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2.8 CYLINDRICAL COORDINATES

ZA .
x=rcosf, y=rsinf, z=rz.

Y

O

> X

D. G. Zill and Michael R. Cullen, Differential Equations-with Boundary-Value
Problem (metric version), 9™ edition, Cengage Learning, 2017, Section 13.2
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2.8.1 Review for Special Functions

e Bessel’s equation of order v

2.

X’y +xy'+ (x> =v*)y =0 Solution: CIJV(X)+CZYV('X)

B X (_1)” (£)2n+v. G .
JV(X)_nZ:(;n!F(1+v+n) > : I"kind Bessel function

_cosvaJ, (x)—J_, (x)
- sin vz

: 20d kind Bessel function

Y, (x)

where  T'(x)= j: r'e”'dt  (gamma function)

[(n+1)=n!

[(x+1)=x(x)



0.8

0.6

0.4

0.2

J1

Ist kind Bessel function

o)

J,(0)=1
J,(0)=0 forv=0
X limJ, (x)=0

2nd kind Bessel function

‘- Bose

From D. G. Zill and Michael R. Cullen,
Differential Equations-with Boundary-Value
Problem (metric version), 9™ edition, Cengage

Learning, 2017, Section 6.4.
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Zeros of Jy, Jy, Yo, and Y

203

Jo(x) Ji(x) Yo(x) Yi(x)
X1 24048 0.0000 0.8936 2.1971
Xy 5.5201 3.8317 3.9577 5.4297
X3 B.6537 7.0156 7.0861 8.5960
X4 11.7915 10.1735 10.2223 11.7492
X5 149309 13.3237 13.3611 14.8974

From D. G. Zill and Michael R. Cullen,
Differential Equations-with Boundary-Value
Problem (metric version), 9 edition, Cengage
Learning, 2017, Section 6.4.

Jo T¢ sTvnT,aY +o Sine
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e Generalization of Bessel’s equation of order v

XY +x) +(x*=v)y=0 f£ 1 cJ(x) oY (x)

Y +xy +(a’xt=v)y=0  fE#cJ(ax)t ol (ax)

Proof: Set?= ax
dy _dtdy _ 4y
dx dxdt %t
. d’y _drd(dv\_ _d(. dv)_ .d’y
sumlarly, & = avar\ax )" % ai\ Y ar )T a4t
BN =xy"+x)+(a’x -V )y—iazdy+tad—+(a £ )y
2T dt a  dt o’

| 2 : ,
:5;2Q+t_y+(t2 _vz)y:() —> ¥t m % &_Bessel equation

y=cJ () +c,Y(t) = cJ(ax)+ e, Y (ax)
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e Modified Bessel’s equation of order v

xy" + xy' +@— v?)y =0 f2 1ol (x) + 6K (%)
x>y +x) +@—v2)y =0 J%:cl(ax)t oK (ax)

g I (x)=i"J,(ix) # 17 _modified Bessel function of the
first kind of order v

K (x) _7 L, (x) —1, (x) #- 1% %_modified Bessel function of the
' 2 SIn vz second kind of order v

BV L EHKPE > 4 3 limit
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Modified Bessel functions of
the first kind forn =20, 1, 2

1,(0)=1
1,(0)=0 forv=0
I,(x)#0 forx#0

Modified Bessel functions of
the second kind forn =0, 1, 2

K (0)—)00

v

K, (x)#0 forx+0

From D. G. Zill and Michael R. Cullen,
Differential Equations-with Boundary-Value
Problem (metric version), 9 edition, Cengage
Learning, 2017, Section 6.4.
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e Legendre’s equation of order n

(1-x°)y"=2xy +n(n+1)y=0

One of the solution: Legendre polynomials P, (x)

Whew W s a nom-m'?wéive In*{eger
one of -Hne $‘~>\\4‘ho’\ \40\& p?vﬂ'-‘;e —{‘.erm_s

E)(X)Zl Pl(x):x
P (x)=5(3x*-1) By (x) = 5 (5x" =3x)
P (x) =1 (35x* 3047 +3) P.(x) = g(63x" = 70x" +15x)

2

N 7 i f ntm
o, = -
iL o othewise




: 2
Legendre polynomials 08

Y
1+ B
Po Interval:
P1 1 1
0.5+ —
P2 X e [ ? ]

0 X
-0.5+

_17

‘ -0‘5 0 O‘.5 1I

From D. G. Zill and Michael R. Cullen,
Differential Equations-with Boundary-
Value Problem (metric version), 9t
edition, Cengage Learning, 2017,
Section 6.4.



2.8.2 PDE for Cylindrical Coordinates

Laplacian in Cylindrical Coordinates

x=rcosf, y=rsinf, z=rz.

V2, 0’u N 0’u N 0’u
ox> oy o0z page 183
-
Vzu—az 1 ou 18/% o’u
o ror P06 o .
For the case of radial symmetry é
V2, = oO’u 10u 0Ou

.
or* ror oz

209
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[Example 1] Steady Temperatures in a Circular Cylinder

Viu:0

( )— — = From D. G. Zill and Michael R. Cullen,
£ y Differential Equations-with Boundary-

Value Problem (metric version), 9t

X =0 at 7= 0 edition, Cengage Learning, 2017,

Section 13.2.
FIGURE 13.2.5 Circular cylinder
in Example 2

u(2,z)=0, 0<z<4
u(r,0)=0, u(r,4)=u,, 0<r<2.



It 1s a problem of the 2D heat equation

o’'u 0Ou O'u Ou
YW -

ox~ oy° 0z° ot

oO'u lou 1 0u 0Ou Ou

or* ror r06° 0z ot ul v,/96~2>

steady temperatures l

Viu = 0

O’u 106u 1 0*u o’u
PRIy
or- ror r°-o00° oz

radial symmetry l (since u = 0 when r = 2)

0

2 2

gu Low, ou_y ulr, 2)
or~- ror oz

u(2,z)=0, 0<z<4

u(r,0)=0, u(r,4)=u,, 0<r<2

211



o'u 1 0u (92 212
—+— =0
or- ror 82

(Step 1) u (r,z) = R(r)Z(z)

R"(r)Z(z) R'(r)Z(z)+R(r)Z"(z)=0

R(r), 1R ) RACH
R(r) 7R Z(z)
" 1 !
swp2) Nz
R / =
FR"+R'+ ArR =0 Z"-AZ=0 2 ODE;
R(2)2(%)=0
From u(2,z)=0, u(r,0)=0,

R(2)=0  Z(0)=0



rR"+ R+ ArR =0 R(2) 213

Z"-AZ=0 Z(0)

0
0

(au (,)ﬂ)i — E(Alek
(Step 3) L

PR “\'
Case 1: =0 R““R'=0 —27 R +v RO
X auxiliary: m(m-1)+m=0, m=0,0
R(r):cl+czlnr 0£r<2
Since In0——©,c,=0
Since R(2)=0—>¢,+¢,In2=0—->¢, =0

R (r) =0 (trivialL

— g
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Case2: A=—a2<0 rR"+R'—a’rR =0

>< P”R"+rR'-a’r’R=0
compared to modified Bessel function (page 205)

XY +xy = (x* +v)y=0 solution : ¢,/ (x) + ¢,K (x)
V=0

Xy +xy —(@*x*+v?)y=0  solution : ¢l (ax) + c,K (e x)
[ (x): modified Bessel function of the 1% kind

K (x): modified Bessel function of the 2" kind

The solution of #R"+ R'—a’* R =0 is

roge 206 R() = i) + k)
(page 206) Since K(0) — o, ¢, =0

Since R(2)=0, ¢, [,2a)=0
(page 206) From [(x) #0 forallx #0 — ¢, =0

R(r)=0
(trivial)
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Case3: A=a2>0

"R"+ R'+a’rR =0
FPR"+rR'+a’r*R=0

compared to the Bessel ffl}g/ct\i,op 811 page 204
2..m

XY+ x) + (@’ x*=v)y =0
solution : ¢;J (ax) + ¢, Y (o x)
R(r)=cJ,(ar)+c,Y,(ar)
(page 202)
Since Y,(0) > -0, ¢, =0  R(r)=c¢J (ar)
\ﬂ\ C—

Since R(2)=0 ¢, J,2a)=0

Therefore,
R(r)=cJ,(a,r) where a =x /2 2007 %y
"""""""""""""""" | , A= Xy
x, are the zeros of J,(x), 1.e., J,(x)=0 Py

f
(defined on page 203) A=a, A=x /4



(Step 4) Try to solve 210
Z"-1Z =0 Z(0)=0

Since A, =a_,
20’7 =0 cinhl0)<0, cosh(9):}
Z(z) =, COSh(Oan) +c, Sinh(anz)

From Z(0)=0, ¢, =0

____________________________________

EZ(Z):c4sinh(anz)§ where o, =x /2  Jy(x,)=0

____________________________________

(Step 5) u(r,z)=R(r)Z(z)=A,J,(a,r)sinh(e,z)

(Step 6) u(r,z)= Z A smha zJ,(a,r).
n=1

where o, =x /2  Jy(x,)=0
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(Step 7) From  u(r,4) =u,,

u, = A, sinh(4a,)J, (a,r).
n=1

From Eq. (9) in Section 11.5 of D. G. Zill and
Michael R. Cullen, Differential Equations-with
Boundary-Value Problem (metric version), 9t
edition, Cengage Learning, 2017 Kp: ZZZ ' P xm

Y
2 if m#n
j rJy(a,r)J (o, r)dr = 2 :
0 2J/2a,) if m=n

2 ; = _ 2
| ugrdy(a,r)dr = Z} 4, sinh(4a,) | Jy(a,r)r)y(a,r)dr

= A sinh(4a,)2J; (2a,)
u 2 u
A = g J (c r)dr = L
: 2sinh(4an)Jf(2an)j0r o = i (4, ), (2



(Solution): 218

I o0 1 . i
sinh(e,z)J (e, r)

u r,Z)=u
i (r:2) 0; a, sinh(4a, )J, 2a,)

____________________________________________________________________________________________
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[Example 2] _Steady Temperatures in a Circular Cylinder

O'u 1ou 0O’u U s independent of S
—+t——+—5=0
or~- ror oz B

w =0 ov &%)
u(l,z)=1-z, 0<z<l @M*PZ— 0 e
u%r,O)zO, u(r,1)=0 0<r<l R__ 0 Loy 2:0

(Solution): z(3)=d
(Step 1) u(r,z)=R(r)Z(z)

R'(r)Z(2)+1R (r)Z(2)+R(r)Z2"(z)=0

r
1
R'“+-R'
(Step 2) r __Z_:_l
R /
rR"+R'+ ArR =0 Z"-AZ =0

From u(r,0)=0, u(r,1)=0
Z(0)=0, Z(H)=0



(Step 3): Solve Colve 2 fvet 220

Z'-2Z=0  Z(0)=0, Z)=0  (two zevo (ohshenty
There 1s no non-trivial solution for A=0and A >0

2): (st 2 Z(1)=(ShX:D
When 4 <0, set A =—0?, 2(2): ¢, R:hTL

Z"+a’Z =0
Z(z)=c¢ cosaz+c,sinaz

From Z(0)=0, Z(1)=0

(Step 4): Solve
rR"+R'+ ArR =0

FR"+R'—n*7*rR =0
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R+ R'—n’7°rR=0 r*R"+rR'—n’7*r’*R=0

V'-"'O/ X = nrL
Since x°y"+xy' —(a’x* +v*)y =0 solution : ¢/ (ax) + c,K (ax x)

the solution of 7*R"+rR'—n*7*r*R =0 1is
R(r) = csl(nmr) + c,Ko(nxr) (page 205)

[ (x): modified Bessel function of the 1% kind

pA g e 2ot K (x): modified Bessel function of the 2nd kind
Since K (0) — oo

________________________________

_______________________________

_________________________________________________________
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_________________________________________________________

(Step 7): From u(l,z)=1-z
S 4,1, (n7)sin (nzz) =1-2

From the Fourier sine series

:ibn sinMx b = 2j f sm xdx

- P
we have -2 A,,I (nn) b=\

Anlo(mz):ZI;(I—z)sin(nﬂz)dz _ 2 L (z- ) cos(nzz)| J‘;%cos(nﬂz)dz
An _ 2 {M v WV f‘d\/
nrl, (nr) Us)-z
Ve = nTD)
| R (nﬂr) , i —
u(r,z) = 2; g (niz) sm(mrz)i 7y

__________________________________________________________
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2.9 SPHERICAL COORDINATES

Spherical Coordinates

x=rsinfcosg, y=rsinfsing, z=rcosb.

From D. G. Zill and Michael R. Cullen,
Differential Equations-with Boundary-
Value Problem (metric version), 9t
edition, Cengage Learning, 2017,
Section 13.3.

FIGURE 13.3.1 Spherical coordinates
of a point (x, v, z) are (r, 6, ¢).

D. G. Zill and Michael R. Cullen, Differential Equations-with Boundary-Value
Problem (metric version), 9™ edition, Cengage Learning, 2017, Section 13.3



x=rsinfcos@, y=rsinésing, z=rcoséb.

Laplacian in Spherical Coordinates
The 3D Laplacian is

o'u O'u Ou

Viu=—+—+
ox* 0y’ 0z

WHS 1200

ot ror

v 200, N U1 & cotd ou
S1

06

Suppose that u 1s independent of ¢@.

O’u 20u 1 0*u cotf ou
—t——t S —+— :
or- ror r-ol r- o060

Viu =

224
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[Example 1] Steady Temperatures in a Sphere
Viu=0

Find the steady-state temperature u(r, ) within the sphere
shown in Figure 13.3.2.

‘t

From D. G. Zill and Michael R. Cullen,
Differential Equations-with Boundary-Value
Problem (metric version), 9" edition, Cengage

‘ y Learning, 2017, Section 13.3.

* .t £6)

atr=c

FIGURE 13.3.2 Dirichlet problem
for a sphere in Example 1



SOLUTION
Steady Temperatures
2 2 2
vu=Tu, S, o
ox® oy’ 62
Analogous to page 184-188
2 2
vzuzﬁ_u+%8u+l 8u+cot¢98u:0 \AO’,Q)

or* ror r o6’ r* 00
With ‘u(c,ﬁ) = 1), 0<O0<rx
(Step 1): u=R(r)®(O),

cot 6

Jrided R"(r)@(e)+%R’(r)@(9)+LR(r)@"(9)

by u:RO R'(r) 2 R(r), 1 0'0)  cotd ©'(6) _
R(r) r R(r) > ©O0) > 0©O)

LSRG, R),O'0), 600)
RO R Tew) T e

R(r)®'(0)=0

226
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(Step 2): rzR"+2rR'__®"—|—cot6®'@
R ® 2 OPEs
P"R"+2rR'—AR=0 sin @O "+ cos @O '+ A sin @O = 0.
(Step 3): Try to solve
sin@®" () +cos#O'(6)+ Asin O (9) = 0. 0< @<
Setx=cos(f) -1<x<1

d o dx d d
209 g @S0 0

d’ g_d d :_L( d )_ d d d
d92®_d9d9® 10 smé’dx@ cosé’dx@) sdeQdXG)

B d dx d* o _ d d’
cos@dx® smé’dgd ®= cos@dx®+sm edx ®

sin Qd O 2sm@cos<9d®+/1$in6®:0
dx dx
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sin 9d® 2sin@cos 04 + AsinO =0 x = cos(6)

dx’ dx

sin ¢9d O 2cos«9d®+/1®=0
dx’ dx

(1-¢)4© 2,49  jo-0  -1<x<]
dx’ dx page 207

When A = n(n+1), it becomes Legendre’s equation of order n

This 1s one of the applications of the Legendre equation

The solution 1s
O(x)=cP,(x) P, (x): the Legendre polynomial of order n

E@(@):CR?(COSQ)E n:()a 1929

______________________________________

Note: The other linearly independent solution may not have finite
derivatives at x = *1.



(Step 4): Try to solve 229

F*R"+2rR'— AR =0
Since A = n(n+1), Co wln)' - EU,\'-’V
P*R"+2rR '—n(n +1)R =0

Auxiliary:  m(m—1)+2m—n(n+1)=0 M+ —n (1)

m=n, —(n+1) LW'~V))(W)-\-Y\—]-)>:0
R(r)=cr"+ Czl%)
Since 0" 5w  ¢,=0
Koo

___________________

(Step 5): u,(r,0)=Ar"P(cosd) n=0,1,2,...

__________________________________________



u(r,0)= iAnr”Q (cos0)

(Step 7): From u(c,0)= f(0)
S 4¢P, (cos6) = £(6)

o
We have known that page 20 ']
1
[0 (=20 )

5, =0 ifnzm

Set x = cos(6) X — _sing

do
0
LP(COS@) > (cos8) (- smH)d@—anénm
_.‘OEP (cos@) P, (cosO)sinBd6 = 2n+15”’"

(orthogonal with the weight function siné)

230
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2n+1§”m

7(0)= i A c" P (cos ) jOﬂP (cos@) P, (cos8)sin0dl =

I

'O” f(0)F,(cosO)sinfdf =) A" jo” P, (cos )P, (cos §)sin 0d 0
) m=0

o | )
J, f(@)P (cosO)sinfdO = A c P

_2n+1

=], S(O)F,(cosO)sin0ap

u(r 0) = Z(2n+1-[ f(H)P(cosﬁ)smé?d@j(cjnP(cos@)
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Another Method for Solving PDEs:
Method of Characteristics (¥ %7 7)

Method of Characteristics

[inear

The method is suitable for the 15t Order PDE.

Suppose that there is a 15t Order PDE as follows:

6u(xl,x2,---,xk) au(xl,x2,---,xk)
al(xl,xz,---,xk,u) ox, +a2(x1,x2,---,xk,u) o,

Ou (X, %y, ++, X, )

I +ak(x1,x2,...,xk,u) =g(x1,x2,-..,xk,u)

ox,



Method of Characteristics
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a, (%, %y, X u)ﬁu(xpx2’m’xk)+a (3,5, X u)au(x“xpm’xk)
1\ AoA2s s N s axl 2\ M oMo s N o ax2
au(x Xy, s X )
19V s A
_|_ ...... +ak(x1,x2’...,xk’u) :g(xpr,...,xk,u)
Oox,
We set a variable s and suppose that
5 N
X X,
_aSl :al(xl,xz,"’,xk,u), a_S :az(xlaxzﬂ...)xkau)b
ox
k
...... — = X XA o X, .U ).
’ 8S k( 12°V2 9 >NV o )
Then, the original equation can be expressed as
ox, oy . Ox Ox
1 Ou 2 Ou k Ou
_|_ _|_ ...... _|__—: X XAt o X, . U
Os Ox, Os Ox, Os Ox, g (x5, 0)

du _

ds g(xl’x2"”’xka”) Solve the 15t order ODE for u
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Then, we apply the process as follows to solve u: .

(Step 1) Solve the relation between x, x,, ..., x, and s from
each of the following ODEs:
Ox
a_Sl:al (x19x29'”9xk9u) Y =4 ('xl’xz’”"'xk’u)s—l_cl
Ox,
_ﬁs zaz(xl,xz,---,xk,u), X, :a2(x1,x2,~-,xk,u)s+c2
ox; _
Os _ak(-xlaxza”"xk’u)' xk:ak(xl,xz,---,xk,u)SJrck

(Step 2) Try to find the general equation b such that

b(x,, %, 0%, ) =, where ¢, 1s a constant
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(Step 3) Solve the following ODE

% = g(x1 (8),%,(8),+*, X, (S),u) Solve the 15t order ODE for u

The solution has the form of “ =, (S ’Cg)

where Cq 1s some unknown constant.

(Specially, for case where g =0, u = c,)

(Step 4) Replace ¢, by
¢, :f(cb):f(b(xl,xz,---,xk,u))

where fis any function, then the solution is
u=u,(s(x),f(c,)) Here, we express s as a function of x,.

(Specially, for case where g =0, u = f(c;))
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[Example 1] Solve ¥'Y: 2xY!
LA L )
Gu(x,y)zzﬁu(x,y) 2X Y ° /
Ox @y X‘ ,._ ) 2’)‘ <0
(Solution): ou(x,y) . ou(x,y) Y ~27Y=0 Y3
o -2 Py =0 XIA)=C, €

page 234 u=3 ¢, e»(»wy)
P

(1) %zl, xX=s+c,

G—y:—2, y=-2s+c,

0os
(2) 2x+y=g¢

(3) Z—z:O, u=c, = f(c,)

u=f(2x+y) where f'is any function.



[Example 2] Solve 237

ou(x,y,z) _Ou(x,y,z) ou(x.y.z) P
u(x,y,z) ou(x,y,z) Oou(x,y,z Yo _yY' )
Ox B oy 0z +u(x,y,z) z);(:{ri Xre e
(Solution): LY +%1 ]

8u(x,y,z) 8u(x,y,z) au(x,y,z)_ X
x e e Z

EARIR D

0

(D Os L Os L Os : X = 1423 )l
x=ste, y=-stc, z=ste 2 oo( 2'2)\)’: (;em)/

(2) Note that X :[jém MADb (x,,2) = x+y
x+y=c,+c, and y+z=c +c b,(x,y,z)=y+z

can all generate a constant. Although x-z can also generate a constant,
it 1s dependent on x+y and y+z. Therefore, a general way to obtain a
constant is u: XYZ
B - 2)( Z"X)
S(xeyyrz)=c "%, C 22D
: : : : : /N
where f'is any function with two independent variables. e

e?(
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3) 8 Gu(x v, Z) Oy Gu(x v, z) Oz 8u(x v, Z)
G) 8? ox 85 oy 65 0z u(x,y,z)
%Zu, Since x=s+c,
u=ce' =ce “=ce’  Hereweset c=¢e y42-A=Y
u=f(x+y,y+z)e MP{/)//Z)h (2¥) 7,3{/-}70 X
:23( <
e )V‘z
" mm) (7»;20‘7““7’7 #
28 Gk

M Ay
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‘47 Review for Laplace Transforms
. o St
5 _cided Lloplace | "€ WOXA

Laplace transform (1-sided form) F(s)=L{f (1)} = J:o e f(t)dt

Differentiation Property for the Laplace transform

e} =se{ /) - L(FW) L (Fl4)-< £ o) - £

L{f" (1)} =s"{f (O} =5 f(0)=5"2f(0) =+ =5/ " (0) = £ (0)

|

S“f(b)(O), a+b=n-1



A1) F(s)
1 :
n!
r" Sn+1
1
exp(at) S
- k
sin(kt) e
cos(kt) 2 j_ o
sinh(k?) - A .
cosh(kt) S

240



Seven Important Properties of the Laplace Transform

input Laplace transform
(1) Differentiation s"F(s)- " (0)- S"—2f'(()) A
f(n) (t) _Sf(n—z) (O) _ f(n—l) (0)
(2) Multiplication by ¢ g
. (-1D)" 2L F(s)
t" f(2) ds”
(3) Integration
t F(s)
Jl) f(z)dr E

()
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input

Laplace transform

(4) Multiplication by exp

"1 (1)

F(s—a)

(5.1) Translation  (#): unit step

f(t=a)u(t=a)

e “F (S)

(5.2) Translation

g(t)u(t-a)

(6) Convolution

W0 =| f(D)gt-r)dr

(7) Periodic Input
A =At+T)
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2.10 Solving PDEs by Laplace Transforms

(F %3 %)

In this section, we see that a linear PDE with constant coefficients 1s
transformed into an ODE using the 1-sided Laplace transform.

D. G. Zill and Michael R. Cullen, Differential Equations-with Boundary-Value
Problem (metric version), 9" edition, Cengage Learning, 2017, Section 14.2



Transform of a Function of Two Variables

U(x,s)=L{u(x,t)} = I: e u(x,t)dt

To avoid confusing, we denote it as

U(x,5) =(Gmfu(x. 1)) L:’ e u(x,t)dt

Transform of Partial Derivatives

L

—s

L

—s

/

|

e

a—u} =sU(x,s)—u(x,0),
o

(A2
ou

?} = SZU()C,S) —su(x,0)—u,(x,0).

Because we are transforming with respect to ¢,

(not to x)

Be careful

2 2
lzt—)s al;l :dlzf
Ox dx

244

where
_0
u,(x,t) = 5 u(x,t)



'rw l '5:04(0‘ Lg,qu?c
[Example 1] Laplace Transform of a PDE 0<t< 0

2 2
Find the Laplace transform of the wave equation a’ Ou_0ou >
ox> ot
(respect to 1)

SOLUTION
2 2
e, { a—} -2, {a—}
Ox o where u, =Sy
ot
d2
2

a F,BHS u(x,t)} =s>L

1—s

X
y
, d*U(x,s) /
dx’

{u(x,2)}—su(x,0)—u,(x,0)

—s*U(x,s) = —su(x,0)—u,(x,0). QD E 'FOV X

a
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The process for solving the BVP or IVP of a partial differential
equation (PDE) by the Laplace transform

The range of the independent variable

should be [0, o0) \

(Step 1) Apply the Laplace transform for one independent variable
to change the PDE into an ordinary differential equation (ODE) with
another independent variable.

(Step 2) Solve the ODE obtain in Step 1.

(Step 3) Solution in Step 2 contains some constants. Find these
constants by transforming the initial conditions.

(Step 4) Inverse transform.
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[Example 2] Using the Laplace Transform to Solve a BVP
X“+2%:0 wXT
aZu aZu T“+)T=O X'”T =XT =0

Solve PR O<x<l, t>0 é—t@?t—*)
. X19):X(D>0
Subject to u(0,1)=0, u(l,t)=0, t>0 X (%) s 7D X
Ou , N A AL
u(x,0)=0, > =sinzx, 0<x<l. A= -
SOLUTION = T: ¢ sTnmrt 4 (et

U (2,4) = Z ChSunTixgamt
(Step 1) From Example 1 and the given initial conditions,
d*U(x,s)
2

—s*U(x,s)=—-sinzx, P*9 e245
dx

where  U(x,s)=L_ {u(x,t)}.

L. (0,0} =U0,5)=0 £ {u(Ln)}=U(s)=0.



¢ e a constant for X
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2
Step2) & U(f’s) ~s2U(x, 5) = —sin zx,
X
2
m)'us <0 / -G
m:o1 S C: €$7‘ + (4 e 7 Particular Solution

Complementary Function .
U,(x,s)=asinzx+bcosrzx.

U, (x,s) =c, cosh sx+ c, sinh sx. 1
g a=————~, b=0
s+
(~OnLas) Simnx H LA AS) (0T
U(x,s)=U,(x,8)+U (x,5) T =SIwx

1

2 2
S +7

sin 77x.

= ¢, cosh sx + ¢, sinh sx +
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1

U(x,s)=c, coshsx +c, sinhsx +———
Sor 71301 Vl0/$)=Cg § 7
(Step 3) From

SIn 77X.

L u0,0)}=U@0,s)=0 L_ {ul,t)}=U(,s)=0.
c, =0. (:19)51‘/15+czsinhS:0

We have ¢, =0 and ¢, = 0.

v-—-—/'
U(x,s)=— ! ~SIn 77x
S+
1 1 . 1 . 1 7T
(Step4) u(x,t)=L_, i 5——=sinzx;=—sinzxL  —5— .
ST+ T ST+
| Pﬂgé’ 240 (4,)
u(x,t) =—sin rxsin 7t. kzn

T
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[Example 3] The Wave Equation with Gravity

2 2
Solve aza—lj— :8_1;1, x>0, t>0
Ox Ot
Subjectto  u(0,7) =0, 1img_§4c:(), t>0 tzm‘
au 'X.‘.O 7‘%00
uxao :Oa . :O, x>0
( ) ,\ ot =0 57"'C€ %%l){:o s Uh ]‘MOW
Solution: 1:0 — we€ VeV'Forw. the LaPlacc
4 vo-V'yFoYm‘é alorg
0 & A
(Step 1) 'ef—)S az_l;l _'et—>s {g}:'et—>s _1;{ the
Ox 1= — | Ot
O°U (x,5) =S
X,S
a’ 5 —§=S2U(x,s)—su(x,0)—ut(x,o):SZU(x,S)
ox S
0°U (x, :
03) S () =£-

2 >
ox a a‘s



Sep2y  2Yles) s U (x,5) =5 ONE Porx !

ox” a’ a’s —s%/a? T o constant
%
m* 520 / \ for x
(7
mst .
O\ Complementary Function Particular Solution
S
Uc(x,s):c1 cosh(%x)—l—c2 sinh(%x) U, (x,%)=c,
g
C, = ——=
3 e

U(x,s)=c cosh (ix) +c, sinh(ix) _&

a a §°
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U(x,s)= clcosh( x)+czsmh(a )—%

S
U(o,s)- C,~% /S.S
(Step 3) From 1n1t1al conditions

£, u(0.0}=U05)=0 £, {im D)= 1im L U(x,s) =0,
C —izo . S .- S S S
b3 hmcl—smh(—x)+cz—cosh(—x)=O
X—0 a a a a
_&
Cl_Ss limc, S _ex (i )—I—c S _ex ( )—O
/ w124 P\ 25, P\ YT
Note: {rom poge 110 02:_01:_5%
limsinh(x)=1limcosh(x)=exp(x)/2 T
X x-;(e)XHOO()()

ﬁUé,S) i(cosh(a )—sinh(ix))—i3 =%exp(—ix)—§3

S3 a
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ot Bool ) E g
2 2
(Step 4) R —53
1) 8 _S|_&
u(x,t)= %}t{ss p( ax) 53} page 242 (5.])

B P

a

where U () is the unit step function

We have applied the translation property:

L{f(t—a)u(t—a)} =exp(—as)F(s)
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4%+ Review for Fourier Transforms

Fourier transform & = 527UF
3[g(x)] :j g(x)e ™ dx=G(f)

o0

—Q0

\_/—-——"'

< % % Fourier transform
e"}zn{.}{ hos € peﬂoo(; for x6(0) )

mverse Fourier transform

TI6UNI=[L6()e""dr =5

\_—/—
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v el #H i Fourier transform s Z_3

S[e(x)] =] g(x)e ™ dr=G() 2 B

3[G(w)]= iﬁG(a))emxdm = g(x)

a ] \/;jw e ’"dx = G(w)
3 [G(w)]= \/7j—w Je'dw=g(x)

E\‘jﬂz ]:J. Jaxdx (0() N ;-—27{9

3 1[G ] 2172. _O;G(a)e_jaxda :g(x)
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When g(x) is even (g(x) = g(-x))

Fourier transform » Fourier cosine transform

ESC [g(x)]= J?g(x)cos(Znﬁc)dx =G.(f)

5! (G.(f)]= 4“? G, (f)cosx fx)df = g(x)i

L e e e e e e e e e e e e e e - =

Remember that if &(x) 1s even

|” k(x)dx=2["k(x)dx g% tos (210
If k(x) is odd —3sm (2% £x)

Jmo k(x)dx =0

—Q0



257
When g(x) 1s odd (g(x) = —g(-x))

Fourier transform » Fourier sine transform
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Fourier, Fourier Cosine / Sine Transforms i 4 & &

(1) Fourier transform iz 4 14 &

3[g'(x)]=[" & (x)e > dv=g(x)e >
=J27f3g(x)]

ooOO -|-]27Z'fjjo g(x)e—jZﬂ'fxdx

A R — B B3R ¢ g(x) = 0 whenx — oo and x — —oo
page 239, s—> 324 ¢

WL gz %t Laplace transform
L{f'(0)} = sL{f ()} = £ (0) o f(x)edx
¥+ Fourier transform

s — j2 nf, without initial conditions
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(2) Fourier cosine transform &g 4 |4 5

Jdg j (x)cos(27 fx)dx Ju' v W - Juv
= g(x)cos (2 f&)); +27f [ f (x)sin(27 fr)dx

:ZEfT@g(x)]—

(3) Fourier sine transform fjic 4 %
3, [g(¥)]=] &' (x)sin(27 f)dx
= g(x)sin(27 )| —27zfj x)cos (27 fi ) dx
=27/ 3 [g(x)]

2 & ° (1) Fourier sine, cosine transforms 3 #&
Qatl f 5

(3) Fourier cosine transform & <% Jg initial condition
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___________________________________________________________________________________________________________

___________________________________________________________________________________________________________

_______________________________________________________________________________________________________
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2.11 Solving PDEs by Fourier Transforms

(F %7 %)

Differentiation > Multiplication

D. G. Zill and Michael R. Cullen, Differential Equations-with Boundary-Value
Problem (metric version), 9™ edition, Cengage Learning, 2017, Section 14.4



N

62

Method
(Condition 1) interval 7 —oo <y < oo FF: 1
- o
* Fourier transform |
(Condition 2) interval 5 0 <y <oo > 7’
g |
3 “u(v, .....) =0 or aconstant when v = 0 7 boundary condition F%:

* Fourier sine transform 0/" O‘

(Condition 3) interval & 0 <y <o

7 “@a” (v,eeeee )=0 ora constant when v = 0” &7 boundary condition
=S even
!

* Fourier cosine transform ©veW /\

]
P




transform X f% partial differential equation (PDE) =7 BVP #1VP

e AR

(Step 1) ™ page 262 e3Lp] » kLT & -4+ 98— B independent
variable - i+ A& transform (Fourier, Fourier cosine, £ Fourier sine
transform)

(Step 2) ¥ PDE # Step 1 #7/4 Z_¢i transform, B'| i & ¢ PDE % =
&%+ ¥ ¢k - 1% independent variable 7 ordinary differential equation
(ODE)

(Step 3) #-Step 2 #718 1, 57 ODE ef2 8 ) %

(Step 4) Step 3 7% &} k efiZ € 3 — & constants > ¥ 14 4 initial
conditions (£ boundary conditions) i< transform -#- constants f% J!

(% 4r Step 1 #1igieiitransform — $& » ¥ &_transform %t % & =
#_initial &% boundary conditions * & pages 265, 268 5]+ )

(Step 5) & 1& » W] % 7 #inverse transform (Z 7 B/ )



[Example 1] 264

kﬁzu _ou

heat equation: 2 or —00 < X < 00 >0
: u,, |xl<l
subjectto u(x,0)=g(x) where g(x)= 0> | X
0, |x]>1
| | 9(%)- U vet(Z)
Step 1 /4T _&-¥f x & Fourier transform_ .
- G (£):2u,sm((2F)
3, {u(xt)) = j_wu(x,t)e_ﬂ”ﬁcdx =U(f,t) < 2,Sm (276)
2af
) Snc(#):STn A X
PR oul_ < {5_14}
Step2 3., {k 8x2} Sl gy 7w X
(.0) B~ ¥ x, 0B S BRI A
oU( f,t
2 2 . ”
—kaz" fU(f )= ot i i Fourier transform 2 {$ >

F: #1] T —‘l—l" t 212 24 ’)ﬂi’ Av\
ODE o + F1 T ¥ Rk



» (onstant £ 4
dU(f,t) 265
F7a (f,t)=0 3@ = 0 4 1% order ODE

Step 3 U(f’t):(;e“‘k”zfzt i e @ ¥ m 3 A _constant

e 8 ¥ 5t ¢ dependent on f(4F %)L )

Step 4 95 u(x, 0) = g(x) #-c fz 4

o Step 1 — t& » » & & ¥t x 7 Fourier transform

P& % % :x = initial condition

S u(x,0)f = f

e e _ sin(27z f)
-2 f O xf

Fle 3., {u(x0)}=U(f,0)

. 1 :
g(x)e " dx :j 1uoe_’z”ﬁ“a’x

:uo
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202, VLR T in(2
U(fot)=cotis'rs MIBE g sin(f)

. Tf
j cm 2D
_SsiNQR2xf)  akrr
U(fat)_uo 7Z'f € !

Step5 | A % F 5 > w7 & {s & #inverse Fourier transform

u(x,t) _ S}l_)x [U(f,f)] _ J‘_O:OMO Slngz.z;[f) e—4k7z2f2tej27rfxdf

IR U - Nl ¥ sin(27 f) oM ¥t f@m 2 E_even
T

function #-u(x, 1) * i &

u(e,t)=u, [ SEL) 4k cos(2r fi) + jsin 2 fi)df

% 7Tf
_y, J‘OO sin(27 f)cos(27 fx) €_4k”2f2tdf )"fvd o Lavither
e nf sm«p)‘i{ly



[Example 2] Laplace’s equation 267

2 2
gxbﬁgy'f:o 0<x<l y>0
u(O,y):O u(l,y)ze_y y>0
g—” =0 0<x<l

V]

Step 1 /AT &%t y # Fourier cosine transform

P

Sy (e )} = | u(x, y)cosr fr)dy =U (x, /)

from 3 [g"(y)|=—47"1*3,[2(y)]-£'(0)

d*U(x, f)
dx*

—47z2f2U(x,f) =0 %3 x 28 order ODE



268

2
Step 3 d (/cvl’();,f)_él'ﬂzfo(x,f):O
X

—> U(x,f)=c cosh(27 fx) +c, sinh(27 fx)

Step4 & u(0,y)=0 wu(xz,y)=e” *f#c,, c,(may be dependent on )

foStep 1 - ¥ » » & 4% y % Fourier cosine transform

F & ¥ % 2z = boundary conditions

(1) U, /)=3,,,, u(0,y)} = j:o .cos(27 f)dy = 0

@) ULN=T,, {uly)} =] ¢ cosQufy)dy = (Zlfrf)z

__________________ fovereeeeee

(¥ 12 * Laplace transform &7 ' B~39 % |



U(x, f) = ¢, cosh(2z ) + ¢, sinh(27 fx) 209

A E,lJ (BVEDN U(O,f) -0 U(I,f) — - (217Z.f)2

¢, =0  c¢coshQrf)+c,sinh(Qzf)=-—]

1+ 27 1)
::> c, =0 C l

>~ (1+ 472 f?)sinh(27 f)

B sinh(27 fx)
(1447 f*)sinh(27 f)

U(x.f)

Step 5 1nverse cosine transform

sinh(27z fx)
(1+ 47> £*)sinh(27 f)

u(x,y)= S;lf_)y U (x,f)]= 4_‘-000 cos(2x fy)df

(B Tl v > 3ol @ i)



AT &R e F70

(1) #g~ = 3§ ¢ > Fourier cosine transform §= Fourier sine transform ¢
3 I 4% epfiA) o (See page 259)
(2) & f# boundary value problem pF > £ 7 %

i FF % Fourier transform »

@ BF * Fourier cosine transform,

@ FF % Fourier sine transform  (see page 262)

(3) #f# partial differential equation p¥ » AL ¥ 44—
independent variable i Fourier transform, ¥ — i# independent
variable 7 % §2 % > 4r Examples 1 and 2 5]+

»

PR AT 0 p e & F A 40— 1 independent variable fAFourier
transform

X OREE Y T e
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3. Function Approximation

Section 3.1 Review for Orthogonal Basis Expansion

Section 3.2 Polynomial Approximation Using Legendre Polynomials
Section 3.3 Generalization for Function Set Approximation

Section 3.4 Other Orthogonal Polynomials (¥ % % %)

[1] D. G. Zill and Michael R. Cullen, Differential Equations-with Boundary-Value Problem
(metric version), 9" edition, Cengage Learning, 2017.

[2] R. Beals, Special Functions and Orthogonal Polynomials, Cambridge Studies in
Advanced Mathematics, vol. 153, Cambridge University Press, 2016.
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Function Approximation

—— Theorems for Orthogonal Basis (Sec. 3.1)

— Legendre Polynomials (Sec. 3.2)
——— by Polynomials—
Function

Approximation ___ Other Polynomials (Sec. 3.4 » = %% %)

— by Other Function Set (Sec. 3.3)



Sec. 3.1 Review for Orthogonal Basis Expansion

(1) inner product on an interval [a, b]

(ff)=[ A f(x)dx  (fo & real )

ob

or (fl ) ﬂ) =] S (X ) ]@ X ) dx (more standard definition)

(2) orthogonal on'an interval [a, b]

(/i-/2) =]
(fi-12) =

.abfl(X)jZ(x)dx:O (f;, f» & real p¥)

A fi(x) f, (x)dx=0 (more standard definition)

273

D. G. Zill and Michael R. Cullen, Differential Equations-with Boundary-Value Problem
(metric version), 9" edition, Cengage Learning, 2017, Sections 11-1~11-3.



L% 1 T @ even function frix i@ odd function % [-b, b] 2. FF & &
_______________ orthogonal,  (a=-b) |
[ £ () /s (x)dx=0
even  odd \Tﬂ\z\
\E‘Wﬁ
(3) orthogonal set
For a set of functions ¢,(x), ¢,(x), @,(x), @5(x), .......... , 1f

Jj¢m (X)¢: (x)dx —0 foranym#n

then ¢0(x)9 ¢1(X), ¢2(X), ¢3(X),

interval [a, b]

.......... 1s an orthogonal set on the



(4) square norm 275

()] = )= [ (x) S (x)de= [ |f (x)f d

(5) norm

S =T@ ) =] S () ()

(6) orthonormal set

- 1% orthogonal set, & { i&— # % &_

j @, (x x)dx=1 foralln v Y1)
E'J&}Uﬁa—a orthonormal set (VU)’ v ) (\N'\ﬂ)l)’ I \PH)“>

g A
(7) normalize neenl)™ (LM?O} Yo ) 7 Y7 ) P:)

o) 2O (= V) e nom 5




[Example 1] Suppose that [a, b] = [-1, 1]. Then 276
1 jmnx
1, Jlm e —2,-1,0,1,2,3, -
{ﬁ ' }

forms an orthonormal set.

. 1 e 1 o/ _1 U ianx —jmmyx
(Proof): e \/— =3 Le e ""dx
[a>('7,(p\ ..un))'l'} 97\4( W(W“M))

™

If m #n,
/!
Lejﬂnx L ]ﬁmx eﬂ[(n m)x 1 ejﬂ(n—m) _ e—jﬂ(l’l—M) _ Sin(ﬂ'(l’l — m)) —0
J2 \/_ ]27z(n m)|_, Jj2m(n—m) (n—m)

If m=n,

1 jrnx 1 jrmx | _ 1 1 .
—e ,—=e == ldx=1
(JE J2 j 2L



T ton tTuuous funedion cagce 277
X 1.
Vo2 oy 3 L - (L ave comple 4 (lm{ wot

% & interval [a, b] 22 > T i# - & function flx) ¥ 7 14 % &r('kfgova

(8) complete

T @Gy(X), @(x), B(x), A3(x), «eeennnn.n 77 linear combination
F(5)= oy (1)+ 0 (3)+ o (3) 4= D (3)
1A, G0, 400, ), o BT complete |
‘F(f) P %:€m¢m(7()l (p(‘)‘),%‘b())t %CM(%)%) - Cm(¢mif\2w)—(’o fund Cn

(9) orthogonal series expansion £( @, Ba)> 2
0 when  Wih 7(x)¢ (x)dx
f(x) = ch¢n (x) where /¢, =4
n=0 w) d, (x) der

Specially, 1f ¢g,(x), ¢,(x), @,(x), @5(x), «.......... are orthonormal

Jeo=[ () () |

~
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(10) weight

inner product with weight function

(i) fo () = [ w(x) £, (x) f5 (x)

w(x) 1s called the weight function

With the weight function
(10-1) orthogonal 1 Z_z T =
(S )= [ w(x) £, (x) £ (x)dx =0 form=n
= [ W) £ () S () ds

(10-2) square norm #1F_% T = Hf(x)H2

(10-3) norm #9764 |7 (x) = [ wl(x) £ () /()
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(10-4) orthonormal = %_3 & =

-.jw(x)fm (X)fn* (X)dx —0 form#n

[ w(x) £, (3) £ (x)dx =1

(10-5) normalize =% ;% sz =

(X)
HW H \/.[ )dx

(10-6) orthogonal series expansion of f(x) & j* T =
b .
N | w(x)f(x)g, (x)dx
A .
" | w(x)8,(x)é, (x)dx

orthonormal case: ¢, = Jjw(x)f(x)ﬁ (x)dx



orthogonal , com plete 520

trigonometric functions
1, cosZ x, cos 2% x, cos 3 x, ...... sinZ x,sin 2% x,sin % x, ...... }
p p p p p p
form a complete and orthogonal set on the interval of [—p , p]
nx ¥4 : . 2p 2 . N
cos™*x, sin**x ) Ml i
p p R P 2p
cos Mt x = cos( x+27z)—cos( (x+2—pj)
p p p n

Fourier Series (expanded by trigonometric functlons) —wa page 2170,
. Jp £ Ndy (o F

:0+Z(a cos—x+bns1n””xj = f |- Vo 2\’

E p [T S sm(l‘;‘»?)
. S50 (37 ) olx
aozljp 1 (x)dx a =1 pf(x)cos” xdx °
pI-r P (08’97 10620+]
1
P

¥ f(x)sm—xdx f o{lMXdy
J-p
f\’ | dx+[(z°szh)tx>‘

=P /2 =V
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Q: Why should we use the orthogonal basis?

(1) The expansion coefficients are easier to determined,

(2) No Interference

(3) More basis functions — Less error



e, and e, are orthogonal 282
v=(22)

e, =
(0,1)  v=2e, +2e,
______________ |
e, =
(1,0)
e, and e, are not orthogonal
v=(2,2)

V= 2\/§e3 +4e,

€; = [19_1] /\/5



Section 3-2 Polynomial Approximation Using 283

Legendre Polynomials < Complete and orthygona)

e Legendre’s equation of order n

(1-x°)y"=2xy +n(n+1)y=0

One of the solution: Legendre polynomials

n=0 P(x)=1 n=1 p(x)=x
n=2 Pz(x)zé(%cz—l) n=3 })3()6):%(5363—3)6)
n=4 P(x)=§(35x"-30x"+3)  n=5 P (x) = g(63x* = 70x* +15x)

D. G. Zill and Michael R. Cullen, Differential Equations-with Boundary-Value Problem
(metric version), 9™ edition, Cengage Learning, 2017, Sections 6-4, 11-5.



3.2.1 Legendre Polynomial

Legendre’s Equation ~ (1-x°)y"—2xy"+n(n+1)y =0

o0

y(x)chkxk o Jn

k=0

Two linearly independent solutions are
n(x)=¢, {1 _n(n+l) 2 (n—2)n(n+1)(n+3) o

2! 4
_(n—4>(n—2>n<n6!+1)<n+3><n+5>xé+ ...... }

v (x)=¢ [x (n—-D(n+2) NN (n=3)(n-D)(n+2)(n+4) i

3! 5!
(n=5)(n=-3)n-1)(n+2)(n+4)(n+6) o

(1t Dt Yt Gy ... }

284
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(a) When 7 1s not an integer, both the two solutions have infinite number

of terms.

(b) When 7 1s an even integer, y,(x) has finite number of terms.
In y,(x), the coefficient of x* is zero when k > n.

(c) When 7 1s an odd integer, y,(x) has finite number of terms.

In y,(x), the coefficient of x* is zero when k > n.

¥,(x) when n 1s an even integer and y,(x) when # 1s an odd integer are

called the Legendre polynomials (denoted by P, (x)).
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ol BRI n—1 _(_ (n—1)/2 1-3...... n
¢, =(-1) ; 7. 4( ) ¢ =(-1) DG (n—1)
P (1) - g 1) span (LT ADZSpan(p,m), P~ Pl
2 (7
¢ yi(x) g py(x)
fi(x)=1 R(x)=x
P (x)=1(3x"-1) P, (x) = 5(5x" = 3x)
P (x)=1(35v" =30x* +3) P.(x) = g(63x" = 70x* +15x)

In general,

Pn (x)= I d’ (x2 —l)n Rodrigues’ formula




: 2
Legendre polynomials 57

Po | Interval:

P1
0.5+ P

X
P, : 5 ES f ;
0.5 -

x e [—1,1]

| | |
-0.5 0 0.5 1

o000
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(1) P (-x)=(-1)"P,(x) even/odd symmetry

2) P(1)=1 P (-1)=(-D"
(3) P(0)=0  whennisodd
4) P (0)=0  whenniseven

(5) (n+DP,, (x)—(2n+1DxP,(x)+nP,_,(x)=0 recursive relation

| 20,1, 2, nn
© [ B@pa=-2 AT B
_W(ﬁ) = " Formm A (om\?le\’e and or“' WWM’

set-
(7) P (x)P(x)dx=0 Ifm=#n orthogonality property

Orthogonality property 74 &_Legendre polynomials # & & a4 &7
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3.2.2 Expansion by Legendre Polynomials

Fixi®axel[-1,1] % 5 continuous =773 3% fx)

—_—

+ L4
=~ /7 &

d %?jjlf(x)Pm (x)dx = Zan jijm ()P, (x)dx=a, j_IIPm (x) P, (x)dx
n=0
age 217 123 orthogonality property

v

’-""i“]‘! l7o\ﬁe Zgg
N/

o i x)dx :(n+%)jllf(x)Pn(x)dx

| [
~
—~~
s
N
—~~
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Q: How do we use the V! order polynomial to approximate a
function f(x) for x € [-1, 1]?

note

Answer: N/
f(x)=Z_0)anPn(x)

The detail of proof can be seen from Section 3.3.




[Example 2] Suppose that 291

f(x):cos(%x) when -1 <x < 1.

Try to approximate f{x) by a 2" order polynomial
Q"'CJ\ (\, 7(/70-)
f(x)zfi(x)=a,+ax+ax’ = ¢ pan (Pol), 7, 1%, Po\#))
e 1
to minimize Hf(x) - £, (X)HZ — L(f(x) ~ £, (x))2 dx
(Solution):

Note that 1, x, x* are not a orthonormal set with x € [-1, 1].
Therefore, instead, we may adopt the Legendre polynomials.

R(x)=1  R(x)=x  Bx)=1(E"-1)
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N

Then F(x)= f,(x)=c, B (x)+c,P(x)+c,P(x
| i T x

el
[\ /()R (x)dr=1] cos(Zx )d);v—e —gin
odd e hh \7&%0 214—

1

2 2
CIZ%:_llf(x)Pl(x)d %I xcos(2 )dx 0

S

2

é\IN
=

~

| JUV': U\'
c, = Lf( )P, (x dx_z.[12 3x —1)008(2 )dx —(u'v
15| 2 2 12 U\I-\;(V}“)
1| L il T 14 \
22 ﬂsm(zx)(?,x 1)_1 lﬂxsm(zx)dxj v los-;:)(
2
:§(§__6) R
4\ 71'3
2 5(8 96\1(x.2
B(X)—;(1)+0'X+z(;‘ﬂ—)§(3x -1)
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3

red line: f{x)
blue line: £,(x)

-0.2

-1 -08 -06 -04 -02 0 0.2 04 06 0.8 1

Approximation error (expressed by ||f{x) — f,(x)||?) is

I_ll(f (x)-f, (x))2 dx =0.00059606

Comparison: When using the Taylor series, °°

f(0)=T(x)=1-% ¥

[ (f(x)=T(x)) dx=0.0125 | S




[Example 3] (Zill page 456)

f( ) Oa —1<x<0 , :}'—"‘
X)= . ‘
19 O <x< 1 "—’—"" 7;_-\
A~ X=°
SOLUTION .bf(X)P,,l*(x)dx
Using ¢,=";
P, (x) B (x)dx
1 rl 1 1 1
“ 25._1f(x)1’o(X)dx=5j01-1dx:5
3 rl 3 1 3
G =7 lf(x)Pl(x)dngjol-xdx:Z

C; =— / c, =0, Cs =35

E)
F() =5 B0+ R =L Rx) + 0 P o

2.
5 .l 5. 1
¢ =3 L SR () = jo 1-5(3x2 ~Ddx=0

_11

294
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If we want to approximate f(x) by the 15t order polynomial,

fE) =R+ =T A +3 R(x) =1 +5x

If we want to approximate f{x) by the 2" order polynomial,

F@) =, P(x)+cP(x)+c,P(x)=1 LR (x)+3 5 > B(x)+0P,(x) _% %x

If we want to approximate f{x) by the 3™ order polynomial,

f(x)= COP (x)+c B(x)+c,P(x)+ c3P (x)

_1 3 1 ﬂ 353
P(x)+ P(x)+OP(x) P(x)= +32x 37"
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3.2.3 Generalization for the Interval

Problem : W) = l

How do we expand f(x) where the range of x is [a, b] and a # -1, b # 1?

(1) g(x)= f(bga x+ a;b) Note: The range of x 1s changed into

i -1, 1]
950, 300 fhb)

(2) Expand g(x) by Legendre polynomials

g(x)= nNzOcnPn (x) where ¢, = (n +%)Elg(x)Pn (x)dx
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Section 3.3 Generalization for Function Set

Approximation

Suppose that @y(x), @,(x), ¢ (x), ......... Pr(x) are a set of independent
functions where x € [a, b] and the weight function is w(x).

Problem :
vy o Lmd ¢y,

How do we expand f(x) by @,(x), ¢,(x), @,(X) .... §y(x)

/norm of f(x) — fA(x)

where error = Hf (x)|= \/ (x))2 dx

1S minimized.



—— Complete (Case 1) 298

—— Orthogonal —
_— Incomplete (Case 2)
| — Complete, Incomplete (Case 3)
Non-Orthogonal —  (Using Gram-Schmidt, page 305)

— Over-Complete b X ”f):i xt3,
(Using Compressive Sensing > page 310)

(Case 1): The function set is complete and orthogonal / orthonormal

f(x)=§cn¢n(x)

o) S (g e [ () £ () ()
[ w(x)|g, (x)] dx

(orthogonal case)

CcC =

(orthonormal case)

error =0
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(Case 2): The function set 1s incomplete and orthogonal

N

f(x)= fy(x)= 2 d,4,(x)

n=0

emor =1 (5) 1, ()] = | 3 4, w(x) (o)

n=N+1




(Proof): The formula of d, is directly from page 279. 300

4,(x)
If v, (x)=7""3
¢, (x)
then y(x), y;(x), Yo(x), «.een...... , Wy(x) form an orthonormal set and
N N
fo(2)=2d, 18, (x)lw, (x) > 2 A n FnX)
n=0
Suppose that y,(x), w(x), w(x), ..ceveet.. , Wy(x) 1s a subset of
the complete and orthonormal function set v (x), y;(x), ws(x), .........,
WalX), Waniy(X), «............. Then, f(x) can be expressed as

1(0)= 2w, (x) where &, = [ wx) £ (1)v; (x)ds

c——

Therefore,

£~ fo (1) = (e ~d, g, (s (1) + S e, ()

n=0 n=N+1




N OO 301

f(x)=fu(x)=2 (e, =d,[¢,(x))w, (x)+ 2 cw,(x)

n=0 n=N+1
Then, from Parseval’s theorem on page 302,
()= 1 ()] =
n=N+1
To minimize |/ (x ( ) , we should set
w(x) f (%), (x)dx
d, = " j orn=0, 1, N

4,0 M)l

 (x)
In this case, — . -
error =| f(x) = fy (x)] = \/ > e, ’ :\/Z e[ =Ye [
n=N+l n=0 n=0
C . 2 (b 2
Parseval’s - \/Z(; “nl T HZ:(; d” L W(x) ¢n (x)‘ dx

theoremon~ = o= ==

page 302 \\,“ \\ N b )

~ -
e - -




3.3.1 Parseval’s Theorem

302

[Theorem 3.3.1] Parseval’s Theorem (Energy Preservation Theorem)

Suppose that @g,(x), @,(x), @,(x), @;(X), .......... are a complete and
orthonormal function set for x € [a, b] and

F()=3ed(x)  where ¢ =(/().4,(x)
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The result on the previous page leads to Parseval’s theorem:

[0l (x)} =D, [ w(x) g, (2
Specially, 1f the function set {gy(x), @(x), $y(x), ........... } is orthonormal

jjw(x)‘f(x)‘z dx = i ’

n=0

C

n
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3.3.2 Non-Orthogonal Function Set Expansion

(Case 3)
How do we generate an orthonormal function set {¢,(x), @,(x), @,(x),
/N6 B ¢ 1f the mput {p,(x), p,(x), p,(x), p5(x) , ..coeee.n. }1s

independent but not an orthogonal function set ?
Gram-Schmidt process

—— e e e e—— e e—— e e e e e e e e e e e e e e e—— e e— — — — —

=@ o (AP )
e ’iw{vo Pu(n) (1)

I

I

I

| I

: > =ﬁ+1 1,0 I Z w0
| _

| -

I

I

I
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Proof for orthogonality of the function set generated from the Gram-
Schmidt process

Suppose that we have known that @,(x), @,(x), @(x), ..........., @,.1(x)
are orthonormal.

If k <n,




[Example 4]

Derive ¢,(x), ¢,(x), @5(x), .........
n p(x)=u(x—k)—u(x—k-2)

9, (x) = ;Tn,kpk (x),

and .
[ 4,(x)8, (x)dx =0
when m # n
Po (x)
0 2
P (x) 1 3
P (x) 2 4

307

such that

u(x)

0

u(x): unit step function

[, ,(x)¢, (x)dx =1

orthonormalization
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Answer:

Set p,(x)=u(x—k)-u(x—k-2)
L px) _ulx)-u(x-2)

S P G

gl(x):pl(x)_(pl(x)9¢0(x))¢0(x)

:u(x—1)—u(x—3)—\}E(M(X)_jz(x_z)j

4 (x)= g, (x) :u(x—l)—u(x—3)—é(u(x)—u(x—2))
1 Hgl(x)H \/8/2




g (x) = P> (X)—(pZ(X),%(X))% (x) —(pz(x),¢1(x))¢1 (X)
(e 1) u(x-3)- L ()~ u(-2)

=u(x—2)—u(x—4)-

2 u
J6 J6/2

=u(x—2)—u(x—4)—%u(x—1)+%u(x—3)+%(u(x)—u(x—2))

309
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*+4%— Compressive Sensing

The problems that compressive sensing deals with:

Suppose that by(¢), b,(¢), by(?), b3(¢) «eeveeenn. . form an over-complete and

non-orthogonal spanning set. ol€), . (4) o2 (), by (£) -+~
Wy be dependent

(Problem 1) We want to minimize ||c||, (|| ||, ®- zero-order norm ° ||c||, &
dqc, HiEH 5 0B #Hc) such that
A Cm e:0),0]

x(6)= X e,b, (1) 2°Lo, 1]

ee "-C(o; 9 ) STAQ]
(Problem 2) We want to minimize ||c||, such that

2 | (‘/‘)-—62 .,j'z\\:\') i\)9 e(o, n)
I(X(f) - Zcmbm (t)) dt < threshold (0, [Zl( )

(,°)

(Problem 3) When ||c||, 1s imited to M, we want to minimize ,'( IN=- |. e | n
2 =

[+~ e (o] a 1= 1€ )
m .:\




Examples for the spanning set used for compressive sensing
(Since they are not linearly independent, they are not basis).

3-atom form

b, (1) = exp(j27 , tyexp(~ZL )
4-atom form
b, (1) = exp(j2( [+ 1, exp(—-FL = ta)"
O'

m

Problems: over-complete, non-orthogonal, too many functions in
the sets

311
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Section 3.4 Other Orthogonal Polynomials

(F %7 %)

In addition to Legendre Polynomials, there are many other orthogonal
polynomials. However, their weight functions and intervals are different.

[1] R. Beals, Special Functions and Orthogonal Polynomials, Cambridge
Studies in Advanced Mathematics, vol. 153, Cambridge University Press,
2016.

[2] M. R. Spiegel, Mathematical Handbook, Schaum, 1990.
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Name Weight Function w(x) Support
Legendre 1 x e [-1, 1]
Jacobi (1+x)"(1—=x)" x e [-1,1]
Associated Legendre (1-x?)m x e [-1, 1]

(Ultraspherical, Gegenbauer)

Chebyshev (1%t Kind) (1-x?)"12 x e [-1,1]
Chebyshev (25 Kind) (1-x?) 172 x € [-1,1]
Laguerre e x € [0, )
Associated Laguerre x"e " x € [0, )
Hermite e"‘z x € (-0, 00)
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* Associated Legendre Functions

P (x): the Legendre polynomial of order n, in fact, P, (x)=PF, ,(x)
They are orthogonal for x € [-1, 1], w(x)= (1 —x’ )m

._11(1 -x’ )m P . (X)F , (x)dx=0 ifnzk

el

2\ 2 +m)!
(1-¢) (£.() dx:2n2+1EZ—nm?!

Ex: Whenm =1,
A,(x)=1 P, (x)=2x

PM(x):l?sz_% P4’1(x):375x3—175x
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* Chebychev polynomials 7. + & v filter design % * 315

| 7 itn=0,
|7z /2 otherwise

1 1 B 1
[ R R (=9 [
n

They are the solutions of  (1-x*)P/(x)—xP!/(x)+n’P,(x)=0

F(x)=1 B(x)=x

Py(x)=2x" -1 P,(x) =4x’ —3x



* Laguerre polynomials S10

_____________________ S SR
They are orthogonal for x € [0, ) w(x)=e"
["e B, (x) P, (x)dx =0 [7e (B (x))’ dx= ()
ifn+k

They are the solutions of ~ xP/(x)+(1—x)P/(x)+nP,(x)=0

F(x)=1 P(x)=-x+1

[’2(x):x2—4x+2 P3(x)=—x3+9x2—18x+6
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* Associated Laguerre polynomials S

______________________________________

where P, (x) is the n' order Laguarre polynomial

They are orthogonal for x e [0, o0) w(x)=x"e"

i o0 2
J-O xme_xpnm (x)l)k,m (x)dx =0 jo x"e " (E%m (X))2 dx (I/l')

B (n—m)!
ifn+k
They are the solutions of  xP/(x)+(m+1-x)P/(x)+(n—m)P,(x)=0
B (x)=-1 B (x)=2x-4

P, (x)=-3x"+18x-18 P, (x)=4x" —48x* +144x—-96
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* Hermite polynomials & &k ~ 5 ~#FH L 47 5% *

e : E_'79 en functons of

RO=CGeT) e P o
They are orthogonal for x e (-00, ) w(x)= ot
[“e B ()R x)dx=0 [ e (B (x) de=2"nz
itn+k

They are the solutions of  P'(x)—xP!(x)+nP, (x)=0

P(x)=1 P(x)=2x

P, (x)=4x" -2 P(x)=8x" —12x

P,(x)=16x" —48x* +12 P.(x)=32x" —160x" +120x



