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III. Gabor Transform

I11-A Definition

Standard Definition: wlt) = e 7T
G, (1.1)= [ e (e)ae

Alternative Definitions: Giry (%) f )= e}nf'c Gl €)
)
.— with rotation property

ey T2 ()

ijl(t,f):j:e e x(7)dr

.— hormalization
.

G,(tf)= %I_i e_”(r_t)ze_jz”ﬁx(r)d

-CL

=2

Gx,3 (t 0)) — J-OO e—(r—t)Z/Ze—ja)rx(z_)dz_ W (T) - e

o Tt
Gx4(t,a)): i.“we 2 ™ 2)x(r)d2'
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* R. L. Allen and D. W. Mills, Signal Analysis: Time, Frequency, Scale, and
Structure, Wiley- Interscience.
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fractional Fourier transforms and their applications for signal processing,”

IEEE Trans. Signal Processing, vol. 55, no. 10, pp. 4839-4850, Oct. 2007.



Note

wie /I?% 3= Gabor transform E 3% 324 1% short-time Fourier transform
(STFT) » § %+ » Gabor transform ¥_STFT § ¥ - i special case.
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III-B Approximation of the Gabor Transform

Although the range of integration is from —oo to oo, due to the fact that
e ™ <0.00001  when |a|>1.9143
e '2 <0.00001  when |a| > 4.7985

the Gabor transform can be simplified as:

t+1.9143

(t f) L 1.9143 ”(T_t)ze_jzﬁﬁx(r)dr

T— t
t+4 7985 - —]a)(r——)
t a) ‘/ 2 x(r)dr
t 47985
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IHI-C Why Do We Choose the Gaussian Function as a Mask

(1) Among all functions, the Gaussian function has the advantage that the
area in time-frequency distribution is minimal.

(f= & i 9 STFT 4p+t > v #ae 49 e PP 3E  time-domain §- frequency
domain #&5 4+ B R )

w(t) =~ & — time domain 3§47 & & £

w(t) ~ % — W()=FIw(@®)]+~ & — frequency domain 3§47 & i £

(2) Special relation between the Gaussian function and the rectangular
function
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(Note): ¢ ** Gaussian function #_ FT &0 eigenfunction ° ]t Gabor
transform 7 time domain fr frequency domain e+ B -5 jp 4

— 00 g—

Q0 2 . 2
J‘ o /2 o/ dp — e—f /2
- azl, b2+

. 00 _ 2 )
according to I e gy — U /a-e”

—00

M. R. Spiegel, Mathematical Handbook of Formulas and Tables,
McGraw-Hill, 31 Ed., 2009.

Gaussian function is also an eigenmode 1n optics, radar system, and other
electromagnetic wave systems.

(will be illustrated in the 8™ week)



Uncertainty Principle (Heisenberg, 1927)

For a signal x(¢), if /¢ x(¢)=0 when [f{ — oo, then

6,6, 2 1/4n

sfwlj deviatoy

a long t-ayxis and f-oxis

where o’ :I(t—,ut)sz(t),dt O'; = J(f—ﬂf)zPX (f)df.
voviavge <= B ((X-?)z')
u =[P (1)dr, up =[P
P (1) = LXOF P _x()F

[1x@) de eneryy PX(f)__ﬂX(f)lz i
YR e;zm"o{e%{-m -t ct?

®aw: Ae™C e / ;€
<L pH
6ebp* 41, Can ctill be a(;p{?ea( A ‘7\11:%{

€
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(Proof of Henseinberg’s uncertainty principle):

From simplification, we consider the case where u, = =0

Then, use Parseval’s theorem

1 [P de 1o ar

O .0, =

T ar (Ix@ Pt [|x()[ de

[Ix)F ar=[1 XN df if X(f) = FT[x(0)]
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From Schwarz’s inequality (x(@),x(0)){y(®), (1)) Kx(f)ay(f»‘z

3 (t)%x(t)dt + Itx(t)%x*(t)dt

2
]/z

/4 (using |at+b]?> + |a—b|*> > 2|al?)

jtz [ x(6) ] dtj| X @) dt z(

2
>

I(tx* ()L x)+ tx(t)%x* (t)jdt

dt

2 2
/4 = /4

= t%[x(t)x* (1) |dt te()x' (1)) =[x (O)x(0)dt

- [zx(r)x* (1), —ox(o)x’ (z)\H_w] - [ ()x(e) dt "4

=[x di| 14
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For Gaussian function

x(1)=

= [(t= ) P.(1)at

0

F(n+) = n)

e

-7t

X(f)=e
Je-m) P dr [ 1x()f di
[Ix) [ ar [Ix) [ at

Since ,ut 0 (7+: 7((-‘()) /\

a’t_j 2t a’t—?'\,I - 27

Qa=2m, h*O

2
use I e g — et 4

[(m+1)/2]
2 gm)2

use _[ Cme et g =
M:2, =]

r(1/2)=~z T(n+1)=nl(n), T(3/2)=n/2
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ft x(OF dt [
Jlxyfde 4z’ Nz
1
FIZ, o,=,—
/ 4

>
—

#1712 ¥+ Gaussian function @ 3

1
Gth:E

m TR

[1 £ Z ] M. R. Spiegel, Mathematical Handbook of Formulas and Tables,

McGraW-Hill, 3rd Ed., 2009.
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f~axis

I1I-D Simulations

Gabor transform for rec-STFT, B = 0.5 for

Gaussian function exp(—?) Gaussian function exp(—7?)

4

f-axis
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95
x(f) = cos(2xt) when ¢ < 10, 1 |Ha
x(f) = cos(67f) when 10 < <20, +3Hz
x(f) = cos(4 t) when ¢ > 20 2Hz

STFT with the Gaussion window

Gabor

R —

Frequency (Hz)
O b b N LA o 2N w b oo

@)
9

10 15 20 25 30
Time (Sec)
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Gabor transform of s(¢) Gabor transform of 7(¢)

s

f-axis
f-axis

5 10 -10 -5 0 5 10

10 0o .
[-axis [-axis

5
chivp
s(¢)=exp(jt* /10— j3t) for-9 <t <1,

s(?) = 0 otherwise,

A (_(') aMrnfque
r(t)=exp(jt’ 12+ j6t )exp| ~(t—4)* /10|
ingtantaneous 'G'CC{““’“ Cy

=5 (t16)



f-axis

Gabor transform for s(¢) + 7(¢)

f-axis
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III-E Properties of Gabor Transforms

G (t.f)= f e‘jz”ffe_”(f_t)zx(r)dr

(1) Integration property

When k£ # 0,
When £ =0,
When k£ =1,

G (t,f)e*™ df =V x(kt)
" G.(t,f)df =" x(0)

_OO G. (t, f )efz’”f df = x( t) (recovery property)

(2) Shifting property

If y()=x(t—1,), then G (1,/)=G, (t—t,,[f)e*™'".
(3) Modulation property

If y(t) = x(Oexp(27f), then G (1, £)=G, (1, f - f;)
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IS(T To) A L0)dT=A(TS) f (- OS(‘C) *J?’Z'Ptdz _ e-%‘(: 9
(4) Special inputs: “5 [0

(a) Whenx(7) = A7), G (1,f)= .
[‘m ~7(T f) jwm T

(b) When x(7) =1, G, (t,f):e—jZﬂ'fte—;;fz ey
(symmetric for the time and frequency domains) =F T( e}_ )
|Gy (4£))c o f2 e—-ﬂP —Fanf ¢

\&m‘m{ed b)' 90°

Gabor for delta(t) o Gabor for 1

!

5

-10
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(5) Power decayed property

o I x(¢)=0 for¢> ¢, then

.Eo Gx (t,f)‘2 df < 8—27Z'(t—t0)2 J-:
2

2 (=t )
i, averageof|G, (t,f)‘ < e 7" xaverage of ‘Gx (to,f)‘ for t > ¢,.
(fix ¢, vary f) (fix ¢y, vary )

G. (1. f) df

(Proof):
Gx (t,f) _ J‘_fo e—ﬂ(r—t)Ze—j2ﬂfo(T)dT Gx (t09f) :J'to e_ﬂ(r—to)ze—jbrfrx(z_)dz_

—00

Since (T — l‘)2 > (Z' — to)z + (to — f)z e—ﬂ(t—7)2 < e—ﬂ(t—to)2 e—ﬁ(to—r)2

G.(t,1)<e™ ™G (t,, f)

o If X(f):FT[x(t)]:O for > f,, then

2 _ Ry
average of ‘Gx (t,f)‘ < e "YU x average of
(fix f,vary t) (fix f,, vary t)

G, (t’fO)‘2 for > f,.



(6) Linearity property

Ifz(r)=ax(z)+ fy(r)and G4, f), G(¢t /) and G (¢, /) are their Gabor
transforms, then

G.t,/)=aG(tf)+ Gt [)
(7) Power integration property:

2 u+1.9143 2
(-
( )‘ 7 j 7(t—u)

u—1.9143

|G, (t,f)‘2 df = Ji e 2r x(r)‘2 dr

(8) Energy sum property
[ [ e.(.nNG (r)dfdi=] x(z)y (r)dz

where G, (¢, /) and G (¢, /) are the Gabor transforms of x(z ) and y(7 ),

respectively.
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III-F Scaled Gabor Transforms
w(tT) = e~ 61 T"
G.(t,.f)= (‘/;j: e_a”(f_”ze_jz”ﬁx(f)df
(finite interval form)

G l4,€)- }‘\rg 5:‘*: :;:’Zﬁ e sx(t-1)° -p.n@

A(T) T

larger o: higher resolution in the time domain

(narrower win dow) . :
lower resolution in the frequency domain

smaller o: higher resolution in the frequency domain

(wWider window)

lower resolution in the time domain
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Gabor transform for Gabor transform for
Gaussian function exp(—7z?) Gaussian function exp(—z?)
c=0.2 o=15

f-axis




Fe 2 %t time resolution 4p #f + ¢ frequency resolution A g £773 5L

(1) Using the generalized Gabor transform with larger o

(2) Using other time unit instead of second

e Bt (H - C sec) f(¥d = ¢ Hz)
fj’%\ﬂ ZELF 1T a
t(H = 0.1sec) f(H = :10Hz)
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III-G Gabor Transforms with Adaptive Window Width

For a signal,

when the instantaneous frequency varies fast — larger o

when instantaneous frequency varies slowly — smaller o

G ()=o) e x(e)ar

Q0

a(?) 1s a function of ¢

S. C. Pe1 and S. G. Huang, “STFT with adaptive window width based on
the chirp rate,” IEEE Trans. Signal Processing, vol. 60, issue 8, pp. 4065-
4080, 2012.
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4T © Matlab B A2 R AL E L F F ihdy £

(1) 1% P&l 5 % L ﬂ}“'ﬁ’_ﬂ i v

(2) & ¥ & @ * Matrix 2 Vector operation

(3) &t 49 A fir BN i@ g oo P A5 I e B

(4) B A TRl 2 & 2IH LRI (%] R R F 5 debug)
(5) R RIGEH E bl o $ 3 (5 R Rl A S b

:X ! ¥ ¥ Matlab Program (or Python program) 29 i Rl FET KB
M i e 388 o Program 3 {7 iE B AR 0 & ﬁm]}éf\rs o
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~ # £ & th Matlab #; 4

(1) function: 3 &% — 7 » 7 M E-FE B A2 S 50 1
(2) tic, toc: 3+ & PF R
tic = B 4n2-PF > toc & B o PR RF
(3) find: 3% & - B vector § » # &3t 0 erentry i ¥
#= 0] D find([100 1]) =1, 4]
find(abs([-5:5])<=2) =14, 5, 6, 7, 8]
(F] % abs([-5:5])<=2=[00011111000])
(4) " : Hermitian (transpose + conjugation) > . ' : transpose
(5) imread: & B
(GX :© #-% ¢h Matlab "< & imread & §- double I *
A=double(imread(‘Lena.bmp’));



(6) image: #-HB] & 1 J1 Kk > 108
(i) &1 A I @
image(A) % A has the size of MxNx1
colormap(gray(256)

(ii) &g 42 ¢ B » B Hcenfi?)
image(A) % A has the size of MxNx3 and the entries are integer
(iii) & 1 42 ¢ B » 2LE oA
1image(A) % A has the size of MxNx3 and the entries are non-integer
(7) imshow, imagesc : » ¥ * %k & 1 ]
(8) imwrite: % # Bl 4%
(9) aviread: % B~ video #% @ "L &4 & 5 avi
(10) VideoReader: 3% B~ video #%
(11) VideoWriter: #l 1% video ##
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(12) xlsread & readmatrix g% readcell : ¢ Excel #§ 38 2~ F‘ﬁf

(13) xlswrite: #3758 = Excel 4§
(14) dlmread: 3§ B~ *.txt 2% H i 5§73 J;}:ﬁ‘j?ﬁ E AL
(15) dimwrite: #-FHL 8 = *txt & H s 555 %
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‘it ¢ B Python B A 4238 ¥ o ¢ * DlenE &g £

FREE L
pip install numpy
pip install scipy
pip install opencv-python
pip install matplotlib

(1) Z_&% S 3% ;& % def

Q) EEFF
import time
start time = time.time() #EP~F = pF ¥
end time = time.time()

total time = end time - start time #3* & PR L KT DB R F

B OH2021# iz ot feehiE it 5
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(3) # Z~WlAn ~ AT BlAn ~ ;o Bl

(%)
import cv2
image = cv2.imread(file name) #3f 3k color channel = BGR
cv2.imshow(‘test’, image)
# & image eHiE 2L 5 B > & Tt = cv2.imshow(‘test’, image/255)
cv2.waitKey(0)
cv2.destroyAllWindows()
cv2.imwrite(file name, image) #7% #-color channel# 5 BGR
(% #2)
import matplotlib.pyplot as plt
image = plt.imread(file_ name) #%¢ X color channel = RGB
plt.imshow(image)
# % image g 2L > £ :x = plt.imshow(image/255)
plt.show()
plt.imsave(file name, image) #% #-color channeli# = RGB
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(4) F Harray? % L4 2 if @ hE el

(40 % ** Matlab > find 45 £
import numpy as np
a =np.array([0, 1, 2, 3,4, 5])
index = np.where(a > 3) # = #array([4, 5])
print(index)

(array([4, 5], dtype=int64),)
index[0][0]

4
index[0][1]

5
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Al=np.array([[1,3,6],[2.4,5]]) A = B j 2}
index = np.where(Al > 3)
print(index)

(array([0, 1, 1], dtype=int64), array([2, 1, 2], dtype=int64))

(N 458 LAl >3 ahgheniz & g4 5 [0, 2], [1, 1], [1, 2]
[index[0][0], index[1][0]]

[0, 2]
[index[0][1], index[1][1]]

[1, 1]
[index[0][2], index[1][2]]

[1, 2]
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(5) Hermitian ~ transpose
import numpy as np
result = np.conj(matrix.T) # Hermitian

result = matrix. T  # transpose

(6) 7= Python % * #f P~ Matlab § ¥ ¢ mat £

data = scipy.i0.loadmat('***.mat')
y = np.array(datal'y']) # 3% y £ FFFmat § ¢ g4 i e A



IV. Implementation

IV-A Method 1: Direct Implementation

2 STFT % o

X(t,f)= Ijow(t —T)x(r)e_jz”deT

Converting into the Discrete Form

t=nh, f=mhA, 7=pA, frow ol
X(nAt,mAf) = i w((n —p)At)x(pAt)e_jZ”pmAtAf@>
p=—00
Suppose that w(f) =0 for |{{>B, B/ A,=0Q
n+Q _
X(nAt,mAf) = Z w((n —p)At)x(pAt)e_ﬂ”p'"A’AfAt
T F p=n-0

Ry
—

Problem : ¥} scaled Gabor transform @ % > Q=7

B M oo 1als
T “TwEA
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e Constraint for A, (The only constraint for the direct implementation method)

To avoid the aliasing effect,

A <120, Qisthe bandwidthof 2 wlt-Ox(T) ¥ FT(wlv):=W(f)
FT(wl-0)) = W)

*witty L2 ounduidth of % ()
bardwid h of Wiy - ¥ 7__(""(;{(}‘“)\
s Owt Ny () TeeMIT W)

|
bandwidth ot w({\) A+ { l(fl\d'tm-

There is no constraint for A, when using the direct implementation method.



Four Implementation Methods 117

(1) Direct implementation

Complexity: T F(2@+41) = 2TF 2% 9( T FQJ)

B3k t-axis 3 T ¥ sampling points, f-axis 3 F i# sampling points

——

(2) FFT-based method un balneed
Complexity: HTN lo?’ N > form

(3) FFT-based method with recursive formula

Complexity: 2F (T-V) +N|09/\/ > 2F T) (F T)

(L Vi)

(4) Chirp-Z transform method

Complexity: 3 T p( 04 N, O (v {03' N>
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(A) Direct Implementation

The O"' ‘aﬂg-('wﬂh{ Is)
Advantage : simple, flexible ( A¢ z(ﬂx )
Disadvantage : higher complexity

(B) DFT-Based Method
Advantage : lower complexity

: d S— ot -1
Disadvantage : with some constraints (2) B4 € Oyt S ),(') A{A‘l N
W) NZL%_t‘/ window' A 69
(C) Recursive Method % ?)1(

Advantage * [gyect compledity
Disadvantage : (i) oulf m +able for the rec tangulowr window

accumalated eyvor
(D) Chirp Z Transform

Advantage oh\/ tohstraink A 4.2')
Disadvantage : moye Computatlan time than (B)(¢)




Fost Fouvier tvansform 19
IV-B Method 2: FFT-Based Method

Constraints : (11)
(ii)) N = /(A Af)<> 20 +1: > (AAE I B is] )
m: O’VN-‘ ' ComPIEJ‘z{/ & M—Po:’lf

N-1 2mrmn

Standard form of the DFT Y nle ¥ PET: @ (NMlog NV
Vn)- 3 Solle’ N (Vlog N)

n+Q ‘
X(nAt,mAf) = > w((n-p)A,)x(pA,)e A,

p=n—-0

JAtAf=1/N (L
e —m | B bin-6, 4= 0
X(nA mA ): Z W((”_p)At)x(PAt)ej NOA, p=ntx, 4: Le
p=n—0

q=p—(n-Q)—p=mn-0)tq
n-p= h-q-n+Q: Q-9
27(0-n)m 20 _2mqm

X(nAt,mAf):Atej N ZW((Q—Q)At)x((q+n—Q)At)ejN
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Note that the input of the N-point FFT should have N points (others are set to zero).

27(Q-n)m N-1 _ 2mgm

X(nAt,mAf)zAteJ N le(q)eJN , q=p-(n-0)—p=m-0tq

x,(q)=0 for2Q0 <qg <N.
k=g-0 n-Q <n-Q+qg < n+Q
020-42-0

272(0-mm

X(nAt,mAf):Atej N DFT(xl(q))

where x,(gq)=w(kA,)x((n+k)A,) for 0<g<20, -0<k<Q (k=q-0)

——

x,(q)=0 for 20 < q <N.

(Suppose that w(z) = w(-1))
w((Q-9)a¢) = w(-ka)=w (k&¢)

———
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2x(Q-n)m
¥ DFT(x(q)) for each n

X (nA,,mA,)=Ae

t

where x,(q)=w(kA,)x((n+k)A,)  for -O<k<QO (k=q-0)
x(q)=0 for 20 < g < N. (Suppose that w(#) = w(-1))

x(nA,) 8 S a

1 A
4
1

x((1=0)8,)  x(n)  x((n+0)A,)
take a segment of the signal

N(kAt) -0<k<Q

multiplied by the window

- L /A—
x(q): Q(kAt)x((n+k)At) . padding N—2@
: _—

2x(Q—n)m

X(nAt,mAf):Atej N DFT(xl(q))
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2x(Q-n)m

X(nAt,mAf):A e Y DFT(x(q)) for each n

t

/l,';z’;
N-1 _2mgm
(1) ¥ 12 * Matlab # Python & fft 43 4 %3+ 5 D x(q)e ¥ =X,(m)
=0
' SHMogN )

Q) #% - BHRLSn WEFH - T 3 ht 3

T F J27(Q-mm N _2mam JAmQ@=—m)m
X(l’lAt,mAf):At N le N :Ate N Xl(m)
q=0
(fixed n) VigN +F & Nlog N
N: Beae

(3) Complexity = ?
& (TNlog V)



For page I

BAK 1= ngA, (1F1) Ay (ng+2) Ay oo, (0t T-DA, 18 a2 p=0.08 12
oz 0, T=60]|,
J=myAy (mot1) Ay (my+2) Ag =oeee- , (mytF-1)A; = ..|oo' F- )_o,
. N7 472~ 400
Step 1: Calculate ny, my, T, F, N, Q ¢ =
rStep 2: n=n gﬁﬁ)@"'&? 6"-'&"20)1&"'(:4'
| ads N (etl)_Zerog
Step 3: Determine x,(g) Page (21 . m= fl Af
tep 4: X,(m) = — page
Step 4: X,(m) = FFT[x,(¢g)] — mod(m, N)
Step 5: Convert X, (m) into X( nA,, mA ¥ I\I‘4oo
( loo \7p o 25(’; nt)mm f) OO] X DOD]
X(nAt,mA ) Ae NooX (my) Y.[.cg’] = A 3ol]
- %, 0-98] = X,[30
A M,z mod (m, V) F{tMNé‘?ﬁigi ' g] Lso2]
0 -Ngm ¢, w'.=w'+'~/ AL
m] le N X, [m] [m+N]
’"’”‘(mﬂ)

“Step 6: Set n = n+1 and return to Step 3 until n=ngtT-1. ¥~ 3%, _x3nq
- €
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IV-C Method 3: Recursive Method

wW ( )= YC(‘(‘,' (_-E)
* A very fast way for implementing the rec-STFT

. ) 22 n+Q _2zpm
(n frn—17 recursive:Hig %) X(nAt,mAf)z > x(pA,)e =N A,

p=n—0
n-{tot _‘Z’VD_BM
X((n—l)At,mAf)zi XA e D
sh4-Cv
(1) Calculate X(min(n)A,, mA,) by the N-point FFT g

j27r(Q—n0)m N-=1 _j27zqm N‘ogA/
X(noAt,mAf)zAte YooYy x(g)e” ¥ |, ng=min(n),
q=0

xl(q):x((n_Q-l_Q)Az) forq <20, x,(q)=0 forqg>20

(2) Applying the recursive formu(la’t-o \c;tlculate X(nA, mA)),
o 2F(T-
n=n,+1~ max(n) P:V)"\—@v
X(nAt ,mA ) = X((n —DA,,mA, ) — x((n -0 -1A, )e_jz”(”_Q_l)m/NAt
il 5i .
T,’\‘!:' F,’é" +x((n 4 Q)At)e—]Zﬂ(n+Q)m/NAt -
P=ntov
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IV-D Method 4: Chirp Z Transform

exp(—jZﬂpmAtAf) = exp(—jﬂpzAtAf )exp(jﬂ(p —m)’ AtAf)eXp(—jﬂmzAtAf)

For the STFT

n+Q

X (nA,mA )= 3 w((n=p)A,)x(pA,)e A,
T TletbalogNtF) X zTNIog/v
(8 =877 3 (= gy, ()
T F =

Step 1 multiplication 24

Step 2 convolution 3N (09-/\/

Step 3 multiplication [

yon T=XEmIh] = z A1 hT m=p] 1
LS £8H(W)] h(w]=ed M aede



For every fixed n 126

Step 1 %, [ p]=w((n—p)A,)x(pA, )e_jﬂpzAtAf n-Q<p<ntQ
n+Q 5
Step 2 X, [n,m]= Z x|ple[m-p] c[m]= o/ Ay
p=n-0

Step 3 X(”At,mAf):At e—j;rmzAtAsz[n’m]

Step2 A2+5 +F » 2 & * 3| linear convolution &k 37

Question: Step2 & * % > gLen DFT?




e Illustration for the Question on Page 125 127

ylnl= ) x{n—k]h[k]

e Case 1
When length(x[n]) =N, length( h[n]) =K, N and K are finite,
» length(y[n]) = N+K-1,

Using the (NV+K—1)-point DFTs (5 2 BLASE 4 — & i 0§ 23%)

e Case 2
x[n] has finite length but 4[n] has infinite length ????



yinl= D x{n—k]h[K]
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Case 2

x[n] has finite length but /4[n] has infinite length
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cp & y[n]=xn]xh[n]=) x[s]h[n—s]
yinl=x[n1hn—n1+x[n, +1]hln—n, =11+ x[n, + 2]h[n—n, — 2]
SRRLEE +x[n,1h[n—n,]
% n=m
yimy = x[n, Jhlmy —n 1+ x[n +1]A[m; —n, — 1]+ x[n, +2]A[m, —n, —2]
T +x[n, [ A[m; —n, ]
®n=m,
yim, = x[n h[m, —n 1+ x[n, +11h[m, —n, =11+ x[n, +2]h[m, —n, —2]
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mg—n m, —n, 2
p— 2 yln]= Zx[s]h[n — 5]
| / S=n

W-,ll_lfl2+1 ml—n1+1 !
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#0000 3 % Plen h[k] enfe BE_k € [m;—ny, my—n, ]

FFT implementation for Case 2
x[n]=x[n+n] forn=0,1,2,..., N—1

x,[n]=0 forn=N,N+1,N+2, ...... , L —1 L=N+M-1
hinl=hn+m —n,] forn=0,1,2,...,L-1

w[nl=IFFT, (FFT,{x[n]} FFT, {h[n]})

ylnl=y[n—-m+N-1] forn=m,m+1, m+2,..,m,
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IV-E Unbalanced Sampling for STFT and WDF

#-pages 115 and 119 0= 2 Tz &t

X(t,f) = J:w(t—r)x(r)e_jz”ﬁdf
l W($-T) =W (nB¢-Pbz) =W(hSA, -bOy)

nS+Q

X(nAt,mAf) = Z w((nS —p)Ar)x(pAT)e_ﬂ”pmA’AfAr
p=nS—Q
NO¢ - WSA‘C
where t=nA, f=mA; t=pA, B=0A, (EX w()=0 for|]> B),
44) | AL -
S=A/A, AzA &K b l/Adie , 84215,

pade (36

3L ¢ A_(sampling interval for the input signal)
A, (sampling interval for the output 7-axis) can be different.

However, it 1s better that S = A/ A_1s an integer.



5= 133

When (1) A A= I/NJ (2) N=1/(AA)>20+1: (AAFR & £ E e e v )
3)A,<1/2Q, Qis the bandwidth of w(z—#)x(zr) L= S2w +0x

ie., |FT{w(r—t)x(r)}|=|X(tf)|=0 when|f|>Q

S ——
nS+ _ 27 pm

X(nAt,mAf) = w((nS—p)Ar)x(pAr)e TNA
(p=nS—0

—"ZF—

£q=p-(nSQ)—->p=nS-0)+gq

j27r(Q—nS)m N-1 _j27rqm
X(nAt,mAf)zAre Yoo Y x(g)e ¥
q=0
X, (q) = w((Q— q)AT)x((nS -0+ q)AT) for0<g <20,
x,(g)=0 tk&rmatl‘i—\ ; f for 20 <g <N.
IFw(t) = w(-0)) /7 eonge

- 2%
4 [ﬂ — X (q) = w(kAT)x((nS — k)Al:f % for 6%2 <20, k=q-0,-0<kLQ
x(q)=0 for2Q0 <qg < N.

T




Tﬁ?‘;{ 1= COAt? (CO+1) At’ (CO+2) Ata """" > (CO+ C '1) At 134
(= aSA, (€oS+S) A (¢5428) A -++++-, [+ (C-DS] A,)
F=mo Ay (mt1) Ay (mg+2) Ay +oe, (mgtF-1) A,

T =g A, () Ay (ngt2) Ay oo, (mgtT-1) A, S=A/A,
Step 1: Calculate ¢y, my, n,, C, F, T, N, Q

Step 2: n = c,

Step 3: Determine x,(q)

Step 4: X,(m)=FFT[x,(q)]

Step 5: Convert X;(m) into X( nA,, mA))

Step 6: Set n = n+1 and return to Step 3 until n =c,+ C -1.

Complexity = ?
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IV-F Non-Uniform A,

(A) £ % gt A,

(B) 4o 5 3 X (nA,mA, )| 4o [X((n+DAmA, )| 2 R4 ek L B

Bl & nA, (ntl) A, 22 FFiE * #] 0 sampling interval A,
(A, <A, <A, AJA oA AL % 5 F )
£ % page 132 &0 £ 5 0

X(nA + A, mA ) X(nA

t1°

+2A  mA ), e X((n+1A, - A

t 112 f)’ ’ mAf)

11?

(C) 72 - 8541 » 4ok ‘X (nA, +kA,,mA,)

. X (nA, + (R 1)A,mA )

L BER A < < o PR E* /] evsampling interval A,

(AT <At,<At,, At/ Aty FeAt,) At ‘¢ 5 B H)
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Gabor transform of a music signal

£o, 280, 3%, =

1000

\\\
\\ A\
\\

0 0.2 0.4 06 0.8 1 1.2 1.4 1.6

A,=1/44100 (3= 7 44100 x 1.6077 sec + 1 =70902 2t)



(A) Choose A, = A, 137

running time = out of memory (2008 ) 15.262140 sec (2022 )

(B) Choose A, =0.01 =441A, (1.6/0.01 +1 =161 points)
¢> 4o 8¢=0.0) , ,
running time = 1.0940 sec (2008# ) 0.041053 sec (2022 )

(C) Choose the non-uniform sampling points on the #-axis as

t=0,0.01, 0.02, 0.03, 0.04, 0.05, 0.1, 0.15, 0.2, 0.4, 0.45, 046, 0.47, 0.48,
0.49, 0.5, 0.51, 0.52, 0.53, 0.54, 0.55, 0.6, 0.8, 0.85, 0.9, 0.95, 0.96, 0.97,
0.98,0.99, 1, 1.01, 1.02, 1.03, 1.04, 1.05, 1.1, 1.15, 1.2, 1.4, 1.6

(41 points)

intervals: 0.2 = 0.05 — 0.01

eee—

running time = 0.2970 sec (2008 ) 0.010594 sec (2022 # )



with adaptive output sampling intervals 138
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*$+4%— Fr Dirac Delta Function 4p B s ¥ * 2 30

T Sty 1% 20 (5=
(1) j_ e dt=5(f) ‘ N
i EE gt [
(2) o (f)z‘a‘5 (Cll) (scaling property) g +
o lﬁi\m
@) [ e di=6(2(1) =TI S S(f~1,) (slatreits L
. fhlS(G‘(’) d€ =

where f, are the zeros of g(f)

4) J-_O:O 5(t —1, )y(t, ------ )dt = y(to, ------ ) (sifting property I)

(5) 5(1_%))’(1» """ )=5(t—to)y(to, """ ) (sifting property II)
{8 ({—'-"O)Y(%: "“’)d‘é p= 7[-(—3/ ~-u) {S({-’(’o)d'(,
./'\——-/-\u/

Y, ) !



