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III. Gabor Transform

I11-A Definition

Standard Definition:

G.(t,f)= j_oo e_”(f_”ze_jz”ﬁx(r)df
Alternative Definitions:

‘ _t
G . (t,f)= Ijoe_”(f_”ze_ﬂﬂf(r 2)X(T)d2'
G,(tf)= Q/EJ‘_OO e_”(r_t)ze_jz”frx(r)dr

.— with rotation property

.— hormalization

G, (t,0) =I i e x(r)dr

(t,0) \/7.[00 T x(7)dz



84

Main Reference

* S. Qian and D. Chen, Sections 3-2 ~ 3-6 in Joint Time-Frequency Analysis:
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429-457, Nov. 1946. (&% #& ! Gabor transform)

* M. J. Bastiaans, “Gabor’s expansion of a signal into Gaussian elementary
signals,” Proc. IEEE, vol. 68, pp. 594-598, 1980.

* R. L. Allen and D. W. Mills, Signal Analysis: Time, Frequency, Scale, and
Structure, Wiley- Interscience.

S. C. Pel and J. J. Ding, “Relations between Gabor transforms and
fractional Fourier transforms and their applications for signal processing,”

IEEE Trans. Signal Processing, vol. 55, no. 10, pp. 4839-4850, Oct. 2007.



Note

wie /I?% 3= Gabor transform E 3% 324 1% short-time Fourier transform
(STFT) » § %+ » Gabor transform ¥_STFT § ¥ - i special case.
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III-B Approximation of the Gabor Transform

Although the range of integration is from —oo to oo, due to the fact that
e ™ <0.00001  when |a|>1.9143
e '2 <0.00001  when |a| > 4.7985

the Gabor transform can be simplified as:

t+1.9143

(t f) L 1.9143 ”(T_t)ze_jzﬁﬁx(r)dr

T— t
t+4 7985 - —]a)(r——)
t a) ‘/ 2 x(r)dr
t 47985
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IHI-C Why Do We Choose the Gaussian Function as a Mask

(1) Among all functions, the Gaussian function has the advantage that the
area in time-frequency distribution is minimal.

(f= & i 9 STFT 4p+t > v #ae 49 e PP 3E  time-domain §- frequency
domain #&5 4+ B R )

w(t) =~ & — time domain 3§47 & & £

w(t) ~ % — W()=FIw(@®)]+~ & — frequency domain 3§47 & i £

(2) Special relation between the Gaussian function and the rectangular
function
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(Note): ¢ ** Gaussian function #_ FT &0 eigenfunction ° ]t Gabor
transform 7 time domain fr frequency domain e+ B -5 jp 4

—00

o 122
j e et =/

—00

. 00 _ 2 )
according to I e gy — U /a-e”

—00

M. R. Spiegel, Mathematical Handbook of Formulas and Tables,
McGraw-Hill, 31 Ed., 2009.

Gaussian function is also an eigenmode 1n optics, radar system, and other
electromagnetic wave systems.

(will be illustrated in the 8™ week)



Uncertainty Principle (Heisenberg, 1927)

For a signal x(¢), if /¢ x(¢)=0 when [f{ — oo, then

6,06, 2 1/4n
where o’ :I(t—,ut)sz(t),dt O'j% =j(f—/1f)2PX (f)df,
u =[P (1)dr, up = f PSS
[ x(®) 2
P.(1)= —, _ X
[1x)F ar P (f) [xPdr
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(Proof of Henseinberg’s uncertainty principle):

From simplification, we consider the case where u, = =0

Then, use Parseval’s theorem

1 [P de 1o ar

O .0, =

T ar (Ix@ Pt [|x()[ de

[Ix)F ar=[1 XN df if X(f) = FT[x(0)]
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From Schwarz’s inequality (x(@),x(0)){y(®), (1)) Kx(f)ay(f»‘z

3 (t)%x(t)dt + Itx(t)%x*(t)dt

2
]/z

/4 (using |at+b]?> + |a—b|*> > 2|al?)

jtz [ x(6) ] dtj| X @) dt z(

2
>

I(tx* ()L x)+ tx(t)%x* (t)jdt

dt

2 2
/4 = /4

= t%[x(t)x* (1) |dt te()x' (1)) =[x (O)x(0)dt

- [zx(r)x* (1), —ox(o)x’ (z)\H_w] - [ ()x(e) dt "4

=[x di| 14
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For Gaussian function

x(t)=e™ X(f)ze_”f2
Je-m) P dr [ 1x()f di
[Ix) [ ar [Ix) [ at

= [(=p) P.(r)dt

Since u, =0

X = 27 =9
U dtj ™ d

00 2 2
use I e\t =n/la-e" "

. y e, 0y r(/2) 1
J-—oot2 ‘x(t)‘ dt = j—ootze 2 dt - 2J-0 tze : dt = 2 2((272.)3/2 = 25/272_
© oo T[(m+1)/2]
use jo Ve t dt - 2a(m+1)/2

r(1/2)=~z T(n+1)=nl(n), T(3/2)=n/2
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ft x(OF dt [
Jlxyfde 4z’ Nz
1
FIZ, o,=,—
/ 4

>
—

#1712 ¥+ Gaussian function @ 3

1
Gth:E

m TR

[1 £ Z ] M. R. Spiegel, Mathematical Handbook of Formulas and Tables,

McGraW-Hill, 3rd Ed., 2009.
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f~axis

I1I-D Simulations

Gabor transform for rec-STFT, B = 0.5 for

Gaussian function exp(—?) Gaussian function exp(—7?)

4

f-axis
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x(f) = cos(2xt) when ¢ < 10,
x(t) = cos(6 ) when 10 <1 <20,
x(f) = cos(4 t) when ¢ > 20

Gabor

R —

Frequency (Hz)
O b b N LA o 2N w b oo

@)
9

10 15 20 25 30
Time (Sec)
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Gabor transform of s(¢) Gabor transform of 7(¢)

f-axis
f-axis

0o . 5 10 -10 -5 0 5 10
[-axis f-axis

s(¢)=exp(jt* /10— j3t) for-9 <t <1,

t)= it* 2+ jét —(t—4)*/10
s(f) = 0 otherwise, r(1) exp(] J )exp[ (t—4) ]



f-axis

Gabor transform for s(¢) + 7(¢)

f-axis
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III-E Properties of Gabor Transforms

G (t.f)= f e‘jz”ffe_”(f_t)zx(r)dr

(1) Integration property

When k£ # 0,
When £ =0,
When k£ =1,

G (t,f)e*™ df =V x(kt)
" G.(t,f)df =" x(0)

_OO G. (t, f )efz’”f df = x( t) (recovery property)

(2) Shifting property

If y()=x(t—1,), then G (1,/)=G, (t—t,,[f)e*™'".
(3) Modulation property

If y(t) = x(Oexp(27f), then G (1, £)=G, (1, f - f;)
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(4) Special inputs:
(a) Whenx(7) = A7), G (t,f)ze‘”’z

(b) When X(T) = 1, Gx (t,f) — e—jZ;z'fte_;z-f2

(symmetric for the time and frequency domains)

. Gabor for delta(t) Gabor for 1

-10 :
10 o 0 5 10
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(5) Power decayed property

o I x(¢)=0 for¢> ¢, then

.Eo Gx (t,f)‘2 df < 8—27Z'(t—t0)2 J-:
2

2 (=t )
i, averageof|G, (t,f)‘ < e 7" xaverage of ‘Gx (to,f)‘ for t > ¢,.
(fix ¢, vary f) (fix ¢y, vary )

G. (1. f) df

(Proof):
Gx (t,f) _ J‘_fo e—ﬂ(r—t)Ze—j2ﬂfo(T)dT Gx (t09f) :J'to e_ﬂ(r—to)ze—jbrfrx(z_)dz_

—00

Since (T — l‘)2 > (Z' — to)z + (to — f)z e—ﬂ(t—7)2 < e—ﬂ(t—to)2 e—ﬁ(to—r)2

G.(t,1)<e™ ™G (t,, f)

o If X(f):FT[x(t)]:O for > f,, then

2 _ Ry
average of ‘Gx (t,f)‘ < e "YU x average of
(fix f,vary t) (fix f,, vary t)

G, (t’fO)‘2 for > f,.



(6) Linearity property

Ifz(r)=ax(z)+ fy(r)and G4, f), G(¢t /) and G (¢, /) are their Gabor
transforms, then

G.t,/)=aG(tf)+ Gt [)
(7) Power integration property:

2 u+1.9143 2
(-
( )‘ 7 j 7(t—u)

u—1.9143

|G, (t,f)‘2 df = Ji e 2r x(r)‘2 dr

(8) Energy sum property
[ [ e.(.nNG (r)dfdi=] x(z)y (r)dz

where G, (¢, /) and G (¢, /) are the Gabor transforms of x(z ) and y(7 ),

respectively.
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III-F Scaled Gabor Transforms

G, (t,f) - Q/EJ‘_OO e_m(r_t)ze_jz”ﬁx(f)df

(finite interval form)

larger o: higher resolution in the time domain

lower resolution in the frequency domain

smaller o: higher resolution in the frequency domain

lower resolution in the time domain
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Gabor transform for Gabor transform for
Gaussian function exp(—7z?) Gaussian function exp(—z?)
c=0.2 o=15

f-axis




Fe 2 %t time resolution 4p #f + ¢ frequency resolution A g £773 5L

(1) Using the generalized Gabor transform with larger o

(2) Using other time unit instead of second

e Bt (H - C sec) f(¥d = ¢ Hz)
fj’%\ﬂ ZELF 1T a
t(H = 0.1sec) f(H = :10Hz)

104



105

III-G Gabor Transforms with Adaptive Window Width

For a signal,

when the instantaneous frequency varies fast — larger o

when instantaneous frequency varies slowly — smaller o

G ()=o) e x(e)ar

Q0

a(?) 1s a function of ¢

S. C. Pe1 and S. G. Huang, “STFT with adaptive window width based on
the chirp rate,” IEEE Trans. Signal Processing, vol. 60, issue 8, pp. 4065-
4080, 2012.
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4T © Matlab B A2 R AL E L F F ihdy £

(1) 1% P&l 5 % L ﬂ}“'ﬁ’_ﬂ i v

(2) & ¥ & @ * Matrix 2 Vector operation

(3) &t 49 A fir BN i@ g oo P A5 I e B

(4) B A TRl 2 & 2IH LRI (%] R R F 5 debug)
(5) R RIGEH E bl o $ 3 (5 R Rl A S b

:X ! ¥ ¥ Matlab Program (or Python program) 29 i Rl FET KB
M i e 388 o Program 3 {7 iE B AR 0 & ﬁm]}éf\rs o
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~ # £ & th Matlab #; 4

(1) function: 3 &% — 7 » 7 M E-FE B A2 S 50 1
(2) tic, toc: 3+ & PF R
tic = B 4n2-PF > toc & B o PR RF
(3) find: 3% & - B vector § » # &3t 0 erentry i ¥
#= 0] D find([100 1]) =1, 4]
find(abs([-5:5])<=2) =14, 5, 6, 7, 8]
(F] % abs([-5:5])<=2=[00011111000])
(4) " : Hermitian (transpose + conjugation) > . ' : transpose
(5) imread: & B
(GX :© #-% ¢h Matlab "< & imread & §- double I *
A=double(imread(‘Lena.bmp’));



(6) image: #-HB] & 1 J1 Kk > 108
(i) &1 A I @
image(A) % A has the size of MxNx1
colormap(gray(256)

(ii) &g 42 ¢ B » B Hcenfi?)
image(A) % A has the size of MxNx3 and the entries are integer
(iii) & 1 42 ¢ B » 2LE oA
1image(A) % A has the size of MxNx3 and the entries are non-integer
(7) imshow, imagesc : » ¥ * %k & 1 ]
(8) imwrite: % # Bl 4%
(9) aviread: % B~ video #% @ "L &4 & 5 avi
(10) VideoReader: 3% B~ video #%
(11) VideoWriter: #l 1% video ##
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(12) xlsread & readmatrix g% readcell : ¢ Excel #§ 38 2~ F‘ﬁf

(13) xlswrite: #3758 = Excel 4§
(14) dlmread: 3§ B~ *.txt 2% H i 5§73 J;}:ﬁ‘j?ﬁ E AL
(15) dimwrite: #-FHL 8 = *txt & H s 555 %
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‘it ¢ B Python B A 4238 ¥ o ¢ * DlenE &g £

FREE L
pip install numpy
pip install scipy
pip install opencv-python
pip install matplotlib

(1) Z_&% S 3% ;& % def

Q) EEFF
import time
start time = time.time() #EP~F = pF ¥
end time = time.time()

total time = end time - start time #3* & PR L KT DB R F

B OH2021# iz ot feehiE it 5



‘ e iy L B v 111
(3) # Z~WlAn ~ AT BlAn ~ ;o Bl

(%)
import cv2
image = cv2.imread(file name) #3f 3k color channel = BGR
cv2.imshow(‘test’, image)
# & image eHiE 2L 5 B > & Tt = cv2.imshow(‘test’, image/255)
cv2.waitKey(0)
cv2.destroyAllWindows()
cv2.imwrite(file name, image) #7% #-color channel# 5 BGR
(% #2)
import matplotlib.pyplot as plt
image = plt.imread(file_ name) #%¢ X color channel = RGB
plt.imshow(image)
# % image g 2L > £ :x = plt.imshow(image/255)
plt.show()
plt.imsave(file name, image) #% #-color channeli# = RGB



112
(4) F Harray? % L4 2 if @ hE el

(40 % ** Matlab > find 45 £
import numpy as np
a =np.array([0, 1, 2, 3,4, 5])
index = np.where(a > 3) # = #array([4, 5])
print(index)

(array([4, 5], dtype=int64),)
index[0][0]

4
index[0][1]

5
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Al=np.array([[1,3,6],[2.4,5]]) A = B j 2}
index = np.where(Al > 3)
print(index)

(array([0, 1, 1], dtype=int64), array([2, 1, 2], dtype=int64))

(N 458 LAl >3 ahgheniz & g4 5 [0, 2], [1, 1], [1, 2]
[index[0][0], index[1][0]]

[0, 2]
[index[0][1], index[1][1]]

[1, 1]
[index[0][2], index[1][2]]

[1, 2]
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(5) Hermitian ~ transpose
import numpy as np
result = np.conj(matrix.T) # Hermitian

result = matrix. T  # transpose

(6) 7= Python % * #f P~ Matlab § ¥ ¢ mat £

data = scipy.i0.loadmat('***.mat')
y = np.array(datal'y']) # 3% y £ FFFmat § ¢ g4 i e A



