— B,
Example: Generalized Eigenvectors (3/3) A1 )%=y,

° Equatlons ), and (ll&p_b_ew&ten—as—\

o We obtam

e Since vy, vo, and vj are linearly independent, the matrix V is invertible. We have
A=VJVv . 16
24 Je* (16)

o J is the Jordan canonical form of A.
gl caigcalio e AL
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The Jordan Canonical Form

We decompose the matrix A € CN*V into VTV . Hkm
The matrix V contains the (generalized) eigenvectors.
The Jordan canonical form(7 of A is a block diagonal matrix of the form

J:blkdlag(jl,jg,,JK)
For every k € [K], the [Jordan block J)has the form of -
L OTNACR

for some L, € [N]. sogpsvall
The matrix I, denotes the identity matrix of size L; by L.

blocle &/mgfom o

e The matrix Uy, is an_upper shift matrix of size L; by L.
o Let (4,7) € [Lx)*. The (i,7)th entry of Uy, is
U], ; = 614 L (19)
A N

q
C-L. Liu (NTU) May 28, 2024 13






Examples: The Jordan Blocks
o If k=1 and|L, = 1) then (3) Ol Lo\
v 1

A
Ji=ML1+1U; = )\1
Y
(J 1 becomes a scalar) scalar

o If k=2and L, =2, then [
s (l8) B, i
T = )\ I + U { }
){[]zn 2 2 2 2= 10 A

\ o

olfk:?)ande:g,then o |
A3 10

‘73:)\3I3+U3: 0 )\2 1
e 0 0 X\

C.-L. Liu (NTU) S IEM: Matiix Decompositions

May 28, 2024
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Jordan Canonical Form Definition and Examples

Example: The Jordan Canonical Form of a 4-by-4 Matrix (1/4)
o We consider the matrix A = E‘%%A‘ &U/OW(’MW»
4 0 0 =2 ' except !
\[, 3 A= |0 4 =20 \%,mmlrﬂé (20)
424

-1 -1 4 0

-1 -1 0 4 @‘\%wvccw

o From the characteristic equation, the eigenvalues of A are A = 2,4,4,6. Los (e‘,/\g

o For \ =2, it can be shown that [1 1 1 1 " is an eigenvector. 5

o For \ =0, it can be shown that [1 1 -1 —1]T is an eigenvector.

A-23

-

C.-L. Liu (NTU) STEM: Matrix Decompositions May 28, 2024 15



Example: The Jordan Canonical Form of a 4-by-4 Matrix (2/4)

o For \ = 4, the eigenvector is assumed to be vi = [a1 i1 m (51]T.
o The equation (A — %\rI) vi = 0 becomes

0 0 0 -2] [ 0
0o 0 -2 0 Bi| |0
—1 -1 0 0] |m| " |0 (21)
-1 -1 0 0] [& 0
A-4%
o For A =4, thereis Iinearly independent eigenvector:
1
—1
/_) -
"L 0

C.-L. Liu (NTU) STEM: Matrix Decompositions May 28, 2024 16



Example: The Jordan Canonical Form of a 4-by-4 Matrix (3/4)

e As a result, we need to find the generalized eigenvector v, = [0@ B2 Va2 52]T.
o The equation (A — AI) vy :@can be expressed as
— N2

0 0 0 —2| | 1
0 0 =2 0] |ff |1
-1 -1 0 0] || |0} (23)
-1 -1 0 0 92 0
o For \ = 4, the(generalized gigenvector v, is
N
v 0
0
~1/2

STEM: Matrix Decompositions May 28, 2024 17
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Jordan Canonical Form Definition and Examples

Example: The Jordan Canonical Form of a 4-by-4 Matrix (4/4)

o Based on the discussions on pages 15, 16, and 17, we obtain

apme A=VJV (25)
-2
h » Ml a
where \ L e/T%'@"W g' o
[T 10 7 e 2 boo

0

1 -1 0 1 0 4

V=110 12 1| (2~ 00 ]
1 0 -1/2 -1 l 00 -

A N 4’%4 \Y ] e;,ayvlﬂ

i %
beds [ 2, T4 e)
Kﬁ‘( ioql

C.-L. Liu (NTU) STEM: Matrix Decompositions May 28, 2024 18



Example: The Jordan Canonical Form of a 5-by-5 Matrix (1/5)

o As an example, let the matrix A be

I
O OO D
O OO = O
—_ O W = =
O = O
WO = =

—~

N

\‘

N—r

=Y

e Solving the characteristic equation of A leads to the eigenvalues

A=2 [4 4, 4 4| (28)

o For \ =2, it can be shown that [0 0 1 0 —1}T is an eigenvector.

C.-L. Liu (NTU) STEM: Matrix Decompositions May 28, 2024 19



Example: The Jordan Canonical Form of a 5-by-5 Matrix (2/5)

o For \ = 4, the eigenvector is assumed to be v.=[v1 w2 w3 vy v5]T.
e From the equation (A — AI) v = 0, we obtain
/

ALY 00 1 2 1] |wun 0
> 00 1 =2 1] |vg 0
00 -1 0 1] |vsg]=1]0 (29)
00 0 0 0] |v 0
00 1 0 —1| |vs 0
=
e For A\ =4, there are only two linearly Weng\solutions, denoted by ¢, and 1:
Ewee ¢ =[1 0000, c—5 ¢, =[0100 0. (30)
4 E-\ec
Ty ~—> 6 E-vec

C-L. Liu (NTU) STEM: Matrix Decompositions May 28, 2024 20




Jordan Canonical Form Definition and Examples

Example: The Jordan Canonical Form of a 5-by-5 Matrix (3/5)

o For \ = 4 and the eigenvector ¢; = [1 0 0 0 O]T, we solve the equation
(A — M) ¢, = ¢, for the generalized eigenvector.

(31)

(32)

e We obtain A -4T CF( > 437’
o 0 1 2 1 1
00 1 =2 1 0
00 -1 0 1|¢y=10
00 0 0 O 0
00 1 0 -1 0
o A solution to (31) is
do=[0 0 1/4 1/4 1/4]",
where the first and the second entries of ¢, are set to zero for simplicity.
at : May 28, 2024
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Jordan Canonical Form Definition and Examples

Example: The Jordan Canonical Form of a 5-by-5 Matrix (4/5)

-VEC
o For \ = 4 and the eigenvecto@: 0100 O]T, we solve the equation
(A — ), @for the generalized eigenvector.

o We obtain E vec
o0 1 2 1 0
00 1 -2 1 1
00 -1 0 1|vy,=]|0]. (33)
00 0 0 O 0
00 1 0 -1 0
o A solution to (33) is b
Yo=[0 0 1/4 —1/4 1/4]", (34)

C.-L. Liu (NTU) STEM: Matrix Decompositions May 28, 2024 22



Example: The Jordan Canonical Form of a 5-by-5 Matrix (5/5)

o Therefore, we can decompose the matrix A into E-values 2 4444

we ISy vy vecwor i\ S%‘(35)%

v\

y
wher ?’ (Ql C - ~
ere \L ,L C{;V@C.. ’ 427, wz
[1 0 0 0 0] [4@0 0 0]
00 1 0 0 04000
v=|o01140 14 1|, g=|004Q@o (36)
0 1/4 0 —1/4 0 00040
0 1/4 0 1/4 -1 000 0(2
SN
Wi E-val_

(Bwe) (G-F-vec)

C.-L. Liu (NTU) STEM: Matrix Decompositions May 28, 2024 23]






Jordan Canonical Form The Integer Power of a Matrix

J
=
© Jordan Canonical Form é\ = V :}_ Lj

o The Integer Power of a Matrix

Outline 20

A

C-L. Liu (NTU)

STEM: Matrix Decompositions

May 28, 2024
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The Integer Pover of 2 Matrx
The Integer Power of a Matrix

o We consider the Jordan canonical form of a matrix A € CV*V,

A=vVvJv (37)
e For a non-negative integer «, the matrix power A“ becomes
—_—
A= (vgv ) (vav) - (vav) (38)
« t;:ms
=VJ (v—lv J(V_IV) T gv! (39)
=VvJ vl 40
YTV, o

o (Question) How do you determine J 7
May 28, 2024 25



The Power of J K:S/\ 1
2

e
>

o From (17), we obtain ~ * " Jx
JD= blkdiag (59, T%,..., FP). (41)

o After dropping the subscript Ly, in (18) for simplicity, we rewrite the matrix J} as

% @ (W)U (42)

)Wg%f (43)
=0

§Cﬁ/{a 4

()= o @

C-L. Liu (NTU) May 28, 2024 26







(31+Q) = (ALY (NI+V)

NTHUY -
(NS0 = W1 v 3xu+ 3yt P



Jordan Canonical Form The Integer Power of a Matrix

£
Examples of the Powers of U J: u
e For instance, we assume that U =
v
e The powers of U are
>
0 0 JONON
0 0 Q 00070 O0
U?=1000 |, U= 00000
- 0000 v 00000
0 00 0O 000 O0@O0
o It can be shown that U’ = 0 for ¢ > 5. U; -0 Q":Q

C.-L. Liu (NTU) 'EM: Matrix Decompositi May 28, 2024 27



[0)
The General Form of U U -

o If ¢ <@ then Usz satisfies L\a X Llé

\ L 5__,—:
\:) IQ/ [Uék]m,nzén—m,éz {17 If‘n_m:£7

0, otherwise.

\

T

o If ¢ > L, then UeLk = 0. 123 Lie

|
2
wL?

'L\(_

STEM: Matrix Decompositions

May 28, 2024
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Jordan Canonical Form The Integer Power of a Matrix

The General Form of J7.

Powers of a Jordan block

The kth eigenvalue is denoted by \;. Let o be a non-negative integer. Let J . be the
A
kth Jordan block. Then / N M|, h=2—

@ if m=n, n-m= |

[(Tlmn =3 (L2 )™, ifn S mand & >n—m, 0> (46)

OT_m otherwise. .
AN i 3 2t
" L 1) ( | ) >\\<
N

oL Z
(%)) e




Jor

An Example of J}

o We assume that £ =1, L, :Y\5, and_ajg)_

o Then
J oo W &vﬁ:\_
ph ( m>L|
3 _
‘7.1 Y;B

dan

C-L. Liu (NTU)

>
el opa
A (DA
0 A3
0 0
0 0
0 0

STEM: Matrix Decompositions

n=>
(S
(DT

A

Canonical Form The Integer Power of a Matrix

7
| W

/1
nC_

x

Ed

May 28, 2024
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Example: The Power of a 4-by-4 Matrix (1/2)

o Find the matrix power A°, where
4 0 0 -2

— )
VIV cac]o 2o -

-1 -1 4 0
-1 -1 0 4 4\(4
o According to the example on pages 15 to 18, the matrix power A® becomes

A’ =V 7’V = Vblkdiag (J7, 75, J3) V. (48)

@ The Jordan blocks are

‘71:27 j2:|:4 1:|7 j3:67 (49)

C.-L. Liu (NTU) STEM: Matrix Decompositions May 28, 2024 Sil



Jordan Canonical Form The Integer Power of a Matrix

Example: The Power of a 4-by-4 Matrix (2/2)

e The powers of the Jordan blocks can be expressed as

2 =32, (50)
£ (3 x4t 1024 1280

5 1 —

a5 YT = [T ) (51)

@ 6° = 7776. (52)

o Substituting (50), (50), and (50) into (48) yields

2464 1440 —656 —3216

1440 2464 —3216 —656
—1936 —1936 2464 1440
—1936 —1936 1440 2464

A’ =

C.-L. Liu (NTU) STEM: Matrix Decompositions May 28, 2024 32



Singular Value Decomposition (SVD)

QOutline B o
} \ L -vec

e@gular Value Decomposition (S\@l

o Definition and Properties
o Matrix Norms and SVD

C.-L. Liu (NTU) STEM: Matrix Decompositions May 28, 2024 33



Singular Value Decomposition (SVD) Definition and Properties

EVD.

© Singular Value Decomposition (SVD)
o Definition and Properties

C.-L. Liu (NTU) STEM: Matrix Decompositions May 28, 2024 34



Singular Value Decomposition (SVD) Definition and Properties D

(A ]
The Eigen—Deco%\]p%sition of Hermitian Matrices | & Y=Y

oLetAE(CNXNandA_H_A_(w DQ;OE
=

o The eigenvalues A1, Ao, ... A

o After normalization, the set of eigenvectors w} is complete

and orthonormal. I—\ \]
o The eigen-decomposition of a Hermltlan matrix A is LN ;wrmiﬂt5>
[!\ Voo - \IN‘X = N texrms

Motivating Questions
@ How do we extend the decomposition to M-by-N (non-square) matrices?

C-L. Liu (NTU) May 28, 2024 35




Singular Value Decomposition (SVD)

[
The Singular Value lE}jecoM
o We assume that = |

@ There are unitary matrices

Definition and Properties

osition [HJ2013, pp. 150], [GVL2013, pp. 76]

} V},)and rank_(i)éa
=SB ndl Y e

3
| and a square diagonal

matrix UHU"‘S_ XI_H V=1
Y = @: (fiag/((;l,@,...,aq). - m (55)
such that s, &, 6, =P° ﬂ"
o,>09>-->)>0=0,,1 =" = Ore1 =" = 0g;. (56)
@B, W
'\\ GW&A ]RMXN f M N
MD —UsVt, z:<[2q£’l€ i }' =N (e
23
V\ﬂ - ei RM*N | if M >N,

C-L. Liu (NTU)
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Singular Value Decomposition (SVD) Definition and Properties

Terminologies
g >0

The scalarre the singular values of A.
The largest singular value of A is denoted by 0,,.x(A)

Let B Q [}
= u Uy ... (S

uM] €
The column vectors uy, us, ..., uy, are theingular vectors of A.
-

o Let D B U

V:[Vl Vo ... VN]ECNXN. (59)

The column vectors vi,va,..., vy are thesingular vectors of A.

(58)

.

C.-L. Liu (NTU) STEM: Matrix Decompositions May 28, 2024 37
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Singular Value Decomposition (SVD) Definition and Properties

An Example of the SVD /AE/\H
o It can be verified that E\H >
=
2 2 01 0
A=1|-11 :[ul Us 113] 0 09 |:V1 VQ]H
-1 1 e ~ ~ 0 0 ~————

v 57‘} —— VH?XL

\\f’ Y e
1 0 0 V8

=0 —-1/vV2 1/v2 0

0 -1/v2 -1/v2 0

o (Questions) How do we find the singular values and singular vectors for a matrix@
S\ ~ ST/ Wi ~Uy \\ "'MN

C-L. Liu (NTU) May 28, 2024 38
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Singular Value Decomposition (SVD) Definition and Properties

SVD and Eigen-Decompositions (1/2) UZ(\!{ \/\EH U

o Assume that{A = UXVH|is the SVD of A € CM*¥,
o The matrix AA" tan be expressed as
—

c v
lAl 1 ' —

L—

I

1

\

(60)

o Remarks on (60): MxA

o The left singular vectorsfuy, ug, ..., uys)are the eigenvectors of AAH, E\/ D
o\
ALY

C.-L. Liu (NTU) STEM: Matrix Decompositions May 28, 2024 39

o The mﬁcontams the eigenvalues of AAH,




SO ETAVE TN DT ST YY) Definition and Properties

SVD and Eigen-Decompositions (2/2)  Ae QMXN

o Similarly, the matrixan be expressed as
[

o AMA (UEVH)HUEVH
DNYM L =V,(Z"%) V] (61)

e Remarks on (61):

o The right singular vectors v{, Vs, ..., vy are the eigenvectors of AHA.
o The matrix =" contains the eigenvalues of AAH,

e How do we find both the left and right singular vectors?

E-wak® 3 E-vec - = lett sin lo Vectas
VAN 3 L -vec - Y‘%/}‘{ 9\ (av etz
C-L. Liu (NTU) STEM: Matrix Decompositions May 28, 2024 40




Relations among U, ¥, and V (1/2)

A Property rephrased from [GVL2013, Corollary 2.4.2]

If|A = UXVHis the SVD of A € C"*" and M > N, then for i € [N], we have

&\J = UZ \JH \L\ AVl = o;4;, AHui = 0;V;. (62)
<

o Proof sketch (1/2): We rewrite the SVD as AV = UX, which is
)

Vo ... VN]

/AV\ \ \ ‘ -0'1 0o ... 0 ]
L - 0 09 ... O
2 6M = [w wy ... uy ung . uyy ; :
0 0 ON

i 0 0 0 |
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Relations among U, X, and V (2/2)

o Proof sketch (2/2): The SVD of A" can be expressed as

e = (U ﬁq] VH>H (63)
=V [z o' Ut (64)

=V [5, oJUut, (65)

Comparing the columns of A"U = V [£, 0] shows the second equation in (62).
o Remarks on (65):

o The matriceand ave the same singular values.
o The left singular vectors of A become the right singular vectors of AH.

C.-L. Liu (NTU) STEM: Matrix Decompositions May 28, 2024 42



Computation of the Singular Vectors

o If o; # 0, then (62) can be rewritten as

Av,
;= —, 66
o (69
Afu,
P . 67
v p (_)

o Implications of (66) and (67)

o If the matrix A, the non-zero singular values, and one set of singular vectors are
provided, we can uniquely determine another set of singular vectors.

C.-L. Liu (NTU) STEM: Matrix Decompositions May 28, 2024 43



An Example of the SVD (1/3)

o Consider the matrix A on page 38. We obtain

2 2 8 0 0
A=|-1 1}, AA" =10 2 2|.
-1 1 Vv 0 2 2 2x2
e The characteristic equation END ﬁ‘é

0.

det (AA" — M) = —(A—8) (A —4) A

o The eigenvalues and eigenvectors are

(A1<AA“> Az(x?éAH) As(AAY) {0, (69)
. 1 2 0 0
& «—»QB: H , & @Z [1/\/5} : @: [1/\/5} . (69)

< |0 —1/\/§ —1/\/§

May 28, 2024 44
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Singular Value Decomposition (SVD) Definition and Properties

s\ o ©
An Example of the SVD (2/3) [o [«z\‘o_\

(=)

o From the definition of SVD on page 36, we obtain\

Q. © 6\ © O_X op 0 \6|>/ GL >/D:)\
5 .

o &\ o & o 0 oaf, (70)

© ° N 0 O

x2
e According t the matrix@contain& e eigenvalues o@

r :
=s" = [0 (o) S8 (1)
. . Sy = éf
e Since 01,09 > 0, we obtain
01 = \/g, 09 = 2. (72)
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An Example of the SVD (3/3)

o Substituting (69) and (72) into (67) yields

Aty 12 -1 -1 [ e
G A _ L o| = 73
o VB2 1 1]}

1/v2]’

vl (74)

v

KHuS/:%F 1 —11] 12@ _ {1/\/5]
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Singular Value Decomposition (SVD) Matrix Norms and SVD

Outline g
/LY
EM»‘ ’(}:L 6\ \L
- Va2
e Singular Value Decomposition (SVD) \L' GIZ ‘.
M , )
o Matrix ﬂorms \and SVD ‘ - o éi/ X
\ectoy &—mmﬂ ( mortiv
Z(y— No Y M \JFW@W—‘WS
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Singular Value Decomposition (SVD) Matrix Norms and SVD
Induced norm.

The Operator Norm [GVL2013, pp. 72]  Everywi

o The operator norm [|A|,, ; is defined as ! _ M’tﬂ‘/ gYLJL/(o—cur\

me

Al 2 € (79

||X|@
K Before bpercrtR

o |||l 5 is subordinate to the vector norms |-, and [|-[| 5.

ppere

— é\

o sYwm =
C.-L. Liu (NTU) STEM: Matrix Decompositions May 28, 2024 48




Meatrx Norms and SVD
The Matrix p-Norm

o By setting a = [ @the matrix p-norm is defined as

L
Il £ s B 5

(76)

o According to (76), it can be shown that [HJ2013, pp. 344-345], [GVL2013, pp. 72

||A|& 1‘%%)%% ’[A]” ’

|All, = m <MZ! y

mn

o If p=2, then ||A], is theﬂq’@ of A.

C.-L. Liu (NTU) STEM: Matrix Decompositions
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LBB/B /} A\,\ )+ LAzl
o | A

(<o b\('
e el A
lé}éN \
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LLE T
The Matrix Norms and the Singular Values
o Assume that A € CM*¥ has singular values (c.f. page 36)
o1>09>>0,>0=0,41="- =0, (79)

o Then, the matrix 2-norm and the Frobenius norm of A satisfy [GVL2013, pp. 77]:

lAll, =@0) (80)

|Allp = /ot + 03+ + 02, (81)
A i
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Singular Value Decomposition (SVD) Matrix Norms and SVD

The Interpretation of Matrix Norms
e The matrix A is mapped to a vector o éwﬁMLa{ \/@{U\%
~— L L

aé[al 02 ... Op Opy1l .- aq]T. (82)

e Then, the matrix 2-norm and the Frobenius norm of A satisfy

1Al = lolle » = &, (83)
~—~— SN~
matrix 2-norm vector co-norm
— 1
ALy = el - (ar g O
Frobenius norm vector 2-norm
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The Rank of a Matrix

o Based on the vector o, the rank of a matrix A satisfies

rank (A) = |lo|, = card(supp(o)).

——
@ The rank of A is the number of non-zero singular values.

o Low-rank optimization in signal processing

C.-L. Liu (NTU) STEM: Matrix Decompositions
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The Nuclear N

o Based on the vector o, the nuclear norm of a matrix A is defined as

q

1Al = Jell, =) o
—— —

vector 1-norm

@ The nuclear norm is viewed as a convex surrogate of the rank function.
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