3) Then, we try to solve

® A® 6’ G) 0+2r
Cs(g +2"'Kg ).o(l) O . 640 )27»01) for q“)e < ®sO

Case 1: 41=0, ©"(0)=0, O(0)=c +c,0
from &(6)=6(0+27) (O[] o 0
rom = + =C —X
4 1 Cseoteﬂ o
Case2: A<0, set 4 =—¢° @)"(9)_ 2@((9):0

X O(6)=c coshm9+c sinh a6 ©(6)=0

Cg(ed o_o® +27")) (4( ““(9*202 0 B(trwlal)



0'(0)+10(6)=0,  ©(0)=0(0+2x) o

Case3: 4>0, set 4= @)"(9)4_0[2@(9):(),
©(6)=c cosab+c,sinabd
From @(0) = @(9+ 27z)
¢, cosaf+c,sinal = ¢ cos(ab +a2r)+c,sin(abd+alr)
a2 =n2x where n 1s a positive integer,
a=n, (A=n%)

©(6)=c,cosnd+c,sinnf  where n is a positive integer,

n0 B(9): ((ase D

Combine the results of Cases 1 and 3



(Step 4) 192

2R B R This 1s an important apphcal—xen,%the

Cauchy-Euler equation onA)age 37
Since A, =n*,n=0,1,2, ... ~—

PR+ rR'-n’R=0 — Cauchy-Euler

Auxiliary: m(m—l)+m—n2 =0, m=%xn__
M1 0

the solutions are
R(r)y=c,+c,Inr, n=0
R(r)=cg" +c ", n=1, 2, ....

X
Since In0—>—-o 0" —o but R(0) should not be infinite

c, = ¢¢ = 0 should be satistied

R(r)=c;, n=0, R(r)=csr", n=1, 2, ....




©(60)=c, cosnd+c,sinn@ where n is a nonnegative integer
R(r)=c¢,, n=0, R(r)=csg", n=1, 2, ....

(Step 5)  u,(r,0)=R(r)O(0)
u, (r,0) = A, whenn =0,
u,(r,0)=r"(4,cosnd+B,sinnd) whenn=1, 2, ....

rmmmnee e WeD n2) |
Eu(r,é’) = A, +Zr”(An cosnf+ B, sin n@)i
| n=1 i

____________________________________________________________________

(Step 7)
By applying the boundary condition u(c,8)= f(6), 0<8 < 2.

f(@)=A4,+ ) c" (A cosnf+ B, sinnb)
" Z—I: Page \30
Next, solve the unknowns from the formula of the Fourier series
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f(O)=4,+ Zc” (A cosnf+ B, sin n6)) 194

i )
From the formu]ia'o?f);[«hezF?;l rlee ' Sg\rol?g 2A-, ow—=>("An ) b=>C"Bn
f(x)=@+2(a cos—x+b smﬂxj 4, ——j f1(6)do
2 n=I p p
—p<xX<p
:L (7 d ) An =
a, p._pf(x) X
a, =1" f( )COS—xdx B =
po-r % -
b :lJ‘p £ (x)sin % xdx fAOZLJ‘Mf(Q)dQ
" p —P p 272' 0

— 4 =

Since f(0)= f(0+2r)
B =
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EXAMPLE 2 Steady Temperatures in a Semicircular Plate
LAP]&(C/_( Pqua-‘hon ) V U= 0

Find the steady-state temperature u(z;, 6) in

)'? ) U= MO
From D. G. Zill and Michael R. Cullen, N
Differential Equations-with Boundary- e
Value Problem (metric version), 9t _— /C O 5 e { 7L
edition, Cengage Learning, 2017, 9 =TT
Section 13.2. { //
— 2 —_—
/ / X
u=0 at u=0 at
O=rm =0
Fig. 2.8.3 Semicircular plate

in Example 2



SOLUTION The problem can be formulated as 196

O'u lou 1 0u
P IS R
or- ror r o060
u(c,0)=u,, 0<0<rw

u(r,0)=0, u(r,7)=0, O<r<ec.

(Step 1) Suppose that u(r,0) = R(r)©(0)
R'(r)©(8)+1 R (r)©(68)+ L R(r)©"(6)=0

2

=0

X V:r . r
RO JR'(r) R(r) ©"(9)
ro—7m—=+r + =0
R(r)  R(r) ©(6)
7’R"+7rR' "
(Step 2) R __6_/1

F*R"+rR'—AR =0
O"+ 10 =0.



(Step 3)
From u(r,0)=0, u(r,7)=0,
R(r)®(0)=0, R(r)®(x)=0,
®(0)=0 and O(7)=0.
We then try to solve
0"+ 10 =0, 9(0) =0, O(7)=0.
Casel: 1=0=0"(0)=0=0(8)=cb+c,
X From ©(0)=0, O(r)=0=0(f)=0
Case2: A<0, setl=—a’= @"(«9)—0[2@(9) =0
= 0(8) = c3coshal + c,sinhab
From ©(0)=0, O(7r)=0=0(0)=0
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1
©"+ 10 =0, ©(0)=0, O(r)=0. .

Case3: A1>0, seti=a’=0"(0)+a’0(0)=0
= 0(0) =c;cosalb+cgsinal (=)= O
From ®(0)=0, O(7r)=0=c¢, =0, a=n

= 0(0)=c,sinnd  n=1,2,3,....

The only nontrivial solution for ®(6) is

———————————————————————————————

______________________________

In this case, A =n"

L et
(Step 4) To solve R(r) ~ m(m=) +M~h™ V w:m _ _'V_' "
R"+1rR'—AR=0=r’R"+rR'-n’R=0

80— To be bounded at r = 0, cg must be 0

ER(”):Cﬂ”nE n=1,2,3,....

_____________________
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(Step5) u, (r, 49) =R(r)®(0)= A4 r" sinnb,

(Step 6)  u(r,0)=> Ar"sinnb.
n=1
(Step 7) From  u(c,0) =u,

p>7v, ba>An ("
Using Fourier sine series p&ge ¥k ZA c"sinng  FAH > Uo

:Zb sin 7% Ac :—I u, sinn6do
=" D
O<x<p 2 1 (1)’
Z/t —_ —
_ 217 nr g =
b"_pjo f(x)sin” p  xdx T
on 0dD
Solution i 2, 1= (1)’ | [ ¢inn
u(r,0) = smné’; - Uo’qqe‘
] 4 ”=1nc _______________ 5 - g

N



