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4. Fourier Analysis

Section 4.1 Definition of the Fourier Transform
Section 4.2 Dirac Delta Function

Section 4.3 Properties

Section 4.4 Uncertainty Principle

Section 4.5 Convolution and Correlation
Section 4.6 2D Fourier Transforms

Section 4.7 The Operations Related to Fourier Transforms (¥ & 7% %)
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Fourier Transform

— Definition (Sec. 4-1)

 Basic | Properties (Sec. 4-3) —— Uncertainty (Sec. 4-4)

L Transform Pair (Sec. 4-1)
—Sinc (Sec. 4-1)
— Dirac Delta (Sec. 4-2)

—Hermite-Gaussian (Sec. 4-4)
—Jinc (Sec. 4-6)

Fourier — Special Functions—

Transform

— Convolution (Sec. 4-5)

- Correlation (Sec. 4-5)

—2D FT (Sec. 4-6)
| Hankel Transform (Sec. 4-6)

Related Transforms —— Hilbert Transform (Sec. 4-7)
— Laplace Transform (Sec. 4-7)
— Mellin Transform (Sec. 4-7)
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4.1 Definition of the Fourier Transform

Fourier transform

3g(x)]= jig(x)e‘jzﬂfxdx =G(f)

iX % Fourier transform

L

inverse Fourier transform
SG(N)]=] G(f)e " df = g(x)

[1] R. N. Bracewell, The Fourier Transform and Its Applications, 3rd ed., McGraw Hill,
Boston, 2000.

[2] D. G. Zill, W. S. Wright, and J. J. Ding, Engineering Mathematics, Metric Edition,
Cengage Learning, Taipei, Taiwan, 2019, Sections 15-2.
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Review: Fourier Series of the Complex Form
Cow\(ﬂ?‘(’e and O 'H\Og’OV‘O\ '

g, (x)=exp(jZFnx)  n=.,-1,0,1,2,3, ...
B4 +‘D( gslp ()é Z’;mxrr))- ef‘P(d%—’“ Yexpljoer) =@, (1)

form a complete and orthogonal set within x ¢ [ % %J
jT;jz dx— g lfm;jn On Y4g ¢ 28 U
- (TN 27[, ""“)7(0‘ lfm—n l? s \/ep’&(pd lo/
Lipere @ (&—( e (% “"%) e sf”(m")
X4 ~
- T ed'?("“"""h T (ntm) ( P
szu(h-w\) (o) -1/ \ - QXY(J )
ST aT{h- —¢ T (n-w
-mQ -e ) = ery| J),M/L
. )
< Ty ST () < 0 frequencys 0L n
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Review: Fourier Series of the Complex Form

(Compared to pages 277, 280)

If g(x) = g(x+7), then

Z C exp( —nx)

(e[-3 3 ]

where
T/2

-71/2

g(x)canj(exp(] 2]? nx))dx
cC =

n /
J-T 2 CXp(]%{ZHX)COHJ(GXP(]%{Z-HX))CZX

-T1/2

T2
i J_T/zg(x)exp( j 2]? nx)dx

" T
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4.1.1 Derivation and Physical Meaning

Fourier transform can be viewed as the Fourier series where

(T —> o)

Note that, ifwesetg, =c, T

T/2 .
En T/2g( )eXp( 2]? )dx g(x)= %eXp(]ZTﬂnx)
Then weset A, =1/T
g, TT/;g( )eXP(—j27mAfx)dx g(x ZgnAfexp(]ZEnA )
/
G(f)= Tszg( )exp(—j27 fix)dx Z G(f)exp ]27rfx)

where f nA,, G(f)=g,
If 7 —0, A, -0

G(f)=[ g(x)exp(-j2nfe)dx  g(x)=] G(f)exp(j2xfr)df
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Physical Meaning of the Fourier Transform:

expanding a signal as a combination of exp ( j2r fx)

- 1 J)TL'PX &27
GJZI‘P('?H_()):e e L

_ _3>nfy
- €

exp( /27 fx)  period: 1/f, frequency: f

G(f): the expansion coefficient for  exp( /27 fx)

g(x)=[" G(f)e”"df
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When will the Fourier transform exist?

Sufficient Conditions:

(1) Ii‘g(x)‘dx@o

(2) g(x) 1s of bounded variations (It means that g(x) can be
represented by a curve of finite length 1n any finite interval of x).



4.1.2 Transform Pair

[Example 1] Find the Fourier transform of
g (x) = exp (—3 |x|)

(Solution):

fi{g(x)} = jie_3|x|e_j2”fxdx = IO

—00

3x _—i2 ® 3x —j2
ee’ ”ﬁcdx+j e e P dx
0

0

o0

_ e3xe—j27zﬁc N e—3xe—j27[fx _ 1 B 1
3—-j2zf|, -3-j2xf|, 3-j2nf -3-j2nf
6

T 9+ f)
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[Example 2]
Find the Fourier transform of the rectangular function I'l(x) where
1 for-12<x<1/2,
H(x) _ { | (page 339)
0 otherwise. . 10 12
(Solution): et 2
olu . -’;,27;? -0271?

o o nan [P sin(zf)
9{g(x)} _.[—1/28 dx = —j2rf s B wf

fi{g(x)} =sinc f  (page 338)



[Example 3]

Find the Fourier transform of the Dirac delta function o(x)

(Solution): From the sifting property of &(x):

.[Oo 5(X—x0)y(x)dx:y(xo) (see page 344)
—0 _L II\M b _;Zn{\x -L b
we have > L2 [_b < A7 - ZLL\o
9{5()6)} — (" 5(X)€_j27[fxdx _ o /270 _ b ]
[749¢344 (2)'[_00 k=0 ST =
o
) height = 1/2b
b—0
el

area =1 /

b b X-axis

329
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Note:

More generally,

5(x—x,)

height = 1/2b
b—0

area =1 /

Xg=b  xytb x-axis
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Linearity Property of the Fourier Transform

If
S[gl(x)]:(;l(f) S[gz(x)]sz (f)

then

Sag (x)+Be, (x)]=aG,(f)+BG,(f)



Duality Property of the Fourier Transform
If 9= i(x) , Gilf): siaclf)
If  3lg(x)]=G(f)

Dl sinc)= I (=4) =0(F)
then S[G(x)] =g(—f)

(Proof): Since
3'[G(1)]= I:G(f)e”;ﬁ‘df g(x)

G(x)ejz”xfdx:g(f) * ¢ Vepla(oa\ b)'

G(x)e *dr=g(~f) == 3[G(x)]=g(-/)

\Z

(® 00

o —00

(® 0O

o —00

Q: How do we compute the Fourier transforms of sinc(x) and 1?
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[Example 4] Find the Fourier transform of sinc(x) where

(Solution): Since
3[I1(x)]=sinc( f)

from the duality property, we have

3[sinc(x)]=T1(-/)=T1(f)
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[Example 5] Find the Fourier transform of exp(j2 7 k x)

(Solution): Since
9{5(x—k)} = /T .‘}'{5(x+k)} = g/?"k]
from the duality property, we have
Gl =5(-f+k)=5(f—k)
(Here we apply the fact that Ax) = &(-x)).

Specially,

(Note): Although 1 does not satisfy the sufficient condition on page 326,
its Fourier transform exists.
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[Example 6] Find the Fourier transform of cos(2 7 & x)

(Solution):



i & Some basic Fourier transform pairs
g(x) G(f)=%F{gx)]
YA Kx) !
V(2) I &) 2% 5 (W)
w(3)  x—k) exp(—j2 77kf)
V(4)  exp(j27kx) Xf— k)

R

(5)  cos(27kx)

O e
2

(10) exp(-klx|) (k> 0)

6)  sin(27kx)= -Jeé;“'43€'° i %5( f-k)+ 15( f+k)
W sinc(/)
WA8) sinc(x) L1

O) exp(hOUE) (k>0) YL 779 ey

2k

336



N

Ax)

cos(2 mx)

LN o - N
§
L N

sin(2 7zx)

1 (69!

sinc(?) !

Some basic Fourier transform pairs

2
| F
0 L
-1 _
5 5 0 5
4
¥
—>2 [
0
5 5 0 5
4
¥
2 L
—
0
5 5 0 5
5 5 0 5
1. :
“; L i
0 f\/\A/\f
05 -
5 5 0 5
15
05
5 5 0 5

337

)

| 8(f-1)/2

+6(f+1)/2

| —jo(f-1)/2
[ +jo(f+1)/2

sinc(f)

11¢)
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4%~ Summary of Popular Special Functions

. i : _sin(7zx) _ 7 es(Z0)
(1) Sinc Function  sincx=—"-=—=" g, (o) = — = l

sinc0 =1, (L'hospital's rule) |
sincn=0 ifn is a nonzero integer, S (vv)= SL"‘_@T—"- -0

w1t v 0
sinc x = sinc(—x) P M%

Applications: sampling theorem; 1deal filters

1 T

0.8

0.6

0.4

0.2

0

-0.2

0.4 | | | | | | |




r—l(x_:%) " O - (QV"('?V

339

——"e—%"’ b:width
(2) Rectangular Function ™34 rectangular function
1 for |x|<1/2 I
11 (x) — f | | . 0.8
0 otherwise 06|
In general, %47
b b 0.2
H(x_a): 1 ifa—§<x<a+§ 0
b 0 otherwise _0'2-2 -1I.5 1 -o|.5 c|> o.|5 1 1.|5 2
triangular function
(3) Triangular Function i
0.8
, 1-|x| for |x|l<1 °|
i() < {17151 For IxI<l
0 otherwise oz}
0

_hl? (7‘) - r\ (7()%}((— r\ (‘7() 0 a5 05 0 05 : 15

conv o| u-l“(o h



(4) Step Function

U(x):{

1 forx>0
0 forx<0

1.2

0.8

04 r

0.2

-0.2

step function

-1.5

-0.5

0.5

1.5

340
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4.2 Dirac Delta Functions

The Dirac delta function does not have a fixed definition. It is in
fact the limitation of a distribution.

(1) 1 (x) height = 1/2b
/V
area = 1 /
—b b x axis
limz, (x)=8(x) §(x) =9 Hfor 3
b—0 8(0) - ng
{%"(7{) dx =

“Sth: $(-A) even
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(2) tri, (x) height = 1/b
L =L 43 (2)
page 33‘7
area = |
L —b b _axi
%1_1)1;)1#1,) (x) = 5(x) A-axIs

i () = .
|763€;r>| (I;)/ GX‘T) —Jgs‘rn((—ys)‘)h(\o-p)‘m(m)

(3) sc, (x)=Lsine(X) height = 1/ T

‘) G9€ 351 (Z)OO
area = J- _s¢, (x)dx=1
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Definition of the Dirac delta function:

(((1) j:5(x)dx:1
(2) 5(x):O

(3) §(x) = 5(—x)

ifx=0

_
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Properties of the Dirac delta function:

(1) &(x)= g; U(x)  U(x): unit step function

5(x—k)=4U(x~k)

(2) Sifting property

J-_i5(x—k)g(x)dx=g(k)

(Proof):

j:5(x—k)g(x)dx 3(4) ~ (|<)H‘o
- P leb LA K _1/2b)
_Eilolzlb kbg(x)dx )

j dx = g ‘—/”\/

_?i%zbg
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(3) Sifting property (without integral)

5(x—k)g(x)=0(x—k)g (k)

$0)= |al §(ax ) |al SlaxX)=0  f x30

(4) Scaling property [a) §lex) = [al§(-a7)
| - page 23 B)() ave satisfied
igcéx)zm5(x) ﬂa)g(qx)oﬁx = I que§43(l)_p
T lso SatisdT

1 '. oA dx’' - O\dx £ a

(to balance the integral)  #': & d7; /o
® 00 ® 00 / o0 _ |
fora >0 ._®5(ax)dx = ._w5(x’)d7x :% _005(x)dx ' "é} 1)

* —00

fora<0 [~ S (ax)dx =

o —00

o/ 0O

§(x) = ==L[" 5(x)dx*1a
(5) Convolution property

g(x)*0(x)=g(x)

G,H?%/- | = &IP\“)
Specially, &(x)*5(x)=35(x)



(6) Integral for exponential functions 340

joo ejz”fxdf = 5(x)

—00

It 1s directly from the fact that
Se(h =1 31 =5(x)

(7) Generalization of the integral for exponential functions

[ =5(g)
"~

How do we define 1t?



$(x*41) =0 fov all 7347

(8) og(x)) CMee X°+)140 P ol
If g(x) = 0 only at x = x,,, then
o(x—x,)
o =——3
(£ =T
(PI’OOf}I 9(7{): ?(7{°) + 9'(1 a) (1'7( o) + ‘v‘r:.;a,?me,,‘ -('evw_(
g(x)zg'(xo)(x—xo) when X=X,
' O(x— 0
5(2(1) = (g (x)x—)) = T
Pege 345(4) ’
A: 9'(“0)
In general, if g(x) =0 only at x =x,, x,, ..., x), then < §lx) - x|
N Ex: g(?(za-]\ glfl):o
o(x—x))
E) — o _ M) g(<-) oy =
(60) =2 Tyl 78E 48 9= 2

- 19'(20)=2



(9) Derivative of &x) 5'( x) _ % 5( x) 348

I(x)*g(x)=g'(x) u:s(o, v=g(T?v
(Proof): /“»v S WAV — fMV'

-] o(r)Lg(x-r)dz

- : page 344, <=0
=| 6(r)g'(x—7)dr  (from the sifting property)

= ! 0« |
=) 4 9t-0: |7 PEDACES



(10) Properties related to derivative of &(x)

i) &'(x)=-6"(~x)

(i) |~ &'(x—x,)g(x)dx=~g'(x,)

(i) &'(x—x,)g(x)=0"(x—x,)g(x,)—(x—x,) g (x,)

(Proof): Since

349



(11) Higher order derivative of &x) 350

9" (x)*g(x)=g" ()

.25(”) (x—x,)g(x)dx= (_1)” g”(x,)

) 5" (x=x,)dx=0 whenn>0

o —00

5(")(x):O when x # 0
59 () = (1) 5 (-
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4.3 Properties of the Fourier Transform

4.3.1 Listof Properties

% 4 (x)]= j x)exp(—j27zf x)dx
(1) Recovery |
(inverse Fourier transform) g(x)= j_ G(f)exp(j27f x)df
2 I 0 o

DC prapertyy 6(0)=]" e(x)ds  2(0)=[" G(/)ar
(3) Modulation 9'[g(X)ej2”f°x} =G(f-1,)
(4) Time Shifting Flg(x—x,)]=G(f)e >

: rs 1 A
(5) Scaling J[g(a\x)] mG Ej

-,\y

(6) Time Reverse J[ g(— ] G(— f )




(7) Real / Imaginary Input

If g(x) is real, then G(f) = G*(—/);
If g(x) 1s pure imaginary, then G(f) = —-G*(—f)

If g(x) = g(—x), then G(f) = G(—f);

(8) Even / Odd Input

If g(x) = —g(—x), then G(f) = -G(-f);
(9) Conjugation fi[g* (x)} =G"(-f) fi[g* (—x)] =G*(f)
(10) Differentiation ¥ :g'(x)] =j27xfG(f)

(11) Multiplication by x

ij:xg<x>1=§G'<f>

(12) Division by x

{@} ~j2x[’ G(u)du

X

(13) Parseval’s Theorem
(Energy Preservation)

" dx = A dr
J ‘gmu 9*(;) U )

(14) Generalized Parseval’s

Theorem

[* g(x)n (x)ax=[" G(/)H (f)df

—Qo0

352



(15) Linearity

Flag (x)+bh(x)] = aG( 1)+ bH ()

(16) Convolution

(
If z(x)=g(x)*h(x)= jig(f)h(x—f)dr,

(17) Multiplication

(18) Correlation

(19) Two Times of Fourier
Transforms

(20) Four Times of Fourier
Transforms

353



(Proof of (2) Integration Property)
G(f)=] exp(-j2zfx)g(x)dx

G(0)=[ exp(-j270x)g(x)dr=[ g(x)dx

(Proof of (5) Scaling Property)

F|g(ax)|= I:exp(—j27zfx)g(ax)dx
_ j_i exp(—j27zf%)g(x') |dc)zc’|

= ﬁ J:exp(— jond x'j g(x")dx' = |71|G(£)

a

Property (6) 1s a special case of Property (5) where a = -1.

354
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(Proof of (7) and (9))

G (—f)= j:exp(j2ﬂfx)g(x)dx

~ I_i exp(—j27f x)g" (x)dx = f}'[g* (x)] ((9) is proven)

If g(x) 1s real, then

(Proof of (10) Differentiation Property)
g(x)=5"[G(/)]=]_exp(j22f x)G(f)df

%g(x):I:jZﬂfexp(ﬂﬂfx)G(f)df25_1 |27 f G(f)]
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[Example 1] Determine the Fourier transform of the following signal.

g(x)=3 forlx <1,
g(x)=1 for1<|x[ <3, g(x)=0 for |x|>3

(Solution): Note that
<()=2n1(3)+113)

g(x) 201(x/2) I(x/6)

|+

[ ] — %] LS ]
] — (%] (]

3
71
1
0

-5 0 ] -5

page 3£| (3), A 5|/1/ ,/Z
Therefore, G(f)=2-2sinc(2f)+6sinc(6f)

=4sinc(2 )+ 6sinc(6f)
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[Example 2] Determine the Fourier transform of the following signal.

g(x)=xexp(—|x|)
(10) l<=]
(Solution): From page 336, we have

Flexp(—|x])]=

1+ 4 2 f?
Then, from the differentiation property ¥ [xg(x)] A G'(f)
bage 352 (1)
Fxexp(~|x[)]= 2J7mcrl]’v1+42 72
I f

.(1+47r %)
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[Example 3] Determine the Fourier transform of the following signal.

g(x)=exp(-3|x—1|+j67x)

(Solution): Since poge 33 (1), k=3

Flexp(-3|x|)|= 6
[exp (=31 1) O+47° f° N
6 o T P9 351(4)
g[eXP(_3 [x -1 |)] = 9+ 472 [ e’ time shifting property
Flexp(-3|x—1|+j67x)]|= 6 oI ([3)
[exp(=3[x=1]+/67x)] O+4rx*(f -3)
modulation property

I>29¢ 351 (3D
'?o: 3
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[Example 4] Determine the Fourier transform of the following signal.
from pag e 357
\ n (pwfey:q.
v (04 (‘ 7v 7() | .
g(x) =0  otherwise : | width: §

° & MEE)

g(x)=cos(67x) for0<x<S8,

(Solution): Note that

g (x)=cos(67x) (x 4)

8
_1 4\, 1 : 4
_Eexp(]&zx H(XS )+§exp(—]67zx)l_[(x8 )

)
T . - 351(B)
F H(gﬂ =8sinc(8 /) (scaling)

i 3B A fs4
3 11(%54)] <8¢ sine(s ) (time shifing




i | 360
¥ H(x_4ﬂ =8¢ /" sinc (8 f)
- 8 3513 fo° 3
F| exp( j67zx)H(%4ﬂ =8¢ /" sinc(8(f—3)) (modulation)
y—

9[exp(—j6ﬂx)ﬂ( . 4)} =8¢ /" sinc(8(f +3)) for-3

Therefore,

Flg(x)]
— %g[exp(j6ﬂx)H(XT_4)J +%fi[exp(—j67rx)ﬂ(xg4ﬂ

= 4¢PV ginc(8(f —3)) +4e "V sinc(8(f +3))




4.3.2 Real, Imaginary, Even, and Odd Parts

Moreover, from Properties (7), (8), (9), we can conclude that

(i) I3[ Re{g(x)}]

() S jgm{g(x)}]=1(G(/)-G"(-1))

HG(n+6' (=)

(Practice to prove them) »
G GO
“h(Relghn)= TH( 9:(11) L 2 A =1

361



Also, any function can be decomposed into

1 g(x)=g.(x)+g,(x)

362
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One can prove that

3e.(x)]=G.(f) 3, (%)]=G,(f)

3[g.,(x)]=G.. (/) 3[g..(x)]=G..(f)

g, (x)]=G,.(f) 3[g,.(x)]=G,,(f)
\ note /
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g(x)=g,,(x)+g,.(x)+g,, (x)+g,(x)

R

Q
R
W

G(f)=G.,(f)+G,,(f)+G,.(f)+G,,(f)
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4.3.3 Parseval’s Theorem

e ax=]["la(r) d

Parseval’s theorem is also called the energy preservation property,
Rayleigh’s Theorem, or Plancheral’s Theorem. | 2()): awmpl i tude
19(0)* : power

(Proof): )
o o po | - ‘ IETHIRER euerg y
[“a(na(Nar=["[" g(x)e” ax[" g(z)e ™ dzds
=] [ e()e" () [ ™ |dsas
:..:..:g(x)g*(7)5(T_x)d7dx (from page 346)

(® OO

=| g(x)g"(x)dx (from the sifting property)

= [ lg(x) dx
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Generalized Parseval’s Theorem

o0

[ g (x)ax= [ G(/)H' (1)df

—Q0

It also called the power theorem.
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[Example 5] Determine the following integral:

J-_isincz(x)dx ‘—'[‘“—l(,p)“}'o{-F :L'Zl A€ - \

[Example 6] Determine the following integral:

- % (og( 28 A gTn ([3K) >
J' cos(87x)sinc(3x)dx fj”' o
0 =3 (0s(27 X)
(Solution): Since page 336 (3) l= 4

fi:cos(8ﬂx)]=% S(f-4)+5(f+4))
_ aone 351 (5) 1/
F|sinc(3x)] = %H(gj Pog; %:5-— %

jwcos(Sﬂx)smc(%)dx J‘O;z( (f - 4)+5(f+4))31_[(§jdf

6]3/2 (f-4)+5(f+4))df =0



e VR
4.4 Uilcjert—ginty Principles 308

4.4.1 Uncertainty Principles from Different Views

(1) From the Point of View of the Scaling Property

F[g(ax)]= 1 G(i)

lal\a
wide 1n the time domain — narrow in the frequency domain

narrow 1n the time domain — wide 1n the frequency domain

n ' ' ‘ p 1




(2) From the Point of View of Equivalent Width

Equivalent Width in the Time Domain:

I g(x)dx
W, ===
g(0)
. . G(0)
from the integration property W, = 2(0)

Equivalent Width 1n the Frequency Domain:

[“a(ndr (o)
G(0)  G(0)

Product of the Two Equivalent Widths:

G(0) 2(0)
g(0) G(0)

W, =

=1

W W, =

g

369



| 9271
(3) Heisenberg’s Uncertainty Principle

For a signal g(x), if\/;g (x)=0 when |x| — oo, then

6,0, 2 1/dn
6« Avoriante : stamdard devietion
2

where /gx =_.(x—ux)2Pg(x)q’x o; =I(f—ﬂf)2PG(f)df,
I =[x, (x)dx uy =[S R
nean
P (x)= g/’ (/)= G(NI

[leinr dar

1 [l F dx’

pysbabilidy 3 power 2 A

ehe\’?)(/\ JL

lavge Smal)

ctanglord stanolavd
devlation deviation

370
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(Proof of Henseinberg’s uncertainty principle):

For simplification, we consider the case where x, = u,= 0

Then, use Parseval’s theorem
o _[¥ e ax [ £1GOOF df
o JleeFas [IGNHFdf
1 [ le)F dx [l g'Go)F dx
47" [lg@)F dx [lgx)F dx

Here, we apply the fact that

[lg) P dx=[1G(NI df
[IlgF de=47>[ £ 1G(N df

A

g'(x)]=j27fG(f)



Jx 18 dxf|g'()F dxz(

vV

372

2
]/2

/4 (using |a+b|? + |a—b|* = 2|al?)

From Schwarz’s inequality <g(x),g(x)><h(x), h(X)> > ‘<g(x),h(x)>‘2

2

d

ng* (x)ag(x)dx +

ng(x)%g*(x)dx

2

J(xg’k (x)%g(x) + xg(x)%g*(x)jdx

2

jx%[g(x)g*(x)]dx /4= Y

xg(x)g" (0] —[g" ()g(x)dx

(xg()g' (0 —xg@eg’ @) |-[g' e /4

[leeor a’x‘z /4
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4.4.2 Gaussian and Hermite-Gaussian Functions

Gaussian function:  exp (—7zx2 )

il
08
06
04 B

A X )X
02 |

0

-3 -I2 -1 CI) ‘; 2I 3
The Gaussian function is an eigenfunction of the Fourier transform
with eigenvalue = 1:

& S[exp(—ﬂxz )} = exp(—ﬂfz)



S|:6Xp<—7Z'x2 )] - exp(_ﬂjd) 374

(Proof): From the fact that

J.OO e—(af2 +bf)dl« _ /72' /a .852/40 M. R. Spiegel, Mathematical Handbook of Formulas
—0 and Tables, McGraw-Hill, 3 Ed., 2009.

we have
. 2
Vo —x? X’ —j2rfx v/ L] —7zf2
J{e }:j e el M dx = [Fe 7 ="
—00 72'

The Gaussian function 1s not the only eigenfunction of the Fourier

transform.

2 -
A CH m\sO ;w(‘c,('(f.( 67(6-‘-“479
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The Gaussian function satisfies the lower bound of Heisenberg’s
uncertainty principle.

9’[6_”2} e/
[ lg(x) de=]" e dax=A1/2
use J: e gy — Nr/la Lol 4a

I: X ‘g(x)‘z dx = j_z x2e ™ dx = ZJ‘: 2o 27 df =

_23/2] _Nmi2_ 1
227y )" aor

© m —ax F[(m + 1) / 2]
use -..0 dx = 2 g2

r(1/2)=~z  T(n+1)=nl(n)
j x|g (x \ dx L 2_I_2x2\g(x)\2dx_ 1

j g(x) T I:\g(x)‘zdx Ar
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2_ 1 _ |1
O 4 Ox = iV
Since G(f) = g(f),
_ |1
Gf E
Therefore,

2
—7TX

0.0, :4172 1f g(x)ze

Note: Other Hermite Gaussian functions do not satisfy the lower bound of
Heisenberg’s uncertainty principle.
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/"
S[Hn (\/%x)exp(—mc2 )J =(—j) exp(—ﬂfz)H (\/ﬂf)
_:(_> el 9@(,\ voalues
H (x): The Hermite polynomial of order n (see page 318).

H,(x)=1 H,(x)=2x

H,(x)=4x-2 H,(x)=8x"—12x

H,(x)=16x"-48x" +12 H.(x)=32x"-160x +120x
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*t4&x ~ Convolution

o0 o0

g(x—7)h(r)dr =I g(t)h(x—7)dr

—00

Convolution: g(x)*h(x)= I

—00

Specially, 1f g(x) = 0 for x <0 and /(x) = 0 for x <0, then

Convolution (causal form):
g(x)*h(x)= J.Owg(x—r)h(r)dr = J.Ooog(r)h(x—f)df

Physical meaning: The effect of the input on the output is determined
by their time difference.

y(x) =Iowg(r)h(x—r)dr

output  input effect of g(7) on y(x)



0 379
y(x)= IO g(z)h(x—7)dr
/ / \

output  input effect of g(7) on y(x)

y(x)=g(0)h(x)A+g(A)h(x—A)A+g(2A)h(x—2A)A
+---g(x)h(0)A

Any linear time-invariant system can be expressed as the
convolution form.



[Support Theorem]:

If the support of g(x) 1s x € [x,, x,]

(1.e., g(x) = 0 for x <x, and x > x,)
and the support of /(x) 1s x € [x3, X4],
then the support of z(x) 1s

X € [x;F x5, X+ xy]
(Proof):

z(x) =J-j:og(r)h(x—r)dr :j

X1

X

g(r)h(x-7)dr
h(x—7)#0 whenx— 7€ [x;, x],

X € [x3+ min(7), x4 + max(7)] = [x; +x3, X+ xy]

380
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*+4%4 Change of Independent Variables for Integrals

J' j ......... dxdy = j j ......... C~' dwdv
_%w %w_ ox  Ox | [ Ox Ox
X y ow Ov _ ow Ov
here C =det = det : ' = det
WhHETE ov v Oy 0y ©mdtey oy
| Ox Oy | | Ow  Ov] | Ow OV

For the indefinite integral case

Ow Ow] Cox  ox |
9, 0
C =|det * Y =|det ow. Ov
ov Ov oy 0Oy
' Ox Oy L Ow  Ov_




4.5 Convolution and Correlation

4.5.1 Convolution Property

o0

If  z(x)=g(x)*h(x) zj g(r)h(x—7)dr,

—Q0

then Z(f)=G(f)H(f)

convolution ===) multiplication

382



(Proof): If Z(x):g(x)*h(x):f g(z)h(x—1)dr, 383

00

FG(f)H(f)]= j_“;[ [" e g(z)dr jjoeﬂ”ﬁh(t)dt}eﬂ”fwf

fo0 oo J‘OO e g (2)e (1) e drdrdf

o0

o —00 o — —Q0
o0
00

co0 o0 |:jw e_jzﬂfre_jz;zftej27rfxdf:|g(z-)h(t)dfdf

—Q0

[ [ olx—r-0)g()h()drdr=["| [ 5(c+7-x)h(o)de |g(7)dz

=| h(x—7)g(r)dr=z(x)

o —00

Therefore,

Flz(x)]=G()H(f) Z(f)=G(N)H(S)



[Example 1] Determine the Fourier transform of 384

(x+1 for—-1<x<0
A(x)={1-x for0<x<I We (I:all it the triangylar f}lnction.

1k

0 otherwise

0.8

06

(Solution): 04
Note that A(x)=TI(x)=*II(x) 7l

[ (x)*1(x)= [

—00

0

[I(7)[(x—7)dr = J-l/z [I(x—7)dr

-1/2

)= 1.1 _1 1
[I(x—7)=1 for S <X=T<5, he, X—5 <T<X+3

When x —1/2>1/2or x +1/2 <-1/2,1.e.,x >1orx <-1,
" [I(x-7)dr=0
1/2 x+1/2 -2
When -1 <x <0 H(x—r)drzj l-dr=x+1

-1/2 -1/2

1/2 1/2
When 0 <x <1 H(x—r)drzj l-dr=1-x

-1/2 x—1/2
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Therefore,

[I1(x)]=sinc® x

Gy

F(x)]
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[Example 2] Determine the inverse Fourier transform of

_ 1 1
G(f)_1+72'2f2 ]7Z'f+1

(Solution): Note that

G(f)=2—22 51
/) 4+4n’ f* j2rf +2
From page 336 [,y )= (a) <=2

G- 2-2 _ -1 1 _
g {4+4ﬂ2f2}—exp(—2x) g [jzﬂerz}—exp(—Zx)U(x)

g(x)= 2exp(—2|x|) xexp(—2x)U (x)

=2 exp(—2 T )exp(—2x+27)U(x—r)dr

X =150
1L

=2 ooexp(—2 T )exp(—Zx + 2r)dr




= wa exp(—2‘r‘)exp(—2x + 22')d7

When x <0, since T € (-0, x], 7< 0 is always satisfied,

exp(—2‘r‘) exp(27)
exp(2x)

g(x):2exp(—2x)j_wexp(4r)drz >

When x > 0,

2eXp [ eXp 47 dr+j df}

= exp( 2)6)[l + ZXJ

(\&)

387



[Example 3] Determine 388

sinc(z)#sinc(¢) = st ()

AN} Trr s
Ae)y M$) = NE AHNE)NE N
[Example 4] Determine N
: e sine(27) # sine (3 —e‘;;‘mc(‘ﬂ :\‘:;Ls .
g 35 (2 sinc(¢) L\_s:nJ/c( t)*sinc(3¢) e —:LT_““I_Y‘(»)
o 2,3 N N1 3 SO =g
[Example 5] Determine ) S
5(1)*5(f) - §(0
FT) TIFT
[- V=
[Example 6] Determine
‘\'3744(271:'6)
sinc(4t)*sin(27t) 4
/4 A/T’T 5 IFT(]\ 3
S 5 T£0 R L P
* N 3 ~4l2 V=3



389
[Theorem 4.5.1]

g(x)*§(x—x0) = g(x—xo)
Specially,

g(x)*(x)=g(x)

(Proof):
5[g(x)*5(x—xo)] =5[g(x)]9’[5(x—xo)]
= G(f)exp(—j2zx,f) 323b(3)
fi‘l{fi[g( )* S (x—x, ]} g [G exp(—j27zx0f)]
g(x)xd(x—x)=g(x-x,)

(from the time-shifting property)
7 ag e 3 5 \ (4)
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4.5.2 Multiplication Property

If z(x)=g(x)h(x)
then Z(f)=G(f)*H(f)=| G(s)H(f-s)ds

multiplication convolution
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(Proof): J[Z X)] J[g )]

= U sj e H(u)du} 2L Iy
=[] [ ”™G(s)e”™ H(u)e "> *dsdudx
- U o755 g2 fz”fxdx}G(s)H(u)dsdu
_jj (s+u—f)G(s)H (u)dsdu
"G s

Therefore,

Z(f)=G(f)*H(f)=[_ G(s)H(f~s)ds



[Example 7] Determine the Fourier transform of

g(x)= cos(4ﬂx)rect(%)
(Solution):

g{rect(%)} = 6sinc(6 /)
F{cos(4mx)} =1[5(f -2)+5(/ +2)]

Therefore,

G(f)=6sinc(6/)=5[5(f=2)+5(f +2)]
G(f)=3sinc(6(f —2))+3sinc(6(f +2))

392
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4.5.3 Correlation

Correlation

z(x)=corr(g(x),h(x))= j_ig(r+x)h*(f)dr

Auto-Correlation

a,(x)=corr(g(x),g(x))= j_ig(r+x)g*(r)df

Applications: Matched filter, communication, pattern recognition,
signal detection ......
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[Theorem 4.5.2] In fact, correlation is equivalent to convolution with
the conjugate + time reverse of a signal.

corr(g(x).h(x)) = g (x)* " (=x)

(Proof):
g(x)*h"(-x)= _Oo g(x—7)h(r)dr where h(x)=h"(-x)

0.0)

= g(x-7)n° (-f)df

— _j x + T dT z-new _Told

=jj:og(x+r)h*(r)dr

=corr(g(x),h(x))
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Since

we have

F| corr(g(x).h(x))]=G(f)H" (f)
Specially, if a,(x) 1s the auto-correlation of g(x):
a,(x)= corr(g(x).g(x))

then

Fa,(x)]=G(f)
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4.6 Two-Dimensional Fourier Transform

4.6.1 Rectangular Coordinate

Two Dimensional Fourier Transform
3,02 (x,0)] j j (x,y)e > K 2™ dxdy = G( f,h)
Two Dimensional Inverse Fourier Transform
30 [G(f.h)]= j Lo (f,h)e”  e™ dfdh = g (x,y)

Possible Applications: Image processing, optics, electromagnet wave
propagation analysis, ....

[1] R. N. Bracewell, The Fourier Transform and Its Applications, 3rd ed., McGraw Hill,
Boston, 2000.
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Physical meaning: Express a signal by a linear combination of

ej27rfxgj27rhy
£ 1s the number of periods per unit of x

h 1s the number of periods per unit of y
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real part of e’/

Bright colors mean higher values and dark colors mean lower values.

2 1 0 1 2

(b) =2, h=0

]

-2

) 1 0 1 2

(@fzahzs (®f=2h=3

-2 0 1

N
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[Example 1] Find the 2D Fourier transform of

g(x,y)=sinc(x)sinc(y)
(Solution):

G(f.n)=]"

00 o —00

00

e /e 2™ sinc(x)sinc( y) dxdy

— f f g /2R sinc(x)dx} e 7™ sinc(y)dy

- I:H(f)e_jz”hy sinc(y)dy

=T1(f)| e ™ sinc(y)dy =TI(f)T1(h)

—00
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[Example 2] Find the 2D Fourier transform of

g(x,y)=M(x) N
(Solution):  G(f,h) j j IR TP (x) dxdy

- j_ U_ e T (x )dx} 727 dy = sinc f)_“ I dy
=sinc( f)5(h)
[Example 3] Find the 2D Fourier transform of

% g( y) sm(27z(x+2y))

G/ ) =f sz(zk(ﬂz)')) R Eckie 32"“’%% y T oo
]:U sm()n ,<+).y))€)2n¥%0|7‘ e"ém 70\7 —
T ~ ottndy( e 1) o UL )2 )

(Frge 536(6)) .
= S(h z#)J§(£~\)+ S(Hl)) S(%~))S’(\°~I)+%S(H>-)§(£—h)

Page 336 &) \mgez%
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4.6.2 Circular Coordinate Conversion

g(x,) g(r,0) x=rcos@, y=rsind r: {Fn
G(fh) G(s.9) f=scosg, h=ssing SR>

G(f,h)= ro jie‘jz”fxe_jzﬂhyg(x,y)dxdy

—00

G(S’¢) _ J-Ooo JAOZﬂ e_j27zsrcos¢cosﬁe—j27rsrsin¢Sin9g(r, Q)C_ldgdr
[ Ox Ox |

where (! — det or 06 _ det c?sé? —rsiné .
oy Oy sinf  rcosé@

(page 381) or 06

(oS(b(‘—'(;)) (o§$(0§6+57h X Sinf3

G(S,¢) _ J-Ooo -‘-027Tej27zsrcos(¢9)g(r’ Q)rdﬁdr



[~ 2 —j27srcos(p—0) 402
G(s.9)=| [ e g(r,0)rdOdr

Specially, 1f g(r, 6) 1s independent of &
g(r.0)=g(r)
G(S,¢) j0w|:j2ﬂ e_j2ﬂ3r005(¢_9)d9:| rg(},.)dr

0

From the fact that

(p=9¢-0)

J-27r e_jxcos(¢_9)d9 _ _J‘¢—27Z e_jxcosq)dgﬂ _ J‘¢ e—jxcosgodgp
0 @ ¢-2r

— J' 2”e‘fxcos(<”)d(p =2rJ, ( x) «___ Bessel function of the 1* kind
0 —

of zero order, see pages 201-
(cos@ has a period of 2 7) 203

We have G(S,¢)=27ZJOOOJO (27sr)rg(r)dr (Note that it is
o ind dent of
G(S):Zﬂ'j() Jo(27zsr)rg(r)dr ndependent of ¢)
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Hankel Transform

27zj (27zsr)rg(r)dr

It 1s 1n fact the 2D Fourier transform for a rotationally symmetric
signal.
g(r.0)=g(r)

Inverse Hankel Transform

27[_[ (27zsr)sG(s)ds

It has the same form as the forward transform.
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Several Hankel Transform Pairs

() If g(r)=0(r—r)

then G(s)=27zrJ,(277,s) C / X

Note that
27ZJ. (27zsr)ré(r—r,)dr

(from page 344(2))
:27ZJ0(27zsr0)r0 k= vo
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(ii) If g(r)=circ(r) cmilar o )

1 forr<l
0 forr>1

cire(r) :{

then G(s)= 4 (27”)\
> Bessel function of the 15 kind of 1% order,
See pages 201-203.
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Jinc function (also called the Besinc function).

jine(s) = Jlgfs)
Hankel
If g(r)=circ(r)— G(s)= J,(27s) = 4jinc(2s)
2D T S

It plays a similar role as the sinc function.

1*

jinc(s)
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Hankel
transform

g(r)=circ(r): > G(s)=4jinc(2s)
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4.7 The Operations Closely Related to the
Fourier Transform (= %37 %)

(1) Two-Sided Laplace Transform

F(s)=£{f(} =] e f(t)dt
Note that when
s=j2nf
it 1s reduced to the Fourier transform. When
s=o0+j2nf
it 1s equivalent to the Fourier transform of exp(—o?)f(?).

LU, ey = € e f(0)a
LU oy =3[ 0]
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(2) One-Sided Laplace Transform

F(s)=L{f()}=] e f ()t

When
s=o0+ j2rf
it 1s equivalent to the Fourier transform of exp(—o?)f(¢) U(¢).

L{fD} ey =37 FOU@) ]

U(%): unit step function

It has less physical meaning, but the probability that the transform
exists 1s higher. It 1s suitable for solving the initial value problem.



FT S[g(x)]:jjog(x)e—jzfzﬁcdx:G(f) 410

inverse FT 3 [G(f)] = I:G(f)ejz”fxdf =g(x)

(3) Fourier Cosine Transform

When g(x) is even, the FT is reduced to the Fourier cosine transform.
3, [ g(x)] = jo‘” g(x)cos(27 fx)dx=G.(f)
4J‘ Jeos(27 fx)df = g(x)

(4) Fourier Sine Transform

When g(x) is odd, the FT 1s reduced to the Fourier sine transform.

(x)]= j )sin (27 fx)dx =G, ( f)
4_[ )sin (27 fx)df = g(x)



411
(5) Hartley Transform

3. lg(x)]= Jig(x)cas(hzﬁc)dx =G, (f)

where cas(x) = cos(x) + sin(x)

3G ()] = j G,,(f)cas(27z fx)dx = g(x)

real input — real output



(6) Mellin Transform
3, [e(0)]= [ g (x)x"dx =G, (5)

If we set x = exp(-?), % =—x, dt=-x""dx,then

G, (s)= jjog(e_t)e_“dt
It 1s the two-sided Laplace transform of & (e_t)

It is suitable to deal with the fractal (#-2), since i1f
g(ex)=4g(x)

then
g(e_Hlnc):lg(e_t)

412
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(7) Hilbert Transform
gu (x)=3"{3[g(x)]H (/)]
where
(—j if >0
H(f)=10 if f=0
WAR/AVAS

Note that -1 [H(f)] :jJ-_O eﬂ”ﬁ‘df—j_‘-:ejz”fxdf

B 0 . 00 .
=lim jJ‘_ e"feﬂ”fxdf—jjo e_"fejz”fxdf}

c—0
B . 0 . 00
. ‘ of j2nxf . —-of _j2rxf
— lim j e 8‘ — e e.
o—0| "o+ j2rx| 7 -0+ jorx|,

—lim| j—L 4 ] }:um_ rx -1

o0 Y o+ j2nx T —o+ j2nx | oo0g? +4x%xE X
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Therefore, h(X)
Lo 2l g

g (x)=g(x)* x Jom(x—1)

h(x) ° j




! |

¢ (x) = cos(2hr) = o (x) = sin(27kv)
k#0 -

g(x)=sin(2rke) ===y ¢ (x)=—cos(27kx)

k#0
(Proof): If g(x)=cos(2kx)
then G(f)=L5(/~k)+55(f +k)
H(f)G(f)=F8(f ~k)+55(f +k)
SG(f)H(f)} =sin(27kx)

0Q

T

—~~
-

S~
I

415



416

&) Analytic Si | :
(8) Analytic Signa reconstruction:

g, (x)=g(x)+ /gy () g(x)=Re{g, ()|
Since if g(x) is real
Flg,(x)|=%[g(x)]+ j%|gu (x)]

G, (f)=G(S)+H(f)G(f)=(1+H (f))G(f)

(2 if £>0
L+ jH(f)=q1 if /=0
0 i f<0

we have 2G(f) if f>0 (It 1s called the ‘single

G(f) if f=0 sided band signal’)
0 if <0

N

G,(f)=

(halve the bandwidth)
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(9) Fractional Fourier Transform

X¢ (u) _ \/1 —jcot¢ ej”00t¢'u2 j‘_o; —j2mcscpur __ jr-cotPt x(l‘)dl‘
When ¢ = 0.57, the FRFT becomes the FT.
Physical meaning: Performing the FT a times, ¢=0.5ar

[Ref] L. B. Almeida, “The fractional Fourier transform and time-frequency
representations,” IEEE Trans. Signal Processing, vol. 42, no. 11, pp. 3084-
3091, Nov. 1994,

[Ref] H. M. Ozaktas, Z. Zalevsky, and M. A. Kutay, The Fractional Fourier

Transform with Applications in Optics and Signal Processing, New York,
John Wiley & Sons, 2000.

[Ref] V. Namias, “The fractional order Fourier transform and its application to
quantum mechanics,” J. Inst. Maths. Applics., vol. 25, pp. 241-265, 1980.



Fractional Fourier transforms for a rectangular function

$=001%

=

¢$=0
1 rectangle
b=02n

$=0.05n

418

4
\
N

sinc function

blue lines: real parts; green lines: imaginary part
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(10) Linear Canonical Transform

d 1 .
1 Jr—u® poo  —J2m—ut jm—t
X pom ()= e’ [Te e x(t)a
where ad — bc =1
X a b 0 1 Fous ]
= t
when . g 10 ourier transform

when | ¢ b _ cosg  sing fractional Fourier transform
c —sing cos¢

[Ref] K. B. Wolf, “Integral Transforms in Science and Engineering,” Ch. 9:
Canonical transforms, New York, Plenum Press, 1979.
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Summary of Transforms

Fourier Transform G( f ) — j N g( x)e—ﬂ”fxdx

G(f.h)=
f f g(x,y)e’ e 2™ dxdy

2D Fourier Transform

Hankel Transform 27Zj (27zsr)rg(r)dr
Two-Sided Laplace "
= H)dt
Transform G(S) )€ g(®)
One-Sided Laplace G(s)= [ e o(r\dt
Transform ( ) 70 &)

® 00

Fourier Cosine Transform G.(f)=| g(x)cos(27 fx)dx

J0

(® 00

Fourier Sine Transform G (f)= s g (x)sin (27 fi)dx
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of FT

Hartley Transform Gy, (f ) = J._ig (x )Cas(27z Jx ) dx
' G, (s)=[ e(x)x "dx
(st Tonsfrm, g gy () =1y 809
gy (x)=3"{3[g(»)]H (/)]
Hilbert Transform H (f ) =—j for [ >0,
H(f)=j for f<0, H(0)=0
Analytic Signal g, (x)=g(x)+ jg, (x)
. 2 '7zcot¢-u2 D< 'hw"eﬁ
Fractional Fourier Xy (u) B \/1 jeotg € *: @
Transform J‘i e—j2ﬂ-CSC¢-ut ejfr-cotcé-tz x( t) dt /2
o irdu®/b
Linear Canonical X @by (u) =y1/jb e
Transform J‘_OO e—j27z' utlb _ jrat*/b x(l‘)dl‘
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5. Sampling and Discrete Fourier Transform

— Sampling (Sec. 5-1) —— Varying the Sampling Rate
(Sec. 5-1-4)
— Reconstruction (Sec. 5-1-3)
Sampling
and Discrete
Tfaorll;?:;m Implementing the
[ Continuous FT (Sec. 5-2-2)

Discrete Fourier

I Properties (Sec. 5-2-3)
Transform (Sec. 5-2)

—— Complexity (Sec. 5-2-4)
——— 2D Version (Sec. 5-2-5)

[1] R. N. Bracewell, The Fourier Transform and Its Applications, 3" ed., McGraw Hill,
Boston, 2000.

[2] A. V. Oppenheim and R. W. Schafer, Discrete-Time Signal Processing, London:
Prentice-Hall, 3" ed., 2010.
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5.1 Sampling

5.1.1 Impulse Train

Impulse Train

p(x)z;5()6—71):---+5(x+1)+5(x)—|—5(x—1)+5(x_2)_|_ ......

It 1s also called the comb function.

=2 x=1 x=0 x=1 x=2
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Signal sampling can be express in terms of the impulse train

A‘x: SOIMP"IH?
g(X) sampling >g 25 .X,' nA \-ﬂ"ek Vﬂl

- Zgna(x_nAx)

where g, =g(nA,)
Pege 345

S R (Y

X

Since

the sampled signal g (x) can be expressed in terms of
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[Theorem 5.1.1] The impulse train is also an eigenfunction of

the Fourier transform, i.e.,
P(f)=3{p(x)}=2.6(f~n)

(Proof): Note that the impulse train 1s a periodic function
p(x)=p(x+1)

Therefore, it can be expanded by the Fourier series (page 323) of
the complex form with 7= 1

p(x)=> c,exp(j27nx)
where | !
1/2
c, :%J- p(x)exp(—jZnnx)dx =J.

-1/2 -1/2

1/2

S (x)exp(—j27nx)dx =1

(page 344(2))
|<f v
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Therefore,

p(x)= Zn:exp(jZﬂnx)

f}'[p(x)] = Zn:f'i[exp(jZﬂnx)]
=;5(f—")=l?(f)
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Varying the interval of the impulse train

n X n

25(x—"Ax)=Al 25(2 —nj=Al p(A’CJ (page 345(4))

g{z(s(x_,mx)}:g{ L[ ﬂ: p(Af)  (page351(5)

1
-Soes -3 2o( -]
IS
1
............... ‘A } ‘ ‘
A, 0 A 2A ;_1 0 A% AL
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5.1.2 Sampling Theory

[Theorem 5.1.2] Suppose that we perform sampling for a continuous
signal with sampling interval A

g(x) sampling >gs 25 .X' nA
= Z g,0(x—nA) where
then o g = g(nAx)
6,()=4 o[ r- 1)
. TXxon N T/ T
(Proof): Since g (x):g(x)Al D Ax j p — W—P)

peye 251 (B)

5[gs(x)]=5[g(x)]*~i7_Al P(Aixﬂ Pi6~F )
£

- LX) -2 )L 3
2.3 (84F -l'\) ‘m@fgz@ (page 389)
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If weset f = (7, 1s call the sampling frequency)

____________________________________________

then G (f)=£2G(f=nf)

____________________________________________

G(f) EG(O)
]%50 > f-axis
= o(nA =L | = x—1r
o4 ggmpling 25( ) Zn:g5( fsj
G (f)=£2.G(f-n)
(1) £.6(0) "

':fe J& 0 fs 2Ifs f-axzs
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[Sampling Theory]

The sampling frequency f = Al should be larger than twice of the

X

bandwidth of the original continuous function:
f,—B>B

f,>2B (Nyquist criterion)
where

G(f)=0  whenf>B.

Otherwise, the original function cannot be reconstructed and the
aliasing effect is led.

(
i
i |
( \
{

\
g i i \ 5 5 .
f B /=0 B\f-B f. f+B 2f, f-axis
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Q: What will happen if f =2B?

Even component with frequency f= £B — preserved

Odd component with frequency f= +B — destroyed
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5.1.3 Reconstruction (Digital to Analogous)

When the Nyquist criterion is satisfied, one can apply the lowpass
filter to reconstruct the original signal.

G(f) G(0) Frequency Domain
| ‘ G(f)
F-axis J

Gs(f)g £.G(0)

e =1 2.6(f-n

.fIS ]%O B f-B J, f—aX=is \
G (f) Gl i

DA = fal4 Jaw

ﬁ /‘: j%O 7‘:12_3 fq " where B<f,<f-B
/.
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Time Domain Frequency Domain
g(x) G(f)
J sampling D/A conversion J
— g (nA
£,()-Zao(+—F)

6(1)=n, J6.(1)

g(x):gs( )*%Smc(zfx) where B <f,<f-B

reCOV{struction A/D conversion



g 2f jg sinc 2f(x Z'))

- 2;} J’Zn:gn5(f—%)sinc@fc(x—r))df

_2/ - _n
g(x)— 7 Zn:gnsmc(ch(x 7 j
Specially, when f = f /2

g(x)ngn sinc(fsx—n)

n

Signal Reconstruction Formula:

______________________________________________

Eg(X)=Zgn sinc(Ax —nj where g, =g(nA,)

--------------------------------------------- | constraint: _L < 9p

X

434
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[Example 1] Suppose that

e =2(3)

g.=g =L g=2 g =0 otherwise

G(f)=0 forf>1

Try to reconstruct g(x).

(Solution): A =1/2

g(x)=sinc(2x+1)+2sinc2x +sinc(2x—1)



g(x) =sinc(2x +1)+ 2sinc2x +sinc(2x—1)

2 | I I w I I w w I
. 1 I N

sinc(2x+1) .
-2.5 -|2 -1|.5 -|1 -0‘.5 (‘) 0.‘5 ’: 1.‘5 2‘ 2.5
2

2s1nc ( 2x) T

0
25 -2 -1.5 -1 -0.5 0 0.5 1 1.5 2 2.5
2 \

sinc(Zx—l) 1

I
0 \_/\/\/\/\/
| | ] | | | | | |

-2.5 -2 -1.5 -1 -0.5 0 0.5 1 1.5 2 2.5
2
1 —
g(x)
0
-2.5 -2 -1.5 -1 -0.5 0 0.5 1 1.5 2 25

(Note): sinc(2x+1), 2sinc(2x), sinc(2x-1)

do not interfere with one another at x = n/2.

436
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5.1.4 Varying the Sampling Rate

(1) D/A conversion

g(x)ngnsinc(Ax —n)

n X

(1) Re-sampling

g, = g(nAneW) = ng sinc(ninew _ mj

m X

Note: When A , =kA_ and kis an integer

N

gn — gkn



From the view point of the spectrum, if 438

g, (x)=2g,6(x—nA,) és(x)=§§n5(x—mnew)
then
Gs(f)=ﬂzn:G(f—”ﬂ) G (f)= frow 2GS = 1f,)

where f; :1/Ax9 f;ww :1/Anew

G,(f) 1.6(0)
A f Jéo B f-B f Faxis
ol £,.,G(0) |

_]r;aew ]% O B f;qew_B ]I(new f—a;(is
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5.2 Discrete Fourier Transform

5.2.1 Derivation and Definitions of the Discrete
Fourier Transform

To process discrete functions, the continuous Fourier transform should
be converted into the discrete version.

Continuous Fourier transform:
G(f)=]" g(x)e" )

If we set

then
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G(mAf) =Y g(nA,)e A

X

Specially, if
A fo =1/N
—_—
then

Similarly, for the continuous inverse Fourier transform:
g(x) _ j OOG(f)ejzﬂfxdf

g(nA, )= ZG(mAf )ejzﬂmnAfoAf

2 rmn

g(nA)) =ZG(mAf)e]NAf
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Discrete Fourier Transform (DFT)

N-1 -2 Trmn
G[m)=DFT{g[n]} =Y g[n]e” "
n=0 m,n=0,1,2,...,N-1

Inverse Discrete Fourier Transform (IDFT)

N-l 2xmn

g[n]|=IDFT{G[m]} = %;G[m]ej 2

Note that the output of g[#n] is periodic

N"‘ -d' i‘ h (\M*N)
G|m]|=G[m+ N] G‘[vw*rN‘\‘}_ %Lﬂﬁ
- N-) *ai,z\mm n

: E_ ?L"\]e ~ 61[\4«]

Also note that, on page 440,

G(mA,)=DFT(g(nA,))A,




The DFT and the IDFT form a transform pair since 442

lN_l j2mmn 1N_1N_1 j2mmk 2amn INZ_I [ ] N-1 j2mmk 2xmn
L3l ™ = LS Skl T T = el ST
N m=0 N m=0 k=0 Nk:O m=0
Because
N1 omg N _ _J2ma
ZeJN :1 8.2” :1 62”_0 ifa;tO,
m=0 l—ej N 1—8] N
N-1
e/ vV =N ifa= 0,
m=0 unit impulse function
L —— (discrete Dirac delta function)
e’V = NG, [n—k]
m=0
1 N-1 jamm 1 N-1
v 2 Glmle” =+ > g[k]NS,[n—k]=g[n]
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Unit Impulse Function (discrete Dirac delta function)

5 1 ifn=0
d[n]_{o if n#0
1

oo
3 -2 -1 0 1 2 311

The unit impulse function has an explicit form. It does not a limitation
of a distribution.

Compared to page 343, Z5d [n]=1

5,[n]=0 if n=0
6;|n]=0,[-n]



Other possible definitions of the DFT

_ 2mmn

DFT G[m]= ) g[n]e”’”

n:l’lo

IDFT gln]=1 2 Glm]e'™

m:mo

N-1 o
DFET G[m] . \/%Zg[n]e_] N
n=0

ON-I1 2 wmn
IDFT g[n]= \/% > G[m]e' ™
m=0

444
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5.2.2 Implementing Continuous FT by the DFT

Suppose that we want to calculate the continuous FT of g(x) digitally and
g(x)=0 for x & [x;, x,+T]
(1) Shifting

gl(x):g(x‘Hﬁ) G (£) = G‘(_(\)G:}??(fv()

Note:
T g(0)=0  forx g0, 7]

(11) Sampling
gd [l’l] - gl (nAx)

(iii) DFT N
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(1v) Mapping to the true frequency

G, (mAf) =G, [m]|A,  (from pages 440 and 441)
S
ince N f
AA =1/N ST NA N
Therefore,
______________________________________ |
Gl(m%j_c;d [m]A, if0<m < N2,



[Example 1] : Suppose that 447

g(x) = (1-x])*> for-1<x< 1 gx) =0 otherwise
Sampling interval © A, =0.1

How do we obtain the FT of g(x) by the DFT?

(Solution):

i g(x)=g(x-1) G.(f): G- () e——;zn{l

ol g(x) g (x) :

0.1 — -

-1 -0.5 0 0.5 1 1.5 2



>S5
o
\’
N
<
Z
O
~

(111)

(i) &[7]=2g(nA,) s

G, [m]= DFT( n D\Gdlw) Cu(erN] ey

il | ‘Iblue: rleal pa

. move
T to left
%1_ |

S R S D

: ;



(iv) Mapping

blue: real part; red: imaginary part

G1(f)

| 5 e
6,

j =OulmlAs N <me

change m to f
1f 0 <m<N/2,

449



G(f)

0.7

0.6

0.5

0.4

0.2

0.1

-0.1

blue: real part; red: imaginary part

450
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5.2.3 Transform Pairs and Properties

[Duality Property]
If G[m]=DFT{g[n]}
then  g[(-m)),]=\ DFT{G[n]} ~DFT{G[n]}=Ng[((-m),]

((@))y: a modulo N
the remainder of a after divided by N

g[N—m] if m=12,--,N—-1

gmﬂmmk{ [0] -
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If G[m]zDFT{g[n]} then [(( ””))N] IDFT{G[ ]}

(Proof): LDFT{G[H]} =%Z€_ij[n]
n=0

(proved on the next page)

L DFT{G[n]} = NZM (=m—=k))y]g[K]

N-1

=> 5,[(m+k))]glk]=g[(-m))]

k=0
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ej _ ((a))N] ((a))y: the remainder of a after

o divided by N

N-1 27za
N

When a # bN where b 1s some integer
27

SNt 1=V _ -1 _g

2ra 2ra

J J
]—e V ]—e V

When a = bN where b 1s some integer (1.€., ((a))y = 0)

Il
S

n

N-1 27m N-1

] N-1
i27h
e Ee]’”‘:El:N
n=0

=0 n=0

S
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[Determine the IDFT by the DFT)]

g [m] - DFT{G[”]}
g[n] - ]{[gl [—n]

Note:
(1) Computation loading of the IDFT = Computation loading of the DFT
(11) In industry, only the chip of the DFT is required.



[Transform Pairs]

gln] G[m]
(1) &[n] (see page 443) 1
(2) 1 NS, [m]
3)  S[n—k] exp[—j2 km/N]
(4)  exp[j27kn/N] NS, [m—k]
(5)  cos[27kn/N] %5(, [m—k]+%5d [m—(N—k)]
(6)  sin[27kn/N] - j%@ [m—k]+ j%&d [m—(N—k)]

(7)g[n]=1for 0 <n W

g[n] = 0 otherwise

-/%m sin(zm(W +1)/ N)
sin(zm/ N)
W+1 form=0

e for m#0,

(8) exp[-kn], k# 0

— Nk
l—-e

1— e—k—j27zm/N

455
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[Discrete Impulse Train]|

’ [n] _ {1 if nis a multiple of c i< factor of N
0 otherwise
N=12
p2 [n] 0.5
ps|n] .




[Example 2] Determine the DFT of p_[n]

c 1s a factor of N

N-1 27rm Nic-1 _ 27rm ok Nie-l
e Z e = Z e Tt n=ck
n=0
Nie-l _ 2am, o . .
Iyt _1—e 'Nee _ 0 if m is not a multiple of N/c
€ o _2zm o
k:O 1_ e / N/C
N/c-1 _],27zm
e v =N if m is a multiple of Nic
C
k=0

Therefore, ~DFT{p.[n]}= %pmc [m]

457
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DFT
P[] [ [ [ [ [ Ta4 pln

05

ps[n] ﬂ

] ] DFT_ . [m]




Properties

459

(1) Linear

DFT{ax[n] + by[n]} = aX[m] + bY[m]

(2) DC Values

Gl0]- Sl g[0]-, X6l

(3) Shifting

DFT{g[((n=k))y ]} =W"G[m]

where ((n))y=n if 0<n<N-1
(n)y=ntN if -N<n<-1
((n))y=n-N 1if N<n<2N-1

W =exp(—j2z/N)

(4) Modulation

DFT{W"”g [n]} =G[(m+k))y]

(5) Time Reverse

DFT{g[((-m), ]} = G[(-m)) ]

(6) Even /Odd Input

If g[n] = gl((-n))y], then Gm] = G[((-m))x];
If g[n]

-g[((-nm))y], then Gm] = -G[((-m))y];




(7) Conjugate

DFT{g*[n]} = G*[((-m))y]

(8) Real/Imaginary Input

If g[n] 1s real, then G[m] = G*[((-m))y];
If g[n] 1s pure imaginary, then
G[m] = =G*[((-m))y];

(9) Circular Convolution

It ) [n]=g[n]*, h[n] =Zg[k [(n=k)), ]

then
Y[m]|=G[m|H[m]

(10) Circular Correlation

If y[n]=g[n]* A [((-n))y]
=Zg [((k+n)), |7 [k]
then Y[m]=G[m]H [m]

II*‘

(11) Parseval’s Theorem
(Energy Preservation)

VY eln)’ = G [m]

(12) Generalized
Parseval’s Theorem

N-1

sz_: elnlh[n] = S G}t ]

460



5.2.4 Discrete Circular Convolution )
: . . N-1
[Discrete Circular Convolution] g[n] . h[n] _ g[ k] h[ (n— k))zv]
k=0
(Proof of the convolution property)
N-l j27zmn N—-1N-1 3 @k N-1 _2zm - 2mam
L G|m|H|[m]e " =LZ glkle " ¥ Zh[s]e Noe N
N m=0 N m=0 k=0 s=0
| N-1N-1 N-1 ]27r(n—s—k)m
=y 22 8lklh[s]p e N
k=0 s=0 m=0
i N-1N-1
=7 glk|h|s|NS,[(n—s—k)),]
k=0 s=0
N-1
=D glk]n[(n—Fk)),]
k=0

N-1 .2rma

y —— .
Here we appl e vV =NS,[((a) ((a))y: the remainder of a
Pl 2 iy ] after divided by N

61
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[Discrete Circular Convolution and Discrete Linear Convolution]

A discrete linear time-invariant (LTI) system can always be
expressed a discrete linear convolution:

(1] = elnl hln) = 3, el

However, the convolution implemented by the DFT i1s the discrete
circular convolution:

If
y[n]=IDFT (DFT {g[n]} DFT {h[n]})= IDFT (G[m]H[m])

then

y[n]=g[n]*. h[n Zg h[(n—k))y]

((a))y: the remainder of a
after divided by N
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linear convolution:  y,[n]=g|n]|*h|n]=) glk|h[n—k]

circular convolution: y[n|=g|n|*, h|n]=) g|k|h|(n—-k)),]

For example,

»[2]=g[0]h[2]+ g[1]A[1]+ g[2]n[0] + g[3]h[-1]+ g[4]A[-2] +------

The condition where the circular convolution is equal to the linear
convolution:

(1) g[n]:O forn<0 or n>M
(i) h[n]=0 forn<0 or n>L

(i) N>M+L-1
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The condition where the circular convolution 1s equal to the linear

convolution:
(1) g[n]:o forn<0 or n>M
(11) h[”]ZO forn<0 or n>1L

(iii) N>M+L-1

(Proof): y[n]= ]:Z::_lg[k]h[((n—k))]v]
y|n]|=g|0]h[n]+g[1]h[n—-1]+---+ g[n]h|0]+ g[n+1]A|N -1]+
g|n+2|h[N-2]+---+g[N+n+1-L])h[L-1]+---+ g|N-1]h|n+1]
=g[0]h[n]+g[t]A[n—1]+---+g[n]A[0]
+g|N+n+1-L|h[L-1]+---+ g[N—1]h[n+1]
= g|0]A|n]+g[1]h[n—1]+---+ g[n]h[0] = y,|n]

(Since N+n+1-L > N+1-L > M)
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5.2.5 Complexity

Direct implementation: Complexity = O(N?)

With the fast algorithm: Complexity = O(Nlog,N)
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N-l 2 7m
Glm]=2 glnle” " \hew N=2
| n=0 3 wan -
2-point DFT e ° = C—dnwh
{G[O]}:{l 1 [ g[0] = (-7
Gl [1 -1][gll]

gl0] ><:m > G[0]
gll] > G[1]

-1 v




When N = 2k
N-1 _j2ﬁmn
— N
G[m]=> g[n]e
n=0
N/2-1 2zm(2n) N/2-1 _ 2zm(2n+)

= Z g[2n]e_J N+ Z g[2n+1]e T
n=0 n=0

N/2-1 _j27rmn /2-1 _j271'mn
— N/2 N/2
=2 afn]e 7+ > & [n]e

n=0 n=0

twiddle factors
giln] =gl2n], gln]=gl2n+1]

Therefore,

one N-point DFT = two (N/2)-point DFT + twiddle factors

467
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8-point DFT

o0
[
T
N_e__
S I 4
z °
S = N M = 0 o &
O O O O O O O O
W M/ )
1
ANl o
— 2 3 =
= =
.mm .mm
QO QO
<t <t
T s
S o XY = o n v
5 bdy bdp b dp bdp b bo w
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oint DFT

— e — — — p— e—

] ] ] e e ] e

< = = - " M~/ M/ e

—_— e e e e ed e e
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complexity: Nlog, N

AN

N/2 twiddle factors are Number of stages
required between two
stages

e J. W. Cooley and J. W. Tukey, “An algorithm for the machine computation of
complex Fourier series,” Mathematics of Computation, vol. 19, pp. 297-301, Apr.
1965. (Cooley-Tukey)

e C. S. Burrus, “Index Mappings for multidimensional formulation of the DFT and

convolution,” IEEE Trans. Acoustics, Speech, and Signal Processing, vol. 25, pp.
1239-242, June 1977. (Prime factor)



5.2.6 2D DFTs

2-D Discrete Fourier Transform (2-D DFT)

M-1 N-1 27Tm 27n
—J P —=J 1

G| p.q]= g|lmnle” M e N

2-D Inverse Discrete Fourier Transform (2-D IDFT)

M—-1 N-1 27rmp 2mng

]
G e N
= U [p.q]¢

p

g|m,n]

Il
je)

q
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Low Frequency Part — Mild Variation — Plane

High Frequency Part — Large Variation — Edge and Noise

G|m,n| low frequency part high frequency part
f. Jx
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50 §

200

50 100 150 200 250

Using the gray level to show the intensity

colormap(gray(256))



100

150

200
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Low Frequency Part (similar to the blurred version of the input image)

50 100 150 200

Passband: |f| + |f)| < N/30

250

150

50 100 150 200 250

Passband: [f,| + |f,| < N/10
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High Frequency Part (similar to the edges)

50
100
150

200

i 250 : J i
50 100 150 200 250 50 100 150 200 250

Passband: |f,| + |f,| > N/30 Passband: |f,| + |f,| > N/10



