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VII. Other Time Frequency Distributions (1I)

The trend of time-frequency analysis in recent years:

(1) S transform and its generalization

(2) Time-frequency reassignment and the synchosqueezing transform
(3) Time-variant signal expansion (Compressive sensing)

(4) Improvement for the Hilbert-Huang transform
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VII-A S Transforg{nI !

. . P P2g < |02 &6 = .(\ 2
(Modification from the Gabor transform) 3: M4g 19143

) g
S.(t,f)= \f” exp[ z(t-1) fz}exp(—j27zfr)dr S

closely related to the wavelet transform

dvant d disadvant
advantages an 1ISadvan -ages *‘ e _Pvec' m(/ ?
-P l Wwi( Vld oW W(d'('l'\ T vegolu-‘-?ou veso lu'('(on

+1 ’ 1

[Ref] R. G. Stockwell, L. Mansinha, and R. P. Lowe, “Localization of the
complex spectrum: the S transform,” IEEE Trans. Signal Processing,
vol. 44, no. 4, pp. 998—1001, Apr. 1996.
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S transform 4= Gabor transform #p 2 o

iz §_QGaussian window 0% & € KL F f 1 0¥

w(t):exp[—ﬂtzj w(t)z‘f‘exp[—mzfzj

voc al < 2911 q’
< o worse time resolution, better frequency resolution

100 200
% #f . better time resolution, worse frequency resolution Wood 1lod

The result of the S transform (compared with page 95)

%

f-axis

——

f-axis
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e General form a-s% & c(BH)=+

S.(tf)= ‘S(f)‘jix(r)exp[—ﬂ(t—r)z s’ (f)}exp(—j27zfr)dr
s(f) increases with f

46, /

£
4>

exis(@): AR

p

C. R. Pinnegar and L. Mansinha, “The S-transform with windows of arbitrary
and varying shape,” Geophysics, vol. 68, pp. 381-385, 2003.
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Fast algorithm of the S transform

When fis fixed, the S transform can be expressed as a convolution form:

SN =ls(N[” x(c)exp| ~z(t-7)'s*(f) |exp(-j27 f7)dz

convolution
along t—axis

S.(t,f)=s(f { Jexp(—j2zft) * exp|—xt’s’(f)]
(for every fixed f)

Remember:  g(¢)* h(t) = j (D)t -1)dr

Q: Can we use the FFT-based method on page 121 to implement the S
transform?
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VII-B Generalized Spectrogram

[Ref] P. Boggiatto, G. De Donno, and A. Oliaro, “Two window spectrogram and
their integrals," Advances and Applications, vol. 205, pp. 251-268, 2009.

Generalized spectrogram: SP,, (l‘,f ) =G, (f f )G:,Wz (f,f )

o0

w (t—7)x(7)e’*" "dr

G, (t.f)=]

G,., (¢,f)= j_i w,(t—7)x(r)e > dr
Original spectrogram: w,(?) = w,(?)

To achieve better clarity, w,(#) can be chosen as a wider window,
Ww,(?) can be chosen as a narrower window.
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x(f) = cos(2xt) when ¢ < 10, W0 :ze ST
x(t) = cos(6 ) when 10 <1 <20,

x(f) = cos(4t) when ¢ > 20
(a) Gabor, sigma = 0.1

5

f-axis
(e}

0 5 10 15 20 25 30
t-axis

(b) Gabor, sigmal = 1.6

f-axis

30

t-axis



x(f) = cos(2xt) when ¢ < 10, 216
x(t) = cos(6 ) when 10 <1 <20,
x(f) = cos(4t) when ¢ > 20

(c) Generalized spectrogram

5

f-axis
(e}

0 5 10 15 20 25 30
t-axis

(d) Gabor, sigmal = 0.4

f-axis

t-axis



Generalized spectrogram:  SP.,, . (t.f)=G,, (t.f)G., (t.1)

Further Generalization for the spectrogram:

or

SPx,Wl,Wz (t’f) - G;Cxawl (t’f)G;sz (t’f)
SP)C,WlaW2 (t’f) - Gxawl (t’f)|a Gx,W2 (t’f)|ﬂ

217
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VII-C Reassignment Method

After computing the time-frequency distribution, we can use the following
way to make the energy even more concentrated. e YP“'('”I

(1) First, estimate the offset. valu<

Lo - ou—tv—f)-X(uv)dudv _ ._&L(
17 o=t —f) Xwoyduds S04

t(t,f) =

[2 07 ve@u—tv—f) - X(uv)dudv
[2 02 @u—t,v—f) - X(u v)dudv
X(¢, f): time-frequency analysis (STFT, WDF...) of x(?),

o(u, v) =1 when |u|, |v|<B
o(u, v) = 0 otherwise

ft, )=

: E(v)

ou—t,v—f)

(2) Then, shift the time frequency distribution at (¢, /) to (f (f J ),f (f f ))
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(2) Then, shift the time frequency distribution at (¢, /) to (f (f . ),f (l‘ f ))

X(e.)=] ] X (0. £)8(=1 (1. 1))(f =7 (5.1))dudl

References

[1] F. Auger and P. Flandrin, “Improving the readability of time-frequency and
time-scale representations by the reassignment method,” IEEE Trans. Signal
Processing, vol. 43, issue 5, pp. 1068-1089, May 1995.

[2] F. Auger, P. Flandrin, Y.T. Lin, S. McLaughlin, S. Meignen, T. Oberlin, and
H.T. Wu, “Time-frequency reassignment and synchrosqueezing: An

overview,” IEEE Signal Processing Magazine, vol. 30, issue 6, pp. 32-41,
2013.

PS: & #2017 & i tkerh 1 & b 5



M ¢ I

Synchrosqueezing Transform

no %H’/‘Cl)
X(t.0)=[ x(6.£)s(f -7t 1)), Pah): fv @ (1- XYYy
It only moves along f-axis. Se(v)X (€,V)dv

(simplification form of the reassignment method)

C. Li and M. Liang, “A generalized synchrosqueezing transform for

enhancing signal time—frequency representation,” Signal Processing, vol. 92,
issue 9, 2264-2274, 2012.

T. Oberlin, S. Meignen, and V. Perrier. “The Fourier-based synchrosqueezing
transform,” in /[EEE Int. Conf. Acoustics, Speech and Signal Processing, pp.
315-319, 2014.
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VII-D Basis Expansion Time-Frequency Analysis

,T.%%(rl’ﬁ
e Fourier series: ¢, (f) = exp(j27f,1), X(f ) ~ iam exp(j27 f,,t)
(x(1).0,(£)) 1 ¢ | fo=miT
— =L —j2 d
a, (o () (1)) T-[o x(t)exp(=j27 f,t) Yo, TN ;?m#k
0 v-%o?,on al

B

F8 %4 th1 Time-Frequency Analysis » #_&, Bl & #-signal % 77 = 40" 73] iy

u I8 A(4)2 30, 0140
x(t)~ ). a,p,(1) A
Z} &0, G0 7 5 a L Cult), @ (+)>

¥R M EOEAT = O {Umlt), Lml)>
M 2
x(t)->.a,0,()
m=1

B () — it > F e enbasis 2 B 7 B A frequency A &

dt & B)

[0 @)
approximation error = j
—00
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(1) Three Parameter Atoms

21/4 . 72_(1, _ )2
¢to,fo,a (t) — 01/2 eXp(]ZﬂJ(Ot) eXp(_ 02 : )

3 parameters: ¢, controls the central time
f, controls the frequency
o controls the scaling factor

[Ref] S. G. Mallat and Z. Zhang, “Matching pursuits with time-frequency
dictionaries,” IEEE Trans. Signal Processing, vol. 41, no. 12, pp.
3397-3415, Dec. 1993.

Since ?i,./,.0 () are not orthogonal, 4, s .- should be determined by a
matching pursuit process.
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(2) Four Parameter Atoms (Chirplet)

X(t) ~ Zafmfo o quto Jo.0.m (t)

2l 7(t— t)
a0 =S exp (27 fy+ 1) - (

—
—

)

4 parameters: ¢, controls the central time
/o controls the initial frequency
o controls the scaling factor
77 controls the chirp rate

[Ref] A. Bultan, “A four-parameter atomic decomposition of chirplets,”
IEEE Trans. Signal Processing, vol. 47, no. 3, pp. 731-745, Mar. 1999.

[Ref] C. Capus, and K. Brown. "Short-time fractional Fourier methods for
the time-frequency representation of chirp signals," J. Acoust. Soc. Am.
vol. 113, issue 6, pp. 3253-3263, 2003.



;2 E’Pm't
(@) STFT of a Fourier basis
:
P
4 6 8 10 12
_ t-axis
'é\" & (b) STFT of a 3-parameter atom
20
pad
P
0 2 4 6 8 10 12
t-axis
(c) STFT of a chirplet (4-parameter atom)
20
X
P

t-axis

-
-
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(3) Prolate Spheroidal Wave Function (PSWF) 225

x(t)% Z an,T,Q,zO,fOWn,T,Q(t_to)exp(jzﬂfot)

n,T,Q.t, 1o
where Ynr.0(t) is the prolate spheroidal wave function

[Ref] D. Slepian and H. O. Pollak, “Prolate spheroidal wave functions, Fourier
analysis and uncertainty-1,” Bell Syst. Tech. J., vol. 40, pp. 43-63, 1961.

Note (1) No function has finite supports in both time and frequency domains.

(i1) The PSWF satisfies x(t) =0 for ‘t‘ >T

(iii) For all functions that satisfy x(¢)=0  for |t|>T
Q

| X ar

| [xonrar

The PSWF can maximize



Concept of the prolate spheroidal wave function (PSWF): 226

e FT: X(f) :I:exp(—j2ﬂft)x(t)dt , X, f e (—o0,0).

energy preservation property (Parseval’s property)

j_“;\X( NI df = j_i\x(r)f dt

e finite Fourier transform (fi-FT):
T .
X, (f)= I_Texp(—]ZEft)x(t)dt

space interval: ¢t € [T, T], frequency interval: f € [-Q, Q]
Q 2
x|
0 < energy preservation ratio ===~ . <1

| [x(@)f ar
-T
0 2

| X 0) dr

The PWSF ¥, 1 (¢) can maximize == .
| [xf dt
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[ oXanf ar
I_TT\x(t)\z dt

The PWSF ¥, (¢) can maximize

Among the functions orthogonal to ¥ 1 o

[ X, ar
j_TT\x(t)f dt

W, ro(t) can maximize

Among the functions orthogonal to ¥ 1 o andy; r g

[ X, df
j_TT\x(r)\z dt

W, 1o (t) can maximize

and so on.
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* Prolate spheroidal wave functions (PSWFs) are the continuous functions

that satisfy: I Ke ot r0(t)dt =2, oW, 1 0(1)

9

sin[272Q(#, — )]
ﬁ(tl B t)

where

KF,Q (tvt):

PSWFs are orthonormal and can be sorted according to the values of 4, ;. ’s:
T
I_T Yo (t)wn,T,Q (t)dt =90,

1> 0> Aira> g™ oo > 0. (Allof 4, ;s are real)
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‘it4- : Compressive Sensing and Matching Pursuit .5

& &8 B K=
;(_-_
Different from orthogonal basis expansion, which applies a complete and

orthogonal basis set, compressive sensing 1s to use an over-complete and
non-orthogonal basis set to expand a signal.

Example:

Fourier series expansion i1s an orthogonal basis expansion method:

M
x(t)~ Y a, exp(j27 f,1)
m=1

j exp(j2rf,exp(j2f)di=0  iff, #f,

Three-parameter atom expansion, Four-parameter atom (chirplet) expansion,
and PSWF expansion are Gver-complete and fion-orthogonaDbasis expansion
N— e N— e

methods.
)C(t) ~ Zato,fo,dgplo,foﬁ (t)

P t,.fo,0 (£) donot form a complete and orthogonal set.
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-4 \ ! |
0 5 10 15

For example, in the above figure, the blue line 1s the original signal
e When using three-parameter atoms, the expansion result is the red line
x(t) _ 38—0.27r(t—5)2 n 2'56—0.47r(t—8)2+j2m n 2'56—0.47r(t—8)2—j27rt

Only 3 terms are used and the normalized root square error 1s 0.39%

e When using Fourier series, if 31 terms are used, the expansion result is
the green line and the normalized root square error 1s 3.22%
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The problems that compressive sensing deals with:

Suppose that by(?), b,(¢), by(?), b3(¢) «ennvenn.. .. form an over-complete and
non-orthogonal basis set.

(Problem 1) We want to minimize ||c||, (|| ||, %L, norm > ||c|
B4 % 0 ip#Hc) such that

x(2) =2 e.b, (1)
(Problem 2) We want to minimize ||c||, such that
2
J.(x(t) ->c,b, (t)] dt < threshold

(Problem 3) When |||, 1s fixed to M, we want to minimize

I (x(t) “Seb, (t)jz dt

m=1

of‘i#ﬁcm £

Sparse: smaller L,norm



232
Question: How do we solve the optimization problems on page 2317

Method 1: Matching Pursuit (Greedy Algorithm)

Input: x(¥) atoms: b, (1), m=1,2,3, ....
Initial: 7 = 0, x,(f) = x(?) {5, (), (1)at =1
l (normalized)
— > Find m such that er (¢)b, (t)dt‘ is maximal
|
Set 4,(1) = b, (0, 1, = [ x(1)b,,(1)ds
!
No xr(t) - xr(lt) - 1un¢n(t)
n=ntl x(t)EZﬂm%(t)
l m
For Problem 1: Whether x () = 0 /( €8s

For Problem 2: Whetherj ‘xr (t)‘2 dt < threshold

For Problem 3: Whether n =M : :
It 1s not optimal.



Method 2: Basis Pursuit

Change the L, norm into th

lelly = leol + leyl + el + ...

(Problem 1) We want to minimize ||c||; such that

(Problem 2) We want to minimize ||c||,; such that
~ s ~———

—

| (x(t) - ;cmbm (t)j2 dt < threshold

(Problem 3) When ||c||, £ M, we want to minimize

I(x(t)—;cmbm (t)j2 dt

233



Definitions of Generalized Norms 234

Norm (L, norm):  |x[n]] :,“/Z_Zx[n]a

lim (L,norm)*=K where K is the number of points such that x[7]# 0

a—0
(Physical meaning: The number of nonzero points)
N-1
Lynorm:|xfa]l, = [+{n] aka
n=0

. . . S(ohvex Lunctios
(Physical meaning: Sum of Amplitudes)

Lynorm: ¥}, :\/Z_lx[”]z v

(Physical meaning: Distance)

Matching Pursuit: Zero order norm lin% (L, norm)“
a—>

Basis Pursuit: First order norm L, norm

The L ,norm is convex if a = 1.
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e S. G. Mallat and Z. Zhang. “Matching pursuits with time-frequency
dictionaries,” IEEE Trans. Signal Processing, vol. 41, 1ssue 12, pp. 3397-
3415, 1993. (& & #& ! matching pursuit)

e S.S. Chen, D. L. Donoho, and M. A. Saunders, “Atomic decomposition
by basis pursuit,” SIAM Journal on Scientific Computing, vol. 20, 1ssue 1,
pp. 33-61, 1998. (& % #% ! basis pursuit)

e J. F. Mota, J. M. Xavier, P. M. Aguiar, and M. Puschel, “Distributed
basis pursuit,” IEEE Trans. Signal Processing, vol. 60, issue 4, pp. 1942-
1956, 2011. (¥ basis pursuit R { = F /i 5)

e D. L. Donoho, “Compressed sensing,” IEEE Trans. Inf. Theory, vol. 52,
issue 4, pp. 1289-1306, 2006. (A 4R 5 B % & ! compressive sensing %
& Hm )

e E. J. Candés and M. B. Wakin, “An introduction to compressive
sampling,” IEEE Signal Processing Magazine, vol. 25, issue 2, pp. 21-30,
2008. (% compressive sensing # tutorial 3\ =774 5

e S. Foucart and H. Rauhut, 4 Mathematical Introduction to Compressive
Sensing, Birhauser, Basel, 2013. (- 3 » " #&E a3 ;8 4 &%
compressive sensing)




E. J. Candes and M. B. Wakin, “An introduction to compressive
sampling,” IEEE Signal Processing Magazine, vol. 25, issue 2, pp. 21-30,
2008. ( ¥ compressive sensing # /i %5 » &_— i tutorial)

S. Kunis and H. Rauhut, “Random sampling of sparse trigonometric
polynomials, II. Orthogonal matching pursuit versus basis pursuit,”
Foundations of Computational Mathematics, vol. 8, issue 6, pp. 737-763,
2008. (#- orthogonal expansion 4 2 matching pursuit, basis pursuit 7
PLL SR &

T. T. Do, L. Gan, N. Nguyen, and T. D. Tran, "Sparsity adaptive
matching pursuit algorithm for practical compressed sensing," in IEEE
Asilomar Conf. Signals, Systems and Computers, pp. 581-587. IEEE,
Oct. 2008. (& * sparsity =4F 4+ » & * matching pursuit X #a3 54
%

)

W. He and T. Qu, "Audio lossless coding/decoding method using basis
pursuit algorithm," IEEE Int. Conf. Acoustics, Speech and Signal
Processing, pp. 552-555, May 2013. (i¢ * basis pursuit X f 13 HL/8 A)

236
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VII1. Motions on the Time-Frequency

Distribution

Fourier spectrum % 1-D form > £ § = &7 it i@ #» & %35 ¢

Modulation —e”*™'x(1)—"— X (f - f;) AN AN r
Scaling x(t/a)L)|a|X(af) Yi#) 0 Jo

A4) ’i’;;)(-}) a>)  Y(Ff) =X (af) &>)

AR AWWQ? L\ _[\_ hovvower
Time-frequency analysis & 2-D > % 2-D T 3 5 #7 s 73 & 2 ¥ 2
hot change the owvee

(1) Horizontal shifting (2) Vertical shifting
(3) Dilation (stalng) (4) Shearing R} 3% (724 - [lﬂ or L2
(5) Generalized Shearing (6) Rotation FT , FrET

(7) Twisting L C T
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8-1 Basic Motions

(1) Horizontal Shifting
x(t—t,) = S (t—t,, [)e /> STFT, Gabor
> W, (t~ty, /) Wigner

(2) Vertical Shifting
e ix(ty > S (t,f - f,) ,STFT,Gabor
—>W.(t,f~f,) Wigner
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(3) Dilation (scaling)
£ aq)
L vy 5as.Laf) STFT,Gabor f Y
la| a a ) ‘ G
/ NI T %
—> W .(—,af) ,WDF
a
|
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(4) Shearing  Thstantanesws -('qu.

/ = ot (‘t) G\'e) x(t) e’ J/(f) X(t) e a*y(;)

X(1) =™ y(1) r—‘ “O
S.(t, )= S (¢, f —at) STFT,Gabor

W(t,f)=W,(t, [ —at) ,WDF

- (,‘(,O) S, l,"t “‘&'t) J:..L —at >0 0\4@ -f-ﬁ h
T(E -at<v ,op0 | "| >,
it AT X7 Fre<mel {Vamspovw. i‘ —t

x(t)=e < =*=y(t) (* means convolution)
S.(t,f)=S (t—af,f),STFT,Gabor

W(t,f)=W,(t—af, ), WDF

s, 10,f)ag (sac(",'?) ”,M’@
/| —
LiE-of >o, <D Z@ 20 £:alt-t) 4b
T@-af<o, aro Frf 2t 4 bt
Aty *M3 bt y (Y
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(Proof): When x(¢) = o7t (1),

w.(t.f)= [ x(t+7/2)x (t—7/2)e”*" dr

o —00

_ 0 ejﬂa(t+2'/2)2e_j;m(t—r/z)zy(t+ 2-/2));* (t—f/z)e_jzﬂrfdz-

o —00

— " eﬂ”"”y(t+r/2)y*(t—r/Z)e‘jz”deT

o —00

(® OO

= y(t+r/2)y*(t—r/2)e_j2“(f_“”df

o —00

=W, (t,f —at)




242
(5) Generalized Shearing

x(t)=¢’ ¢(Z)y(t) 32 587

1 wetontaneos Ls"_ka e FA —"M
¢(t) - kzz(;akt fveq VWMC}' 2N | £=0 L _1_ E. LC! k,ek.;
S.(t.f) =S, (¢, f—m%"%'t) STFT,Gabor Qun A s -
Wt ) =W, (t, f ~L qu,jc) WDF a4 20 ), o

At): ¢ P75 X )

J. J. Ding, S. C. Pei, and T. Y. Ko, “Higher order modulation and the
efficient sampling algorithm for time variant signal,” European Signal
Processing Conference, pp. 2143-21477, Bucharest, Romania, Aug. 2012.

J. J. Ding and C. H. Lee, “Noise removing for time-variant vocal signal
by generalized modulation,” APSIPA ASC, pp. 1-10, Kaohsiung, Taiwan,
Oct. 2013
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Q:
If x(¢) = h(t) * y(¢) where  h(t) = IFT[exp(jZn: a,f* ]]
then N

~ 1 N k-1
S (¢, f):Sy(t+%kZ:;kak ', f),STFT,Gabor

~ 1 N,
Wx(r,f)_Wy(Hzﬂ;kakf , f),WDF



244

8-2 Rotation by 77/2: Fourier Transform

r
X(f)=FT(x(1)) o T
1S, (6. NIFS,(~f.0]  STET 4=y
G (1) =G (~f i) Gabor P |~ [@d
Wot.f/)=W,(-f,t)  ,WDF S
]Sx( \,0) \r,; l $x(0,1) \ (clockwise rotation by 90°)

\SX(O"')l“ |<x01,0) ] FT(FThan)) = %(-t) = ) 1§ P

Ft(Fr (FTIA®))) = X(-€ o°
; =1FT ()1(4))0 >

FT(FT(FT(}:T(‘X(.{))))>: 7((..(.) 03600

Strictly speaking, the rec-STFT have no rotation property.
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For Gabor transforms, if

G, (1.f)=] ™" e x(r)da

G, (t,f) = on e_”(r_”ze_ﬂ”fTX(r)dr X(f) = FT[x(t)] = j:x(t)e_ﬁ”f’dt

—0o0

then GX (t,f) — Gx (_f’t)e_jZﬂ'tf

(clockwise rotation by 90° for amplitude)

(Proof): G, (¢, f)= fo e T gri2A T J‘_OO x(u)e’ ™ dudr

® OO

=| x(u)e_”(H)2 (IOO

Q0 —00

® 00 0 2 ) 0
= x(u)(J‘ e " e’z’”(f”)df)du =j

o —00 —00 —00

ejzm(f”‘)dr)du

x(u)(FT(e”(”)2 )

du
f>f+u

Since FT( i ) _o 7 FT( Sl ) _ o2 ]
0 . 2
Gy (1, f) =j x(u)e 2T gy

_ o2 f x(u) o2t == G (_ f,t) oIS
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If we define the Gabor transform as

G, (t,f) = ej”ftj._oo e_”(f_”ze_jz”ﬁx(f)dr ’

and Gy (1,f)= ej”f".mo e_””_’)ze_jz”fTX(r)dT

—00

then |G, (¢, /)= G,(~f,1)
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If Wx(t,f)zj_wx(t+2'/2)-x*(t—r/2)e_j2“f -dt  is the WDF of x(?),

W, (t,f)zj:X(t+r/2)-X*(t—r/2)e_j27”f -d7 is the WDF of X( f),

then W, (t,f) — Wx(_f»t)
(clockwise rotation by 90°)

B 3 VR time-frequency distribution » 7 #f i & F 7
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*If  X(f)=IFT[x(®)]= x(t)e”'dt »then

W (6.1)=W.(f~1)"  Gy(t,f)=G.(f.,~t)e"
(counterclockwise rotation by 90°).
o [f X(f)zx(—t) , then

W, (6, 1) =W, (-t.—f) »  Gx(t:f)=G.(-.=f).
(rotation by 180°).



Examples: x(¢) =11(¢), X(f) = FT]x(¢)] = sinc( f).

WDF of T1(?) WDF of sinc( ¢)
2 2
1 90°
1
0 0
-1 1
% 1 0 1 2 -2
-2 -1 0 1 2
Gabor transform of T1(?) Gabor transform of sinc( ¢)
3
q0°

v

-1

-2

249
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If a function is an eigenfunction of the Fourier transform,

[“e P ix()di=ax(f)  a=1,,-1,)

then its WDF and Gabor transform have the property of
W (. f)=W(f~)  |G(t.0)=]G.(f.~1)

(7 90°z 15 » ek kB E - #)

Example: Gaussian function

exXp (—72 t* )



Hermite-Gaussian function

é, (1) = exp(—7zt2 )Hm (¢)

m
27t d 27t

Hermite polynomials: H, (t) =C e , C, 1s some constant,

T dt”
H,(t)=1 H,(t)=t H,(t)=4rt -1
H,(t)=4rnt -3¢ H,(t)=167"t"-24x¢ +3

J-oo e_zmsz (t)H,(t)=D,0,,, >D,1s some constant,

Opn=1 whenm=n, o,,=0 otherwise.

m, m

[Ref] M. R. Spiegel, Mathematical Handbook of Formulas and Tables,
McGraw-Hill, 1990.

251
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Hermite-Gaussian functions are eigenfunctions of the Fourier transform

[ du(0)e 2 de=(=))" (/)
Any eigenfunction of the Fourier transform can be expressed as the form of

k(t) = Za4q+r¢4q+r (t) where r=0, 1, 2, or 3,
9=0 4.+, Ar€ SOME constants

[ k(e)e ™ de = (=Y k(1)

—00
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WDF for ¢,(?) Gabor transform for ¢,(7)

» 0 1 2 3 2 - 0 1 2 3

WDF for ¢,(¢) 3 Gabor transform for ¢,(¢)

1
N

2

[\ N o -

]
, W
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Problem: How to rotate the time-frequency distribution by the angle other
than 7/2, 7, and 37/2?
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8-3 Rotation: Fractional Fourier Transforms (FRFTs)

X, (u)=AI= jeotp e [ e w(1)dt | p=0.5an
When ¢ = 0.5z, the FRFT becomes the FT.

Ao cot (067"’)50) CSC[O‘S 70) 3’
Additivity property:

If we denote the FRFT as Of (i.e., X, (u)=0%[x(1)])

then OF {OF [x(1)]} = OF [x(1)]

Physical meaning: Performing the FT a times.
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2 .cot¢.t2

—7 'M'M o —jescout
Another definition X, (M)=\/1 ]27020‘[¢ e’ I_we feetnig! x(t)dt

[Ref] H. M. Ozaktas, Z. Zalevsky, and M. A. Kutay, The Fractional Fourier
Transform with Applications in Optics and Signal Processing, New York,
John Wiley & Sons, 2000.

[Ref] N. Wiener, “Hermitian polynomials and Fourier analysis,” Journal of
Mathematics Physics MIT, vol. 18, pp. 70-73, 1929.

[Ref] V. Namias, “The fractional order Fourier transform and its application to
quantum mechanics,” J. Inst. Maths. Applics., vol. 25, pp. 241-265, 1980.

[Ref] L. B. Almeida, “The fractional Fourier transform and time-frequency

representations,” IEEE Trans. Signal Processing, vol. 42, no. 11,
pp. 3084-3091, Nov. 1994,

[Ref] S. C. Pei and J. J. Ding, “Closed form discrete fractional and affine
Fourier transforms,” IEEE Trans. Signal Processing, vol. 48, no. 5, pp.
1338-1353, May 2000.



FT[x )] =X(f)

FT{FT [x(1)]} = x(

FT(FT{FT[x(t }) X(—f):IFT[f(t)]

~

FT| FT(FT{FT[x(t)]})]=

What happen if we do the FT non-integer times?

Physical Meaning:
Fourier Transform: time domain — frequency domain

Fractional Fourier transform: time domain — fractional domain

Fractional domain: the domain between time and frequency

(partially like time and partially like frequency)

257
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Experiment:
: , CORFT 0-1%% FT
‘ ‘ ) ‘
=0 =0.01n 0.05
/| ¢ f(t): rectangle ¢ 1 ) T
0
-1 ‘
-5 0 5
2
¢ =0.5m
1t
0
1 1 1 F(w): sinc function
- -5 0 5 5 0 5 5 0 g

blue line: real part
green line: imaginary part

[Ref] L. B. Almeida, “The fractional Fourier transform and time-frequency representations,” /[EEE
Trans. Signal Processing, vol. 42, no. 11, pp. 3084-3091, Nov. 1994.
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Time domain  Frequency domain fractional domain

Modulation Shifting Modulation + Shifting
Shifting Modulation Modulation + Shifting
Differentiation X j2rf Differentiation and x j2 zf
X —j2nf Differentiation  Differentiation and x —j2 zf

x(t—ty)——>exp(—j27 fiy) X (f)

) fractional FT

>exp(jo— j2rut,sing) X (u—t,cos¢)
@ = it singcos ¢

(-
9 () jarf X (1)
d
dt

x(1) Jractional FT > j2mu X (u )sm¢+j X (u)cos¢
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[Theorem] The fractional Fourier transform (FRFT) with angle ¢ is equivalent

to the clockwise rotation operation with angle ¢ for the Wigner distribution

function (or for the Gabor transform)

FRFT with parameter ¢ = \ with angle ¢

For the WDF

It W.(t, f) 1s the WDF of x(¢), and Wy, (u, v) 1s the WDF of X (u),
(X (u) 1s the FRFT of x(¢)), then

Wy, (u,v)=W, (ucosg—vsing,using+vcosg)
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For the Gabor transform (with standard definition)

If G.(¢, f) 1s the Gabor transform of x(¢),
and Gy, (4, v) 1s the Gabor transform of X (u), then

Gy, (u,v) = /I 2msin g sin29) 2] i (ucosg—vsing,using+vcosy)

Gy, (u,v)‘ =

G, (ucosg—vsing,u sin¢+vcos¢)‘

For the Gabor transform (with another definition on page 246)

Gy, (u,v)=G, (ucosg—vsing,using +vcosg)

The Cohen’s class distribution and the Gabor-Wigner transform also
have the rotation property
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The Gabor Transform for the FRFT of a cosine function

<b>¢ n/6-1;3n (© 9= 276 g,,(
5

-5 0 5

(d) ¢=37/6 (e) ¢= 47[/6 (f) ¢ = 572/6
\s2 FT —3‘!>,‘3 ET St FT
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The Gabor Transform for the FRFT of a rectangular function.

@)¢ 0 @)¢ 76 (@¢ 276

5 5
On | n

—5 _5 -
-5 0 5 0

(d) =376 ; (e) =476 o (f) ¢= 576
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8-4 Twisting: Linear Canonical Transform (LCT)

; iuz o —J ﬂlut i
Xiabea (4)= e € e x(¢t)dr Whenb =0

jb
Xaoea ()= Jd e x(du) when 5=0
ad — bc =1 should be satistied compared o Fr FT (P"?e 25H)
Four parameters a, b, ¢, d _e (ot 8 , F" (scs (o(fy

by.
When [..0(‘ J] ) )Z-] N b-smyé, AT f= (OSﬂ

X A(u):—l— anu —raut S!E.- _q bz
ool T € 5o -Tge _x(*)Mc sn¢ (Prom ad-be=))

',r'ﬁije%%‘“*ﬂ A 1)l ] L“’”‘ st

1o n o sSiMg  (os¢
e 7‘9 > A(€)
ﬁ? e (o volution
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Additivity property of the WDF
If we denote the LCT by @), i.e., Xy (U)= O D [x(1)]

then 01(7‘12 by s€3,d5) {Oéalablacladl) [X(f)]} — 01(;13 b3.c3.d3) [X(t)]
{% b, } B {az b, :||:a1 b }
where =
c, d, c, d,||l¢ d,

[Ref] K. B. Wolf, “Integral Transforms in Science and Engineering,” Ch. 9:
Canonical transforms, New York, Plenum Press, 1979.
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If WX(a o) (u,v) is the WDF of X, , . (1), where X, , . ,(u) 1s the LCT of x(#),
then
WX(abcd) (u,v) =W (du —bv,—cu+ av)

WX(a,b,c,d) (au +bv,cu+ dv) =W, (u,v)

LCT == twisting operation for the WDF
(1) The ewea vemains —+he some.

(57) Wy (0, D =Win(0,0)

The Cohen’s class distribution also has the twisting operation.
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AT LA d e LCT #— B¢ ot (0,0)enT (Fe ki b
WY - B fF- kP oy 2(0,0) T T AR o

CAVEOA <
, faxis owea=8 . Jaxis y

0 )L) L/d: ? L

(-1,2) 7] AT2)
(0,
» 1-axis > f-axis
1,-2 :
a0 0-1)
('49'3)

V\’XQ\M (-at2b, ~c420l) =W7f[-4, 2) , WX abed (at2b, (+2d V)= Wyl ,2)

{_a 42L,-0 {-c +20]~ |
at2bzq U C+34:3
q:)_,\o=(a Cz‘) 04""

[ah510% 1]



X(a,b,c,d) (“) =

d

)
1 ]ﬂbu

e

jb

1

_":Oe

Xy ()= d-€ x(du)

linear canonical
transform

- )

—j27zgut j

e

a
7z—t2
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x(t)dt when b # 0

when b =0

L2l

ad — bc = 1 should be satisfied = L _‘_’l \o]

sin ¢

{ coS ¢

—sing cos¢

transform

Fresnel transform

(convolution with
a chirp)

fractional Fourier —

9= 72 Fourier
transform

¢=0 1identity

operation

¢=-7n/2 1nverse
Fourier
transform

chirp multiplication 2
X aoea) (u) =e”"™ x( u)

scaling



‘4% — Linear Canonical Transform fcsk & & sienpd i%

(1) Fresnel Transform (& 2k &5 § ® g 3E)

(x 3i)* (=)
U, ( _ _oo U, (xiayz')dxidyi
k =27/ A: wave number A: wavelength  z: distance of propagation
( ) 2 ()
o0 J Y=Y o0 y N
o e G i
.ixz 2
2 # 1D LeD U () = U ()

1

, a b 1 Az
Fresnel transform #p % >~ LCT =
c d 0 1



(2) Spherical lens, refractive index = n
k2,2
U (x,y) _ piknd, sz[ Y JUi (x’y)

f:focal length  A: thickness of lens

=i lens 4p % >+ LCT | ¢ b _ l
c d —1/Af
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(3) Free spaces + Spherical lens

A lens, (focal length = )

free space, (length =z,) free space, (length = z,)

Input Output
v

Input f= output 2. ¥ ek 7% > ¥ 0% LCT % 51

a b [1 5] 1 o1 az] |7y MatE)TTy
c d| |0 1 |-1/af 1]0 1| | z,
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LCT: X, ., (u)= e "t [Te e x()dr

Jb = )
- —Z—; /1(Zl+22)—ﬂdz}z2
{C d}: 1 oz
| AS / _
5 =5,=2f> TR P AT g2 S page 26§
- o
L [Xorulw) = |3(-t)]
c d i W - |
7, = %, = f — Fourier Transform + Scaling
~ _ ~.)7u
{a b} 0 4] Xald) 2 fTgfe 7 wdt
=l 1 )
c d} \=77 O E X(‘;‘;{:) XY= F T(£1%))

7, = 2, — fractional Fourier Transform + Scaling



273
* LCT kA 45 %58 % toendt o

FE R P| 2x2 chAELIE E 0 YA T AT FR e TLIR g fo S A A

e £ LCT kA 4728 kieeni % > 05 & Nifgh, enfifa)™ o B5g

v

& =l -
5 PR

H. M. Ozaktas and D. Mendlovic, “Fractional Fourier optics,” J. Opt. Soc. Am. A,
vol.12, 743-751, 1995.

[2] L. M. Bernardo, “ABCD matrix formalism of fractional Fourier optics,” Optical
Eng., vol. 35, no. 3, pp. 732-740, March 1996.
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