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XIII. Continuous WT with Discrete Coefficients

13-A Definition

The parameters a and b are not chosen arbitrarily.

For example,
a=n2" and b=2".
o neZ, ne(—wo,)

oox(t)l//(th —n)dt

X (n,m)=2"" j

meZ, me (—oo,oo)

EE SR }}%:}a iT B 7 + F 7 H_discrete wavelet transform » F % v FRE_
continuous wavelet transform 4% ]

e Main reason for constrain a and btobe »n2™ and 27 :

Easy to implementation

X, (n, m) can be computed from X (n, m—1) by digital convolution.
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13-B Inverse Wavelet Transform

Inverse Wavelet Transform

() Z 22’"/2 (2’"t—n)Xw(n,m)

m=—00 n=—00

Suppose that Y (n,m)=2"" J_ x(Hw (2"t —n)dt

Yw(n,m)=2m/2j: i i 2m1/2l//(2m1t—nl)Xw(nl,ml)w(2mt—n)dt

ml =—00 nl =—00

then Y (n,m)=2""" Z‘o: i 2’"1/25<m—m1)5(n—nl)Xw(nl,ml)

= 2_m/22m/2Xw(n,m) = Xw(n,m)
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Constraint for reversibility:



13-C Haar Wavelet

y(t) mother wavelet

(wavelet function)

=0 =0.5

=1

w21

25 =0.5

=0
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The Haar wavelet satisfies 410

Without the loss of generalization, suppose that m, > m. Set
t,=2"t—n dt, =2"dt

2"t —n, =2""" + 2" " n—n,

2mjiw(2mlt—nl)w(2mt—n)dt = Jil//(Zml_mtl +2’"l_’"n—nl)w(tl)a’t1

Therefore, we only have to prove that

———————————————————————————————————————————————————————



y(t) mother wavelet
(wavelet function)

=0 =|0.5 =1

y(21)

@(t) scaling function

1

At) = d2t) + #2t-1)
Y1) = ¢2t) — p2t-1)

t=0 t=1
H2) 2420 = K0 + W)

411



(2"t — n)

=n2" t=(n

+.5)2"™

=(n+1)2"

e Advantages of Haar wavelet

(1) Simple
(2) Fast algorithm

(3) Orthogonal —reversible

(4) Compact, real, odd

e Disadvantages of Haar wavelet

vanishing moment =

A2™"t — n)

=n2"m

=(n+1)2"

412



Properties 413

(1) Any function can be expressed by a linear combination of &), &2¢), ¢(4t),
A8t), H161), ........... , and their shifting.

(2) = L 5% 0 ehfunction ;‘5'3? d (), y2r), y(4t), p(8h), y(161), ...........
LN

E e T iz i function ¥R ¥ r4d constant, y(7), y(21), y(41), y(81),
(162, ........... o RIS
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4) % F 5 R (+ ,T‘%z‘?\% fF m) 1 wavelet / scaling functions 2_ & ¢ 7 — & B %

At)= x2t) + 2t — 1)
Nt—n)=@d2t—2n)+ 2t —2n—1)

A2t —n) = 2"t —2n) + H2" Nt —2n— 1)

) = 20 — p2t— 1)

t—n)= @2t —2n)— 2t —2n—1)

(2"t —n) = @2t —2n) — H2™ Nt —2n— 1)
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(5) ¥ % m+1 & coefficients k 3 m &0 coefficients

¥ (n,m)=2"" j x()P(2" t —n)dt

7. (n,m)=2"" j X"t = 2n)dt + 2" j xRt = 2n —1)dt

— \/%(;(W(Zn,m+1)+;(W(2n+1,m+1))

X (n,m)=2"" j x(Ow (2"t —n)dt

X (n,m)=2"" j xR t = 2n)dt — 2" j xR t = 2n —1)dt

- \g(;(w(zn,m +1) - x,(2n+1,m+1))
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layer:
b= 2—(m+2) b _ 2—(m+1) b — 2—m
1
- N2
X [4n, m+2] Xo[2n, m+1] > x,.[n, m]
Xol4ntl, m +2] X [2n, m +1]
1
i z
X [4nt2, m+2] X 2nt1, m+1] = “D— X [n, m]

X [2n+1, m +1]

Xol4nt3, m +2]

structure of multiresolution analysis (MRA)




13-D  General Methods to Define the Mother Wavelet and |*!’
the Scaling Function

Constraints: (a) nearly compact support
—— (b) fast algorithm

| (¢)real

— (d) vanishing moment

—— (e) orthogonal

Fo continuous wavelet transform * $2 :

(1) compact support *t % = “nearly compact support”

(2) iX 3 even, odd symmetric ']

(3) ¢ ** © & §_complete and orthogonal, ¢ Z_¥ 1 reconstruction
#1103 F & admissibility criterion 7F 4]

(4) % 7 %} fast algorithm 1 & f



13-E Fast Algorithm Constraints 418

Higher and lower resolutions 77 recursive relation - #& it

¢(t ) = 22 g k¢(2t —k ) #- 1% dilation equation
k

w(t)= ZZk:hk¢(2t—k)

y(t): mother wavelet, @(¢): scaling function

ol M R5Y = 2 > A 3 fastalgorithms
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é(1)= ZZk:gk¢(2t—k) w(t)= ZZk:hk¢(2t—k)

It z,(nm)=2""[" x()p(2"t - n)dt

T pw
then Z,(mm)=22 | x(t)g,$(2""'t—2n—Fk)dt
k

1
222gkgw(2n+k,m+1)
k

If X, (nm)=2""] " x(Ow (2"t - n)dt

then X (nm)=3"22" [ x()h,¢Q2""1~2n~k)dr
. —00

1
22 hoy,(2n+k,m+1)
k



(Step 1) convolution

1
Zw(n) — 22Z§klw(n _kﬂm +1)
k

N |~

X, (m)=22Y by, (n—k,m+1)
k

(Step 2) down sampling
Zw(’/l’m) = Zw(zn)

X (n,m)=X (2n)

8r = 8-«

»&‘z

420



X, (n,m+1) —

V2

2

— x,(n,m)

J2n,

2

- X (n,m)

421



o To satisfy #(7 Zng¢ 2t—k), 422

$(t/2) Zng¢t k)=2> g,6(t—k)=¢(r)

FTJ FTJ where (D(f)=FT:¢(t)]:jjo¢(z)e—j2nftdt
20(2)=2G(£) (1) . _Z ( )}
G(f)=FT|) golt—k
el S
CD(f):G(EjCD(Ej _ngj‘ t k oI 27f 1 g
_Zk:gk o2l

®(f) #_ Ht) 0 continuous Fourier transform

G(f) &_{g,}  discrete time Fourier transform



constraint 1

G(f): #&#- ¥ generating function

423



424

®(0)=G(0)@(0)  (f=0 7 »)

G(0)=1_ w2Z%&

constraint 3




13-F Real Coefficient Constraints 425

sinee - o(7)=TT6(L]  w(r)-n(4][T6(£)

q=2

If G(f)=G"(-f) |H(f)=H (-f) are satisfied,

N

constraint 4 constraint 5

then ©(f) = ©*(— /), Y(f) = Y*(—f), and @(¢), y(t) are real.

Note: If these constraints are satisfied, g,, s, on page 418 are also real.



13-G Vanishing Moment Constraint 426

If yAt) has p vanishing moments,

[ ty(t)ar=0 fork=0,1,2, ..., p—1

Since FT[tky/(t)}z(zizjk d- Y(f)

dr’
[ x(e)de=x(0) if X(f)=FT(x(1))
I:tk,/,(t)dt =0 FT[tkW(t)]‘fzo _ (ijzj ;kk ‘P(f)fo L,

—0 fork=0,1,2, ..., p—1
f=0

dk
Therefore, W\P(f )



=0 fork=0,1,2,...,p—1

k
if d—H(f) =0 fork=0,1,2, ..., p—1 is satisfied,

/=0 o

constraint 6

=0 fork=0,1,2, ..., p—1 are satisfied
f=0

then %\P(f)

and the wavelet function has p vanishing moments.

427



42
13-H Orthogonality Constraints 5

e orthogonality constraint:

I:th//(Zmlt—nl)w(th—n)dt =§(m—ml)5(n—nl)

y(t): wavelet function

If the above equality 1s satisfied,

forward wavelet transform:

X (n,m)=2"" j x(Ow (2"t —n)dt

inverse wavelet transform:

=C+ Z 22’"/2 (th—n)Xw(m,n)

m=—o0 n=

(much easier for inverse) C = mean of x(¢)

(FEM 2 })
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If =C+ Z 22’"/2 (2mt—n)XW(m,n)

Mm=—00 n=

and j_mew 2m1t—nl)w(2mt—n)dt =6(m—m)S8(n—n,),

then 72 j x(Ow (2"t - n)dt

_2m/2j C+ Z 22’"1/2 (Zmlt—nl)Xw(ml,nl) w (2"t —n)dt

=—00 I’Zl =—00

:2M/2J:Cw(2mt—n)dt+2m/2 i szl/zj w (2" t=n )y Q2" t—n)diX,, (m,n,)

0+ S S 5(m,—m)S(n, - )X, ()

AN Ny =—00 1; =—00
N

~

=X, (m’n)

““due to f w(t)dt =0
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Therefore, 2W2_ro x(H)w (2"t —n)dt is the inverse operation of

C+ i iZm/zt//(th—n)Xw(m,n) #

m=—0o0 n=—00



XR A

Jime(2mlt—nl)w(2mt—n)dt:5(m—m1)5(n—nl)

2w oo FRGRE T Z ik
(1) J:l//(t —n )y (t—n)dt=5(n—n)  for mother wavelet

B E R jizm://(zmt—nl)z//(zmt—n)dt =5(n—n,)

Herp am o =

431



432
(3) j t n, w(2_kt—n)dt:O for any n, n, if k>0

£ (1) (3) e 3% &>

jime(2mlt—nl)l//(2mt—n)dt:5(m—m1)5(n—nl)

5 Hik A
(Proof): Set ¢ =2"¢, dt, =2"dt
[ 2mw(2me=n)y(2mt-n)de=] w(2" "t =n)w(t—n)ds
If (3) 1s satisfied,
Iizmz//(zmlt—nl)w(z’”t—n)dt =0 whenm=m,
In the case where m = m, if (1) 1s satisfied, then

jj:o2mt//(2mt—nl)y/(2mt—n)dt = j_o;w(tl —nl)l,u(t1 —n)a’t1 = 5(111 —n)
#



e d Page43l ik i+ (1) 433

j:w(t —n) )y (t—n)dt / Parseval’s theorem

:J‘w e—jzﬂnlqu(f)ejszqj* (f)df J-_O;x(t)y* (t)dt:j._iX(f)Y*(f)df

_ [~ ejZﬂ(n—nl)f\P(f)LP*(f)df

—00

2\ el ' , e ,
— Z joej2ﬂ(n—n1)(f P)LIJ(f _|_p)LP (f +p)df

p=—° ej27f(n—n1)(f'+p) — ej27r(n—n1)f’
1. N . : i
= joefz”(” "W/ Z W(f'+p)df =6(n—n) if p is an integer
p=—x
Therefore,

0

[l S W (' + p) P df = 5(-n,) =5 (n,)

o0

Z W(f'+p) =1 forallf” should be satisfied

p=—®




o =32 » d Page43] enig it (2)

j_i¢(t —m)¢(t—n)dt=56(n—n) for scaling function

J8 3B A7 57 02 page 433

o0

Y o(f+p)f

p=—®

1

for all /* should be satisfied

434



435

2 p=—o0
2|H(§+§j®(£+§j|z _ (page 433)
Sia(grafa{3ea)rs Ziu(gear)o(fardfr-

¥] 5 h, A_discrete sequence, H(f) €_h, 7 discrete-time Fourier transform

H(f)=H(f+1)=H(f+2)=-
1(4)r L10(4+a)rra(51)p Lio(5rard)e -1

g=—0



o4 S (et Sro{fennt)

o0

512 D |O(f+p)f=1 forallf

p=—©

(page 433 g i+)

constraint 7

436



constraint &

437



e Page 432 i% % (3) et 438
g A0

l//(2_kf - n) ¢(2 i ) 1 linear combination v (1)=2> h¢(2t—k)
k
¢(2 i 1) 5’—\¢(2_k+2f — nz) 77 linear combination ¢(t) = 22 g,8(2t - k)

¢(2"‘+2 ) n\¢(2‘k+3t — n3) ¢ linear combination

¢(2_1t —-n, ) X ¢(f — Ny ) 77 linear combination

~k : 4 = o L
w(2 t—n) % FF Aot & @(t—n) ¢ linear combination




p (2 t=n)=2b,¢(t=n,) 439

w005 5 [Ty (t-n)@(t-n)dt=0 forany n,,n, ¥ % &

Al fiV/(f—nl)w(Z‘kt—n)dﬁO for any n,, n, & Tt 43 = =

Page 432 i #* (3) ¥ 2§ =

Ii‘”(‘_”l)cﬁ(f—nk)dt:o

I_Oow(f)fl’(f—f)dfzo (Bet—n = £, 7= m—n)

j‘_iql (f )(D* (f )ejsz df =0 (from Parseval’s theorem)



[“w(r)o (f)e df =0 440

e/?7TUrP) — o/27t/  (since from page 439,

T= n,—n, 18 an integer)
f 2
d| L
2]

= (D(§+q+%j2 '

z J.;H(§+q)g*(§ +qj et g




Since H(f)=H(f+1)=H(f+2)=-- 441

constraint 9



—

3-1 Nine Constraints

442

(D

(2)
3)

4
)

(6)

FEI® 0 2k 3+ mother wavelet fr scaling function 4 « if i#

(% d page 417 1 constraints #i74 @ K)

=0
/=0

fork=0,1, ..

for fast algorithm , page 423

for fast algorithm , page 424
for fast algorithm , page 424
for real , page 425

for real , page 425

for p vanishing moments , page 427

L p-1
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(7) [H(f)] +] H(f+é) =1 for orthogonal , page 436

(8) |G(f) |2 +| G(f+%) |2=1 for orthogonal , page 437

9) H(f)G*(f)+H(f+;)G*(f+£):0 for orthogonal , page 441

g

are the discrete-time Fourier transform of on page 418.

k



e Simplification
Let
H()|=6(/+1/2)

G(f)zzk:gke_ﬂ”ﬂ‘, H(f):Zk:lfzke_jz”ﬂC
G(f)=G(f+1), H(f)=H(f+1)

Low frequency: around /=0

High frequency: around f=+1/2

444



445
Specially, if we set that
he=(D"g., H(f)=-e "G (f+1/2)
when the following constraints are satisfied:

G(/)F+1G(f+L)P=1
G(f)=G"(-f) (% = (5), (8) i &)
then (/)] + H(/+1)P=1G(r+1)F+16(0) =1
H(f)G*(f)+H(f+%)G*(f+%)
2 )1 e e+
G (1 1)6 (1) re PG ()G (1) =0

H (—f)=—e?"G(-f+1/2)==e>"'G"(f-1/2)=H(f)
i (4),(7), (9) » #is &



5
a

(D)

(2)
3)
(4)

()

(6)

(7)

GNP +1G(f+1)P=1

H(f)=-e>"G" (f+1/2)

fork=0,1, ...

! 2% 3+ mother wavelet fr scaling function =/ B & 4 (f§ v 4K)

for fast algorithm

for fast algorithm
for fast algorithm

for real

for p vanishing moments

for orthogonal

446



13-J Design Process 447

K P& G() (0<f<1/4) /427 > mother wavelet frscaling function

G(f): #F 1% generating function

Design Process (3% 3+ 7~ 4%):

(Step 1): &7 G(f) (0 <[< 1/4) » % B12 T chif 2

(@ G(0)=1
(b) %G(f)f_fo fork=0,1,2, ..., p-1



(Step2) & G(f)=G"(-f) AT G(f) (-1/4 L f<0)

(Step 3) d |G(f)|2+|G(f+;)|2=1 A% G (1/4 < f<1/2)
(12 < f<-1/4)

15 G = G(f+1) » -5 S G(f) &

(Step4) & H(f)=—e"G(f+1/2) Az H()

LP(f):H(%jﬁG(ziqj -2 O(f), P(f)

448



449
x 0 (1) % Stepl ehd B ks &0 d |G +|G(f+1/2)}=1

dG(r) =0 fork=0,1,2, ..., p-1
af f=1/2

x g3 H(f)=—e7G (f+1/2)
d* _ _
L_H(f) =0 fork=0,1,2, ..., p-1
dfk ( .

(2) \G(f)\2+\G(f+l/2)\2:1 1G(f)P=lG(=f)F
s G (0<f< 1/4) B30 |G| $ v - 2

(3) #2 cE 85 5 0 G(f) = Gl G(f)=2ge "
FRERIMEIFEFR G -12<f<12 ¢
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13-K Several Continuous Wavelets with Discrete Coefficients

(1) Haar Wavelet
zgl0]=1, g[l]=1 G(f):1+exp(—j27rf)
hl0]=1, A[1]=—1 H(f)=1-exp(-j27f)
.
gl01=12, g[11=12  G(f)=[l1+exp(~j27f)]/2

MOT=172, H11=-112 H(f)=[1-exp(-j27f)]/2

vanishing moment = ?
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(2) Sinc Wavelet

G(f)=1 for[f|<1/4

G(f)=0  otherwise
vanishing moment = ?

(3) 4-point Daubechies Wavelet

11443 3443 3-43 1-43

8 8 8 8

i

vanishing moment = ?

vanishing moment VS the number of coefficients




[Daubechies Wavelet]: 452

It can be viewed as a generalization of the Haar wavelet.
(Haar wavelet = 2-point Daubechies wavelet).

The 2p-point Daubechies wavelet has the vanish moment of p.

[Ref]: Ingrid Daubechies: Ten Lectures on Wavelets, SIAM 1992.

[Ref]: "Daubechies wavelets", Encyclopedia of Mathematics, EMS Press,
2001, https://encyclopediaofmath.org/index.php?title=Daubechies wavelets.

Ingrid Daubechies
https://en.wikipedia.org/wiki/Ingrid Daubechies



From: S. Qian and D. Chen, Joint Time-Frequency Analysis: Methods and

Applications, Prentice Hall, N.J., 1996.
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13-L Continuous Wavelet with Discrete Coefficients &% Bk

e Advantages:

(1) Fast algorithm for MRA

(2) Non-uniform frequency analysis

w(2mt—n) Ll NN 2_m€_j2”n2me(2_mf)

(3) Orthogonal

454



e Disadvantages: 455

(a) &9 5 b 5
(b) problem of 1nitial
x,(n,m), X (n,m) ¥4 y (n,m+1) &

m—»0

(c) ¥E 17 i%3% compact support

e

(d) i 25 % 4F 3¢



i = B AEE R R R 96

(1) JPEG: # * discrete cosine transform (DCT) = 8x8 blocks

Lg P BE Y OREHS (Bl 5 T jpg B RL* JPEG

kR )

TR-BAET R ERY BigL IR KRS (HAFERE §m 3) & 1/16

(¥t42¢ R ifm 3)
(2) JPEG2000: i * discrete wavelet transform (DWT)

B A5 L JPEG 05 & =+
(3) JPEG-LS: #_— #& lossless compression

Fiéfﬁfﬁ > e gV R >EiER KRR
(4) JPEG2000-LS: #_JPEF2000 =77 lossless compression &< &

(5) JBIG: 4%} bi-level image (222 v 072 i) K 3 /R ‘{ﬁq‘é ;u
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(6) DjVu @ i * 3vdfdy chv 2 5 @ B » B B S & T 0 lossy

(7) WebP : & Google % » £ * Huffman code > Walsh transform » F &
So 0 VLR BEE KGR AR AT 0 2k BOE SR L R SRS
» #.B - open license » iF * *% lossy fr lossless 1.5 75

(8) AVIF © o B cyfk8mi ' (AOMedia) B3 - & * JERIPLAF - 2L 440
DCT » & i » ¥ i 154 & %88 H 445 > open license » if
* % lossy fr lossless 55

(9) JPEG XR (* # HD Photo): # * Integer DCT » i * ** lossy fr lossless
¥ Fg 0 1 lossy compression eFA5 T @‘{ﬁfﬁ ¥ 4= JPEG 2000
E S I

(10) OpenEXR: if & ** % # & & [ Hf2 s > L 42 16-bit 5 Bhdc ~ 32-bit
5 8L e 32-bit B #ceh pixel values > F lossy v lossless =3%
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(11) GIF: # * LZW (Lempel-Ziv—Welch) algorithm (&g 7 F & & f#)

it &+ W Blxiod 4 BT o lossless
(12) MNG: fr GIF 4p 2 » 3¢ &% % @ ¥ > 5 lossy v lossless 5% &

(13) PNG: & * LZ77 algorithm (3 02 5 & & > T i€ * sliding window)

W LI T2 F R B R A (>aB itk lossless

14) APNG: PNG sz 25k & » 3 § -] a3 4L & > lossless
F P

(15) TIFF: & * {& 4 > B4~ E_5 B2 05 f|fodfde @ K 30 lossless



