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I. Introduction

Fourier transform (FT)
X(f)= Iix(t)e‘fz”f ‘dt Time-Domain — Frequency Domain
T t varies from —oo~c0

Laplace Transform X (s)= Jm

—00

x(t)e_”dt

Cosine Transform, Sine Transform, Z Transform.

Some things make the FT not practical:
(1) It less happens that a signal has the interval of (—oo~c0)

Even for a signal with infinite length, we are only interested in the
characteristics in a finite interval.

(2) It is hard to observe the variation of spectrum with time by the FT.



Dot 26[.63 Hz 26)-63 X > Kz 15

Lat2bh63x 332 Mii2g)gz3x 2™
Example 1: x(¢) = cos(440x ) when ¢ < 0.5, t 22'OHZ‘.. 16 Ley .4)

x(#) = cos(660¢) when 0.5 <r< 1.1330Hz M;
x(f) = cos(524zt)ywhent> 1+ 262Hz po

(os(440Tt) = (escp (3440m%) + erp(-34aont)) /5
The Fourier transform of x(7) -FVequeMy’ 1 a-'e(44°nt)- 44017,_220
)

o2 | 1 Al-ddon4)-20

-+

0.1+
0.05
g mm— | VY
-0.05 -
-0.1F

-0.15 -
-0.2

_O 25 | | | | | | |
-400 -300 -200 -100 0 100 200 300 400

Frequency



ex: f.=0v1, B:0
(A) Finite-Supporting Fourier Transform O- b~ 0.8 16

(4B P P (4): rectangular  funcfion
X(f)=]", x(t)e > d Nl g

t+ . e A =
X(£)= [ x(e)e 7 de= [ {5 f)x(r)e”””df" ® s conter
b wid+4l

2B
(B) Short-Time Fourier Transform (STFT) (t= 0)

X(6f)= [ w(t-7)x(z)e ™ dr

w(?): window function &% mask function

-1 =13 .
STFT ~» #1F windowed Fourier transform - n( =

: : -——-T—"—’-""“" ﬁ’ T
time-dependent Fourier transform

W (*) ""71« 6t> C: £i ; C= t“'B
wt=7): ens(r-f)" . N ES e (£)
J\e‘_’“j_‘jb Foaln S (154
—— ‘£ -C

[Ref] L. Cohen, ﬁme-FrequencyAnalyszs Prentice-Hall, New York, 1995.

[Ref] A. V. Oppenheim and R. W. Schafer, Discrete-Time Signal Processing,
London: Prentice-Hall, 3" ed., 2010.
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Wi m (L9 nig)

X(t,f) = j:w(t—r)x(r)e_jzﬁffdr

B H b+ D w()=1 forl|f <B,

>

w(f)=0  otherwise B 0 B taxis
#* P Short-time Fourier transform ¥ 12 :2 @ =5 w(t-T) =[] ( '_t_;_é_
X(f)= [, w(e)e e dr C-e:=n(6) T Tt
6 * sigmer
H {a ) /\
)- ( ) e)q;(—ﬁat ) . faxis ) %ﬁ
2t ._F_T; e"'np $rom page30 , e" DN FT ‘€ S

— BN P e exp(-or?) 1% & Gaussian functlon Gabor functlon

gt pF e Short-Time Fourier Transform 7= £ 1% _Gabor Transform.



(C) Gabor Transform
G (t,.f)= j_oo i e’ x(7)dr

" _0'(T—t)2 '
Gx(t,w):,/ijwe 2 e x(r)dr

¢ S. Qian and D. Chen, Joint Time-Frequency Analysis: Methods and
Applications, Prentice Hall, N.J., 1996.

Without cross term, poor clarity

(D) Wigner Distribution Function

[~ e x(t+7/2)x" (t—7/2)dr

o —00

G, (1.f)

[~ e x(t+7/2)x"(t—7/2)dr

o —00

G, (t,0)

With cross term, high clarity

18



nuwber of S@” oimtg
= 660K I\5= ) 19
Example: x(¢) = cos(4407 ) when ¢ < 0.5, 6654 15:(30, 8¢ <o

x(f) = cos(660z ) when 0.5 <¢ <1, 2:2'3{'_‘“ fzmz’;,;z— Al s
) ©Of
x(t) = cos(524 ¢) when ¢ > 1 £ 0(4fco°~t> 0544 < ) ’ l2t<5!-?
The Gabor transform of x(7) (=200)  number of samplmg potnts
100 440%0.51 660X 0.5 + 5240512
370

30

200|

100

[ -axis (Hertz)

0 0.5 . 1 1.5
t—axis (Second)

* Gray level k& 7 X(z,f) <7 amplitude |[X(+, §)|



Instantaneous Frequency B pF 4 &
N

It x(1) = Zak -exp(j-¢,(¢))  around L
k=1

then the instantaneous frequency of x(¢) at ¢, are

$'t) 6,'¢) ¢'@)  9y'1)
2 2 2m

(" HE & frequency % 1)
27 £:

& '(4,),3,'(t,)s 85 '(8y)s By '(8,) ("4 & HE 5 angular frequency # 7T ) -
W =

If the order of @, (¢) > 1, then instantaneous frequency varies with time

20
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Frequency Modulation

Music

Speech lewg ¢ chy)s

free Se < (oVWO,:.g-h’d.
Others (Animal voice, Doppler effect, seismic waves, radar system, optics, W th

rectangular function) h B IR chivp
9 — |

frequey__\l] TLLe= oMy DU term

(om . ” . . 3 1s . - :
P""ﬁ‘f"fact, in addition to sinusoid-like functions, the instantaneous frequencies
of other functions will inevitably vary with time.

—Z- A (os(ZTC 'Fh‘('.' +¢n)
" $o, ~00 Lt 0




{4

» Sinusoid Function

22

e Chirp function \7]2\ b:fi&a

exp[j(ozzz‘2 +at+ ao)]

¢l+): D’)‘kz“'“.{ "’ND ;7L5ad"e¢[f) <4 (,2“3{-"“\) D‘a_e_‘_ ol

Q,
Instantaneous frequency = % t+ 5
T

ST

acoustics, wireless communication, radar system, optics

Example : the 2nd 3rd 4t and 5t tones
Is't fone 2" tone

=

A

2 3'4 tone 1Q4*“ tme . 5% tone
N F ~
WA —>‘€ | b/ N Tt O

* Higher order exponential function

ovder > =
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Example 2 also Q C;\Th?
(1) x(t) =0.5cos(640071 — 60071* ) e [0, 3]

2025( evp (¥ A14)) t+ewp(g ¢1-e>) gﬂ{; g4oo+t — —goo7+>
»de ('+¢(+)) +(3200 60%) B;fm— - -—

band pase 1200~ ~ =
hearing /(/r\ : >4
20 3000 2 oo

(2) x(t)=0.5c0s(6007’ —27007¢" +50507¢) 1 € [0,3]
¢H,—) 6007432100ty 5050 ¢
0<€*~27004 + 282
L d (1) =400 -27 5)
23(900 (£~15)"+500)
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Fourier transform

x(t) = 0.5 cos (640071 —60071° ) x(t) = 0.5cos(60071* —270071> + 505071 )

0.015 ‘ ‘ ‘ 0.05

0.01}

0.005}

0

-0.005

-0.01¢

-0.015 | | | -0.05 | | |
0 1000 2000 3000 4000 0 1000 2000 3000 4000

J (Hz) f (Hz)
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(1) (2)

x(t) = 0.5cos (640071 - 6297zt2|)q zobx(t) = 0.5cos(6007¢* —270071” + 505071 )
éa-

4000 4000
3000 3000
2000 2000
N N
T 1000 T 1000
G g
(O] (O]
g g -1000
2000
-3000
1 2 3 -4000, 1 3
time (Sec) time (Sec)
orraival 34 Ay changes for every | second
Sq‘z wy At(ﬁ&s ) Ae<§‘;00 ,Ai<4007
pomz‘s 0441 ety ™ 2¢4¢y
b4 L e T‘;\’" ot samplimg potts

6400X 2=|q200 N



Example 3 ___!
o | » O
~— Y.
- 3

N(%)

left: x,(£)=1 for |f| <6, x,(f) =0 otherwise, right: x,(¢) = cos(127 — 0.17%)

Gabor transform
Gabor of x1(t)

5

Frequency (Hz)
o

Time (Sec)

Frequency (Hz)

-10

Gabor of x2(t)

10

5

N —

-10 -5 0 5 10
Time (Sec)

26
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Example 4

Data source: http://oalib.hlsresearch.com/Whales/index.html

2500

2000

1500

1000

frequency (Hz)

\/\/ 3 ex'-h,e "< time (sec)
order of d(X) 2~

27
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Why Time-Frequency AnalysiS_\Zii,Ime_l‘lﬁnf’_\/
apph cations of the Fourter tramstorm — spectrunm analysis

- (ompwf‘lug Convolution
« Many digital signal processing applications are related to the spectrum or

the bandwidth of a signal.

WW\] Bc Vepla(ea/

by time - f
* If the spectrum and the bandwidth can be determined adaptive{the requeny

an ‘.
performance can be improved. ql/; <
e modulation, e signal identification,
e multiplexing, e acoustics,
e filter design, ¢ system modeling,
e data compression, e radar system analysis
e signal analysis, e sampling .
t’ihe-fveqwm./ ﬁ)uv?ev A < - B: \mnd w7oH’l"
[on 1073 o2



Example: Generalization for sampling theory 29

fﬁ?‘)}{ﬁ}; - ﬂ;f?‘? o

O The supporting of x(¢) is ¢, <t < ¢, + T, x(¢) = 0 otherwise

/
@ The supporting of X( /) #01is -B<f< B, X(f) = 0 otherwise 4
B
. /tl ¢ 4T
RHEPHETIZ > ALIF ,F=2B, BH¥% J >
-
frid > B B N ehs B &

v,
N=T/A,>TF
EE I - BT E PR T L B0 H A ,ﬁ@
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Q1 : Scaling $+*v - B & §LerP~f By X3 BB
Hint:

Gl(+€)

g 1 S 2l area ave the
~— I P—J Same

S
: T/6
Q2: How to use time-frequency analysis to reduce the number of sampling points?

Time-frequency analysis 1s an efficient tool for adaptive signal processing.

2 zero (voeshgy- = | peyloof

o i/ NA - 8 zero trossmgox ¢ pevTacis
S > s 2 yeﬁod/sewud‘ AN \d:c:myoﬁ"“too
-Pvequevw/ =2 Hz2 J’

7 nananen
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generalized
FTof wit-0)%(7) / Square spectrogram spectrogram

— (1) Short-time Fourier Asymmetric STFT
transform (STFT) (q4p. 1mprove

(rec-STFT, Gabor, ...)

v

v

S transform

v

combine, Gabor-Wigner Transform
FT of #Al4-3) A¥++3) - IMPIOVE , yyindowed WDF
——(2) ngger distribution IMPIOVe | ~ 1o Class Distribution
function (WDF) (Choi-Williams, Cone-Shape, Page,

193> Levin, Kirkwood, Born-Jordan, ...)

improve . : e
. » Polynomial Wigner Distribution
HIPIOYE ., pseudo L-Wigner Distribution
___(3) Time-Variant » Matching Pursuit and
Basis Expansion| q6) \ Compressive Sensing 20064

v

Prolate Spheroidal Wave Function

Haar and Daubechies
Coiflet, Morlet
Directional Wavelet Transform

— (4) Wavelet transform

19 ¢ |

—(5) Hilbert-Huang Trarllzfggm(‘:fi — B %t Fourier transform 77 1)

v v v




e Continuous Wavelet Transform 32

forward wavelet transform: sy / sar/ W) some high
‘Qequeuy fuinction
a b J‘ —d At W."“l | 7M7+€d
Jb K suppert
y(f): mother wavelet, a: location, b: scaling, J
- b>0 3
inverse wavelet transform:
=> > X(a,b)p,, (1) large b —> swmall £
a b ’ Swal| b — h?aln -p
@,.5(?) 18 dual orthogonal to yAz).
output
Fourier transform X(f), f: frequency
time-frequency analysis X(t, f), t time, f: frequency

wavelet transform X(a, b), a:time, b: scaling




[ ¢ t—a
(1) ﬁjw%l,b](f)‘ﬂ( P jdt:l when a, = a and b, = b,

1 o _
ﬁjw%v’% (t)l//(t bajdt =0 otherwise

(2) w(?) has a finite time interval

Two parameters, a: 2% i+ % |

f*  adaptive signal analysis

b: A E R

LY R ERRFRITR G D b i ol 9

33



Wavelet sifdzg 3 5 34
Mexican hat wavelet, Haar Wavelet, Daubechies wavelet, triangular

wavelet, ............ 3 a e—iﬂ’ (4,&:._)7{‘) e%'t’-

|+ @ Mexican hat wavelet (Laplacian of Gaussian) % a and b % * 2_ 3

() =2=(1-278)e ! (H’) LG

J3 \/Zl// b
a=2, b=1 a=6, b=1 a=10, b=1
2 ‘ ‘ 2 ‘ ‘ 2 ‘ |
1 L L
0 0 0
0 5 10 0 5 0 0
a=6, b=0.5 a=6, b=2 Cl_6 b=
2 2 2

° OﬂAﬁ OW
‘ | ‘ | 0 5 10



¢ Discrete Wavelet Transform (DWT)

application ortent 35

1990

The discrete wavelet transform is very different from the continuous wavelet
transform. It is simpler and more useful than the continuous one.

A 4

N-points

x[n]—  highpass filter

»

L-points .
lowpass filter down sampling I_V%_H polnt
v [n] s
g[n] (NiL"‘)'\?O‘W“ \L 2 — xl,L[n] x[n] m'li\. F b
L-points ML
) down sampling \’ points
g el > - X n #F A >
h[n] (”“L")-PoTwl'g 2 1al ] x[n] % 4 & i
total! NLH peturte
SN points

Tn ugual, L<IO

x,[n] =2 x[n—k]g[]
Xy [n] = Zx[n—k]h[k]

k

k

yln]—

X . [n] = Zk:x[2n—k]g[k]
xl’H[n]:Zk:x

20— k]h[k]

Vo

_>y

0 l“'l‘ "’ED

all



X1 [n] = Zx[2n—k]g[k]

k

|+ : 2-point Haar wavelet
gln]=12forn=-1,0

g[n] = 0 otherwise

x[2n] + x[2n + 1]

%, [1]= a
(7 Bh 19)

36

X 0= Zx[2n—k]h[k]

k

B0]=1/2, h[-1]=-1/2,

h[n] = 0 otherwise

hn] 72

x[2n] —x[2n + 1]
2

X 0=

(7 b2 %)



2xmn

Remember: For the 2-point DFT X[m]= Z e_]Tx[n] = Z (=)™ x[n]
k k

X[0]] [t 17[xf0]
X[11 |1 =1 X1

— 4 wavelet, g[n] fe h[n] Bt#ic g 7 >+ 2 BL

37

e &_g[n] i ¥ 3% & lowpass filter 73] g

h[n] 3& ¥ #% &_highpass filter 53] i

Discrete wavelet transform 7 % % &

(discrete Haar wavelet, discrete Daubechies wavelet, B-spline DWT,
symlet, coilet, ........ )



» 2 V4 38
2-D ef3; (M*H)Xéﬁ '%L:—'X A

2
M(NtL1)
L-points MXM'L-\ glm] [ ¥2 [~ xl’L,[mln] e
1> 2 along m m S, n A
> g[”l] > _'VI,L[m’ n]
v | alongn i) V2 bt
x[m, n] — I -oint along m m R, n A
-points
"2 X mplm, n]
» ) > 72— g[m] 0, — =
[n] 1 \L vl,H[m’ n]‘|: along m m l'ﬁ_ﬁ;ﬁ, n s ‘JfF'
along n
A, ¢8 @ Am) [ 2w sim o]
mEEE along m m %A, n § A
N~ LY M*lzou{—ql
L 4y edges total sized (MLAYMHLA)

M/ l Xy, Myt verdical eolges =M A/
x[m, n]

%

AL, H3 S Cofners o Molge

&




peppers.bmp _

100

200

300

300

400

500

X1 mplm, n]

xl,H3[ma nj

39



3=x2-D DWT

y / IJ‘
ET‘J“‘:‘;‘ L%

300

350 §

400

450 §

500

50

100

150

200

300

350

400

450

500

40



JPEG

Bt R R & (JPEG 2000) bonsfam  DCT

(disgete (osine
transform )

Con PYe ¢sloh L

. edge detection Yatio 5 ( gray)
corner detection ';';3 ( colov)
filter design

pattern recognition
music signal processing
economical data
temperature analysis
feature extraction

biomedical signal processing

J PEC22000
wavelet

% (9%
‘\5,3 (colov)

41



e Hilbert Huang Transform

Another way to determine the frequency (without the FT)

\AAA/ ;
I AVARVARVARVAL

number of zero crossings
2 X (time a’umtion)

frequency =

42



MHe— 1 B3 #9432 by Matlab

A 5

TP o R GEREOES HFE Fway 07
AR SE N A L mp3 ]

3% P~ | audioread
X 20155 & 11 {4 e Matlab » wavread #-:2 5 audioread

5] o [x, fs] = audioread(‘C:\WINDOWS\Media\AlarmO1.wav’);
¥ 1 # AlarmOl.wav ! #cF w & x K £ IR o fs: sampling frequency
T o+ F ¢ osize(x) =122868 2 fs = 22050

Aol BRI S L7 \

ERES T 0 B #ig (Stereo o 15 fi- 48 %)

43



3N EF A
time = [0:size(x,1)-1]/fs; % x #_% F * audioread #73f ! e &

subplot(2,1,1); plot(time, x(:,1)); xlim([time(1),time(end)])

0.3 T T T

0.2

0.1

0

-0.1

-0.2

-0.3 - 7

04 | | | | |
0 1 4 5

subplot(2,1,2); plot(time, x(:,2)); xlim([time(1),time(end)])

0.4 T T I I

0.2

0

-0.2

04 | | | | |

AR L Fowav ¢ AT B L i 4" A-lqo+1 2 &

44



B

g R

X = fft(x(:,1)); % ¥ #Riz— #H @ F 7 L rE i

X=X."

N=length(X); N1=round(N/2);

dt=1/1s;

X1=[X(N1+1:N),X(1:N1)]*dt; % shifting for spectrum
f=[[N1:N-1]-N,0:N1-1]/N*fs; % valid f

plot(f, abs(X1));

45
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M2
>

AlarmO1.wav 38 2%

0.08

0.06 [~ -

0.04 - -

0.02 - -

0 | L W T A.JLuLJlL JLALJJAJAA NP S L |
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, 47
AlarmO1.wav =98 2%

xlim([-2000,2000]) % ¥ 'E: H ¢ -2000Hz ~ 2000Hz =33% &
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C. %3 g4

(1) sound(x): #-x 14 8192Hz #f % #% %
(2) sound(x, fs): #-x 2 fs Hz ¢ & 3

Note: (1)~(3) » x % Z #_1 Bcolumn (2% columns) > ¥ X eNE 3% 4
-1 fe+l 2 &

(3) soundsc(x, fs): p # 3 x HER I -1 fr+1 2 F £ 3%

D. @ 1§ 4 : audiowrite

audiowrite(filename, x, fs)

Bfdp x %> - B *wav i PiEF 5 fsHz
@O x & Z &1 fFcolumn (22 columns)
@x ERZ 13 -1 fr+1



E. &3 ¢h 2

i zw o BABTHRE FR > P RET NG oot

($8 & e notebooks # F K F 5L b TF &G )

# A2
Sec = 3;
Fs =8000;
recorder = audiorecorder(Fs, 16, 1);
recordblocking(recorder, Sec);

audioarray = getaudiodata(recorder);

H T e s TV ERE o
&5 PR 5 = ) 0 sampling frequency 5 8000 Hz

&4 %% %5 audioarray > ¥ - B column vector (4v % F_gF &g o B E_
% % column vectors)



# ol (F)

audioplay(audioarray, Fs);

t = [0:length(audioarray)-1]./Fs;
plot (t, audioarray®);
xlabel('sec','FontSize',16);

audiowrite(audioarray, Fs, ‘test.wav’)

% % Thg gk

% Mkt chit %t BlE Dk

% #dk5 i F 3 > Fwav i
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e mm
recorder = audiorecorder(Fs, nb, nch); (3% &4%F 40 M e % 80)

Fs: sampling frequency,
nb: using nb bits to record each data

nch: number of channels (1 or 2)

recordblocking(recorder, Sec); (&5 hdp £)
recorder: the parameters obtained by the command “audiorecorder”
Sec: the time length for recording
audioarray = getaudiodata(recorder);
(B-d5 chi % > % = audioarray i # column vector > 4r% &_

B #s¢ > P| audioarray #_= # column vectors)

Mz B L 0 BER 5 AT s
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Hték= & * Python EJZ 3 e &
FrAE A B

pip install numpy

pip install scipy

pip install matplotlib # plot

pip install pipwin

pipwin install simpleaudio # vocal files
pipwin install pyaudio

fe i H3R P9 z% * Python 3£ #% °
g o

PS: 31812021 # £ T 2t rendx g

R By o

RLACR

TRy I

52



53

A. B FAh

& Limport 4p B $-4 . import scipy.io.wavfile as wavfile

6
fs, wave data = wavfile.read('C:/WINDOWS/Media/Alarm0O1.wav’)
# fs: sampling frequency
# If the audio file has one channel, then wave data is a column vector

# If the audio file has two channels, then wave data has two column
vectors

num frame = len(wave data) # ¢ & &
n channel = int(wave data.size/ num frame) # channels #c&

>>> 19

22050
>>>num_{rame, n_channel
(1150416, 2)



%t—l H ® /ﬁq/m

& Limport 4p B £

import matplotlib.pyplot as plt

* time = np.arange(0, num_frame)™1/fs

* plt.plot(time, wave data)

* plt.show()

1.00 -

0.75

0.50 -

0.25 A

0.00 A

—0.25 -

—0.50 -

=0.75 -

—1.00 -
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B. % 1147 3

& Limport 4p B £ . from scipy.fftpack import fft

 fft data = abs(fft(wave data[:,1]))/fs # only choose the 15 channel
#AR &K s

* nO=int(np.ceil(num_frame/2))

 fft datal=np.concatenate([fft data[nO:num frame],fft data[0:n0]])
#EAR LG - EH D w

* freq=np.concatenate([range(n0-
num _frame,0),range(0,n0)])*fs/num_frame

AR S P F A
* plt.plot(freq,fft datal)
* plt.xlim(-1000,1000) # *TF AR 5 ekg 1 4= ]
o plt.show() # 4-fs B

55



0.20 -

0.15+

0.10 A

0.05 A

0.00 -

1

-1000

=750

-500

-250

0

250

500

750

1000

56



C. %% 83

& Limport 4p B $-% ©  import simpleaudio as sa

n bytes =2 # using two bytes to record a data

wave data= (2**15-1)* wave data

# change the range to -21°> ~ 215

wave data = wave data.astype(np.int16)

play obj =sa.play buffer(wave data, n _channel, n_bytes, {s)
play obj.wait done()
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D. Gl T &

« wavfile.write(file name, fs, data)
# fs means the sampling frequency
# data should be a one-column or two column array

Example:
« wavfile.write('AlarmO1 test.wav’, 22050, wave data)
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y_ >
E. &3

& Limport 4p B i import pyaudio
#o b A2 50

import pyaudio

pa=pyaudio.PyAudio()

fs =44100

chunk = 1024

stream = pa.open(format=pyaudio.palntl6, channels=1,
rate=fs, input=True, frames_per buffer=chunk)

vocal=[]
count=0

59



while count < 200: #3744+ PF ¥
audio = stream.read(chunk) #- =X {+4F5 Bt v 2 < /|
vocal.append(audio)
count +=1

save wave file('testrecord.wav',vocal)
stream.close()

https://codertw.com/%E7%A8%8B%ES5%BC%8F%E8%AA%IE%ER
%A8%80/491427/
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