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(1) Conventional method for signal analysis

e Fourier transform : X (f)= Jmo x(t)e > dt

—00

e (Cosine and Sine transforms: 1f x(7) is even and odd
e Orthogonal Polynomial Expansion

B R R R

(2) Time frequency analysis
For example > STFT
X(t,f) = fo w(t — r)x(r)e‘jzﬁfrdr

Time frequency analysis * i eF° 42 °
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12-A Haar Transform

- 85 5 B * ¥ 11 F g time-variant spectrum 77 signal representation

8-point Haar transform

11 1 1 1 1 1 1
1 1 1 1 -1 -1 -1 -1
1 1 -1 -1 0 0 0 0
o LI I B B
1 =1 0 0 0 0 0 0
0 0 1 -1 0 0 0 0
00 0 0 1 -1 0 0
00 0 0 0 0 1 -1



8-point Haar transform

y;: low frequency component
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¥, ~ ¥g - high frequency component

3] :x1+x2+x3+x4+x5+x6+x7+x8

Vs =xl+x2+x3+x4

V=X +X, =X —X,

— X5 — Xg

Yy = X5+ X —X; — Xg

Vs =X — X,
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General way to generate the Haar transform:

. = LHN®®[1,1]
< ®[L1]
10
0 1
I, =
0
0

|

where ® means the Kronecker product

i a,B a,B
a@B=| @0 Db
_aM’IB a, ,B

where I a,, ap,
A = dy, a2:,2
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N =2k p=

hk—l,l
hk—1,2

Vi
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H*% 0 % 1 Brow & g=[1 1 1 - 1] e

N B 1
% 20 +q Brow & hy, [n]
p=0,1,..,k1, g=1,2,...,2°
k=1log,N
h,,n]=1  when (g-1)2kP < n < (g-1/2)2k»

h, [n]=-1 when (g-1/2)2k7 < n < g2k



e Inverse 2*-point Haar Transform 379

H'=H'D

Dim,n|=01fm#n
D[1,1]=27 D[2,2] =27,

D[n, n]=27%7 if 2» <p < 2p*!

(1/8 0 0 0 0 0 0 0
When k = 3, 0O 1/8 0 0 0 0 0 0
0O 0 1/4 0 0 0 0 0
Do 0O 0 0 1/4 0 0 0 0
0O 0 O 0 1/2 0 0 0
0O 0 O 0 0O 1/2 0 0
0O 0 0 0 0 0O 1/2 0
0 0 O 0 0 0 0 1/2




12-B Characteristics of Haar Transform

(1) No multiplications
(2) Input §= Output B:#Hc4p e

(4) ¥ 1 &2 37— B 5 localized feature

(5) Very fast, but not accurate

Example: (1.2] 13
1.2 -3
1.8 —-0.2
H 0.8 _ 0
2 0
2 1
1.9 0
12.1] | 0.2 |
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Transforms Running Time terms required for NRMSE < 107>
DFT 9.5 sec 43
Haar Transform 0.3 sec 128

References

e A. Haar, “Zur theorie der orthogonalen funktionensysteme ,” Math. Annal.,
vol. 69, pp. 331-371, 1910.

e H. F. Harmuth, Transmission of Information by Orthogonal Functions,
Springer-Verlag, New York, 1972.

The Haar Transform is closely related to the Wavelet transform (especially
the discrete wavelet transform).
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12-C History of the Wavelet Transform

e 1910, Haar families.

e 1981, Morlet, wavelet concept.

e 1984, Morlet and Grossman, "wavelet".

e 1985, Meyer, "orthogonal wavelet".

e 1987, International conference in France.

e 1988, Mallat and Meyer, multiresolution.

e 1988, Daubechies, compact support orthogonal wavelet.
e 1989, Mallat, fast wavelet transform.

e 1990s, Discrete wavelet transforms

e 1999, Directional wavelet transform
¢ 2000, JPEG 2000
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12-D Three Types of Wavelets

Wavelet 12 continuous / discrete * 4 > 3 3f4

Input Output Name

Type 1 Continuous Continuous  Continuous Wavelet Transform

7 PEALAL 5 discrete wavelet

Type 2 Continuous Discrete transform » & 2 ¥ & continuous
wavelet transform with discrete
coefficients

Type 3 Discrete Discrete Discrete Wavelet Transform

Wb i ¢ Fourler
transform ’ﬁ z
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12-E Continuous Wavelet Transform (WT)

Definition: a
efinition ab \/,J' (b jdt

x(f): input, y(7): mother wavelet

a: location,  b: scaling < >

a 1s any real number, b is any positive real number b

a € (-, ©), b € (0, o).

Compare with time-frequency analysis:

location + modulation

Gabor Transform G, (t,f) = J‘Oo e e_ﬂ”ﬁx(r)dr

—00



width of the kernel 385
Gabor Wavelet transform

f-axis b-axis
V' V'S

frequency

> f-axis a-axis
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jdt a: location, b: scaling

Ja.b)= (Lo [b“

¢ The resolution of the wavelet transform is invariant along a (location-
axis) but variant along b (scaling axis).

Ifx(f) = At —t,) + At —t,) + exp(2rft) + exp(j2 7 [,1),

Sy b,

/i (e b,

f t / t t,

b-axis 1> = fp K WT




12-F Mother Wavelet 387

There are many ways to choose the mother wavelet. For example,

e Haar basis

5/4 i
e Mexican hat function V¥ (f ) = 2\/5 (1 —27t? )e"”

In fact, the Mexican hat function is the 2" order derivation of the

Gaussian function.
1.5

1t

0.5}

0

-0.5¢




Constraints for the mother wavelet: 388

(1) Compact Support

support: the region where a function is not equal to zero

compact support: the width of the support is not infinite

Jl

a b

(2) Real

(3) Even Symmetric or Odd Symmetric



(4) Vanishing Moments 389

k" moment: m, = j_oo t“w(t)dt

Iftmy=my=my=....=m,  =0butm,#0, then y(¢) has p vanishing moments.

Vanishing moment 4% B > 338 P Ff (& AL PO = 2 A% 5

Question @ 4 H A& & [ w(t)dt=07

TR 2006E 1B kR T LR
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the 15t order derivation of

vanishing moment = 1 . .
& the Gaussian function

; . . . . o \ —
2} ] SRR
5 . . |
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02r
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-06

e g L — ., !
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g [Ref] S. Mallat, 4 Wavelet Tour of Signal Processing, 2" Ed., Academic Press,
San Diego, 1999.




vanishing moment = 2
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the 214 order derivation of

the Gaussian function

08

06

04

02

021
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Similarly, when

the vanishing moment is p
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(5) Admissibility Criterion

2
C, = jo || df < oo ,where W ( 1) is the Fourier transform of y(¢)

e

For reversible

[Ref] A. Grossman and J. Morlet, “Decomposition of hardy functions into

square integrable wavelets of constant shape,” SIAM J. Appl. Math., vol. 15,
pp. 723-736, 1984.



12-G Inverse Wavelet Transform

394



ZC%IO)C ( j (bj% Y(f):FT[y(j)g]S
T

:L db  where X(f)=FT[x()]
C, jo X (bf) b \P(f):FT[w(t)]

If yA?) is real, W(—f) = Y*(f), Y(—bf) Y(bf) = Y*(bf) Y(bf) = VY (bf)?

Y(f)=X(f)C¢W, ¥ (b)) 4L
2 d
=X(f)%.\ \f (f; = bf. df, = fdb)
2a’1
Sl erG
—X(f)

Therefore, y(¢) = x(¢).
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12-H Scaling Function

e

T_% scaling function 3

p(1)=] (1) " df

where J' | LP|(ff1) | df, for f >0, ®(—f) = D*(f)

@(t) 1s usually a lowpass filter (Why?)
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3 i+ A e Wavelet transform

(D X, (a,b)= %J‘ix(t)w(%jdt

a 1s any real number, 0<5b <),

2) LXW(a,bO):\/%J‘Zx(t)¢£t;ajdt

reconstruction:

d by 3 oo tfE A AR E 2 IF B i
If w(¢)=0 for |t| >1,, ¢(¢)=0 for |t| >t

________________________________________________________________________________________________________________________________

N L by t+bt, I—a t+byt L I—a E
)= {j | B b” ( - jdader o B LXW(a,b0)¢( - jda}




: D B t—a 398
(Proof): If yl(t)—c—jo .[—wbS/z Xw(a,b)w( ; dadb
00 l‘_
yz(t)_CL_‘-oo 31/2 LXw(a>b0)¢£ a]da
v 0 0
by 2
Yl(f) =X(f)CLj0 LIJ(bf)‘ % (from the similar process on
. " pages 394 and 395)
1 (% 2
—X(f)c—wjo ¥ (/) 711

g2
()= X () a (=S )O(bef) = X (/)2 (b, ) (b f)

1
Ct// W
zx(f)CLW@(bof)f

B(F) |> Key process
* 1

_ 1
_X(f)cwjbof e




Therefore, if y(2) = y,(f) + y,(?), 399

Y(f)=Y(f)+L(f)

by 2 o 2 df,
X (N[ v () Lo (- I )4
2 d
XN
=X(/)
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12-1 Property

(1) real input > real output

(2) If x(7) X (a, b), then x(t— 7 — X, (a1, b),

v

v

(3) It x(¥) X,(a, b), then x(¢/0) —’\/EXW(a /o,b/ o)

(4) Parseval’s Theory:

[1x(e) ar =%jo°°j:b%|xw(a,b) ? dadb



12-J Scalogram

Scalogram ** Wavelet transform 1.5 %f & - -

fix(t)y/(t;ajdt

2

1
Sc, (a,b) = ‘XW (a,b)‘2 — m

% P¥ > € #- Scalogram %_& =

: o F1e ) ar
il _);
XW( ’é“j 7 j:\ql(f)f df

Sc.(a,{)=

401



12-K Problems 402

Problems of the continuous WT

(1) hard to implement
(2) hard to find @(¢)

Continuous WT is good in mathematics.

In practical, the discrete WT and the continuous WT with discrete coefficients
are more useful.
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