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XIV. Discrete Wavelet Transform (DWT)

14.1 ¥4

(1) discrete input to discrete output

(2) ¢ continuous wavelet transform with discrete coefficients j& % @ X &7 >
(** # page 418)
AR = LI s O ) 4

(3) & ¢ 7 scaling function §= mother wavelet function =14 +7

SR RN CY A



14.2 1-D Discrete Wavelet Transform (1D DWT) 460
simplified from page 421

lowpass filter

> g[l’l] > \L 72— xl,L[n]
input L-points
x[n]—— highpass filter
N-points
7] (V2 > Xy yln]
L-points

1 2 | : downsampling by the factor of 2

x[n]—/ | o— z[n] Z[I’l] _ X[Ql’l]




Input @ x[n] (* £ ¥ Zw(nﬂm)|m_>oo’

® 32 x[n] ¥ % initial

Low pass filter g[n] High pass filter A[n]

& ¢ 12 scaling function & ¢ 17 wavelet function
(18 % ** page 418<hg,) (4% ** page 418 &k,

K-1
st stage X n] Zx 2n— k
k=0

N

v [1]= x[2n—k]H[K)

0

L
Il

461



further decomposition (from the (a—1)™ stage to the a™ stage) 462

v [n] =sz (20— kg[K]

X, b [n] =) X, [2n - k]h[k]

2 —— X ;[ 1]

v
0Q
| |
S
—_
v

v
0Q
||

S
| N—

y

V2 — xy ln]—

V2 — X5 pln]

A\ 4
=
M~
S
| I—
A\ 4

A 4
A




(1) F om0 ] 4§ Eand 103

(2) % input s x[n] =7 length % N,

R a'h stage x, (1], x, y[n] 7 length % N/2¢

(3) i5i8 DWT 2. 18 » > 3RBEfici™m 4537 N 2k



e 4 464
(4) AR R

X11() % #()
f-axis
&A%i%
f-axis

/N%%X o

3,L(f) %€ ,H(f)




14.3 2-D Discrete Wavelet Transform (2D DWT) 465

g[m] > ‘L 2 _’xle[m, }’l]
along m
8l V2 — v, .lm, n]‘[ ©

along pim) {32 Foox, ol
x[m, n] — along m
— T X iplm, 1]
" h[n] 2 vy m, n]‘[ glm] & b
’ along m
along n

hlm] [ V2 Xy 3lm, n]

See page 40



466
ﬁ;f] » t x[m, n]

Low pass filter g[n] High pass filter A[n]
e along n
K-1 K—1
vip[m.n]=2 x[m2n—k|g[k] Vo lmn] =) x[m,2n—k|h|k]
k=0 ’ k=0
e along m
K-1 K-l
X, [m.n]= Zvl L [2m—k.n]g[k] Aty [m.n]= ZVI’H [2m—k.n]g|k]
: i k=0

K-1
Xip, [m,n]= ZVLL [2m—k,n|h|k] Xiu, [m,n]= ZVLH [2m—k,n|h|k]
k=0
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Input image:

A square.

from R. C. Gonzalez and R. E. Woods, Digital Image Processing, Chap. 7, 2™
edition, Prentice Hall, New Jersey, 2002.
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470
e compression & noise removing

FF xIm,n] > ¥R H I

e (directional) edge detection
= X1 gilm, n]
1,HI IR RTI PN

BT X plm, n]

® X i3lm, n] B POTE T A Rb

corner detection?
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14.4 Complexity of the DWT

x[n] * y[n], length(x[n])= N, length(y[n])=L,

IDFTN+L—1 |:DFTN+L—1(X[n])DFTN+L—1(y[n]):|

I

(N+L—1)-point discrete Fourier transform (DFT)

(N+L—1)-point inverse discrete Fourier transform (IDFT)

(1) Complexity of the 1-D DWT (without sectioned convolution)

3(N+L-1)log,(N+L-1)~3Nlog, N



(2) 5 N>>LPF » % “sectioned convolution” & 37

LR 1 IR ) o ) P )

Rex[n] 7 R FE o FERER LN, (N>N,>>1L)
#x3 S=N/N, £

x[n]=x, [n]+ 2, [n] 4+ x [ ]

472



complexity:

3S(N,+L-1)log,(N,+L—-1)=3SN,log,(N,+L~-1)
=3Nlog,(N,+L-1)
~3Nlog, N,

e £ LS ¢

The complexity of the 1-D DWT is linear with NV
O(N)

when N >>> [,

473



(3) Multiple stages #3535

° & X, yln] * £ ~ fF

lexity iT 02 3%:
Complexity 1T 12 (]\H_NJFNJFNJr ...... +2)log2N1
_ (2N—2)10g2 N1 ~ 2Nlog2 Nl

|

e 2 N\
* % xa’[_][n] SR £
Complexity iT i 3%

N_ 4N _ oN .. N
(N+22+44+88+ +2 2)10g2N1

=(Nlog, N)log, N,
(4= DFT 4pi7)
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475
(4) Complexity of the 2-D DWT on page 465 (without sectioned convolution )

SM(N+L-1Dlog,( N+L-D)+3(N+L-1)(M +L-1)log,(M +L~-1)

The first part needs M 1-D DWTs and
the input for each 1-D DWT has N points

The second part needs N+L—1 1-D DWTs and
the input for each 1-D DWT has M points

complexity ~ 3MN log, N +3MN log, M
=3MN(log, N +log, M)
=3MN log,(MN)



(5) Complexity of the 2-D DWT (with Sectioned Convolution) 476

Image
S T i % The original size: M x N
R The size of each part: M| x N,
--------------------------------------------------- . M
____________________________________________________ complexity = ( A j3M1N1 log,(M,N,)
=3MNlog,(M,N,)
e L EPLA

If the method of the sectioned convolution is applied,
the complexity of the 2-D DWT is linear with M.

O(MN)



(6) Multiple stages, two dimension 477

x[m, n] Fsize 5 MxN

° % Xomlnls X, mlnl, X, 3ln] 7 o Ao B X, ln]

total complexity

(MN+ f‘{lN + f‘fg’ T )logz(MlNl) z%MNlogz(MlNl)

° % Xa,H1 [n], xa,H2[n]9 xa,H3[n] - S
total complexity

MN  1eMN, . ...
(MN+4 > +16 447 )logz(MlNl)

=[ MNlog, (min(M,N)) |log, (M, N,)
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14.5 Many Operations Also Have Linear Complexities

e £ F + » & 7 wavelet ’ﬁ linear complexity
% input v filter £ & & * /| 49 £ T 7R PF
1-D convolution =7 complexity &_linear with V.

2-D convolution =7 complexity #_linear with MN.

(= & %t Nlog,N, MNlog,(MN) .4 7+ IF )

%E‘Lg— ‘2 mj}ab:u
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e Note : DCT 7 complexity » #_linear with MN

(divided into 8 x 8 blocks)

complexity : M—iV(S x8log, 8+ 8x8log, 8) = MN log, 64

6
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14.6 Reconstruction

analysis synthesis
" gln]l 42 ] —— T2 [ gy[n]

x[n]— Xo[n]
s h[n] L2 ) yn]—— T2 — hy[n]

gilnl, hyln] & 3% K E B E 0 4 T 02 @ xgln] = x{n] ?

T2 | :upsampling by the factor of 2

aln—>T Q0 — b[n] b[Qn] = a[n]

b[On+r|=0 forr=1,2,0-1
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the analysis part of the 2D DW'T: page 465

the synthesis part of the 2D DWT

X [m,n] — T2 o glm]
é?—' T2 gi[n]
xl,Hl[ma n] — T2 h,[m] |
P— x[m, n]
xl,H2[m9 n] — 712 g [m]
Q? T2 > hy[n]
Xy alm, n] =1 T2 [ hy[m] along n




Reconstruction Problem 482

o0

* Ztransform X 4 37 X(z): Z x[n]z_”

Z transform o
_ | _ 1 1/2 1/2
o If a[n] = b[2n], ‘ = A(Z)—E[B(z/ )+B(—Z/ )]
| 2 (downsampling)
(Proof):
B( 1/2)+B( 1/2): i b[n]z_"/z n i (_l)nb[n]z—n/2
i(u( )" )bn]z""* = i b[2n,]z —"l—zz a[n ]z =24(z)
o If a[2n] = b[n], | — A(z)=B(’)
al2n+1]=0

T 2 (upsampling)



X, (Z) =%|:X(Z)G(Z)+X(—Z)G(—Z):| G, (Z)
+%[X(2)H(z)+X(—Z)H(—Z)]H1 (Z)
:%[G(Z)G1 (Z)JrH(z)H1 (Z)]X(Z)

+%[G(—2)G1 (Z) + H(—Z)H1 (Z):|X(—Z)

Perfect reconstruction: X, (Z ) =X (Z )
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14.7 Reconstruction 1% »Tif it 486

o e
if and only if

;g[p]gl[2n—p]=5[n]

Zh[p]h[zn_p]:5[n] T FE l-—;f»}t%q_lf

biorthogonal conditions

0

> glp]h[2n-p]

Zgl [p|h[2n—p]=




(Proof)
Note: (a) det(Hm (—Z)) = —det(Hm (z))

G(2)G,(z)+G(~2)G,(~z) =2

inverse Z transform

Zg[p]gl[n—ph(—l)";g[P]gl[fl—p]=25[n]

487



2.glplan-pl+(-1)" X g[r]e[n-p]=26]n]

p p

l

>.glple[2n-p]=d[n].____ orthogonality #% i 1

p

(c) Similarly, substitute  G(z2)G, (z) = H (~z) H, (~2)
into  G(2)G(2)+H(z)H,(z)=2
H(-2)H,(~2)+ H(2)H,(z) =2
after the process the same as

that of the above

v

Z:h[p]h1 2n—p|=6[n]«—— orthogonality % * 2

P

488



(d) Since  G(z)H,(z)+G(-z)H,(-=2)
G(—z G Z)
=0(2) det(l(im ()z)) ~0(=2) det(Hi (=2))
_ G(:)6(-2)_G(-2)6(2) _
det(H, (z))  det(H,, (z))

Zg[p]h [n=p]+(-1) ;g[p]’h [n—p]=0

Zg 2”1 P :0 «—— orthogonality % i+ 3

) k2 G(z2)H(z)+G,(-z)H(-z)=0

2 & [r]h[2n-p]=0

orthogonality i i+ 4

489



14.8 DWT % 3} i i 490

e Reconstruction

e Finite length % 7 implementation & & 7% &

g[n]#0 only when —-L <n<L

h[n] #0 only when-L<n<L
hn], gn]?

£ det(Hm (z)) =az" By 295 page 484,

GI(Z)=2C¥_IZ_kH(—Z) Hl(z):—2a_lz_kG(—z)

Z transform

Y x[n—k] )Z_kX(Z)

g [n] = 2a‘1(—1)”_kh[n — k] h, [n] = —205_1(—1)”_kg[n — k]



e 7% det(Hm(z)):G(z)H(_Z)_H(Z)G(_Z) 491

det(H, (z))=—det(H, (-z)) | k% F = odd

e [owpass-highpass pair



14.9 %32 : DWT the + i i 492

G(z)|__ 2 H(-z) |
(1) Lﬂ (2)} = det(Hm (Z)) |:—G(—Z):| (for reconstruction)
det(Hm (Z)) = G(Z)H(—Z) —H(Z)G(—Z)

(2) h[n]#0 only when0<n<L-1
g[n]#0 only when 0 <n<L-1

(h[n], g[n] have finite lengths)

(3) det(H,(z))=az| kwF % odd (h,[n], g,[n] have finite lengths)

(4)  h[n] % highpass filter

g[n] % lowpass filter (lowpass and highpass pair)

BB EREE S 0 LR P




14.10 Two Types of Perfect Reconstruction Filters

(1) QMF (quadrature mirror filter)

G(z) satisfy | G*(z)-G*(—z)=2z" k is odd

o[n] has finite length
H(2)= G(=2) W)= 1y g[n]
G(:)=G(z)=*  aln]=gln-ik]
H/(z)= -G(-z)z*  Iy[n] =(-1)" g[n—k]

493



(2) Orthonormal 494

G(z) satisfy |G(z)G(z")+G(-z)G(-z")=2
g[n] has finite length

H(z)=-2'G(-z")  kisodd h[n]= (1) g[-n—k]
G()=0(=") & [n]=g[ ]
Hl(z)z—z_kG(—z)zH(z_l) by [n]=h|-n]



495
+ ¥R 4 e wavelet &> orthonormal wavelet

For the orthonormal wavelet

N-7-1

Z g[n]g[n+r]=0

Nn_:,O_I forr=2,4, ..., N-2
Z h[n]h[n+r]=0

n=0

(orthonormal to the shift versions of themselves)

It can be proved by pages 486 and 494.

(Note): gkt » § p¥ ¢ NI ¥ — & perfect reconstruction filter, f i€
CQF (conjugate quadrature filter)

Ra > CQF &t {r orthonormal filter 4p



14.11 Several Types of Discrete Wavelets

e discrete Haar wavelet (& f§ ¥ )

g[—l] — g[()] =1 g[n] —(0  otherwise
h[-1]=-1, h[0]=1 h[n]=0  otherwise
4 [O] = &8 [1] =1 81 [n] =0 otherwise
h, [0] =L B [1] =-1 hy [n] =0 otherwise

X_— #& orthonormal filter

496



e discrete Daubechies wavelet (8-point case) 497

g[n]z[—0.0106 0.0329 0.0308 —-0.1870 —-0.0280 0.6309 0.7148 0.2304]
n=0~7 g[n]zo otherwise

h[n]2[0.2304 —0.7148 0.6309 0.0280 -0.1870 -0.0308 0.0329 0.0106]
n=0~7 h[n]=0  otherwise

gl[n]:[0.2304 0.7148 0.6309 -0.0280 -0.1870 0.0308 0.0329 —0.0106]
n=-7~0 &["]ZO otherwise

1 [n]=[0.0106 0.0329 —-0.0308 —0.1870 0.0280 0.6309 —0.7148 0.2304]
n=—7~0 h[n]=0 otherwise

https://wavelets.pybytes.com/



e discrete Daubechies wavelet (4-point case)

g[n]=[-0.1294 02241 0.8365 0.4830]

e discrete Daubechies wavelet (6-point case)

g[n]:[0.0352 —0.0854 -0.1350 0.4599 0.8069 0.3327]

e discrete Daubechies wavelet (10-point case)

g[n]:[0.0033 -0.0126 -0.0062 0.0776 -0.0322 -0.2423
0.1384 0.7243 0.6038 0.1601]

e discrete Daubechies wavelet (12-point case)

g[n]=[-0.0011 0.0048 0.0006 —0.0316 0.0275 0.0975
~0.1298 —0.2263 0.3153 0.7511 0.4946 0.1115]

498



symlet (6-point case) 499
g[n] = [0.0352 —0.0854 -0.1350 0.4599 0.8069 0.3327]
symlet (8-point case)

g[n]:[—0.0757 —-0.0296 0.4976 0.8037 0.2978 -0.0992
—-0.0126 0.0322]

symlet (10-point case)

g[n]=[0.0273 0.0295 -0.0391 0.1993 0.7234 0.6339
0.0166 —-0.1753 -0.0211 0.0195]

Daubechies wavelets and symlets are defined for NV 1s a multiple of 2

https://wavelets.pybytes.com/



coiflet (6-point case) 500

g[n]=[-0.0157 —0.0727 03849 0.8526 0.3379 —0.0727]

coiflet (12-point case)

g[n]:[0.0232 —0.0586 —0.0953 0.5460 1.1494 0.5897
—-0.1082 -0.0841 0.0335 0.0079 -0.0026 —0.00IO]

Coiflets are defined for N 1s a multiple of 6

The Daubechies wavelet, the symlet, and the coiflet are all orthonormal filters.

https://wavelets.pybytes.com/
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The Daubechies wavelet, the symlet, and the coiflet are all derived from the
“continuous wavelet with discrete coefficients” case.

Physical meanings:

* Daubechies wavelet

The ? point Daubechies wavelet has the vanishing moment of p.

* Symlet

The vanishing moment 1s the same as that of the Daubechies wavelet,
but the filter 1s more symmetric.

* Coiflet
The ? point coiflet has the vanishing moment of p.

The scaling function also has the vanishing moment.

| #(r)dr =0 | #g(t)dt=0 for1=k=p

—00



14.12 # # Discrete Daubechies Wavelet =3/ 42 502

-1
Step 1 P(y)=) Cr "yt

0

S

P
Il

Q: 4cf@ * Matlab g ) C
(Whenp =2, P(y)=2y+1)

1
Step 2 Pl(z):p(2—24—z )

Hint:((2-z-2")/4) & Matlab 4 # » 7 2 % [-25,.5,-25]

p e 4op @ convolution k-1 =X & 41 &
(Whenp =2, P,(z)=2—-0.5z— 0.5z 1)
Step3 ¥ 41 2P (2) 12 (ie., 2P, (2) = 0 £ )
Q: & Matlab % ¢ iz * & A4y 4
(When p =2, roots = 3.7321, 0.2679)



Step4 & )
]’2(2):(2—21)(2—22) (Z—Zp_l)
2152 oon 2y » 2P(2) F P 7 4t *> 1 hroots
Step 5 &

1 R - Ztransform fhE_& A GO(Z)=ZgO[n]Z‘”
n

S 120 coefficients & #a reverse
(Whenp =2, g [n]=[1 1.7321 0.4641 -0.2679])
n=-3~0

503



o 504
Step 6 Normalization

(When p =2, g,[n] =[0.4830 0.8365 0.2241 -0.1294])
n=-3~0

Step 7 Time reverse

g[n]=g[-n] hln]=(-1)"g[2p-1-n]

Then, the (2p)-point discrete Daubechies wavelet transform can
be obtained



14.13 2x2 Structure Form and the Lifting Scheme 505

The analysis part

42—y 0]

v
2
S
| —

xX[n}—

v
=
|
S
| S
y

V2 —x ln]

can be changed into the following 2x2 structure

o4 2 — X, [n] g.ln] “P—x, 1] V[Vh]ere 12n]
Cn]— . 8l = 8len
Xe n] x[2n] h[n] g |n]=g[2n+1]

g,[n] h,[n] = h[2n]
Z 2 axo[n]l holn) B, ] Aoln] = Al2mHL]

o

x,[n]=x[2n-1] 7! means delayed by 1



(Proof): From page 461,

%, [n]= Y x[2n—k]g[k]
k=0
X, [n 22: x|2n—-2k|g 2k]+Kflx[2n—2k—1]g[2k+1]
k=0
K/2— K/2-1
=S [n ke K]+ 3 n ke, [4]
k=0 k=0
where
X, [n] = x[2n], X, [n] = x[Zn—l]
x[n]— Z' =42 — x[2n-1]
Similarly,

K/2-1 K/2-1

X1 1 [n]z Z xe[n—k]he [k]+ Z X, [n—k]ho [k]

k=0 k=0

506



o 507
Original Structure:

Two Convolutions of an N-length input and an L-length filter

New Structure:

Four Convolutions of an (N/2)-length input and an (L/2)-length filter, which
1s more efficient. (Why?)



Similarly, the synthesis part

X [n]— T2

A 4

-

H—

|

Xy gln] — T2

can be changed into the following 2x2 structure

xyln] T: g.[1]

gl,o[n]

:‘ hl,e[n]
xl,H[n] hl,o[n] >

A 4

T2

)

xoln]

—> Z'1

508

where
g .[n] =g [2n]
g o[n] g [2n+1]
Leln] = hy [2n]
[n] = hy[2n+]1]

hy

,0



14.14 Lifting Scheme 509

After performing quantization, the DWT may not be perfectly reversible

\ 4

O(gln)—1 ¥ 2 —*x [n] — T2

0(g, [n])‘l
S J@—’ xoln]
# x|
{ohim—{4 2 F—x, 1 —{ T 2 =00 1) o
Q( ) means quantization (rounding, flooring, ceiling ...... )

Lifting Scheme:

Reversible After Quantization
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From page 505
Ge(z) Go(z) Xe(z) XLL(Z)
{He(Z) Ho(Z)}|:X0(Z)}:|:XLH(Z):|
Since
G,(2)=[6()+6(-=)] 12 G.(2)=="[G(")-6(==")) 2
H(Z)z H(Zl/z +H(—Zl/2)]/2 H _ 1/2[[_[(21/2) H 22)]/2

! (-
o[ f[ji?)}}*(d— Jo(e o< () 2
from page 492, one set that, if « =-1 and k= -2m-1,

det(Hm (z)) = G(Z)H(—Z) —H(Z)G(—z) _ 2l

then

detﬂlii(z) % (Z)D =2
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Then L(; (é)) g ((?J be decomposed into
S A A P
where
e L CRICERRCE e

Then the DWT can be approximated by

P P i YR el S el

where T,(z) = L,(z), T5(z) = L,(2), T5(z) = L;(2)




Lifting Scheme

x[n]—

12

analysis part

AN

2

—>x0[n]

T

b[n]

{]

tn

l

— xl,L[n]

i
¢/

\ 4

M2

— xl,H[n]

512

The Z transforms of #,[n], t,[n], and #[n] are T,(z), T5(z), and T5(z), respectively.



Lifting Scheme
synthesis part
xl,L[n] gk \ T2
-t,[n]| | -tlnl | -tln]
xLH[n]—> 2 7m D D T2 | /

A

4

; Xoln—m]

513



514

[f one perform quantization for #,[n], t,[n], and #[n], then the discrete wavelet
transform 1is still reversible.

29

W. Sweldens, “The lifting scheme: a construction of second generation wavelets,
Applied Comput. Harmon. Anal., vol. 3, no. 2, pp. 186-200, 1996.

I. Daubechies and W. Sweldens, “Factoring wavelet transforms into lifting steps,”
J. Fourier Anal. Applicat., vol. 4, pp. 246-269. 1998.



> a2

A

- i

%,}"—? ji E’J/’_”‘?\; JU{x[ma n] ’ %\‘L‘;E'; y[ma I’l] fr’ .X[m, I’l]

} TS K R i
(1) maximal error
Max(‘y[m,n] —x[m,n]\)

(2) square error
M-1N-1

Z Z‘y[m,n] —x[m,n]‘2

m=0 n=0

(3) error norm (i.e., Euclidean distance)

1)3) T

M-1N-
mO

1
n=0

yim,n]=x{m,n]

(4) mean square error (MSE) » % 5L a2 o a2 § *

515



(5) root mean square error (RMSE)

\/ Z ‘y[m n|—x[m, n]‘

n=

(6) normalized mean square error (NMSE)

ii‘y[m,n] x[m, n]‘
Z‘x[m n]‘

(7) normalized root mean square error (NRMSE) >

% S J2 'fr’,‘? @\/%:&5“1 ¥

M-1N-1

Z Z‘y[m,n] —x[m,n]‘2

m=0 n=0
M-1N-1

\ ‘x[m,n]‘2

516
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(8) signal to noise ratio (SNR) » = 5LaJ2 § *

M-1N-1

> 2 \almn]
10log,, | 7"
‘ [man]_x man]f

i
(=]
S
Il
(=]

(9) peak signal to noise ratio (PSNR) » 82 /a2 § *

Xy the maximal possible
X value of x[m, n]
10log,, Ty )
m,n]—x[m,n In 1image processing, X, = 255
N nzo\y[ ]-x{m,n] gep & Xy
X]%lax

for color image: 1()10g10

ycolor[m I’l] xcolor[m n:”

color=R, G, or B



518
(10) structural dissimilarity (DSSIM)

7 & MSE 4w PSNR &2 2 2 F Jis * g4 ¢ #7 % a3 4 > %2004
E RPN RPFTERELRIE 2 2

DSSIM (x,y)=1-SSIM (x, )

(2,ux,uy +clL) (20‘xy +02L)

SSIM (x,y) =
(x.) (,ui+,u§+clL)(G§+0§+ch)
My, means of x and y o, o, variances of x and y
o,0,: covariance of x and y ¢, C,: adjustable constants

L: the maximal possible value of x — the minimal possible value of x
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