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The Kronecker Product

o Let A € (C@X@andQE (C®X@ where I)\ql;amglx,/

B =

! D M:l @@ Z/LQ o ;Ll@
1 OG22 ... Q2N
A % o (23)
@ — : : U
Mlag: ame ... aun
o The Kronecker product/ @Qs defined as
PI |.B %‘il’QB CLLNB
A o B/g%"_ CL27‘1B a/Q"QB e a/27]‘VB c CM)X(M (24)
F,\}r _CLMJB a/M’QB FEoe CLMJVB \ P
——— &
o Reference [GVL2013] & &
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An Example of the Kronecker Product

o We consider the matrices A and B

2 3 0 1
APz 5-[" 1] -
4 5 6 243 10 —
@ Then the matrix A ® B becomes
;ca,laf yvm*:k')’
(_@ o 110 2 0 3
B (2)B ) -1 01-2 0 -3 0
A®B_{ B (5B (6 ] 0 40 5 0 o (2
—4 0 |-5 0| -6 0
X
A_ (|\L} b
290 - OB
BN = 4yt 7
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The Kronecker Product

Some ProB‘erties [Sﬁber2008, pp. 234] A= 5 o
o If a € Cand A € CM*V  then [&x@é : [qx/i\l :i!‘x%(]
=
a®A=loAl=A®a - L (1)
(AL
N M
o lfuecC andBE(C , then . | 1o (’HX:S
UN M uT®V=V11T=_\TI®uT. Tevsoy  (28)
A € CVN and B e CP Bh b Bdﬁ
° € an € then ) stonspoue
(A® B),T\\ = (AT ® (BT) (29)
{Yah4fd‘9@

May 14, 2024 41

STEM: Advanced Linear Algebra

C-L. Liu (NTU)




A
} = U|V2 Uz V2
U|\/} U}V SXZ



The Addition Property

o We consider

M ‘ ' l an
& € EY B ¢ CH*@, Ce g% D € CP*¢. (30)
R . NQ . NO L— — ]
o E ST e
(A®B)+(C®B)=(A+C)®B, (31)
+ ¥
(A®B)+(A®D)=A® (B +D). (32)
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The Kronecker Product

The Product Property

o We consider Q B C A\ D

AccQ)  Bec™ P cecM  pechdn (33

Y

o We assume that‘Nl = M3§and (&2 = M4.k
o Then M{m 1 DS
(A®B) C®D) (AC) (_’) (34)
Q |

N I My
N>
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|
The Inverse Propert i- [ g IQ,, ]

o Let A c CPMand Be (0. R
o Assume that A and B are invertible., 6 / 5 st

o Then [
. [ K Y(ss)
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The Eigenvactor Property ~T?Y&f\\fﬂv(‘/“zé/

Mx : NXA/
o Let A € CM*M and B € CV*V.
o We consider the eigenvalues and eigenvectors as follows: @B >7
AV1 = )\1V1, BV2 = /\QVQ.
R s -
e Then ,,@ < MN
Genlpewlpimew) U @
S
o Interpretations: = (év_f)@ (@b) = ()\,\/_|> @(/M&/;)

o (V1 ®va) is an eigenvector of (A ® B).
o (A1 A2) is the corresponding eigenvalue of (A ® B).
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The Orthogonal Property pa= [ 3¢4]

o Let A € CM*M and B € CV*N.
o We assume that A and B are unitary matrices, i.e.,

-

AAN =1, J BB" =1. (38)
e ]

. L{CZAsE) (o)

e Then C is also an unitary matrix, v
ccH=1. %@ ) (39)

X

(A® B)(A® E?BH = [a,.:B a...-lB }

_ [a‘ﬁ B oy
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The Rank Property

o Let A € CM*N and B € CP*@.

o Then Q D

k(A ® B) =rank (A k(B). 40
rank (A @ B) (ran(?l{an(\) (40)
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The Kronecker Product

The Determinant Property
o Let A e (V@ ,nd B ¢ PO

@ Then
det (A ® B) = (det (A))@% (det (B)§2, (41)
SR —
[
M\
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The Kronecker Product

The Trace Property

o Let A € CM*XM 3pd B € CNXNV,

@ Then
L
tr(A®B) =tr(A) t@. (42)
N
MN
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The Hadamard (Element-Wise) Product

The Hadamard (Element-Wise) Product

° :Aje/((@_x@(with entries a,.,)
° Ei((:_@i@_(with entries by, ) / " K !

o The Hadamard product: C = A o B € CM*¥V,
-—

C11 @ ... C1N 1,1 ... 1N bl,l e bl,N
022 ...

Co1 Co2 ... C2nN 21 Q22 ... 42N b2,1 b2,N
— O

CmM1 Cm2 ... CMN apm1 Qm2 --- GMN bM71 bM’Q bM,N

(. J/ (. S . s

v~ ~\~ ~\~
C A B

Cm,n = am,n X bm n:

i)
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The Hadamard (Element-Wise) Product

Examples

o Let the matrices A and B be

5)4 —1
A_%ﬂ»7\/ B_% 0 ‘\/

e Then the Hadamard product A o B is
AoB — {(5) i (1) (4) X (—1)} _ {5 —4}.

C.-L. Liu (NTU) STEM: Advanced Linear Algebra
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The Hadamard (Element-Wise) Product

Properties (1/2) [\ ) C )

o Let the matrices A € CM*N B € CM*N and C € CM*N,
e The commutative property:

o The associative property:
(AocB)oC=A0c(BoC). (46)
Lo(m,h b”'h\) Cpain a“’y](by-/"\ Cw,ﬂ)

(AoB)+ (AoC), (47)
(AoC)+(BoC). (48)

e The distributive property

Ao(B+C)
(A+B)oC
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The Hadamard (Element-Wise) Product

Properties (2/2) Cloc] E
o Let the matrices A € CM*N B € CM*N and C € CM*N,

o Letly £ [1 | 1]T be alj_ngﬂ@/ector of all ones.
o The trace function [Seber2008, pp. 252]:

trA@ @AOB@ (49)
W \j

tr (AoB)CT) =tr ((AoC)BT). (50)

1
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The Vectorization Operator

Outline

Dol
g aa e

@ The Vectorization Operator

wc(
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Definition of the ization Operator

o Let the matri@be @n _@7_

a1,N
a2, N
Sl =[a1 a ... an], (51)
NI ey
where a, = [a1n azn .. aM,n]T e CM,
o Then the vectorization of A is
aj \[M
A2 [ M
vec (A) = “I (52)
ay Ml
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An Example of the Vectorization @V v

o We consider the matrix A:

@ The vectors aj, as, and a3 are

1
] e

e Then

(55)
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The Kronecker Product [Seber2008, pp. 240]

o Let the matrices A, B, and B satisfy

A € CMN B e CV7, C e Ch*?, (56)
e O vec (ABC)
(1 = (CT® A) vec (B)
_ (BT @A) vee(Iy) _ (1o ® (AB)) vee (C)
= (BT @ Ly)vec(A) ., - (BC)"® IM) vec (A).
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vec (BB) >

X+ 23
3Xt4L

T+28
L 27t4S

% O E o[
O X o B 2
_ pZa
- L4
L )
e (A)



The Hadamard Product

o Let A € CM*N and B € CM*N,

e Then D D

vec (%0_%) = (vec (A)) o (vec (B)). (57)

Vel L\j > ? Iﬁ_c
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The Vectorization Operator

The Trace Function [Seber2008, pp. 240]

N
o Let A € C¥*N and B € xR
o Then

—,

tr (ATB) = (vec (A))" vec (B). (58)
]
A’(

=N
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© Generalized(Nor Nogm: |V [l
o Vector Norms v

o The Entry-Wise Matrix Norms\/
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Outline

Review of Linear Algebra
Matrix Operations
Eigenvalues and Eigenvectors

The Kronecker Product
The Hadamard (Element-Wise) Product
The Vectorization Operator

© Generalized Norms

o Vector Norms
The Entry-Wise Matrix Norms
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[P RN Bl Vector Norms

TheYEQQ@L o

T ) :
For a vector@)é [xl Ty . xN S (C@and p > 1, the vectong @norm is defined as

B ]I, < % xQ (59)

v

o p={2) The Euclidean norm or the ¢ norm
e p=1: The ¢; norm
@ p — o0o: The o norm

C-L. Liu (NTU) May 14, 2024 63



(Generalized Norms IRV T\ [101 1

The ¢5 Norm (p = 2) 2K el | %
/\\ 7:‘/\1 %N

5 1/2 %

Il 2 Zm@) [ ek D)

: W
|2+|x2|2+---+|xm = (%) (6

2
= V[x"x|= (xHx) = /tr (xxH). + %l (62)
R T 0=
o The Euclidean norm _ 0 1y (BN =t (BA)
o The /5 norm ||lu — v||, measures the distance between two vectors u and v.

>

u
o Example: If x = [3 —J 2] , then %
Ixll, = /1312 + |—4P + 2> = V29.
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The ¢; Norm (p = 1) Ly

A
N y(y)
x|, £ (Z |xi@> (63)
=1
= || + Joa| 4+ o] - (64)

e The sum of amplitudes
o Example: If x =[3 —4 2]T, then

1[Iy = [3] + [—4 + 2 = 9.
54 2
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[ EE PR\ CI  Vector Norms

v,
The ¢, Norm ( , . T
[EN (W Eigjlww ( 3 +«2">P : TL‘}VZ‘O Bp(@?\ 1Y)
N 1/p
Il = lim (Z |in”)

i=1

= {g%lle -

o [N]£{L1,2,....N}.

o ||x||, represents the maximal amplitudes of x.

o Example: If x = [3 —4 2]T, then

1[0 = max{|3],[—4],[2]} = 4.
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eneralized Norms BV LI\

Examples: Contour Plots of|||x|[, = 1 {(The ¢, Ball)

13\ y P
Gt a [=mdd
) P28
W (9 ¢ 1 oo Juisy X = [?] eR?
g | mo
@) o (A0)] (1,0)
0.5 “ f”FP -
):0.1 - )
X; ' (01_\) D=2
2
(23> 525 ‘ : ‘ ‘ ; [ %1 *l‘*z\L;l
SupptT 15 ( \31: \ 05 0 0.5 1 15
SLsmT™ ) )
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[P RN Bl Vector Norms

Tnfaconas) [l o)

o Notations
o [N]={1,2,...,N}.
o card(S): The cardinality of a set S. g:{ O, | ,23

oxé[:m xro ... xN]T. CaVA,(SB:’_%
Definition (Support)

The of a vector x € CV is defined as supp(x) £ {i € [N] :(z; # 0}
7t 210
x; ﬂ) c&tYA (éuFF (}é)>

34 © 5
If x = " = 0 ,Othen Supp(X) — {17274} (_/_ﬂ,c _
T4 1% © = 3 LSFO‘“'V )

o’
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The ¢y Function (2/2)

il

Definition (The ¢y function)

For a vector x € C¥, the ¢, function is defined as

Il £ card(supp(x)). (67)

o Precisely, ||x]|, is not a norm.

o [|x||, is related to the following limit

\\) th P 68
@;| | (68)
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Vector Norms
Remarks

L
° The and the /, function are often used in the objective function of
optimization problems.
The ¢, norm with p > 1 is a convex function.
. . —
Thé ¢, function promotes sparse solutions.
The nction is non-convex.

Convex relexation in_compressive sensing
o Replacing the ¢y function with the /1 norm
o Basis pursuit

C.-L. Liu (NTU) STEM: Advanced Linear Algebra May 14, 2024

70



Outline

)
O Generalized/Norms> /QZ < Aao
* The Entry-Wise Matri(Norms) > (L= )
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Epo el gt The Entry-Wise Matrix Norms

—_—
Them@morm A._ A, Gix

Oyl T

e Forp>1, theWL norm is defined as a?'L-“ .
P aw‘/’\
||A|| <Z Z |am"| ) ’ \/ve,c,

m=lon=l

)

o It can be shown that suw Qi )
S |
[A]], = [[vec (A)I@ :
(S
where the latter ||-||, denotes the vector p-norm. A
Quz
apz
\

- a{/f\l

Mxp\

(69)
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The Frobenius Norm (The Ly Norm)

For a matrix A € CM*¥| the Frobenius norm ||A|| - is defined as \
, ]7=2

Alg2 \[ 303 lonal (™)

m—1 =1

4
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The Frobenius Norm and the Trace Function

(72)

o Equation (62), which is| ||x||, = /tr (xx"), |shares a similar form to (72).
)
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Properties of the Frobenius Norm

Let A € CM*V,
Let U € CM*M and V € CV*¥ be unitary matrices.

HYT — Hy —
Namely, U"U =1 and V"V =1L
The Frobenius norm is unitarily invariant,

[UAV||p = [|A]lp. (73)
e
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Generalized Norms The Entry-Wise Matrix Norms

Other Entry—Wise@Norms
e The entry-wise Ly norm for A € (@@

olp=1) &,

o Definition:

M N
“A“l é Z Z |am,n|- (74)
— @

o The entry-wise L, norm for@ M

o‘p—)oo.) o
o The max norm ~ oo -

. ? - - -
o Definition: -

’ _
IAllo =~ max lamal- (75)
(m)elMix(N]

C-L. Liu (NTU)
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The Entry-Wise Matrix Norms_
Remarks on the Matrix Norms

° Thegentri—wisekLp norm “ ot X H

o The Frobenius norm (Lj)*
o The L1 norm /V

o The max norm (Leo) Y

o Other matrix norms
o Operator norms or_induced norms

o Nuclear norms
_—
o We will cover these matrix norms after the Lsingular value decomposition.,

Sy

C.-L. Liu (NTU) STEM: Advanced Linear Algebra May 14, 2024
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Selected Topics in Engineering Mathematics:

Advanced Matrix Decompositions
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\
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2 D National Taiwan University
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Outline

O Motivations Jwé‘m Lo

/Jordan Canonical Form

Definition and Examples

The Integer Power of a Matrix
{S.i.ng@_\/al\ue Decomposition (SVD) SVV
Definition and Properties
Matrix Norms and SVD 5

Principal Component Analysis (PCA)I

_—
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The Eigen-Decomposition of Square Matrices

Ler A et) [ ]

There exist N eigenvalues_)\l_,_ﬁz,w
The eigenvectors vi, vy, ..., Vy_1,Vy are assumed to be linearly mdependent

The eigen-equations arevan =\, forn=1,2,.
Then A can be decomposed into [ \ (’)
r

[A=VDV ! ( O (1)

V:[Vl Vo ... VN_1 VN], D:diag()\l,)\Q,..., N—17)\N)' (2)

Motivating Questions
© What if N linearly independent eigenvectors do not exist?” Jordan canonical forms.

@ What if the matrix A € C"*" is non-square? Singular value decomposiLion.

C-L. Liu (NTU) May 28, 2024 4




Outline

@ Jordan Canonical Form-

o Definition and Examples
o The Integer Power of a Matrix
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Outline

© Jordan Canonical Form
o Definition and Examples

C.-L. Liu (NTU) STEM: Matrix Decompositions May 28, 2024



Example: Eigen-Decomposition of a Matrix (1/3)
e Find the eigen-decomposition of a matrix A, which is
ug
ie\ o S 2 1 6
oo et A=10 25
erp e~

(e 00 2

%3

o First, we consider the characteristic eg uation

o For the matrix A in (3), the characteristic equation becomes

2—X 1 6

det 0 2—-X 5 =(2-X\)?’=0.

0 0 2—A
o Therefore, the eigenvalues of A are 2,2, 2.

e The elgenvalue 2 has an algebraic multlpI|C|t of 3.

May 28, 2024



Example: Eigen-Decomposition of a Matrix (2/3)

o We assume that an eigenvector corresponding to the eigenvalue A = 2 is
Vi = |:Oél ﬁl ")/1] . P
The characteristic equation (A — )\I) vi = 0 becomes
(To 1 6] [a 0
00 5|89 =1]o0]. ()
0 0 O [m 0
Equation (5) leads to 5, = 71 = 0.
For simplicity, we set oy = 1.
The eigenvector v; becomes

1
Vi = of . D (6)
0

C-L. Liu (NTU)
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Example: Eigen-Decomposition of a Matrix (3/3)

For simplicity, we set a; =1 in (6).

There is only one independent soluti igenvector of A.
The eigenvalue 2 has a geometric multiplicity of 1.

Also, there is only one eigen-equation for A:

-
x VD (7)

\|<

AV1 = (2) Vi.

Can we still decompose A into| VZV [
The matrix V contains the (generalized) eigenvectors of A.

The matrix J contains the Eigenvalues\of A.

C-L. Liu (NTU) EM: Matrix Decompositi May 28, 2024 9




Jordan Canonical Form Definition and Examples

Example: Generalized Eigenvectors (1/3) (A7 =2

o Continued from the examples from pages 7 to 9
o We define a generalized eigenvector, v, € C? satisfying  ( é - X&)S\}/Zﬁ-ﬂyl
(8)

/

(A= M) vy = vy
016 1]+
00 5|ve=|0]- (9)
0 00 0f,
o (Exercise) It can be shown that
0]-
Vo = 1 “ (10)
0],

is a solution to (8).
e In addition, andare linearly independent.
A

C-L. Liu (NTU)
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Example: Generalized Eigenvectors (2/3)

o We define another generalized eigenvector v; € C? satisfying

(A=) vy {30 (11)

016 0
0 0 5|lvg=|1]. (12)
0 00 0
o We select
0
V3 = —lg 5 (13)
5

such that (11) is satisfied and vy, v, and v; aremnearly independent.
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— B,
Example: Generalized E|genvectors (3/3) BN)=y

° Equatlons ), and (11) can b 9

o We obtam B
AV, Vo V5] =[vi va vy 3 Avo . (15)
—— ——— |0 0 X
\% % y
e Since vy, Vg, and v3 are linearly independent, the matrix V is invertible. We have
A=VvJv (16)

o J is the Jordan canonical form of A.
B e e May 28, 2004 12



